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I. Introduction
is becoming more crowded with the advent of mega-constellations, and multiple nations and groups targeting

II. Optical Image Processing
This section presents results from research in optical image processing as applied to orbit estimation.

A. Image Calibration
Simple image calibration methods were identified and implemented in the existing AFRL software. Figure 1 shows

the results of applying image calibration, Gaussian filtering, and threshold filtering to a raw space image. The final

image clearly shows streaks, which are GEO satellites, moving through the static star field. Notice how the streaks

are barely visible in the original image but are more visible in the processed images. In figure 1, a progression of the

calibration steps is shown. Step (a) shows the raw image, while step (b) shows the calibrated image. Step (c) shows the

calibrated image with Gaussian smoothing applied. And finally, step (d) shows the result of applying a threshold filter.

1
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Figure 1. Image calibration example

B. Template Matching
The method of template matching was introduced to identify both single satellites and groups of satellites in an

image quickly and effectively. The concept is that over short time arcs, the dynamics of the satellite, when observed as a

point source, change slowly. Therefore, satellites can be uniquely identified by their point spread function (discrete

Gaussian distribution) with only small changes between measurements. Additionally, formations or constellations can

be identified by their shape and spatial distributions as well.

Template matching is a well known algorithm for determining whether a query (template) image is contained in a

target (base) image. Methods of template matching are varied and include robust methods such as shown in Ref. [11]

where the authors proposed a method of iteratively searching through multiple possible rotation transformations of a

template image. Another method is shown in Ref. [12] where an intelligent search method was used to propose scale

and rotation changes. Normalized cross-correlation (NCC) is a well known method of template matching and has been

shown to be robust to changes in scale and rotation [13]. Essentially the method works by comparing the template

image to all the pixels of the target image to compute a matrix of coefficients representing the degree of correlation

[13, 14]. The correlation map can be thought of as a 3D surface where the highest peak corresponds to the location of

the template image in the target image. When the correlation coefficients are represented as a 3D surface, the peaks

represent areas of close correlation. Assuming a successful match, the maximum peak gives the location of the region

matching with the template image. Equation (1) is used to find the matrix of coefficients and is the heart of the template

matching algorithm. Note that: 𝛾(𝑢, 𝑣), is the matrix of correlation coefficients, 𝐼 (𝑥, 𝑦) is the input image, 𝑇 (𝑥, 𝑦̄) is the

template image, 𝐼𝑥,𝑦 is the input image mean, and 𝑇 is the template image mean intensity.

𝛾(𝑢, 𝑣) =

∑
𝑥,𝑦

[
𝐼 (𝑥, 𝑦) − 𝐼𝑥,𝑦

] [
𝑇 (𝑥 − 𝑢, 𝑦 − 𝑣) − 𝑇

]
[∑

𝑥,𝑦

[
𝐼 (𝑥, 𝑦) − 𝐼𝑢,𝑣

]2 ∑
𝑥,𝑦

[
𝑇 (𝑥 − 𝑢, 𝑦 − 𝑣) − 𝑇

]2
]0.5

(1)

Normalizing the correlation coefficients such th at: [−1 ≤ 𝛾(𝑢, 𝑣) ≤ +1], helps to overcome difficulties that plague  
cross-correlation such as illumination, rotation, and scale differences between the target and template image [ 14]. The  
MATLAB implementation of normxcorr2 was used in this research for NCC. Figures 2 and 3 show an example of
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template matching and the associated peak in the cross correlation surface (courtesy of MATLAB [15]). The highest

peak represents the location of the template image in the target image.

Figure 2. Example of template matching from Ref. [15]

Figure 3. Example correlation peaks from Ref. [15]

C. Autonomous Template Generation Algorithm
In this section the autonomous template generation process will be outlined. The basic idea is to use the template 

image of a single object (RSO) to create a correlation map in an image containing multiple RSOs. A threshold on 
matching value is set and all objects above the threshold are considered RSOs. From those detected locations, a template 
image preserving the location of all RSOs is created. Note that theoretically one could use the template of a single RSO 
to match for all images, however by creating a template image from a constellation of 𝑀 > 1 RSO objects there are 
more feature points to correlate and matching results are improved providing more robust matching compared to using 
the single RSO template. Furthermore, once a template containing multiple objects is formed then the data association 
problem of determining which RSO associates across images is solved. Otherwise detected RSOs must be associated 
across frames, which in itself is a non-trivial process [16]. Figure 4 shows the outline of the autonomous template 
generation process. Further details are included below and summarized in algorithm 1. The first step is to load a raw 
image that contains the constellation that is desired to be tracked across a series of images. Figure 5 shows an example

3
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Figure 4. Autonomous template generation process

raw and processed image of a constellation of GEO satellites. A cropped portion is shown for clarity to highlight the

visible RSOs in the raw image (left) and and the processed image (right).

Figure 5. Raw (left) and processed (right) cropped portions of example image containing four RSOs

Before attempting to find the RSOs in a raw image to form the template image, the image is processed to reduce 
noise. Gaussian smoothing, and a threshold filter are applied to smooth and then remove the background image noise. 
Further details in the space image processing can be found in references [10, 13]. An example processed image showing 
a constellation of GEO satellites is shown in the right side of Figure 5. The processed image is then matched with an 
initial template, 𝑇𝑖 of a single RSO. The initial RSO template is assumed to be a single Point Spread Function (PSF) 
that follows a continuous Gaussian distribution. Step 3 in the process is to run image cross-correlation on a template 
image of a single RSO. If the initial image 𝐼 (𝑥, 𝑦) is captured such that the stars are streaking through the image and the 
RSOs remain stationary, then RSOs will appear as point sources in the image. Therefore cross-correlating a single-point 
source with the image will give strong peaks in the correlation map at all locations in the image with an RSO. The matrix 
of coefficients is calculated using Eq . (1) and is the heart of the cross-correlation algorithm [1 3]. When plotted in 
three dimensions, the correlation coefficients 𝛾(𝑢, 𝑣) form a surface where height corresponds to the level of correlation 
between the base image 𝐼 (𝑥, 𝑦) and the template image 𝑇 . Areas of high correlation correspond to peaks in the surface 
and give the location of RSOs in the image. Figure 6 shows an example correlation map with peaks highlighted by red
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boxes and red arrows to show the locations of the single RSO template in the target image.

Figure 6. RSO template matching peaks

Once the correlation coefficients have been calculated, step 4 of the algorithm is to find the set of peaks that are 
above a user-defined threshold. The threshold is set such that strong peaks for RSOs are kept as locations of RSOs and 
all other coefficients are ignored. Figure 6 shows the resulting coefficient matrix from performing cross-correlation 
between the processed and template images. The four highest peaks (highlighted in red) show the matched locations of 
the RSOs in the original image. In order to create a template image keeping the location of the RSOs, the peaks in 
the correlation map are found by centroiding the peak locations in 𝛾(𝑢, 𝑣). Figure 7 shows the matched locations on a 
cropped portion of an example raw image.

Figure 7. Cropped raw image showing matched RSO locations highlighted in red. These locations are 
used to build the template image

Now that the points of maximum correlation have been identified, the next step (step-5) is to create a template image 
from these matched locations. A template image is generated by first creating a matrix of all zeros with
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dimenstions defined by a rectangular region subtended by the matched locations in the original image (with some 
padding pixels added around the edges to account for each RSOs PSF). The next step is to create Gaussian point sources 
in the template image that preserve the original detected RSO locations. An RSOs Gaussian PSF is a continuous 
function that is approximated by discretizing the PSF into 𝑥, 𝑦 pixel coordinates. Equation 2 gives the discrete Gaussian 
equation where 𝑇 (𝑥, 𝑦) is the template image, 𝐵 is a brightness scaling factor that in practice is set to 1, 𝜎 is the 
Gaussian standard deviation that determines the width of the PSF, and 𝑥𝑐, 𝑦𝑐 are the centroid locations of each RSO. 
Note that 𝑥𝑐, 𝑦𝑐 are the sub-pixel coordinates corresponding to the peak locations from the correlation map 𝛾(𝑢, 𝑣). 
Using sub-pixel coordinates for the PSF preserves the true RSO locations in the template image, and better 
approximates the true continuous RSO PSF in the template image.

𝑇 (𝑥, 𝑦) =
𝐵

2𝜋𝜎2 exp
[
−
(𝑥 − 𝑥𝑐)

2 + (𝑦 − 𝑦𝑐)
2

2𝜎2

]
(2)

For each RSO in the template image, Eq. 2 is used to add the RSOs PSF contribution to the template image. For 
example in Figure 7 with four RSOs detected, equation 2 is used four times to add the contribution from each RSO to 
the template image. Note that in practice the Gaussian distribution in Eq. 2 falls off fairly quickly, and a maximum 
radius can be used to define how a cutoff distance from the RSO centroid. Algorithm 1 summarizes the steps used to 
autonomously generate a template image given an input image, and a base template containing a single RSO.

Algorithm 1 Generate Template Image

Require: Input base image 𝐼 (𝑥, 𝑦) initial template of single RSO 𝑇𝑖 , and matching threshold 𝜖𝑚
Process base image to improve detection results (Gaussian smoothing, threshold filtering)

𝐼𝑝 ← process image(𝐼 (𝑥, 𝑦))
Run normalized cross correlation on processed image with initial template using Eq. 1

𝛾(𝑢, 𝑣) ← NCC(𝐼𝑝 , 𝑇𝑖)
Find peaks above the matching threshold and set these peaks as the locations of 𝑀 RSOs in the template image

X𝑅𝑆𝑂 ← 𝛾(𝑢, 𝑣) > 𝜖𝑚
Create template image using dimensions that encompass all elements of X𝑅𝑆𝑂

Loop over the number of RSOs (𝑀) and add the PSF contribution from each to the template

for 𝑗 = 1 to 𝑀 do
Add RSO 𝑖 to template image using Eq. 2

end for
return Output template image 𝑇

An example template image generated autonomously with algorithm 1 is shown in Figure 8. Note that the template 
image was rotated 90 degrees purely for display purposes. Now that a template image has been created, the template

Figure 8. Autonomously generated template image example. (Rotated from actual orientation for 

convenience) matching process via NCC can be applied to all subsequent images.
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D. Template Matching and RSO Association
Once a template image 𝑇 has been created using algorithm 1, the template image can then be matched against

target image 𝐼 (𝑥, 𝑦) and detected RSOs can be associated across image frames by their respective positions in the

template image. Algorithm 2 shows the process of finding a matching template location X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 in a target image

𝐼 (𝑥, 𝑦) using normalized cross-correlation (NCC). Finding the center of the template is only the first step in determining

Algorithm 2 Template Match Image

Require: Input image 𝐼 (𝑥, 𝑦), template image 𝑇 , matching threshold 𝜖𝑚
Process base image 𝐼 (𝑥, 𝑦) to improve detection results

𝐼𝑝 ← process image(𝐼 (𝑥, 𝑦))
Run normalized cross correlation on processed image with current template image using Eq. 1

𝛾(𝑢, 𝑣) ← NCC(𝐼𝑝 , 𝑇)
Find template location from maximum peak

X𝑡 ← max(𝛾(𝑢, 𝑣) > 𝜖𝑚)
return X𝑡 = [𝑥𝑡 , 𝑦𝑡 ]

𝑇 where 𝑥𝑚, 𝑦𝑚 denotes the coordinates of the template in image 𝐼
Ensure: Located template at X𝑡 lies within image 𝐼 (𝑥, 𝑦)

RSO locations and associating them across images. Once the template has successfully located in target image 𝐼 (𝑥, 𝑦)
the next step is to pull out a sub image 𝐼𝑠 centered at the located template location. The sub image is then operated

on to associate RSOs from the template image to RSOs in the actual image. Processing the smaller sub-image area

corresponding to the detected template location helps to reduce the overall computational burden of the algorithm. Note

that from the generated template the number of RSOs expected (𝑀) is a known quantity. RSO locations are compared

in the template image and matched sub-image area via nearest neighbor for centroids detected. Centroids are calculated

using an intensity weighted centroiding method. The Euclidean distance between centroids is used to determine if a

point is a nearest neighbor. For two centroid locations X𝑖 , X 𝑗 given by 𝑥, 𝑦 coordinates the distance is given by the

Euclidean norm:

𝑑 = ‖X𝑖 − X 𝑗 ‖ (3)

Two points are nearest neighbors if 𝑑 < 𝜖 for a given threshold in pixel distance 𝜖 . Given a set of centroids consisting of

𝑥, 𝑦 pairs in pixel space, finding nearest neighbors reduces to finding the minimum distance pairs between two sets

of points. Centroiding the target sub-image centered on the template location gives one set of centroids X𝑠 where

the 𝑠 subscript denotes the sub-image. Centroids from the template image are denoted X𝑇 and can be calculated one

time when the template image is created. In order to provide consistent labeling of RSOs in the template image, RSO

centroids are labeled with an index number starting from the top left of the image and proceeding to the bottom right

of the image in pixel space. Once both target and template image centroids have been found, nearest neighbors are

found with the minimum distance pairs below a threshold level (the threshold prevents a non-detection of an RSO from

associating incorrectly to a star or noise point that was the closest point but clearly not the RSO). To associate RSOs

loop through number of RSOs in the template image (𝑀), and find the nearest neighbor matching to each RSO. If the

𝑗 𝑡ℎ centroid X𝑇𝑗 = [𝑥𝑠 𝑗 , 𝑦𝑠 𝑗 ] is the nearest neighbor given by:

𝑁𝑁 = 𝑚𝑖𝑛(𝑑 (X𝑠 − X𝑇𝑗 ) (4)

Then the 𝑗 𝑡ℎ matched RSO location is associated successfully, i.e. X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 𝑗 = X𝑠. If no nearest neighbor is found,

then the 𝑗 𝑡ℎ RSO was not matched in this image, and the loop continues for the next RSO. The process outlined above

for associating RSOs is summarized in algorithm 3.

E. Template Update Process
Over time the relative orbital motion (or maneuvering) of constellation agents can cause the original template image 

to become outdated.  In order to overcome this difficulty, a process of updating the original template image based  
on the current detected location of RSOs is implemented.  Reference [17] proposed a method of updating template 
images in dynamic video scenes.  The process is similar to the case of a changing satellite constellation.  In the above  
mentioned paper, the template image of a small UAS quadcopter was updated to track the object in flight. Large changes  
in illumination, orientation, and size prompted the need for a template update.  With satellites constellations, the changes  
will be presumably be on a much slower scale, but the same concept applies.  There are two criteria for determining if a
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Algorithm 3 Associate RSOs

Require: Template matched location X𝑡 , processed image 𝐼𝑝 (𝑥, 𝑦), template image 𝑇 , and pixel matching threshold for

RSOs 𝜖𝑑
Pull out sub-image 𝐼𝑠 (𝑥, 𝑦) from 𝐼 (𝑥, 𝑦) centered at X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 with dimensions R𝑝×𝑞 the dimensions of 𝑇
Detect centroids in 𝐼𝑠 (𝑥, 𝑦) and 𝑇
X𝑠 ← centroids(𝐼𝑠 (𝑥, 𝑦))
XT ← centroids(𝑇)
for 𝑗 = 1 to 𝑀 do

Find nearest neighbor to RSO locations and associate that centroid as RSO 𝑗

X𝑇𝑗 ← 𝑥, 𝑦 centroid of RSO 𝑗

if min(𝑑 (X𝑘𝑠 − X𝑇𝑗 ) < 𝜖𝑑) then
Nearest neighbor is associated successfully

[𝑥𝑠 𝑗 , 𝑦𝑠 𝑗 ] = X𝑇𝑗

X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 𝑗 = [𝑥𝑠 𝑗 , 𝑦𝑠 𝑗 ]
else

X𝑇𝑗 ← Not matched for current image

end if
end for
return X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 𝑗 All matched centroid locations

template update is necessary. The first criteria compares the peak correlation value 𝛾𝑚𝑎𝑥 = max(𝛾(𝑢, 𝑣)) to a defined

matching threshold 𝜖𝑚. Note that the matching threshold depends on several factors including image noise. For this

research a value of 𝜖𝑚 = 0.35 provided a good balance between update frequency and matching accuracy and was

determined empirically. If 𝛾𝑚𝑎𝑥 < 𝜖𝑚, then we consider the match to be of too poor quality to attempt association of

RSOs and the template image is updated from the previously successful matching image. Once the template has been

updated, a second attempt is made to match the current image 𝐼𝑘 (𝑥, 𝑦) to the new template. The second criteria for

updating the template image is if association of RSOs fails. Failed association could occur for a number of reasons,

including image noise, poor image quality, or failure to find the inertial coordinates of the RSOs from background image

stars. If association does fail the template image is updated from the previous successful matching image and a second

attempt is made to match the image and associate RSOs. Once criteria have been met to update the template image,

the same process (algorithm 1) used to generate the initial template 𝑇 is used to generate a new template 𝑇𝑢𝑝𝑑𝑎𝑡𝑒𝑑
from the last image that successfully matched. Algorithm 4 outlines the process of determining if a template update is

necessary, and then the process of updating the template image. At this point all processes necessary to the optical

Algorithm 4 Template Update Process

Require: Current matched correlation value 𝛾𝑚𝑎𝑥 , matching threshold 𝜖𝑚
if 𝛾𝑚𝑎𝑥 < 𝜖𝑚 then

Update template using algorithm 1

𝑇𝑢𝑝𝑑𝑎𝑡𝑒𝑑 ← generate template(𝐼𝑡𝑘−1
, 𝑇𝑖)

else if 𝛾𝑚𝑎𝑥 > 𝜖𝑚 but no RSOs associated then
Update template using algorithm 1

𝑇𝑢𝑝𝑑𝑎𝑡𝑒𝑑 ← generate template(𝐼𝑡𝑘−1
, 𝑇𝑖)

end if

tracking via template matching and association of RSOs are complete. The end goal of the tracking is to estimate the

orbit of detected RSOs and is detailed in the next section.

F. Optical Flow
The method of optical flow was considered for certain types of imagery, but implementation proved difficult.  

Some preliminary definitions are necessary before delving into the mechanics of optical flow. First, all images can be  
represented mathematically by a matrix of intensities written as 𝐼 (𝑥, 𝑦). Where 𝐼 is the intensity at the point (𝑥, 𝑦) in  
the image. The optical flow between two images can be thought of as the 2D vector field representing the apparent
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motion between two consecutive images [18]. As a vector field, optical flow allows the calculation of the displacement

and velocities of detected objects in a series of images. There are many methods of computing optical flow, but two of

the most common are the methods of Lucas-Kanade and Horn-Schunck [19, 20]. In this paper, the Lucas-Kanade (LK)

method will be followed. Optical flow assumes:

1) The pixel intensities of objects are constant between consecutive frames.

2) Pixels in a neighborhood all follow similar paths of motion.

Given these assumptions, a pixel at a time 𝑡, is represented by 𝐼 (𝑥, 𝑦, 𝑡), then the same pixel will be displaced a small

amount (𝑑𝑥, 𝑑𝑦) when time 𝑑𝑡 has passed between images. Thus the pixel must obey the relation given in Equation (5).

𝐼 (𝑥, 𝑦, 𝑡) = 𝐼 (𝑥 + 𝑑𝑥, 𝑦 + 𝑑𝑦, 𝑡 + 𝑑𝑡) (5)

The optical flow constraint equation is obtained by taking a Taylor series expansion of the right hand side of Equation

(5) [21]. Performing the expansion we obtain:

𝐼𝑥𝑢 + 𝐼𝑦𝑣 + 𝐼𝑡 = 0. (6)

Where 𝐼𝑥 =
𝜕𝐼

𝜕𝑥
and 𝐼𝑦 =

𝜕𝐼

𝜕𝑦
are the spatial image derivatives (image gradients), and 𝐼𝑡 =

𝜕𝐼

𝜕𝑡
is the temporal image

brightness derivative, and 𝑢 =
𝑑𝑥

𝑑𝑡
is the horizontal optical flow, and finally 𝑣 =

𝑑𝑦

𝑑𝑡
is the vertical optical flow. In

order to solve Equation (6) the LK method takes the original image and divides it into small sections while assuming a

constant velocity in the sections. A weighted least-squares equation is then solved to obtain the optical flow fit. The

final solution of the least-squares solution is given by Equation (7) [22].[
𝑢

𝑣

]
=

[ ∑
𝑖 𝐼

2
𝑥𝑖

∑
𝑖 𝐼𝑥𝑖 𝐼𝑦𝑖∑

𝑖 𝐼𝑥𝑖 𝐼𝑦𝑖
∑

𝑖 𝐼
2
𝑦𝑖

]−1 [
−
∑

𝑖 𝐼𝑥𝑖 𝐼𝑡𝑖
−
∑

𝑖 𝐼𝑦𝑖 𝐼𝑡𝑖

]
(7)

With the optical flow solution, the velocities of each object detected in consecutive images is obtained.

G. Orbit Estimation
Obtaining accurate estimates of a satellite’s orbit is of paramount importance. Classical orbit determination

techniques such as the methods of Gauss, Laplace, and more recently Gooding’s method provide the foundation for

modern orbit estimation techniques [5, 23]. The autonomous template matching method of this research lends itself

well to a sequential orbit estimation method since measurements are not restricted to be taken at any specific time and

there are no limits on the total number of observations. Batch methods of orbit estimation could also be used given the

whole set of observations to process at once. Reference [24] proposed a batch unscented estimation method for optical

orbit determination. Batch methods of orbit determination are the subject of future work. In this research an initial

orbit estimate is formed via Gooding’s method and then a sequential Unscented Kalman Filter (UKF) is used to refine

the orbit estimate from the set of all angular measurements [23, 25, 26]. The UKF has the advantage of accurately

representing the true non-linear dynamics of a system and avoiding the computationally intensive computation of

partial derivatives for the system needed for both batch least-squares and Extended Kalman Filter (EKF) estimators.

These advantages have been shown for a number of applications and the same is true for orbit determination [23]. The

UKF formulation allows the user to choose the desired fidelity for the propagation model. For this research two-body

motion is deemed sufficiently accurate as the propagation force model due to measurements being spread at most a few

hours apart. Depending on the accuracy required, the propagation technique can easily be extended to include orbital

perturbations such as J2, atmospheric drag, and solar radiation pressure, or even to a full ephemeris model. The UKF

requires an initial state estimate to begin the estimation process. It is assumed that an initial state estimate is available

from either previous knowledge or as the result of an initial orbit determination (IOD) technique such as Gooding’s

method. In this research an initial state estimate is be taken from available Two-Line Element (TLE) data in order to test

the UKF algorithm under the best possible circumstances. Future work will include seeding the UKF with an initial

orbit solution from Gooding’s method.

1. Initial Orbit Determination
The end goal of obtaining optical images of RSOs is to find an orbit estimate for the observed line-of-sight (LOS) 

vectors of an observed RSO. In order to accomplish this, the camera frame centroid (i.e. 𝑥, 𝑦 location) of an RSO must
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be transformed into an inertial LOS vector from the observer’s location to the RSO. When capturing images of RSOs,

the background star field is used to obtain the inertial LOS vector through a process known as plate-solving. Plate

solving uses the observed positions of stars and compares them to a known star catalog to obtain the inertial pointing

direction of the camera. Astrometry.net is a program that provides robust plate-solving capabilities for space imagery

that will calculate the inertial (Right Ascension (RA) and Declination (DEC)) angles of an image given the position of

the stars in the image and basic camera parameters [27]. Once RA, DEC coordinates are available for all detected RSOs

then it is a simple matter to convert the angles into LOS vectors using Eq. 8 [23].

L̂𝑘 =

⎡⎢⎢⎢⎢⎢⎣
𝑐𝑜𝑠(𝛿𝑡𝑘 )𝑐𝑜𝑠(𝛼𝑡𝑘 )

𝑐𝑜𝑠(𝛿𝑡𝑘 )𝑠𝑖𝑛(𝛼𝑡𝑘 )

𝑠𝑖𝑛(𝛿𝑡𝑘 )

⎤⎥⎥⎥⎥⎥⎦ (8)

Where L̂𝑘 is the 𝑘 𝑡ℎ LOS vector at time 𝑡𝑘 and 𝛼𝑡𝑘 and 𝛿𝑡𝑘 are the corresponding RA and DEC angular measurements.

Given the time of observation, LOS vectors, and observer position, the problem is now to fit the observations to

an orbit. Classically the problem is solved given observations at three times because the measurement consists of

two angles at each time which corresponds to the minimum number of observations to find an orbiting objects six

orbital states [23]. Gooding’s method of IOD will only be summarized here, for further details of the implementation of

Gooding’s method see references [25, 28]. Gooding assumes that measurements are available at three times, and also

requires a guess for the range to the satellite at each time. Then Gooding assumes that the range estimates to the first

and last measurements are perfect placing all the “error” on the middle measurement. The orbit is then estimated from

the first and last measurements using a Lambert solver and a Newton Raphson method that corrects all three ranges until

convergence criteria are met. The result is the orbital position and velocity at the time of the first observation. This

initial orbit estimate can be used as the starting point for the UKF orbit estimation method presented in the following

section. Note that Gooding’s method provides no measure of the uncertainty of the IOD estimate.

2. Unscented Kalman Filter for Orbit Estimation
Given a time series of angular observations (the output of the template matching algorithm) a UKF is then used

to estimate the orbit of each member of the detected constellation at each time step. The unscented Klman filter is a

sequential filtering method that begins with an initial state and covariance estimate. First, define the desired state vector

of the satellite as the satellite’s position and velocity vectors X ∈ R6.

X =
[
𝑥 𝑦 𝑧 �𝑥 �𝑦 �𝑧

]𝑇
(9)

The UKF works by taking a set of statistically important points called Sigma Points (denoted by 𝝌𝑖) that preserve the

mean and covariance of an initial distribution of points. In order to preserve the mean and covariance, a minimum of

2𝑁 sigma points are required where 𝑁 is the dimension of the state vector (𝑁 = 6 for the position and velocity states

of a satellite). Assumed errors in the states are used to generate the initial covariance and are set as 𝜖𝑟 = 10𝑘𝑚 and

𝜖 �𝑟 = 1𝑚/𝑠 as the position and velocity a priori error estimates. In order to propagate the sigma points forward in time,

the nonlinear dynamics of the system are defined as the derivative of the state vector. Where 𝜇 is earth’s gravitational

parameter and 𝑟 = ‖r‖ is the magnitude of the position vector given by r = [𝑥 𝑦 𝑧]𝑇 .

f (X) = �X =
[
�𝑥 �𝑦 �𝑧 −

𝜇𝑥

𝑟3 −
𝜇𝑦

𝑟3 −
𝜇𝑧

𝑟3

]𝑇
(10)

The UKF requires a set of 2𝑁 statistically important points to approximate the first two moments of given distribution,

where 𝑁 = 6 is the number of states for a satellite [26]. The selection of the so called sigma points can be accomplished

by choosing a set of 2𝑁 points such that the mean and covariance of the original states is maintained. A set of weighting

parameters on the sigma points with a tuning parameter 𝛼 are set such that the desired distribution is achieved. A value

of 𝛼 = 0.95 was chosen through for this research. Begin by setting 𝐿 = 2𝑁 to be the number of sigma points. Then

define auxiliary constants 𝜅 = 3 − 𝐿, and 𝜆 = 𝛼2 (𝐿 + 𝜅) − 𝐿) as scaling factors to define the spread of the distribution

around the mean. Where once again 𝛼 is a free tuning parameter that typically lies in the range 0 < 𝛼 < 2. Then the 𝑖th
sigma point denoted by 𝜒𝑖 is calculated as:

(11)𝝌 (𝑖) = X𝑘 ± 
√
(𝐿 + 𝜆)𝑃𝑘 )

𝑇
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Where X𝑘 is the mean at time 𝑡𝑘 , 𝑃𝑘 is the covariance at 𝑡𝑘 and
√
(𝐿 + 𝜆)𝑃0)

𝑇

𝑖 denotes the 𝑖th column of the matrix

square root (in practice the Cholesky decomposition). The dimensions of 𝑃𝑘 are R6×6 and to form 2𝑁 points each

column is taken on either side of the mean of the state. Once a set of sigma points is established at the initial time 𝑡0 the

sequential part of the filter can begin. The initial state 𝑋0 is used to initialize the covariance at time 𝑡0 as 𝑃0. Once

the initial covariance and state are set, the sigma points are propagated forward in time to the next measurement time

through the nonlinear function f (X), defined by the state propagation model given in Eq. 10.

𝝌𝑖
𝑡𝑘
= f (𝝌𝑡𝑘−1

)𝑖 (12)

Once the sigma points are propagated to the next measurement time, the mean of the propagated states ( 𝝌̂) is found by

as by averaging the propagated sigma points as:

𝝌̂−
𝑡𝑘
=

1
2𝑁

2𝑁∑
𝑖=1

𝝌 (𝑖)
𝑡𝑘

(13)

Where the minus superscript denotes that this mean is calculated after the propagation step, but before the measurement

update and the (𝑖)𝑡ℎ superscript denotes the 𝑖𝑡ℎ sigma point. From the propagated states and new mean, the covariance

before the measurement also needs to be calculated and is found through equation 14.

𝑃−
𝑘 =

1
2𝑁

2𝑁∑
𝑖=1

[
𝝌 (𝑖)
𝑡𝑘

− 𝝌̂−
] [

𝝌 (𝑖)
𝑘 − 𝝌̂−

]𝑇
+𝑄 (14)

With the mean and covariance at the current measurement time 𝑡𝑘 , new sigma points incorporating the updated

covariance are found to find the predicted measurement. Where the measurement model is given given by the calculation

of topocentric right ascension (RA) and declination (DEC) angles. First the relative vector between the site and the

predicted position of the RSO is found as 𝝆𝑘 = 𝝌 (𝑖)
𝑘 − r𝑠𝑖𝑡𝑒𝑘 . Next calculate the LOS vector as L̂𝑘 =

𝝆𝑘

‖𝝆𝑘 ‖
. From the

LOS vector L̂𝑘 the topocentric RA and DEC denoted 𝛼𝑘 and 𝛿𝑘 are calculated as:

𝛼𝑘 = atan2(L̂𝑘 (2), L̂𝑘 (1)) (15)

𝛿𝑘 = asin(L̂𝑘 (3)) (16)

h(X𝑘 , 𝑡𝑘) = [𝛼𝑘 𝛿𝑘]
𝑇 (17)

Where atan2() is the four quadrant inverse tangent function, asin() is the inverse sine function and where

L̂𝑘 (𝑖) 𝑖 = 1, 2, 3 give the 𝑥, 𝑦, 𝑧 components of the estimated LOS vector. And finally where h represents the nonlinear

measurement function. Now that the measurement function has been defined, the next measurement update step of

the UKF can be accomplished. First measurements ŷ(𝑖)
𝑘 are calculated for all sigma points through the measurement

function h(𝝌−(𝑖)
𝑘 , 𝑡𝑘), followed by finding the mean measurement ȳ𝑘 .

𝝌−(𝑖)
𝑘 = 𝝌̂−

𝑘 ±

√(
𝐿 + 𝜆)𝑃−

𝑘

)𝑇
𝑖

(18)

ŷ(𝑖)
𝑘 = h(𝝌−(𝑖)

𝑘 , 𝑡𝑘) (19)

ȳ𝑘 =
1

2𝑁

2𝑁∑
𝑖=1

[
ŷ(𝑖)
𝑘

]
(20)

(21)

The measurement covariance 𝑃𝑦 is then calculated given the measurement noise 𝑅𝑘 (Eq. 22). Next the measurement and

state cross covariance matrix 𝑃𝑥𝑦 is calculated using the sigma points and their mean, and the estimated measurements
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and their mean.

𝑃𝑦 =
2𝑁∑
𝑖=1

[
ŷ(𝑖)
𝑘 − ȳ𝑘

] [
ŷ(𝑖)
𝑘 − ȳ𝑘

]𝑇
+ 𝑅𝑘 (22)

𝑃𝑥𝑦 =
2𝑁∑
𝑖=1

[
𝝌 (𝑖)
𝑡𝑘

− 𝝌̂−
𝑘

] [
ŷ(𝑖)
𝑘 − ȳ𝑘

]𝑇
(23)

(24)

In order to update the state and covariance with the measurement information, the Kalman gain must first be calculated.

𝐾 = 𝑃𝑥𝑦𝑃
−1
𝑦 (25)

After the measurement step, the state is updated using the Kalman gain, and the difference in the true measurement ỹ𝑘 ,

and the mean estimated measurement ȳ𝑘 . The state covariance is also updated with the measurement data using the

Kalman gain as shown in Eq. 27.

𝝌̂+
𝑘 = 𝝌̂−

𝑘 + 𝐾 [ỹ𝑘 − ȳ𝑘] (26)

𝑃+
𝑘 = 𝑃−

𝑘 + 𝐾𝑃𝑦𝐾
𝑇 (27)

Where the “+" superscript denotes the state and covariance after the measurement update has been applied. The entire

measurement and update step encompasses equations 18 - 27. After the update step the new mean and covariance

( 𝝌̂𝑘 and 𝑃+
𝑘) are used to calculate sigma points and are then propagated to the next measurement time and the process

continues as before. The process is summarized in algorithm 5.

Algorithm 5 Unscented Kalman Filter for Orbit Estimation

Require: Initial state X0, covariance 𝑃0, and set of measurements ỹ𝑘

for 𝑘 = 1 to the number of measurements (𝑁𝑖𝑚𝑎𝑔𝑒𝑠) do
𝝌 (𝑖)
𝑡𝑘−1

← 𝝌̂𝑡𝑘−1
Calculate 2𝑁 sigma points at time 𝑡𝑘−1 using Eq. 11

𝝌𝑖
𝑡𝑘
← Propagate sigma points 𝝌 (𝑖)

𝑡𝑘−1
to measurement time 𝑡𝑘 using Eq. 12

𝝌̂−
𝑡𝑘

, 𝑃−
𝑘 ← Find new mean and covariance from propagated states using equations 13 - 14

ŷ(𝑖) ← Generate measurements for each sigma point using equations 17 - 20

𝐾 ← 𝑃𝑥𝑦𝑃
−1
𝑦 Find Kalman gain using equations 22 - 25

𝝌̂+
𝑡𝑘

, 𝑃+
𝑘 ← Update state and covariance using the Kalman gain and actual measurements using equations 26 - 27.

Set new mean and covariance to calculate sigma points for next iteration.

𝝌̂𝑡𝑘−1
← 𝝌̂+

𝑡𝑘
and 𝑃𝑘−1 ← 𝑃+

𝑘
return Mean orbital states and covariance from each iteration

X𝑜𝑢𝑡 ← 𝝌̂+

𝑃𝑜𝑢𝑡 ← 𝑃+
𝑘

Continue to next iteration 𝑘 = 𝑘 + 1
end for

The result of running the UKF algorithm on a set of RA, DEC measurements of an RSO is the state and covariance

of the RSO at each measurement time. Examples of the UKF running on simulated and actual data are provided in the

results section.

H. Autonomous RSO Constellation Orbit Determination Algorithm
Now that all the individual pieces have been discussed the full algorithm from raw image input to a final orbit 

estimate is presented.  The end goal of the method is to provide an orbit estimate for all RSOs in a given image set. 
The algorithm is general in that the user need only input an image set and appropriate threshold’s and the rest will  
be performed autonomously.  Note that images are assumed to be in the Flexible Image Transport (.FIT) format with  
an appropriate data header that contains image metadata such as image sensor pixel size, exposure times, and image  
capture times.  Also, note that the current implementation of the algorithm will process all images through the template
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matching portion, and then proceed to the UKF orbit estimation process. These steps can be easily combined into a

single loop such that the UKF estimate is updated as each image is processed. The overall process to generate an orbit

estimate given an input set of images is outlined in algorithm 6.

Algorithm 6 Autonomous Template Matching with UKF Orbit Estimation

Require: Input image set with 𝑁 images, template image of single RSO 𝑇𝑖 , matching threshold 𝜖𝑚, association distance

threshold 𝜖𝑑
Generate template image from first image using algorithm 1

𝑇 ← generate template(𝐼1 (𝑥, 𝑦), 𝑇𝑖)
for 𝑘 = 1 to 𝑁 do

Solve template match of image 𝐼𝑘 with NCC using algorithm 2

X𝑡 , 𝛾𝑚𝑎𝑥 ← template match(𝐼𝑘 , 𝑇, 𝜖𝑚)
if 𝛾𝑚𝑎𝑥 < 𝜖𝑚 then

Update template image using algorithm 4

𝑇 ← update template(𝐼𝑘−1, 𝑇𝑖)
end if
Associate RSOs from template image 𝑇 to matched location X𝑡 using algorithm 3

X𝑚𝑎𝑡𝑐ℎ𝑒𝑑 ← associate RSOs(X𝑡 , 𝐼𝑘 , 𝑇, 𝜖𝑑)
if Association Failed then

Update template image using algorithm 4

𝑇 ← update template(𝐼𝑘−1, 𝑇𝑖)
end if

end for
return Output the associated measurement sets ỹ 𝑗 for each detected RSO

Run UKF on measurements of each RSO

for 𝑗 = 1 to 𝑀 do
Generate initial orbit estimate using Gooding’s method

X0 ← gooding(...)
Run UKF using algorithm 5 for RSO 𝑗

X𝑜𝑢𝑡 𝑗 , 𝑃𝑜𝑢𝑡 𝑗 ← UKF(X0 𝑗 , 𝑃0 𝑗 , ỹ 𝑗)
end for
return Orbital state information for all RSOs

I. Results
The full autonomous template matching algorithm was tested on a set of ground based imagery of the geostationary 

object AMAZONAS-2 (NORAD ID 35942) and it’s surrounding satellites.  A total of 1095 images were captured over a  
2 hour period, where 745 images were processed through the template matching algorithm (the remaining images were  
thrown out due to clouds blocking the telescope field of view).

The imaging system consisted of a Celestron RASA 11 inch telescope with an ASI 1600m monochrome cooled  
camera mounted on a Celestron CGE Pro mount.  The Celestron RASA 11 is an optically fast ( 𝑓 /2.2) and short focal  
length scope (focal length is 620𝑚𝑚) [29].  These characteristics give the telescope a wide field of view (FOV) compared  
to other 11 inch telescopes and with the paired camera covers an area of sky approximately 1.5 × 1.5 degrees.  The fast  
and wide optics are ideal for capturing the short exposure images needed to capture RSOs in various orbital domains  
(LEO, HEO, GEO). Additionally, imaging such a large area of sky allows the capture of multiple RSOs in each image  
frame.  All images were processed on a desktop computer with an AMD Ryzen 5 2600 CPU with 32 Gb of RAM and a  
1Tb  SSD.  The  average  solution  time  per  image  was  approximately  10  seconds  using  non-optimized  MATLAB  
code.  Future  work  will  investigate  optimizing  MATLAB  code  to  utilize  GPU  arrays  and  parallel  processing  to  
improve run time.

Algorithm 6 was utilized to process all images.  An initial template image was autonomously generated from the  
first image in the data set. The correlation map 𝛾(𝑢, 𝑣 )  used to generate the initial template image is shown in Fig. 9.  
Figure 9 (a) shows all of the correlation map values plotted as a 1D array, while Figure  9 (b) shows the 3D peaks of the  
correlation map.  The peaks of the six RSOs contained in the image are highlighted by red circles in both the 1D and 3D
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representations. The 𝑥, 𝑦 coordinates of these peaks (shown in Figure 9 (b)) are the points used to build the initial 
template image. Note that the two views are shown to illustrate the advantage of building a template using multiple 
points rather than using only a template with a single RSO PSF (further details given below, see Figure 12).

Figure 9. (a) Correlation values in a 1D array with RSOs in red. (b) Correlation 3D map with RSOs in red

The template image that was autonomously generated is shown in Figure 10. Note that for display purposes only 
the template has been rotated 90° from it’s actual orientation. This template image was then matched to the 
proceeding in the data set until criteria were met to update the template image. One example of successful matching 
is shown in

Figure 10. Rotated template image

Figure 11. The associated positions of RSOs in the image are marked with white arrows and text labels. Note that the 
template RSO locations shown in Figure 10 correspond directly to the associated positions in the matched image. 
The corresponding correlation map 𝛾(𝑢, 𝑣) in 1D and 3D formats are shown in Figure 12. When the template 
containing multiple RSOs is used to match against the image, note the clear single peak corresponding to the 
template location unlike the multiple peaks for the case of generating the template image. This dominant peak 
increases the accuracy of finding the template location in the target image and is the chief advantage of using a 
template image containing multiple points.

In order to show the process of when template updates occur, the peak correlation value matched for each image is 
shown plotted against time in Figure 13. The red circles denote points in time where criteria where met to update the 
template image. Once the template was updated, the image that failed to match before was then matched with the 
updated template. Note that by recursively attempting to resolve an image after the template was updated, a successful 
match was achieved for nearly all images. The exception were a handful of images where clouds blocked the field of 
view. At the points where template updates occur, there is a corresponding increase in the peak correlation value. The 
decrease in the peak correlation value as time increases results from motion of the satellites with respect to one another. 
Figure 14 shows the top three satellites in the template image at four different times to illustrate the change in position of 
satellites in the template image. In the span of two hours during data collection, there is a clear difference in the RSO 
locations in this portion of the template and showcases the need for periodic updating of the template image. Figure 14 
also illustrates the successful autonomous update process for the tested image data set.
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Figure 11. Successful template match

Figure 12. Template match correlation maps

In order to run the orbit determination algorithm, the camera frame (𝑥, 𝑦) coordinates of all RSOs must be converted 
to inertial angular observations. After a successful template match the image 𝑥, 𝑦 coordinates for the RSOs are converted 
to Right Ascension (RA) and Declination (DEC) observation angles through a process known as plate solving. Plate 
solving uses the known positions of background stars in an image to find the inertial angular (RA, DEC) pointing of the 
camera. This research utilized the plate solving capabilities of a local installation of Astrometry.net [27, 28]. Converting 
all associated RSO points to RA, DEC angular observations gives the full set of measurements for orbit determination. 
For the GEO objects observed over a two hour window, these observations form a set of quasi-linear trails or “tracklets”. 
Figure 15 shows the RA, DEC coordinates of the six RSOs detected across the image set. Each of the six RSOs was 
successfully associated across the image set and is shown in a unique color. The gaps in the RA, DEC trails are the 
result of only 745/1095 of the total images taken being processed through the template matching algorithm due to poor 
image quality caused mostly by cloud cover. However, the non-continuous data provides a more realistic observation 
scenario than simulated continuous measurements. The RA/DEC measurements shown and their respective time values
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Figure 13. Peak correlation value with template updates

Figure 14. Template images through time

are used for the orbit estimation step. Figure 16 shows for RSO #1 the comparison of the actual measurements and UKF

Figure 15.  RSO angular measurements

predicted measurements with their respective errors.  Note that observation errors for DEC stay on average constant  
near 0.001° and for RA the error increases for some time and then levels out.  The error in observation and predicted  
measurements could be caused by several factors.  One possible factor is the use of only two-body propagation in the  
UKF, thus ignoring any perturbations affecting the actual s atellite. Another possibility is that because the observation  
window is only 2 hours, corresponding to observing only 1/12 of the actual orbit (given a GEO satellite’s orbital period  
is 24 hours).  Given spacing between observations the filter prediction may converge more closely to the  
exact solution.
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GEO observability is inherently low due to the fact that the orbits are nearly circular, equatorial orbits and present

challenging observational geometry.

Figure 16. UKF measurement comparison RSO#1

The UKF outlined in algorithm 5 was used to process the angular measurement data for each RSO detected in all 
images. The position and velocity of each RSO were predicted for each RSO at each time step and are shown in  
 Figure 17.

Figure 17. UKF results position and velocity

The orbital elements at time of the final measurement were then calculated to compare with the corresponding 
orbital elements taken from TLE data. Note that all state vectors from TLEs must first be converted from the True 
Equator Mean Equinox (TEME) frame to the J2000 Earth Centered Inertial (ECI) frame before comparing orbital 
element values [23, 30]. Two Line Element data for each RSO detected was downloaded from space-track.org to provide 
the truth comparison [31]. Space-Track TLE data corresponding as close to the image epoch time as possible were used 
to minimize propagation errors for finding the “truth” comparison orbital e lements. A MATLAB implementation of 
the Special General Perturbations 4 software was used to propagate the TLEs to the image epoch time and then state 
vectors were converted from the TEME frame to ECI state vectors at the appropriate times [32]. When converting 
from the TEME frame to ECI, rotations accounting for the Earth’s nutation and precession must be accounted for, see 
Vallado chapter 3 for more details [23]. The epoch time of the final measurement was 2021-11-03 04:12:46.805 UTC. 
Orbital elements were calculated for all RSOs using the UKF mean states at the final time and compared to the orbital 
elements resulting from TLE data. The resulting difference in orbital elements is shown in Table 1 . The NORAD ID’s 
for each RSO are given in the first two columns for r eference. Note that all angular differences are given in de grees. For 
the first four elements (𝑎, 𝑒, 𝑖, Ω) the difference in the orbital elements is very small as these describe the shape and
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orientation of the orbit. Because all the RSOs are GEO objects in very near equatorial circular orbits, the comparison of 
the argument of perigee and true anomaly is not particularly helpful and thus these orbital elements are omitted from the 
comparison. The largest difference in semi-major axis is less than 0.13𝑘𝑚. The UKF estimated the size and shape of 
each orbit very well. Adding observations over a longer window should improve the estimation of the RAAN as well as 
the argument of perigee and true anomaly. Average processing time for each image was around 10 seconds. 
However,

Table 1. Orbital element difference from TLE Data
RSO # NORAD ID 𝑎 [𝑘𝑚] 𝑒 𝑖 [𝑑𝑒𝑔] Ω [𝑑𝑒𝑔]

1 42934 0.00952727 -1.32E-05 2.15E-06 -0.05188064

2 39008 0.001100883 -3.72E-06 9.90E-06 -0.083774096

3 43562 0.126258476 2.84E-05 2.26E-05 -0.084483232

4 36792 0.063955954 7.73E-06 -2.95E-07 -0.041614312

5 41592 0.015283389 -2.98E-06 -3.29E-07 -0.095538326

6 35942 0.00992726 6.66E-06 -2.15E-05 0.018696663

no attempt was made to optimize the MATLAB code to improve run times. Given an observational scenario where

measurements are taken at this frequency real time operation could be achieved.

III. Radio Frequency Methods
The modification (extension) of the proposal was proposed to further simulation environments and examples.

However, the Program Technical Manager requested a shift toward non-optical methods, including radio frequency (RF)

methods of orbit estimation.

This research focuses on localization of a space object transmitting a radio frequency (RF) signal, as received by

space-based platforms. RF localization of terrestrial objects has been widely studied [33],[34],[35],[36],[37] , and is

often termed “geolocation.” By contrast, RF localization of a space object, which is in effect an orbit determination

problem, has received much less focus. The latter process will here be termed “astrolocation.” In particular, this study

examines the scenario of two cooperative receivers performing initial orbit determination (IOD) of a transmitter in close

proximity. As such, an astrolocation technique can be based on the relative motion among the objects involved. Thus,

the technique developed here will be termed initial relative orbit determination (IROD). This process is fundamentally

represented in Figure 18 below.

Figure 18. Graphical depiction of astrolocation

Unlike the Global Positioning System (GPS) which uses a highly structured and well defined signal, the goal here 
is to be able to collect measurements that require no a priori information about the signal. One approach is to use 
time-difference-of-arrival (TDOA). Since the minimum number of platforms from which to extract TDOA is two, the 
scenarios explored will involve two orbiting receivers from which TDOA measurements are obtained.
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A. Time Difference of Arrival as Measurements
The TDOA measurement is formed by comparing the transmitted signal received by two non-collocated receivers.

By knowing the speed of the signal’s propagation (in this case, the speed of light), the TDOA measurement can be

related to the difference in the ranges from the transmitter’s instantaneous location to that of the two receivers (i.e., the

range difference of arrival or RDOA)

Δ𝜌𝑘 = 𝑐Δ𝑡𝑘 = 𝜌2,𝑘 − 𝜌1,𝑘

=
[ (
𝑥𝑇 − 𝑥𝑟2,𝑘

)2
+
(
𝑦𝑇 − 𝑦𝑟2,𝑘

)2
+
(
𝑧𝑇 − 𝑧𝑟2,𝑘

)2] 1
2

−
[ (
𝑥𝑇 − 𝑥𝑟1,𝑘

)2
+
(
𝑦𝑇 − 𝑦𝑟1,𝑘

)2
+
(
𝑧𝑇 − 𝑧𝑟1,𝑘

)2] 1
2

(28)

where 𝑐 is the speed of light, Δ𝑡𝑘 is the instantaneous TDOA, 𝜌1,𝑘 is the range from the transmitter to Receiver 1, 𝜌2,𝑘 is

the range from the transmitter to Receiver 2, (𝑥𝑇 , 𝑦𝑇 , 𝑧𝑇 ) are the transmitter’s instantaneous position coordinates, and

(𝑥𝑟1, 𝑦𝑟1, 𝑧𝑟1) and (𝑥𝑟2, 𝑦𝑟2, 𝑧𝑟2) are the first and second receiver’s instantaneous position coordinates.

Sinclair[37] then algebraically manipulated Equation 1 (including two instances of squaring both sides of the

equation), resulting in a 2nd-order polynomial in terms of the transmitter’s instantaneous location, 𝑥𝑇 , 𝑦𝑇 , and 𝑧𝑇 ,

𝑥2
𝑇

( (
𝑥𝑟1,𝑘 − 𝑥𝑟2,𝑘

)2
− Δ𝜌2

𝑘

)
+ 2𝑥𝑇 𝑦𝑇

(
𝑥𝑟1,𝑘 − 𝑥𝑟2,𝑘

) (
𝑦𝑟1,𝑘 − 𝑦𝑟2,𝑘

)
+ 2𝑥𝑇 𝑧𝑇

(
𝑥𝑟1,𝑘 − 𝑥𝑟2,𝑘

) (
𝑧𝑟1,𝑘 − 𝑧𝑟2,𝑘

)
+ 𝑦2

𝑇

( (
𝑦𝑟1,𝑘 − 𝑦𝑟2,𝑘

)2
− Δ𝜌2

𝑘

)
+ 2𝑦𝑇 𝑧𝑇

(
𝑦𝑟1,𝑘 − 𝑦𝑟2,𝑘

) (
𝑧𝑟1,𝑘 − 𝑧𝑟2,𝑘

)
+ 𝑧2

𝑇

( (
𝑧𝑟1,𝑘 − 𝑧𝑟2,𝑘

)2
− Δ𝜌2

𝑘

)
+ 𝑥𝑇

( (
𝑥𝑟1,𝑘 − 𝑥𝑟2,𝑘

) (
𝐾2,𝑘 − 𝐾1,𝑘 − Δ𝜌2

𝑘

)
+ 2Δ𝜌2

𝑘𝑥𝑟1,𝑘

)
+ 𝑦𝑇

( (
𝑦𝑟1,𝑘 − 𝑦𝑟2,𝑘

) (
𝐾2,𝑘 − 𝐾1,𝑘 − Δ𝜌2

𝑘

)
+ 2Δ𝜌2

𝑘𝑦𝑟1,𝑘

)
+ 𝑧𝑇

( (
𝑧𝑟1,𝑘 − 𝑧𝑟2,𝑘

) (
𝐾2,𝑘 − 𝐾1,𝑘 − Δ𝜌2

𝑘

)
+ 2Δ𝜌2

𝑘𝑧𝑟1,𝑘

)
+

1
4

(
𝐾2,𝑘 − 𝐾1,𝑘 − Δ𝜌2

𝑘

)
− Δ𝜌2

𝑘𝐾1,𝑘 = 0

(29)

where 𝐾𝑖,𝑘 = 𝑥2
𝑖,𝑘 + 𝑦2

𝑖,𝑘 + 𝑧2
𝑖,𝑘 is the square of the distance from the 𝑖𝑡ℎ receiver to the reference point at time 𝑡𝑘 .

Geometrically, Equation 28 represents one sheet of a two-sheeted hyperboloid with the two receivers located at the

foci. If four receivers were employed to obtain three simultaneous TDOA measurements, three coupled polynomials of

the form of Equation 2 could be solved, yielding multiple solutions for 𝑥𝑇 , 𝑦𝑇 , and 𝑧𝑇 . In an ideal (errorless) scenario,

one of these solutions would be the transmitter’s instantaneous location. Figure 19 depicts a geometric representation of

this process, whereby three single-sheeted hyperboloids are intersected to locate the transmitter.

B. Relative Motion Dynamics
Whereas TDOA is demonstrated above as a technique for instantaneous localization, astrolocation scenarios entail 

two primary differences from static ( e.g. terrestrial) s cenarios. First, the fact that the transmitter is in orbit means there  
are six parameters governing its state, thus six TDOA measurements are required.  Second, because the six TDOAs do  
not all have to be obtained simultaneously but rather over time, astrolocation can be achieved with only two receivers.  
Shuster[38] first extended the above development for a strolocation. By incorporating a model of the transmitter’s orbital  
motion, each TDOA measurement can be mapped back to an epoch time, in the fashion of classical orbit determination.  
For this paper, the relative motion of the transmitter with respect to a defined reference orbit will be incorporated via the  
well known Clohessy-Wiltshire (CW) solution[39].

When considering spacecraft that are moving in the vicinity of each other, such that 𝜌/𝑅 << 1, we can approximate  
the motion by linearizing the relative equations of motion.  Schaub and Junkins[40], among numerous others, derive the
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Figure 19. Geometric depiction of TDOA localization

equations of unforced relative motion for circular chief orbits, the Clohessy-Wiltshire equations[39], as

�𝑥 − 2𝑛 �𝑦 = 0 (30a)

�𝑦 + 2𝑛 �𝑥 − 3𝑛2𝑦 = 0 (30b)

�𝑧 + 𝑛2𝑧 = 0 (30c)

where 𝑛 =
√
𝜇/𝑎3 is the mean motion of the reference orbit. The CW dynamics equations have the following analytical

solution:

𝑥(𝑡) = 𝑥0 (4 − 3 cos 𝑛𝑡) +
�𝑥0
𝑛

sin 𝑛𝑡 +
2 �𝑦0
𝑛

(1 − cos 𝑛𝑡) (31a)

𝑦(𝑡) = 6𝑥0 (sin 𝑛𝑡 − 𝑛𝑡) + 𝑦0 +
2 �𝑥0
𝑛

(cos 𝑛𝑡 − 1) +
�𝑦0
𝑛

(4 sin 𝑛𝑡 − 3𝑛𝑡) (31b)

𝑧(𝑡) = 𝑧0 cos 𝑛𝑡 +
�𝑧0
𝑛

sin 𝑛𝑡 (31c)

By re-writing the solution to the dynamics, we can obtain the state transition matrix and identify appropriate

sub-matrix blocks,[
𝜙𝑟𝑟 𝜙𝑟𝑣

𝜙𝑣𝑟 𝜙𝑣𝑣

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4 − 3 cos 𝑛𝑡 0 0 1
𝑛 sin 𝑛𝑡 2

𝑛 (1 − cos 𝑛𝑡) 0
6 (sin 𝑛𝑡 − 𝑛𝑡) 1 0 2

𝑛 (cos 𝑛𝑡 − 1) 1
𝑛 (4 sin 𝑛𝑡 − 3𝑛𝑡) 0

0 0 cos 𝑛𝑡 0 0 1
𝑛 sin 𝑛𝑡

3𝑛𝑡 sin 𝑛𝑡 0 0 cos 𝑛𝑡 2 sin 𝑛𝑡 0
6𝑛 (cos 𝑛𝑡 − 1) 0 0 −2 sin 𝑛𝑡 4 cos 𝑛𝑡 − 3 0

0 0 −𝑛 sin 𝑛𝑡 0 0 cos 𝑛𝑡

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(32)
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such that �����������

𝑥(𝑡)

𝑦(𝑡)

𝑧(𝑡)

�𝑥(𝑡)

�𝑦(𝑡)

�𝑧(𝑡)

�����������
=

[
𝜙𝑟𝑟 𝜙𝑟𝑣

𝜙𝑣𝑟 𝜙𝑣𝑣

] �����������

𝑥(𝑡0)

𝑦(𝑡0)

𝑧(𝑡0)

�𝑥(𝑡0)

�𝑦(𝑡0)

�𝑧(𝑡0)

�����������
(33)

As the measurement polynomial in Eqn (29) only involves the transmitter’s instantaneous position, we are only

interested in the 𝜙𝑟𝑟 and 𝜙𝑟𝑣 portions of the state transition matrix. Therefore, we can write

𝑥𝑖,𝑘 = (4 − 3 cos 𝑛𝑡𝑘) · 𝑥𝑖,0 +
1
𝑛

sin 𝑛𝑡𝑘 · �𝑥𝑖,0 +
2
𝑛
(1 − cos 𝑛𝑡𝑘) · �𝑦𝑖,0 (34a)

𝑦𝑖,𝑘 = 6 (sin 𝑛𝑡𝑘 − 𝑛𝑡𝑘) · 𝑥𝑖,0 + 𝑦𝑖,0 +
2
𝑛
(cos 𝑛𝑡𝑘 − 1) · �𝑥𝑖,0 +

1
𝑛
(4 sin 𝑛𝑡𝑘 − 3𝑛𝑡𝑘) · �𝑦𝑖,0 (34b)

𝑧𝑖,𝑘 = cos 𝑛𝑡𝑘 · 𝑧𝑖,0 +
1
𝑛

sin 𝑛𝑡𝑘 · �𝑧𝑖,0 (34c)

Alternatively,

𝑥𝑖,𝑘 = 𝜙𝑟𝑟1 �𝑟𝑖 (𝑡0) + 𝜙𝑟𝑣1
��𝑟𝑖 (𝑡0) (35)

𝑦𝑖,𝑘 = 𝜙𝑟𝑟2 �𝑟𝑖 (𝑡0) + 𝜙𝑟𝑣2
��𝑟𝑖 (𝑡0) (36)

𝑧𝑖,𝑘 = 𝜙𝑟𝑟3 �𝑟𝑖 (𝑡0) + 𝜙𝑟𝑣3
��𝑟𝑖 (𝑡0) (37)

where 𝜙𝑟𝑟 𝑖 and 𝜙𝑟𝑣𝑖 indicate the 𝑖𝑡ℎ row of 𝜙𝑟𝑟 and 𝜙𝑟𝑟 , respectively. Inserting these expressions for 𝑥𝑇 , 𝑦𝑇 , and 𝑧𝑇 into

Equation 29 yields a second-order polynomial of the form

𝑎1𝑥
2
𝑇 (𝑡0) + 𝑎2𝑥𝑇 (𝑡0)𝑦𝑇 (𝑡0) + 𝑎3𝑥𝑇 (𝑡0)𝑧𝑇 (𝑡0) + 𝑎4𝑥𝑇 (𝑡0) �𝑥𝑇 (𝑡0) + · · · + 𝑎28 = 0 (38)

where the unknowns are the transmitter’s initial relative conditions. If we obtain 𝑁 RDOA measurements at unique

times, we can determine these initial conditions by solving the system of coupled polynomials. For a square system, 𝑁
should be the number of variables.

Consider a scenario involving the transmitter orbit and the two receiver orbits coplanar with the reference orbit such

that all spacecraft have 𝑧(𝑡) = �𝑧(𝑡) = 0. In such cases, the transmitter’s motion is planar (2D) and governed by only four

variables: 𝑥, 𝑦, �𝑥, and �𝑦. Here the polynomials remain second-order, but each with 15 total terms instead of 28. Also,

𝑁 = 4, therefore only four RDOA measurements are needed.

C. Polynomial Scaling
The TDOA IROD system of equations have been found to result in a system of poorly conditioned polynomials[37].

Each of the coefficients of these polynomial systems vary by several orders of magnitude, resulting in an incredibly

high amount of precision required to solve the polynomial system with an acceptable level of accuracy. According to

Morgan[41] , “The purpose of scaling is to reduce the possibility of catastrophic arithmetic problems when a solution

method is evoked on a computer." Similar to Morgan’s SCLGEN algorithm, we employ a two-step scaling process

which applies scaling to both the individual variables and the equation as a whole. Variable scaling makes use of a

change of variable of the form 𝑥 = 10𝑐1𝑥, and similar for the other variables. Equation scaling reduces the order of

the polynomial coefficients across the entire equation in the form 𝑓1 = 10𝑐5 𝑓1 = 0, where all 𝑐𝑖 are non-zero values.

Therefore, in the planar scenarios, we have eight scaling constants–four for the variables and four for the equations.

In the 3D case, we have twelve scaling constants–six for the variables and six for the equations (note the planar case

scaling is described above).

Referring to Equation 38, the system of polynomials can be rewritten as

10𝑐𝑁
[
102𝑐1𝑎1𝑥

2
𝑇 + 10𝑐110𝑐2𝑎2𝑥𝑇 𝑦̄𝑡 + ...𝑎28

]
= 0 (39)
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We seek to make the conditioning of the polynomials improved, meaning centering the coefficients around unity

while simultaneously minimizing the variance of the coefficients. After collecting terms around the polynomial

components and labeling them as 𝐸 , we sum square the exponents

𝑟1,1 =
𝑁∑
𝑖=1

𝐸2
1,𝑖 (40)

𝑟1,2 =
𝑁∑
𝑖=1

𝑁∑
𝑗>𝑖

(
𝐸1,𝑖 − 𝐸1, 𝑗

)2
(41)

𝑟1 = 𝑟1,1 + 𝑟1,2 (42)

The the total cost function 𝑟 is given by the sum of quadratics, 𝑟 = 𝑟1 + 𝑟2 + · · · + 𝑟𝑁 , which sums over all equations

and all variables. Since the cost function is a sum of squares of the scaling variables and constant terms, the global

minimum can be found analytically by
𝑑𝑟

𝑑𝑐𝑖
= 0 (43)

which has the form [𝐴] �𝑐 = �𝑏, where [𝐴] is a constant matrix, �𝑐 is the vector of scaling coefficients, and �𝑏 is a vector

which is a function of the original coefficients.

The result is a system of equations that is much easier solved using a numerical method with a limited amount of

machine precision.

D. Scenario Definitions
The current work focuses on three planar (2D) scenarios, as they demonstrate the algorithms necessary for solution.

The initial relative orbit conditions chosen for each spacecraft are given in Table 2. Note that the two receiver orbits 
maintain the same initial conditions across both scenarios, and only the transmitter’s initial conditions differ. The initial 
conditions are given that define the three scenarios.

Table 2. Scenario definitions

Transmitter(1) Transmitter(2) Transmitter(3) Receiver 1 Receiver 2

𝑥(𝑡0), 𝑘𝑚 1 4.5 8.22 10 8

𝑦(𝑡0), 𝑘𝑚 11 7 9.16 -5 3

�𝑥(𝑡0), 𝑘𝑚/𝑠 0.012 -0.022 0.038 0.001 0.01

�𝑦(𝑡0), 𝑘𝑚/𝑠 0.03 0.05 -0.044 -0.02263 -0.008102

The relevant scenario data was generated by assuming a circular reference orbit about Earth of radius 6778 km.

Measurement times were taken at intervals of one-tenth of an orbit period of the reference orbit, or

(𝑡0, 𝑡1, 𝑡2, 𝑡3) = (0, 555.3, 1110.7, 1666.0) seconds

The translational states of each of the three spacecraft were then computed at each measurement time using the CW

equations of motion. Next, the RDOA in Equation 28 and polynomial coefficients of Equation 29 were computed at

each time step.

For the purpose of solution disambiguation (discussed below), a fifth measurement time was added, one-tenth of an

orbit period after the final measurement, or 𝑡5 = 2276.7 seconds.

E. Polynomial Solution Methods
For this work, two polynomial root-solving methods were used.  Macaulay’s method[42],[43] is based on resultants. 

As Macaulay’s resultants are expressed in terms of determinants, they can be used to translate root-finding problems 
into eigenvalue problems.  Bertini[44] is a software package that numerically solves systems of polynomial equations 
using homotopy continuation.  For this work, Macaulay was implemented in MATLAB and Bertini was downloaded 
from the website[45].

22
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION IS UNLIMITED



Table 3. Solution methods definitions

Name Root-Solver Scaling

Method 1 Macaulay N

Method 2 Macaulay Y

Method 3 Bertini N

Method 4 Bertini Y

Polynomial scaling was used with both polynomial root-solving methods, resulting in four solution methods as

described in Table 3.

According to Bézout’s Theorem[46], the number of finite solutions to a square system is 𝑎𝑏 where 𝑎 is the highest

degree of the polynomials and 𝑏 is the number of variables. For the planar case, this results in 24 = 16 finite solutions,

and for the 3D case, 26 = 64 finite solutions. As such, for this work we expect 16 finite solutions to be produced by each

method, and this will be used as a metric on the solution methods.

F. Results
This section presents a comparison of results for the scenarios. For each scenario, the polynomials were solved

utilizing the four solution methods as described in Table 3. Finally, a method is presented which clearly identifies the

correct solution by disambiguation of the solutions.

1. Scenario 1
Recall that Table 2 displays the true values used to simulate Scenario 1. The analysis of Scenario 1 follows.

Figure 20 shows the root mean square (RMS) value of the polynomial residual yielded by each (𝑥𝑇 , 𝑦𝑇 , 𝑧𝑇 ) solution

found by each method. This RMS metric is given by

𝑥𝑅𝑀𝑆 =
√
(𝑥2

1 + 𝑥2
2 + 𝑥2

3 + 𝑥2
4)/4 (44)

where 𝑥1  is the right hand side of the polynomial of the form of Equation 38 at the first measurement time when the  
solution values of 𝑥0, 𝑦0, 𝑥�0, and 𝑦�0  are inserted; 𝑥2  is the right hand side of the polynomial at the second measurement  
time; and so forth.

Ideally, the RMS residual value for each solution is zero, so  20 provides a metric of how well each solution  
method was able to solve the polynomial system.  It is obvious that the Method 1 (Macaulay applied to the original  
polynomial system) did not perform accurately.  Additionally, Method 1 returned 18 solutions, instead of the expected 16  
solutions, to the original polynomial system.  However, Methods 2-4 each yield 16 solutions, with much lower residuals  
(on the order of 10−2  km4  or below), signifying these methods solved the system well.

As a point of comparison, the order of magnitude ratio between the largest and smallest (non-zero) coefficients in  
the original, unscaled system was 109  and the condition number of the polynomial coefficients was 6.095 × 10 5. For the  
scaled system, the order of magnitude ratio between the largest and smallest coefficients was 10 4 and the condition  
number was reduced to 5.2997 × 102.

Figure 21 shows the root mean square (RMS) value of the RDOA residual yielded by each solution.  At each  
measurement time, the RDOA residual is computed by inserting the 𝑥𝑇 , 𝑦𝑇 , and 𝑧𝑇  solution into Equation 28 to obtain  
the calculated RDOA, then subtracting from the actual RDOA. As this was a simulated scenario, the actual RDOA was  
computed and known, but in a practical mission scenario, the RDOA would be measured via signal processing (i.e.  
known with some uncertainty).

Because the algebraic manipulation from Equation 28 to Equation 29 involves two instances of squaring both sides  
of an equation, it is expected that not all 16 solutions to the polynomials will satisfy the original RDOA equations.  The  
purpose of computing the RDOA residual then is to disambiguate these extraneous solutions.  The figure indicates  
that the Method 1 solutions yield RDOA residuals ranging from order 10−3  to order 102.  Methods 2-4 each yield two  
solutions with RDOA residual values of order 10−7  or less, and 14 solutions with RDOA residual values of order 101  or  
102. Table 4 shows the two lowest RDOA residual solutions for Methods 2-4.  (Note that Method 1 is ignored from the 
table due to the high RDOA error.)  From these results, we conclude that there exist two solutions to the original RDOA 
equations for this scenario, one of which is of course the actual transmitter relative orbit.
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Figure 20. Polynomial residual for Scenario 1 (units are km4)

Figure 21.  RDOA residual for Scenario 1 (units are km)

Comparing the values in Table 4 with the actual transmitter initial conditions in Table 2, we see that Methods 2-4  
each yield the actual transmitter initial conditions to at least four decimal place accuracy.  The other solution in the table  
can be disambiguated by simulating an extra (fifth) RDOA measurement, which only the true solution can be shown to  
satisfy.  Figure 22 shows the RDOA error for Methods 1 and 2.  Notice that for the scaled polynomial solution (Method  
2), index 2 has a similar RDOA error, whereas solution index 7 has a large change in RDOA error with the addition of  
the 5𝑡ℎ  measurement.  Bertini results (from Methods 3 and 4) demonstrate similar disambiguation properties.  Therefore,  
we are confident that the true solution to the transmitter initial relative state was found.

2. Scenario 2
Recall that Table 2 displays the true values used to simulate Scenario 2. The analysis follows.

Figure 23 shows the root mean square (RMS) values of the polynomial residual. Again, Method 1 did not perform
accurately, returning only 13 solutions, all of them yielding high polynomial residuals.  Method 2 returned 22 solutions 
with wide variation in residual values:  6 of them were above 1011, two were of order 103, and the remaining 14 were 
order 10−2  or below.  Method 3 returned 16 solutions with all residual values of order 10−6  or below, and Method 4 also 
returned 16 solutions with all residual values of order 10−2 or below.
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Table 4. Scenario 1 Results

Value Method 3 Method 4 Method 2

𝑥(𝑡0)1, 𝑘𝑚 0.9999+2.2039e-15i 1.0000+1.8415e-16i 1.0000

𝑦(𝑡0)1, 𝑘𝑚 11.0000-3.1296e-15i 11.0000+2.9633e-16i 11.0000

�𝑥(𝑡0)1, 𝑘𝑚/𝑠 0.0120-1.4352e-18i 0.0120+3.1000e-19i 0.0120

�𝑦(𝑡0)1, 𝑘𝑚/𝑠 0.0300-1.2766e-17i 0.0300+3.0262e-19i 0.0300

𝑥(𝑡0)2, 𝑘𝑚 4.4420+4.1027e-19i 4.4420-5.7957e-14i 4.4420

𝑦(𝑡0)2, 𝑘𝑚 6.2422-1.0081e-18i 6.2422+7.7120e-14i 6.2422

�𝑥(𝑡0)2, 𝑘𝑚/𝑠 0.0247-2.3899e-21i 0.0247+2.4027e-16i 0.0247

�𝑦(𝑡0)2, 𝑘𝑚/𝑠 -0.0009-1.1907e-21i -0.0009+1.5554e-16i -0.0009

Fig. 22 RDOA residual with 5𝑡ℎ measurement for Scenario 1 (units are km)

As a point of comparison, the order of magnitude ratio between the largest and smallest (non-zero) coefficients in  
the original, unscaled system was 109  and the condition number of the polynomial coefficients was 1.6772 × 10 6. For  
the scaled system, the order of magnitude ratio between the largest and smallest coefficients was 10 4 and the condition  
number was reduced to 1.0163 × 103.

Figure 24 shows the root mean square (RMS) value of the RDOA residuals.  The Method 1 solutions yield RDOA  
residuals ranging from order 10−2  to order 102.  Methods 2-4 each yield two solutions with RDOA residual values  
of order 10−9  or less, with the remaining residual values of order 102.  Table 5 shows the two lowest RDOA residual  
solutions for Methods 2-4.  Again we conclude that there exist two solutions to the original RDOA equations for this  
scenario,  and  again  we  see  that  Methods  2-4  each  yield  the  actual  transmitter  initial  conditions  to  several  decimal  
place accuracy.

Table 5.  Scenario 2 Results

Value Method 3 Method 4 Method 2

𝑥(𝑡0)1, 𝑘𝑚 4.5000-1.3446e-15i 4.5000+2.3592e-15i 4.5000

𝑦(𝑡0)1, 𝑘𝑚 7.0000+3.8100e-15i 7.0000-3.0616e-15i 7.0000

�𝑥(𝑡0)1, 𝑘𝑚/𝑠 -0.02200-1.7369e-18i -0.0220+2.2918e-18i -0.0220

�𝑦(𝑡0)1, 𝑘𝑚/𝑠 0.0500+1.0680e-17i 0.0500-7.4323e-18i 0.0500

𝑥(𝑡0)2, 𝑘𝑚 -7.3008-6.3417e-17i -7.3008-2.0800-14i -7.3008

𝑦(𝑡0)2, 𝑘𝑚 26.2213+1.0809e-16i 26.2213+3.5745e-14i 26.2213

�𝑥(𝑡0)2, 𝑘𝑚/𝑠 0.08202+3.0028e-19i 0.08211+9.4893e-17i 0.0820

�𝑦(𝑡0)2, 𝑘𝑚/𝑠 0.003815+7.0990e-20i 0.003815+2.4885e-17i 0.0038

25
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION IS UNLIMITED



Figure 23. Polynomial residual for Scenario 2 (units are km4)

Figure 24.  RDOA residual for Scenario 2 (units are km)

The other solution in the table can be disambiguated by simulating an extra (fifth) RDOA measurement, which only  
the true solution can be shown to satisfy.  Figure 25 shows the RDOA error for Methods 1 and 2.  Notice that for the  
scaled polynomial solution (Method 2), index 9 has a similar RDOA error, whereas solution index 17 has a large change  
in RDOA error with the addition of the 5𝑡ℎ measurement. Bertini results (from Methods 3 and 4) demonstrate similar  
disambiguation  properties.  Therefore,  we  are  confident  that  the  true  solution  to  the  transmitter  initial  relative  state  
was found.

3. Scenario 3
Recall that Table 2 displays the true values used to simulate Scenario 3. The analysis follows.

Figure 26 shows the root mean square (RMS) values of the polynomial residual. Again, Method 1 did not perform

accurately, returning only 14 solutions, all of them yielding relatively high polynomial residuals. Methods 2 through 4

returned 16 solutions each, all with RMS polynomial residuals under 10−1. Note that Method 2, Macaulay applied to

the scaled polynomial system, solved the equations most accurately. Methods 3-4, both using Bertini did not show

significant improvement in solution accuracy when using the scaled equations.

As a point of comparison, the order of magnitude ratio between the largest and smallest (non-zero) coefficients in
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Figure 25. RDOA residual with 5𝑡ℎ  measurement for Scenario 2 (units are km)

the original, unscaled system was 1010 and the condition number of the polynomial coefficients was 3.7057 × 106. For

the scaled system, the order of magnitude ratio between the largest and smallest coefficients was 104 and the condition 
number was reduced to 5.7144 × 102.

Figure 26.  Polynomial residual for Scenario 3 (units are km4)

Figure 27 shows the RMS value of the RDOA residuals.  The Method 1 solutions yielded RDOA residuals ranging  
from order 1 to order 102.  Methods 2-4 each yield two solutions with RDOA residual values of order 10−7  or less, with  
the remaining residual values of order 101.  Table 6 shows the two lowest RDOA residual solutions for Methods 2-4.  
Again we conclude that there exist two solutions to the original RDOA equations for this scenario, and again we see that  
Methods 2-4 each yield the actual transmitter initial conditions to several decimal place accuracy.

The other solution in the table can be disambiguated by simulating an extra (fifth) RDOA measurement, which only  
the true solution can be shown to satisfy.  Figure 28 shows the RDOA error for Methods 2-4.  Notice that for the scaled  
polynomial Macaulay solution (Method 2), index 4 has a similar RDOA error, whereas solution index 2 has a large  
change in RDOA error with the addition of the 5𝑡  ℎ  measurement.  Bertini results (from Methods 3 and 4) demonstrate  
similar disambiguation properties.  Therefore, we are confident that the true solution to the transmitter initial relative  
state was found.
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Figure 2 . RDOA residual with measurement for Scenario 3 (units are km) 

Table 6. Scenario 3 Results 
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