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ABSTRACT

An investigation is conducted to determine optimum illumination
conditions for a simultaneous-lobing antenna consisting of a circular
paraboloidal reflector together with a four-horn feed. The E- and H-
plane sum and difference patterns of the four-horn feed are calculated
as functions of horn size for the favorable case where the apertures of
the horns are square and contiguous. The calculated patterns are com-
pared with measured patterns and found to be in very good agreement.

Expressions for the secondary E- and H-plane patterns are ob-
tained in both integral and series forms. Using these results, relative
on-axis range and sensitivity are calculated and plotted as functions of
aQ/x, where Q is one-half the angle subtended at the focus by the re-
flector,and a/x is the ratio of the aperture of a single horn to the wave-
length. It is found that an antenna designed so that a2/A = 26°, has on-
axis range and sensitivity within 5 percent of the maximum values that
could be obtained if the antenna were designed to maximize either one
alone.

PROBLEM STATUS
This report concludes the work on the problem. Unless otherwise
advised, the Laboratory will consider the problem closed one month
from the mailing date of this report.
AUTHORIZATION

NRL Problem No. R09-30R
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= received E-plane difference signal.

received H-plane difference signal.

received range signal,

1}

cartesian coordinates.

L}

spherical coordinates.

= angles between the antenna axis and the projections of the radius
vector to the target on the E- and H-planes respectively,

angles between radius vector to a point on the reflector and the x-
and y-axes respectively.

= single horn pattern.

feed pattern when the four horns transmit in phase,

= feed pattern when the horn pairs separated by the H-plane are 180°
out of phase,

= feed patterns when the horn pairs separated by the E-plane are 180°
out of phase,

_ calculated feed patterns corresponding to es(6,4), ee(6,4), and ep(6,4),
" but neglecting interactions between horns.

= E- and H-plane patterns respectively of single horn,
= dielectric constant.

= magnetic permeability.

= horn aperture dimensions.

= V-1.

= wavelength.

= 2a/.

= constants.

= unit vector in direction of field incident upon the reflector.
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g, = unit vector in direction of the reflected field.

'3',;,-%,?5 = unit vectors in the directions of the coordinate axes,

E:, = unit vecior in the direction of the radius vector,

3,1 = unit vector in the direction of the normal to the reflector,

E = field incident on the reflector,

F(8,9) introduced in Equation (8),

'E(x,y) = reflected field in the aperture of the reflector,

Vesl(0) = received range signal for target on axis.

Ved'(0) = derivative with respect to angle of received E-plane difference signal
when target is on axis,

o = ‘-_!- 1

T =41,

LesLy,Me,Mp = introduced in Equations (B.23), (B.24), (B.25) and (B.26) respectively.

n = introduced in (B.42)
P = V2na sin 6/,
s = 41/D tan 6 /2.
t = 7D siny /2).,
¢t = m—ul‘n—’_m 0¢m Sy
=0 ifm<0,orm>n
f = focal length of the reflector.
D = diameter of the reflector aperture.
N introduced in Equation (14).

EW(W,Q),Epf(w,e) introduced in Equations (12) and (13),

Aol6) = 1/2{efe) + h(e)}

A,(0) = 1/3 {e(s) - h(s)}

v = V(a/2 sin 6 + 2f tan 6/2 sin ¥)*® + (a/2 sin 6)°
F | = Bessel function of first kind and order n.

focus,

E.R .

viil DECLA 5

Q = half the angle subtended by reflector diameter at the

......



’SsiFiED

P(y), Q@) introduced in Equations (16d) and (16e).

Eos(¥), Eps(¥) = secondary E- and H-plane sum patterns respectively.
Egq(¥), Epg(¥) = secondary E- and H-plane difference patterns respectively.
ap, b, = coefficients in the series expansions for the antenna patterns.

(formulas given in Equations (B.56) and (B.57)
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OPTIMUM DESIGN CRITERION FOR SIMULTANEOUS-LOBING ANTENNAS

INTRODUCTION

The problem of locating a target, by means of radar, with a high degree of precision
involves an accurate determination of the range and bearing of the target. Errors in de-
termining range are inherently low, so that the problem is essentially that of reducing
angular errors. One method of doing this is to use a very sharp beam. However, there is
a practical limit to the ratio of the aperture size to wavelength upon which the sharpness
of the beam depends, not to mention the difficulty of scanning with a very sharp beam.
These difficulties are avoided by using some sort of lobe comparison or null system,

Conventional conical-lobing systems suffer from random errors due to fluctuations in
the returned signal from the target in the period required for the conical lobing, and from
systematic errors due to interference from voltages having the periodicity of the lobing.
Even the sequential-lobing system is subject to target and transmitter fluctuations from
pulse to pulse. These sources of errors are eliminated by the use of a system which ob-
tains the complete range and error information from each pulse. Such a system is known
as a simultaneous-lobing or monopulse system.

Various simultaneous-lobing systems have been analyzed and developed. (See Ref-
erence 1.) These differ both in the antenna and in the r-f system, which takes the sums
and differences of received signals.

PHYSICAL PRINCIPLES

Simultaneous lobing in one plane may be achieved by two antenna apertures separated
in that plane together with an r-f system for taking simultaneously the vector sum and
difference of the signals received by the two apertures. For simultaneous lobing in two
planes, four apertures may be used with an r-f arrangement for taking sums and differ-
ences of the signals received by adjacent pairs,

If the array of apertures is exposed directly to the essentially plane wave received
from the target, the signals received by the several apertures will be equal in magnitude,
but will differ in phase as the target moves off axis. If the array of apertures is placed
in the focal plane of a focusing objective, the signals will differ primarily in amplitude as
the target, and therefore the focal spot, moves off axis.

This investigation is concerned with an array of four horns with square contiguous
apertures symmetrically located in the focal plane of a paraboloid reflector. The object
is to develop optimum design criteria for such a simultaneous-lobing antenna, recognizing

SSIFIED
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that maximum range and maximum angular sensitivity are both desirable but
sarily compatible characteristics,

The arrangement of four horns is shown in Figure 1a; the coordinate systems used
are indicated in Figure 1b. The x- and y-axes lie in the plane of the horn apertures with
the x-axis parallel to the E-vector. The z-axis is parallel to the longitudinal axes of the
horns,

On transmission, the power is divided equally between the four horns and all four are
in phase, thus providing a single lobe pattern to illuminate the reflector. If energy is re-
flected back from a target, complex voltages, Va, VB, Vo, and Vp, will appear at the
throats of the horns. These are then combined by means of suitable r-f circuits to provide
voltages represented by:

VE = (VA +VB) - (VC +VD)
VH=(VA+VC) -{VB+VD)'

I the target is on the z-axis then V,, Vg, Vo, Vp will all be equal and hence both Vg
and Vg will be zero. If the target is in the xz-plane (i.e., the E-plane), but not on the
z-axis, then V and Vg will be equal and similarly for Vo and Vp, but Va and Vo will
be unequal. Thus Vg will be zero, but Vi will be different from zero. Moreover, the
magnitude of Vg will increase with angular deviation of the target from the axis when the
angle is small. Similarly if the target is in the yz- or H-plane but not on the z-axis, Vg
will be zero but Vy will be different from zero, and for small angles the magnitude of
Vg will increase with angular deviation from the z-axis. If the angular deviation of the
target from the z-axis is different from zero in both planes, then both VE and Vg will be
different from zero, and moreover the greater the angular deviations, the greater will be

VE and Vy. For this reason Vg and Vi are referred to as error signals. The radar

X 2
A B f,
f;‘? /s
#f >
e l /’ @
(x=bs2,y=a/2) /M-efz]
e D
(-] o
(-b/z, as2) (-br2,~a/2)
{a) (b}

Fig. 1 - Horn apertures and associated coordinate systems
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system may be provided with a tracking device which automatically directs the antenna
so as to reduce Vg and Vy to zero, When this is done, the axis of the antenna is directed
at the target. The signal Vg is used to provide range information, and a phase standard
for establishing the sense of the error information.

Since Vg and VH are both zero when the antenna axis is pointing directly at the target,
deviations from the target are manifested by the appearance of a signal Vi or Vg or both.
In order that the deviations be kept small, it is desirable that a small deviation in angle
produce large error signals. Let 8, and 8y denote the angles between the axis of the an-
tenna and the projections of the radius vector to the target on the E- and H-plane respec-
tively. Then

oV oV

E E
dVo =7—— db, + de
E BBX X aey 4

But since Vg is zero whenever the target is in the H-plane it follows that

3V (0,0)
30,

Hence

and similarly

av

Sty SN TR
‘“’H‘ae}, doy if 65 =6y =0

Thus we see that in order to produce large error signals for small angular deviations
from the axis, it is necessary that 9 Vg(0,0)/3 6x and a Vg(0,0)/2 fy be as large as pos-
sible. These derivatives are referred to as the E- and H-plane sensitivities of the antenna.

A little consideration will show that range and sensitivity cannot be controlled inde-
pendently, and that therefore a design which provides for maximum range will not neces-
sarily give maximum sensitivity, and vice versa, To see why, let us refer to Figure 2
and consider what happens in a single plane, say the E-plane.

Reflector bi"or‘m:n Pattern

Fig. 2 - Illumination of reflector by
sum and difference patterns

Sum Pattern -

AJFITroUIAUN
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On transmission all four horns will be in phase and the reflector will be illuminated
by a single-lobe pattern (shown solid in Figure 2). Now it is known that for a constant
phase aperture, the gain of the aperture is maximum when the illumination is constant,
However, if one attempts to provide an illumination which is very nearly uniform over the
reflector, only a small portion of the energy from the feed will be incident upon the re-
flector, and consequently the over-all gain of the antenna will be low. On the other hand,
if a strongly tapered illumination is used, then even though a greater portion of the avail-
able energy is intercepted by the reflector, the over-all gain will again be low since the
aperture gain is reduced. It has been found that if the intensity of illumination at the edge
of the reflector is about 12 db down from the intensity at the center, the gain will be a
maximum,

The one-way receiving difference pattern, by the principle of reciprocity, may be
analyzed by considering the transmitting pattern when the pair of horns on one side of
the H-plane is 180°out of phase with the pair on the other side. In this case the reflector
is illuminated by a split beam (shown dotted in Figure 2), It will be seen later that if the
horns are designed so that the 10-db point of the single lobe pattern is at the edge of the
reflector, then the peaks of the lobes in the split beam will be on the edge of the reflector.
This means that the gain in the difference pattern will be low, since a considerable portion
of the transmitted power will be spilled over the edge of the reflector. Thus a design
which yields maximum gain for the sum pattern will not yield maximum gain for the differ-
ence pattern. Reduction of gain in the difference pattern means a reduction in the sharp-
ness of the beam and therefore in the sensitivity. On the other hand, if we try to increase
the gain in the difference pattern by designing the horns so that more of the energy in the
split beam is intercepted by the reflector, this same design will cause the illumination for
the sum pattern to be more strongly tapered, thus leading to a reduction in gain in the sum
pattern, It is thus clear that the final design must involve a compromise between maximum
possible range and maximum possible sensitivity. In the discussion that follows, the de-
pendence of range and sensitivity on the relative dimensions of the reflector and feed horns
will be investigated with a view to obtaining data for an optimum design,

The first part of the discussion will be confined to a study of the primary sum and
difference patterns of the four horns alone. In the second part of this report the secondary
patterns of the complete antenna consisting of _the reflector and four-horn feed are considered,

PRIMARY PATTERNS OF THE FOUR-HORN FEED

In order to render the problem amenable to mathematical calculation, certain simpli-
fying assumptions will be made from time to time. These assumptions have been justified
either by experimental data or by mathematical calculation. At the outset we shall assume
that (a) each horn may be treated as a point source located at the center of its aperture;
(b) the field of each horn has only an a-component which will be denoted by e(fs¢), where
« is the angle between the x-axis and the radius vector., Now let es(6,9) denote the field
when all four horns transmit in phase; ee(9,9) the field when the horn pairs separated by
the H-plane are 180° out of phase; and e,(8,8) the field when the horn pairs separated by
the E-plane are 180° out of phase. Let es, ek, eh denote the corresponding fields that
would exist if interaction between horns could be neglected. Then:

DECLAS




e5(8,9) = e(6,4) <
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(2 sin 6 cos ¢ +2 sin 6 sin ¢
e’ \2 2
A ejk(% sin 6 cos ¢ ——g—sine sinni)

2

) o] :
k+e,|k(2sm(9co:as¢iv zsinesmr,f) _J

i ]
= 4e(0,9) ;:i:os G:—;é sin f sin cﬁ) cos G:-:—;- sin @ cos oi) [
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es(6,9) = e(6,4) <

-

=
b 2
ejk(z sin 6 cos ¢ + 5 Sin @ sin d)
jk L sin 8 cos ¢ -2 sin 6 sin (o3
+ e’ \2 2
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_ejk(gsmecos¢+2smesin¢)

L.A _ejk(--lzlsina cos ¢ -2 sin ¢ sin«;)
J
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= 4je(0,9) cos G:-;‘-sin 8 sin 9 sin 6;‘-2— sin @ cos ¢) ';

e}(6,0) = e(6,8) <

r =
ejk(—lz?-sin 6 cos ¢ +-%sin 6 sin 9
S T e
- e \2 2

2 ejk (—% sin 6 cos ¢ +—g- sin @ sin 19
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- 2 2
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where k = 27/,

b ejk(_% sin @ cos ¢ +2sin ¢ sinq) r

(1)

(2)

(3)
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At this point the additional assumption is made that

es =K, eg
ee = Kz Eé (4)
e, = Kgep

where K,, K,, and K; are independent of 6 and ¢. The purpose of introducing the constants
K,, Kz, and K; is to take into account the effect of the interaction between horns on the
gain. Thus it is seen that equations (4) are equivalent to assuming that the interaction
between horns does not affect the shape of the resulting patterns, but does effect the gain,
The agreement between the calculated patterns and experimental patterns justifies this
assumption. The constants K, K,, and K; are then determined by the fact that in each
case the same total power Py is transmitted. Thus we have

2T .m 2r T
2V€—“_ Pt =j J K,” e4(6,4)® sin 6 d6 d¢ = j j K 7 ey(0,4) sin 6 d§ d¢
0 0 0 0 -
2r W :
& I J' K2 ef(6,4)% sin 6 df d¢ ' (5)
0 0 '

In calculating E-plane and H-plane sum patterns of the four horns, it was found that
by the time one had gone beyond the peak of the first side lobe for the four-horn sum
pattern, the intensity of the single-horn pattern was less than 15 db down. On the other
hand an analysis of the secondary patterns of the feed and reflector shows that both maxi-
mum range and sensitivity are reached when the side lobe of the four-horn sum pattern
falls outside of the reflector. Thus, for the purposes of this investigation it is sufficient
if the single-horn pattern is known only as far as 15 db down. Several empirical formulas
are available which describe fairly accurately the E- and H-plane patterns of a horn down
to 20 db. If we denote the E- and H-plane patterns respectively by

e() = e(8,0) (6a)

ho) = e @l> (6b)

then suitable empirical formulae for e(8) and h(@) are
e(f8) = cos (1 sin 6) (7a)
h(8) = cos (m sin 8) (Tb)
with the constants 1 and m chosen to yield the correct 10-db width in each plane. The
10-db widths of horns have been determined experimentally for a large variety of horns,
and have been plotted as functions of a/\ and b/A in a report by Risser (Reference 2).

If a horn with square aperture is used, its H-plane pattern will be broader than its
E-plane pattern, When, however, the four horns are combined in a square array, the

DECLASSI
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principal portion of the resulting E-plane and H-plane patterns are nearly identical, This
is because the combined patterns are represented by a product of two factors; one repre-
senting the single horn pattern, the other being an array factor which depends on sepa-
ration between the centers of the horns. The array factor is dominant in determining the
principal portions of the combined pattern, and since the centers of the horns are sym-
metrically distributed, the resulting patterns are very nearly symmetrical. Since sym-
metry is clearly desirable, this study has been confined to an array of horns with square
apertures, and we shall in what follows take b = a.

E- and H-plane sum and difference patterns have been calculated for a range of values
of a/X using equations (1), (2), (3), and (7) and the 10 db widths found in the report by
Risser (Ref. 2). The results of these calculations are summarized in a series of graphs,

In order to see how the various patterns depend on the parameter a /A, all patterns
were plotted as functions of a§/A. The main lobes of the sum patterns in both the E- and
H-planes were very nearly identical. The two main lobes shown in Figures 3 and 4
actually represent composite curves for values of A/a from 0.6 to 1.2, the curves for all
intermediate values lying between the two shown, Although the agreement between the
difference patterns is not as good, (Figures 5 and 6), the maximum deviation between any
two curves in the range is about 1 db over the portion of the pattern of interest. The
patterns have not been calculated over the complete range of values of @, since only the
portion of the pattern which is incident upon the reflector enters into the calculations of
the secondary patterns. For this reason, only a range of values of 6 sufficient to include
the first side lobe in the sum pattern was used. As will be seen later, such a range of
values of 6 is more than enough.

In Figure 7 the E- and H-plane sum and difference patterns are compared for the
case A/a = 1. This comparison was restricted to the case A/a = 1 since corresponding
curves in each of the principal planes are very nearly alike over the range of values of
)/a considered. It will be noted that the main lobes of the sum patterns agree closely.

As for the difference patterns, the deviation is about 1 db at most up to the value of 6
corresponding to the null in the sum pattern, As we shall see later, this includes the main
portion of the pattern which is of interest in the calculation of the secondary patterns.

It is interesting to note the presence of high side lobes in the H-plane sum pattern,
It is known that a single horn does not have side lobes in the H-plane,

A number of experimental feed patterns were available for comparison with the cal-
culated patterns. These also have been plotted as a function of a8/x. However, since the
centers of the horns were separated by an additional distance equal to twice the wall
thickness of the horns, the value of “a” used in plotting was the separation between centers,
rather than the aperture of the single horn. Figures 8 and 9 show the experimental E-
and H-plane sum patterns together with the calculated pattern for the case A/a = 1, Again
composite curves were drawn for the principal lobes, and it is again seen that the agree-
ment between calculated and measured patterns is good for the principal lobes. Figures
10 and 11 show the corresponding E- and H-plane difference patterns. Although the agree-
ment here is not as good as it is for the sum patterns, it is still satisfactory. It will be
noted that the presence of high side lobes in the H-plane sum patterns is confirmed by the
experimental patterns.

Figures 12 and 13 show the E- and H-plane sum and difference patterns, together
with the single-horn pattern for the case A\/a = 1. For values of A/a between 0.6 and 1.2
it was found that over the range of values of 8 which includes the peak of the firstside lobe
in the sum patterns, the single_horn pattern is not more than 15 db down from its peak.
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Fig. 13 - Calculated H-plane pattern of single horn,
and H-plane sum and difference patterns of horn pairs for A/a = 1

Thus for purposes of calculating the sum and difference patterns it is necessary to know
accurately only the portion of the single-pattern down to the 15 db point. It is also of
interest to note that the null of the sum pattern is reached when the single-horn pattern
is between 3 and 4 db down from peak.

SECONDARY SUM AND DIFFERENCE PATTERNS—RANGE AND SENSITIVITY

The following procedure has been adopted for the purpose of calculating the secondary
patterns. The four horns may be regarded as a point source located at the focus of a
paraboloid reflector, with patterns given by equations (1), (2), and (3). The methods of
geometrical optics are employed to find the reflected field distribution over the aperture
of the paraboloid. It is assumed that locally each small portion of the reflector may be
regarded as a portion of an infinite perfectly conducting plane from which the incident
field is reflected. Thus the reflected rays are parallel to the axis of the paraboloid, and
the relation of polarization and intensity in the reflected field to polarization and intensity
in the incident field is the same at each point as if it were reflected from an infinite con-
ducting plane tangent to the reflector at that point. Moreover, it follows from the geo-
metrical properties of a paraboloid that the sum of the lengths of the incident ray from
focus to reflector, and of the reflected ray up to the aperture is constant. On the basis
of these assumptions the field distribution over the aperture may be calculated. This
field distribution is then used to obtain the pattern of the antenna. Two spherical coordi-
nate systems are used, as shown in Figure 14, One of these is used to represent the
paraboloid and the primary pattern of the feed, the other to represent the coordinates of
the field point.




.~ CIFIED

4
gt
NAVAL RESEARCH LABORATORY 19

Now let
; = _F(8,4) -ikp &
(6,4) o j“"ea

B, =M

i 2
/] denote the incident field, where €, is a unit

(8)
vector lying in the plane of the x-axis and the
radius, pointing in the direction of increasing
y a. Then if €; denotes a unit vector in the

/ direction of the reflected field at any point of

/ the reflector, the reflected field is given by

/ i F(’g,(ﬁ) e—Jkp é‘; 9

In accordance with geometrical optics the re-

flected field ?t any point of the aperture will

be the same (except for phase) as the reflected
s b LT grs:r“sgems field at the point of the paraboloid which lies

on the ray through the aperture point. Thus,

if x,y denote the coordinates of a point in the

aperture, the aperture field is given by

The unit vector €, is parallel to the x,y plane. I will be shown in Appendix A that for
sufficiently small values of 6, &; is very nearly equal to €, the unit vector parallel to the
x-axis. The following table taken from Appendix A indicates the order of magnitude of the
error involved in replacing €, by € over the aperture. In this table Q denotes half the
angle subtended at the focus by the reflector, and (€3 + €x)min represents the minimum
value over the aperture of the component of E; in the direction of the x-axis.

Q 30° | 45° | 52° | 60°

(€2 * &)min |0.997 |0.985 [0.972 0.943

In all cases the maximum error occurs at the boundary of the aperture. As will be seen
later, the calculations will be confined to reflectors for which 2 does not exceed 60° by
more than a small amount. Hence to a high degree of accuracy we may replace €3 by és

and write

F(9!¢) e"‘jzkf "~ (1 1)
P

Ex,y) = éx

Now let E; (,£) denote the radiation field of the antenna, Then the ¥ and & components
of ﬁ"', are given by (Ref, 3)

-jkR
Epy (¥,8) = Jﬁiw_ (1 + cos ) (N cos § + NY gin §) (12)
_jk ¢ KR
Epe 8) =25 (1 + cos y) (N sin§ - Ny cos ) (13)
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where Ny and Ny are the x and y components of the vector N defined by the relation

ﬁ=_[ Fx,y) ok (x sin y cos £ + y sin ¢ sin §) e (14)
A

We shall confine our investigation to the E- and H-plane patterns for which &= 0, and
7/2 respectively, Actually the E-plane is represented by §= 0 or & = #, and the H-plane
by § = 7/2 or §= 31/2, with ¢ always positive. However, if in each of these two planes
we allow { to assume both positive and negative values in accordance with the usual con-
ventions, then we can restrict ourselves to the values & = 0, and &= 7/2 respectively.
We shall denote the E- and H-plane patterns by

Ee(¥) = Epy (¥,0) (152)
Ep(¥) = Epg (¥,7/2) (15b)

The E- and H-plane sum and difference patterns can be calculated by substituting for the
function E(x,y) in (14) the aperture distributions which are obtained from the corresponding
sum and difference patterns of the feed.

The details of the calculations are presented in Appendix B. Let

Ao(6) =5 {e(B) + n(e)} (162)
A40) = {et0) - h(e)} (16b)
vi= (-% sin 6 + 2f tan-g- sin 1{)2(-% sin 9)ia (16¢c)
Q :
P(y) = 217'[ Ao6) tan g To(kv) do ~ (16d)
0
a 8
QAy) = 2@:} A () tan {(a sin 8)%/2v? - 1} J,(kv) do (16e)
0

Let Egg(¥) and Ey () denote the E- and H-plane sum patterns, and E¢q(¥) and Epg(y)
denote the E- and H-plane difference patterns, with a common phase factor j exp
{-i&(R + 26)} omitted. Then it is shown that

K.D

Ees) = 4—— % {PW) + P(-¥) + Q) + Q-)} (172)
K.D ¢ N

Eps) = 4=3= £ {PW) + P(-¥) - QW) - A-¥)} (170)
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Eed) = 4—2= £ {P(W) - PLy) + QW) - -0} (17¢)
Eng¥) = 423> = {PW) - P(-v) - QW) + -9} (17d)

In order to see how the gain and sensitivity vary with the aperture illumination, we
shall assume that the aperture diameter D is held constant, and the size of the feed is
kept fixed, but 2, or in other words f/D, is varied. In this way various portions of the
feed pattern are intercepted by the reflector, and the gain and sensitivity will vary accord-
ingly. In practice, however, the reverse procedure is generally followed. One usually
starts with a reflector of given diameter D and /D ratio, and tries to select a suitable
feed which will give optimum gain and sensitivity. From physical considerations, it seems
intuitively obvious that the antenna patterns will depend primarily on the field distribution
over the aperture. Thus it appears that the results that are obtained should be independent
of whether a given aperture field distribution is produced by varying the £ /D ratio with the
feed size fixed, or varying the feed size withthe f/d ratio held constant. A semi-quantitative
proof of this statement is given in Appendix C,

K we let t = 7D sin y/2), the functions P(y) and Q(¥) can be expanded in series in
powers of t. Substitution of these series in equations (17) leads to the following equations
for the fields:

[+ o]
Ees(¥) = K,D/2 Z‘ (i, + ) €7 (18a)
n=0
& n
Eps(¥) = K, D/x Z’ (azn - byp) t° (18b)
n=0
- n+
Egq(¥) = K,D/x 2’ @pay Bt (18¢)
n=0
e 241
Ena(¥) = K,D/x Z (n4 - Bns)t (18d)
n=0

If a/A is held fixed, the coefficients a;, and b, depend only on the parameter Q. The ex-
pressions for these coefficients are given in equations (B.56) and (B.57) Appendix B.

Let us consider now how the received range and error signals vary with angle  in
the E-plane, assuming that the four horns are in phase on transmission., After reflection
from the target, the power received in the range channel will be proportional to Ees‘ (¥),
and the power received in the difference channel will be proportional to Egg? (¥) Eod’ ().
The corresponding input voltages will be proportional to Eesa () and Eegl¥) * Egqly) re-
spectively. Thus, the on-axis range signal is proportional to Eeg’ (0), and the sensitivity
which is defined as the angular derivative of the error signal evaluated for Y =0is
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proportional to

d
= Ees(¥) E (w)]
dy “es ed v=0

Since Egg(y) attains its maximum value at = 0, Egs’(0) =0, Hence
g Bes) BedW)] | = Eqg(0) Eeg'(0)

We now wish to determine the value of 2 which makes Eq¢?(0) a maximum, and the value
of 2 which makes the sensitivity, or inother words, Ees(%g Eeq’(0) 2 maximum. (It will
be recalled that for a given feed, the illumination over the reflector is determined by the
value of Q.) ;

From (18a) and (18c) we see that

Eo(0) = K2 (D/2)? a,(Q)* " (19)

Eeq'(0) =5 KBI(D/JL)’JE,‘(Q) - b,(gﬁ (20)
Thus, as we vary £and hold D/x and a /A constant, we find that

Egg’(0) ~ 2,(9) (21)

E,4(0) E,y(0)~a (@) {21(9) . bl(.Q)} (22)

The coefficients a,(2), 2,(2), and b (2) may be obtained by numerical integration, and
the resulting expressions for maximum range signal and sensitivity plotted as a function
2. The values of 2 for which these quantities are a maximum can then be obtained from
the graphs,

The expressions for maximum range and sensitivity have been obtained as functions
of Q, with a/ held constant. However, if a/A as well as @ is allowed to vary, the maxi-
mum range and sensitivity become functions of both 2 and a/x. In the light of earlier
remarks, it would be expected that each of these quantities could be expressed as a func-
tion of a&/). In order to check this conclusion, the calculated values of sensitivity and
“on-axis” range were plotted as functions of a$/x for values of a/x=0.8, 1.0, 1.1, and
1.2, and it was found that the corresponding curves obtained for each of these values of
a/) were practically coincident, Figure 15 shows the graphs of sensitivity and on-axis
range as functions of a$/x for the case where a/) = 1, plotted in percent. On the same
figure the illumination of the E-plane sum pattern of the four-horn feed is plotted in db
as a function of ag/A. If we set 6 =2, we are thus able to find how many db down from
peak the illumination is at the edge of the reflector, when the reflector subtends on angle
282 at the focus., This then gives us a correspondence between sensitivity and on-axis
range on the one hand, and the illumination in the sum pattern at the edge of the reflector
on the other hand.

From the figure it is seen that the on-axis range attains its maximum value when
aQ/x = 23°. This corresponds to an illumination which is down 12 db at the edge of the
reflector, Maximum sensitivity occurs at a@/x = 29° This corresponds to the case
where we are almost down to the null of the sum pattern at the edge of the reflector.
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Fig. 15 - Calculated value of range and sensitivity

in E-plane as a function of aQ%) in percent of maximum.
Calculated E-plane sum pattern of four-horn feed as a function of aQ%

(The null will fall at the edge of the reflector when a 2/ = 30%) It will be noted that the
sensitivity and on-axis range curves vary slowly with Q in the neighborhoods of their re-
spective maxima, The two curves intersect when a@Q/x = 26° For this value of Q, both
the sensitivity and on-axis range are down only 3.5 percent from their respective maxima, This,
then, would appear to be a suitable operating point. The illumination in the sum pattern of
the feed, corresponding to this value of a2/, would be down about 18 db at the edge of the

reflector,

By way of illustration, let us assume that the f/D ratio of the reflector is 1. Then
from the relation tan 2/2 = D/4f we find that Q= 28° Substituting in the formula aQ/) =
26°, we find that a/A = 0.93. This determines the size of the horns to be used.

H-plane sensitivity curves have also been claculated, but have not been shown here
since they were found to differ only slightly from the E-plane sensitivity curves. The
H-plane sensitivity is given by the relation

E; (0) Ep g/ (0)~a (@) {a (@) - bl(.Q)}

Comparing with (22), which gives the E-plane sensitivity, it is clear that the two sensi-
tivities should be very nearly alike provided b,(Q) is small compared to 2,(2). The cal-
culations show this to be the case. This is not surprising, for if one examines (B.56) and
(B.57) in Appendix B, it will be seen that the expressions for a,(Q) and b (Q) differ essen-
tially in the factors A,(6) and A,(¢) which appear under the integral sign. However, A,(6)
is small compared to A (6), since A _(6) represents half the sum of the E- and H-plane
patterns of the single k>rn, and A,(B? represents half the difference.
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Since the numerical calculations required =]
toobtain the secondary patterns are quite ex- \
tensive, these patterns have been calculated 4 B
for only one set of the parameters which satis- Wi \‘\\ | 34 purremn
fied the criterion for optimum illumination. . ¥
The values of the parameters chosen were # @‘
a/x =1, and £/D = 1,08. These values were . ./
chosen as typical for the case where a lens,
rather than a reflector, is used, since most 5
lenses have f/Dratios close tounity. Thecal-
culated E-plane sum and difference patterns
are shownin Figure 16. The H-plane patterns
are not shown, since they were practically
identical with the E-plane patterns,

RELATIVE POWER (db)
3

Measured sum and difference patterns 1
are available. When the measurements were i
taken, however, the criterion for optimum = \ :

f

illumination was not known, and the horn di-
mensions were not those given by the theory, %
However, if dueallowance is made for the dif- - : \
ference in horn sizes, the calculated results A JELEE | e
appear to be reasonable, It is of interest to Ot/
note that the width at half-power of the sum

pattern is 1.2 A/D, the value that one would Fig. 16 - Sum and difference patterns
expect for an illumination whichis 18 dbdown for case a/A = 1, aQ/x = 26°

at the edge of the reflector.

It was stated earlier in this report that the maximum value of @ which would enter
into consideration would not greatly exceed 60, To see this, let us recall that if b de-
notes the width of the waveguide, then in order to insure propagation of the fundamental
mode we must have A< 2b, or A/b<2. Now since a2 b, we also have )/a <2. But from
Figure 15 it can be seen that both maximum range and maximum sensitivity are reached

for a2/A < 30°% or @ <(x/a) 30° < 60°

B

CONCLUDING REMARKS

We have seen that when a paraboloidal reflector is illuminated by a feed consisting
of four, square, contiguous horns associated with a proper r-f system, the angular aper-
ture of the reflector should be related to the aperture of the single horn by the formula

aQ/x = 26°

where £ is half the angle subtended by the reflector.at the focus, and a is the aperture

of a single horn. If the antenna is so designed, the on-axis range and both the E-plane
and H-plane sensitivities will be within 5 percent of the maximum values that could be obtained
if the antenna were designed to maximize any one of these quantities. Moreover, corre-
sponding E-plane and H-plane sum or difference patterns will be almost identical.

The criterion for optimum design can be expressed in another way. From Figure 15
it is seen that if the feed is designed so that its sum pattern is between 17 and 18 db down
at the edge of the reflector the criterion for optimum results will be obtained. The size
of horns for which the primary sum pattern will be a given number of db down at-the edge

of the reflector can be obtained from Figure 3.
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e analysis in this report has been based on the use of a paraboloidal reflector as
the focusing objective. Physically, it seems clear that the secondary patterns depend
only on the amplitude and phase distribution over the aperture of the focusing objective.
The amplitude and phase distribution over the aperture of a properly designed lens should
differ only slightly from that of a paraboloidal reflector. Hence, it seems reasonable to
assume that the criterion for optimum illumination which was derived for the case of a
paraboloidal reflector will apply as well to an antenna which employs a lens.

between horn centers was equal to the size of the single horn apertures. Hence, for proper
design, the wall thickness of the horns should be reduced to zero at the edges of the aper-
tures where they come in contact. If this is impractical, the value of “a” in the expression
af/) should be taken as the distance between horn centers rather than the horn aperture,
since, as was pointed out earlier, the spacing between centers is more critical than the
horn aperture in its effect on the patterns.

( It should be pointed out that in developing this theory it was assumed that the spacing
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APPENDIX A

Proof That the X-Component of &, is Very Nearly Equal to Unity

Let &, &y, &z denote unit vectors in the direction of the coordinate axes; ép, 2
unit vector in the direction of the radius; &,, a unit vector in the direction of the normal
to the paraboloid and pointing towards the focus side of the paraboloid; €, 2 unit vector
in the direction of the incident field; and €, a unit vector in the direction of the reflected
field. An expression for €3 . €x is obtained, and it is shown that its minimum value

over the aperture differs only slightly from unity,

Thevector €, is given by the formula (Ref. 4)

—

€2 =26, %) & -
The equation of the paraboloid (see Figure 14) is:

x2+ yi=4i(f - 2)

The components of &, are then proportional to x, y, 2f. Hence

— ~X -— y — 2f
€h = ey - ey-

Vx2+ y2+ 4f2 Vx2+ y2+ 4f°2

In spherical coordinates

X =psin @ cos ¢
y=psin @ sin ¢
z=pcosB

and the equation of the paraboloid is given by
p =1 sec® 6/2
Thus
x2+ y2= p®sin®0 = £ sec* 0/2 sin®¢ = 4f*tan® 6/2
and
X2+ y2+ 4f% = 4£%(1 + tan® 6/2) = 4f% sec® 6/2
Also from Figure 14

x =pcos a.=f sec? 6/2 cos a
y=pcos B =1f sec? /2 cos 8

27
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Vx2+ y2 + 4f2

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)



and

i D.Ecmssw?““

cos a = sin 6 cos ¢
cos B = sin @ sin ¢ (A.9)

Substituting (A.7) and (A.8) in (A.3) gives

&, =__1__{. sec® 6/2 cos a &, - sec® 6/2 cos B & -2 s;} (A.10)
2 sec 6/2 _

The unit vectors &, €,, and &, lie in a plane, and the vector ép makes an angle o
with &. :

From Figure 17 (see page 30) it is seen that

- —
ep COs @ - €x

ea=epcota-excsca= = (A.11)
But
€p = COS & €_ + cos B ey * cos 6 e, (A.12)
Substituting in (A.11)
. Q:Ef:—a{- sinzaé';(+cosacosﬂé;,+cosacosee‘;} (A.13)
Thus:
é;‘l ’ é‘; s 6}2 = a{secx /2 sin® o cos a - sec®6/2cos a cos®B=2¢os a cos 9}
(A.14)
R -sin ¢ (A.15)
and
€n° €x =-1/2 sec 6/2 cos a (A.186)
From (A.1) we see that
G- &=25-8)E & -& & (A.17)

Substituting (A.14), (A.15), and (A.16) in (A.17) we get:

ea'ex=

{- sec? 6/2 sin®a cos®*a + sec® 6/2 cos®a cos®B + 2 cos®a cos 6 + 2 sinza}
(A.18)

2 sin o
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“Substituting sec® 6/2 = 2/1 + cos 6, (A.18) becomes

— 1 2 2 2 2
ea-ex—sina(1+cose) cos’a (cos®h - sin® @ + cos“B)
+ cos 6(cos®a + sin®a) + sin’a} (A.19)
But z
cos?6 - sin®a + cos?p = cos?6 - 1 + sin’0 cos’p + sin’g sin’¢
= cos®8 - 1 + sin®@
=0 (A.20)
Thus:
& .z . sSine+cosf __ 1+cosg- sin®¢ cos®¢
a X sina(l+cosf) (A.21)

(1 + cos 8) V1 - sin?6 cos?

Let €, - €5 = S. Then for a minimum value of S, with 6 held constant,

8 2 sin®4 sin ¢ cos ¢
3¢ (1 + cos 8)¥1 - sin?6 cos®¢

_ (1 + cos § - sin® cos®p) sin®6 sinpcos ¢ _ (A.22)
(1 + cos 6) (1 - sin®  cos®¢)*

or
2 - 2 sin®6 cos®¢ - 1 - cos 6 + sin®6 cos’¢ = 0. (A.23)

Hence, for a minimum value of S

sin®6 cos®¢ =1 - cos 6. (A.24)

Denoting by S,,,(9) the minimum value of S when 8 is held constant, we find upon substituting

(A.24) in (A.21) that

2 cos @ 2 Vecos 8
sm(e) = =
(1+cos8)Veosd 1+cosb (A.25)
Now
die—sm(e) BBl coB ) . gtor 0<H< W2 (A.26)
Veos 6 (1 + cos 8) = o

Thus S,,(9) is a steadily decreasing function of 8, and assumes its minimum value when
6 takesonits maximum value £, Hence:
_2Vcosf

(€a * €x)min = 1+ cos® (A.27)
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The following table illustrates how little €, - &, differs from unity over the aperture.

e} 30° |45° |52° | e0°

(€3 * €x)min |0.997 [0.985 |0.972 0.943
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APPENDIX B

Calculation of Secondary E- and H-Plane Sum and Difference Patterns

We shall first express the vector N given by equation (14) as an integral in terms of
spherical coordinates, If r and ¢ represent the polar coordinates of a point in the aperture
plane, then

da = r dr d¢ (B.1)
and
r=psing (B.2)

The equation of the paraboloid in spherical coordinates is given by

p=1f sec” /2 (B.3)
Hence ’
r =1 sec?6/2 sin 6 = 2f tan /2 (B.4)
and
da = 2f tan 6/ 2.f sec?6/2 d6 d¢ = 2f* tan 6/2 sec?6/2 do d¢ (B.5)
Also
X = p sin 8 cos ¢ (B.6)
y =p sin @ sin ¢ (B.7)

Substituting (B.5), (B.6), (B.7), and (11) into (14), we get

Q .27
W ‘;;: e—ik2f f f M._ 22 tan 6/2 sec?6/2 ejkpsin-@ sin Y cos(¢ - E)d¢d9
fsec?6/2
4 g (B.8)
. Q2 27
- & of o~ Tk J' f F(6,4) tan 6/2 eJK21 tan 6/2 sin Y cos(d - &) 44 49 (B.9)
0 0

For large apertures the main portion of the radiation pattern will be confined to small
values of y. But for small values of ¢, 1 + cos ¢ =2, Since N, = 0, we find upon sub-
stituting (B.8) in (12) and (13) that for small values of i we have very nearly:

’ 2 .27 ;
Epw(”b’ﬁ) - ]kf/ﬁ" e_.‘k(R + H)Cose f L F(g ’¢)tan 9/2 e]sz tan 9/2 sin Ilf/ COS(¢ = e)dwa
0
(B.10)

} 2 27
Ep (4,) = -jk/n e~ (R + 20) sin, I J‘ F(6,6) tan /2 e
00

jk2f tan 6/2 sin Y cos(¢ - E)dqbdﬂ

(B.11)
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To obtain the E-plane pattern we substitute § = 0 in (B.10) and (B.11), and since
Ep (¥,0) = 0, we see that the E-plane pattern is given by E, (¥,0). To determine the
H-plane pattern we substitute § = 7/2, In this case E w(gb,v?)’é) = 0, and therefore the H-.
plane pattern is given by E g(‘#,”/ 2). The patterns ogtained are for an arbitrary feed
pattern represented by the li"'unction F(6,4) which appears on the right side of (B.10) and
(B.11). If for F(6,¢) we substitute the appropriate sum and difference patterns of the feed,
we then obtain the corresponding secondary sum and diff(erengfe) patterns of the antenna
as a whole. Let us omit the common phase factor j o-JK(R + which appears in each of
the expressions for the E- and H-plane patterns, and denote the resulting functions by
Ees(¥), Ens(¥), Eeq(¥), and Epg(y) where Eg(y) and Ej (/) represent the E- and H-plane
sum patterns respectively, and Egq4(y) and Epg(y) represent the E- and H-plane difference
patterns respectively. If for F(6,4) we now substitute the functions K, e5(0,9), K ,e6(6,9),
and K,eh(6,4), and if we let

u = 2f tan 6/2 , (B.12)
we find that:
Q .2r "
Ees) = Kukd/7 [ f e45(6,0) tan /2 /KU SIn Y €08 6 44 4 (B.13)
00
ol jku sin  si B.14
E} (V) = Klld/rrf e4(0,9) tan 6/2 efKU SIn W sin ¢ 44 4 (Beid)
00
Q .27 s
Eoq() = Kki/7 f | eu(6,9) tan 972 JKV SIn Y COS $ 44 44 (B.15)
00
2 .27 R ;
Epq(¥) = Kokf/n f eh(6,9) tan /2 KU Sin ¥ sin ¢ 44 44 (B.16)
00

Let us now consider the functions e}(6,4), ex(6,4), and e},(6,4). From equations (1),
(2), and (3) we see that if we let a = b, each of these functions can be expressed in the
following form

W=

jka_ging(c cos ¢ + 7 sin ¢)

-

A =e(9,0) T *e

o (B.17)

where
o=*1,and 7=%1.

To simplify the problem further we shall expand the function e(6,4) in a Fourier
series with respect to ¢, and retain the first two terms in the expansion. The pattern of
a single horn is symmetric with respect to the two principal planes; that is

e(G,‘ﬁ) = 9(9,_¢) e(&,q&) = e(g, T - ¢) f.~

DECLASS
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Hence the Fourier series will contain only cosine terms of even multiples of ¢ and we
may write

e(8,4) = Ay(8) + A,(6) cos 2¢ (B.18)

Substituting ¢ = 0 and 7/2 respectively, and making use of the notation introduced in (6a)
and (6b) we have

e(8) = Ag(6) + A ,(6) (B.19)
h(6) = Ag(6) - A, (6) (B.20)
Thus
A,(6) = 1/2{e(6) + n(o)} (B.21)
A,(0) = 1/2{e(®) - (o)} (B.22)

We shall see later that the contribution to the integrals in equations (B.13) - (B.16)
inclusive due to the second term in the right side of (B.18) is small compared to the con-

tribution of the first term. Thus, the patterns are determined essentially by the arithmetic

mean of the E- and H-plane patterns of the single horns,

Substitution of equations (B.17) and (B.18) into equations (B.13) - (B.16) inclusive,
leads to the evaluation of the following integrals:

2r . [a = _
Lo 2B =f egk{—i sin 8(c cos ¢ + T sin ¢) + u sin Y cos ¢} dé (B.23)
0
21 k{2 sin g : : ;
Lh(O‘, o =f el {2 sin 8(c cos ¢ + 7 sin ¢) + u sin Y sin ¢} ds (B.24)
0
a " '
27 jk{i sin (o cos ¢ + T sin ¢) + u sin Y cos ¢i}
M(0,7,6,¥) =f cos 2¢ e d¢ (B.25)
0
a . A .
27 jk{—z— sin 8(c cos ¢ + 7 sin ¢) + u sin Y sin qﬁ}
My (o, 7,8,¥) =f cos 2¢ e de¢ (B.26)
0
Substituting o= 7 = 1 in (B.25) gives:
27 jk% sin 8(cos ¢ + sin ¢) + u sin Y cos ¢
Ly(1,1,6,4) = t( e dg (B.27)

SSIFIED




If we let ¢ = - t in this integral we get

%sin G(cost-sint)+usinyy cost

2r ik
Le(lsl,ﬁ,#/) =f e
0

dt

= Le(ls'lse:w) (B.28)

Substituting ¢ =t + 7 in (B.27) gives

o jk%sin 6(-cos t -sin t) - u sin ¥ cos t
e

L,(1,1,6,4) = L at

= Le(—l,-1,9,—\f/) (3-29)

Substituting ¢ = 7 - t in (B.27) gives

27 jk%’- sin 6(-cost + sint) ~usin Y cos t

Le(1,1,6,9) =J' e at
0
= Le(‘]-,lae,""‘) : (B.30)

It follows from equations (B.28), (B.29) and (B.30) that
Le(1,1,8,) + Lg(1,“1,0,¥) + Lg(-1,1,0,§) + Lg(-1,-1,6,%)
- 2{Le(1,1,9,=p) " Le(1,1,e,_¢)} (B.31)
and
Le(l':l!'s:\[/) + Le(ls"]-,e:lp) i Le(—l,l,ﬂsdl) = Le(-l,-l,e,:p)
= 2{Le(1,1,6,4) - Le(l,l,a,-w)} (B.32)

In a similar manner it can be shown that equations (B.31) and (B.32) remain valid if
the function Le is replaced by Ly, Mg, or M. It can also be shown that

Lh(1,1,9,¢) = Le(l,l,G,!P) (B.33)
and ;
Mh(l,l,ﬁ‘,!l/) =Me(1,1;9:‘p) (B.34)

Now let the functions P(y) and Q(y) be defined as follows:

P(y) iJ-Q A,(8) tan 8/2 Lg(1,1,8,y) d6 (B.35)
0

DECLAS
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Qy) =£ A,(8) tan 6/2 My(1,1,6,) do (B.36)

If the results of equations (B,17) - (B.36) inclusive, are substituted in equations (B.13) -
(B.186) inclusive, we get:

Ees(¥) = 2K,kt/7 {P(¥) + P(-¥) + QW) + Q-¥)} (B.37)
Eps(W) = 2K,1t/r {P(W) + P(-4) - QW) - Q) (B.38)
Eeq¥) = 2K, ki /r {PY) - P(-y) + Q) - -} (B.39)
Epa(¥) = 2K:kt /r {PY) - P(-4) - Q) + Q) (B.40)

Let us now consider the functions Lg(1,1,6,3) and Mg(1,1,6,). Let

V=V(%sin9 +usin|p)=+(%sin9) i (B.41)

and
7 =tan™! (% sin 6 + u sin rp)/(% sin 9) (B.42)
Then
2r jk {(—3‘-— sin 8) sin ¢ + (—g-sin @ + u sin ap) cos ¢}
Le(1,1,9,lil) =J‘ € d¢é
0
i jkv sin(¢ + 1)
=I e d¢é
0
= 21 Jo(kv) (B.43)
and similarly
1r :
M, (1,1,6,9) = jz cos 2¢ oKV SIn(® + M) 44
0
27 c .
=L cos (2¢ - 27n) glex sla g d¢
= 27 cos 21 J,(kv) (B.44)
where
cos 21 = 2 cos®n - 1 = (a sin 6)*/2v® - 1 (B.45)
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Thus

Q
P(y) = 21rf Ay(6) tan 8/2 J4(kv) do
0

Q
Q) = 27 f A,(8) tan 6/2 cos 217, (kv) 49 (B.47)
0

Equations (B.46) and (B.47) together with equations (B.37) - (B.40) inclusive, determine
the secondary E- and H-plane sum and difference patterns.

To obtain a series expansion for the secondary patterns let:

t = 7D sin ¢/2x (B.48)
s = 4£/D tan 6/2 (B.49)
p=V27asin6/x (B.50)

If 27/X is substituted for k, then

ot =J,217 ejﬂ' a/x sin 6(cos ¢ + sin ¢) ej41r /D tan 8/2 D/x sin y cos ¢ a
0

27 jp sin @- +~4’-’- j2st cos ¢
f e e d¢
0

0 AN 27 jp sin (¢ + -
=Z’ s"t" _"_(rzl!) J. e ( I) cos'¢ do
n=0 0 '

(B.51)

or

: n .27 a0
Lg(1,1,6,9) = E ' sntn%L cosn‘p%o(p) +2 E ¥, m(p) cos 2m (ﬁ-a—%)
m=1

n=0

8

[+2]
+2 3 Tym,, @ sin@m+1) (3 +{-)} dé
m=0

20, 2Nl

© n
= 2“2 (- I)DSTz':_)r{C;n Jo(p) + 2 Z Cnf_nm T, m(p) cos mw/Z}
n=0 m=1 ﬁﬁa

L2

¥ %
L=
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N+1 sﬂn'l"l. 2N+1 M +1
+ 41:2( 1) el Z et e (p) sin (2m + 1)7/4

(B.52)

where

1
- = 0<m<n

clﬂ:ml(nqm)l e

=0 ifmc<O0,orm>n

Similarly

cos2de

21 jp sin(p +) .
Mq(1,1,6,y) =J ( 4) it cos ¢ ¢
0

= 3 o (2j)nfﬂ cos 2 ¢ coan&{'-’ (p) + 2 .
= E —_— 0 Z
nl| &

n=0 =1

Jam(p) cos 2 m@a +%) + 2j Zw' .szh(p) sin(2m+ 1}@” -z—)} d¢
m=0

ns t 2N+ 2
=7 2'(1) ¢ {( M-zc‘)l(p)
+2l'1+1 o2 +2 P o )COSMJ (p}
n+i-m- i 2 “zm
m2=:1 n-m

2Nl+1,2N+1 [ n+1
3 2172( l)n"‘I s lt (2n+3 _ 2c2n+1
(2n + 1)1 n+i-m n-m

sin(2m + 1)L 4 g 1(p)} (B.53)

Substituting (B.52) and (B.53) in (B.35) and (B.36) respectively, and recalling that 4f/D =

cot 2/2, we get
(+ 0]

8f/D P(y) = Z’ at’ (B.54)

n=0
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o
8/ Q)= ¥ b t"

where

2
a = (-1)® dn(cot 2/2/ " ‘L A(6) (tan 6/2)"**

I (p) n_cos 50 I _(p)
o 2 "pm
{(nl‘)a +2é‘1(n-m)l(n+m)l oe

Q
a . = (D" a(cot 0/2""** ! A (9) (tan 6/2)" "

2
n_ sin(2m+ 1) %Iz L (p)
{Z (n-m)! (n-m+1)! i (B.56)
m : _

Q
b = (-1)® 4n(cot 9/2)‘““'[' A () (tan (b
0

I.(p) e n+1 (n®+ n+ m®) cos m%lam(p)} -
m-DIim+1)] B=1 (n+1-m)i(n+1+m)l
Q
B =GR gn(cotQ/2)™** J. A6) (tan 6/2)"**

0

m+1-m)!(n+ 2+ m)!

{n+ 1 [(n +1)%+m+ m{' sin{2m + 1)%12m+1(p)} " /

m=0

Substituting (B.54) and (B.55) in (B.37) - (B.40) inclusive gives equations (18a) - (18d)
inclusive for the secondary patterns.
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Variation of Secondary Patterns with a/)

The E-plane patterns only will be considered. The H-plane patterns can be handled
in the same way.

Denote by Ee(¥) either of the two E-plane patterns with the phase factor je‘jk(R + 2f)
omitted. Substituting & = 0 in (B.10) and (B.11), and replacing Q by w, it is seen that

w 2T
Eq(y) = 2kt/n [ tand/240 [ F6.9) Fe b et i (c.1)
0 0

The function F(8,4) represents the field strength sum or difference pattern of the 4-horn
feed, as the case may be. To emphasize the dependence on the parameters a/) and w,
(C.1) may be rewritten as follows:

w 2m
Eo(¥,a/0,0) = 4/ _!; tan6/2d6 [ F(6,6,2/) /A tan 0/2sin Yy cos b 4y (c.9)
0

Since 4f/D = cot w/2, (C.2) may be written as

(4] 27 5
Eq(W,2/A,u) = D/X cot w/2 I tan 6/2 d6 J‘ e o 00/ soti/2 DX Binp oonid gy
8 £ (C.3)

If w/2 is not very large, and if a/x lies between limits which do not differ greatly from
unit, then

_tan 6/2 - tan a8/2x _
cot w/2 tan 8/2 = tan w2 - tan a0/2\ cot aw/2) tan ag/2x  (C.4)

From the previous discussion of the primary patterns of the 4-horn feed it can be seen
that, apart from a scale factor, the patterns for various values of a/) can be represented
by a single function of a6/) and ¢, say U(ad/x,4). The scale factor will depend only on the
gain of the feed. If it is assumed that the gain of the feed is proportional to (a/2), then

F(6,9,2/2) = K a/Xx U(a8/x,9) (C.5)
where K is a constant independent of a/x.

Substituting (C.4) and (C.5) in (C.3) gives

W 2T
E¢(¥,3/A,w) = D/X cot aw/2) f tan ag/2x do f Ka /x U(ag/2,9)
0 0
ej tan a8/2x cot aw/2x 7D/ sin Y cos ¢ do (C.86)
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Substituting ag/ = §, and aw/x = Q, (C.6) becomes

2 27
Ee(¥,2/2,0) = K D/x cot 9/2I tan /2 dﬁj' U(a,9)
0 0

ol tan 6/2 cot 2/2 aD/ sin Y cos ¢ do (C.7) “

= Ee(‘prg)

The expression on the right side of (C.7) is precisely the expression for the secondary
pattern of an antenna with feed pattern given by U(9,¢) and a reflector which subtends an
angle 282 at the focus. Now if both a/\ and w are allowed to vary, the resulting pattern is
given by (C.7) in which only @ = aw/) varies. Thus, within the limits of the approximations
that have been made, a study of the variation in secondary patterns, when a /) and w are
both varied is equivalent to a study of the case where a/x is held fixed and only @ is
varied, which is the case that has been treated in this report. It should be kept clearly

in mind that throughout the discussion D/ is considered to be constant,
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