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ABSTRACT 

A general analysis of the propagation of electromag­
netic waves through a stratified medium is developed from 
Maxwell's equations. The medium is assumed to be divided 
into m plane-parallel layers, the first and mth of which are 
semi-infinite. The electromagnetic properties of the m 
layers are arbitrary and dissimilar and, in general, the 
thicknesses of the {m-2) finite layers are also different. A 
steady-state monochromatic plane wave, generated in the 
mth layer and having either its electric or magnetic vector 
normal to the plane of incidence, is assumed to be incident 
at any angle upon the (m-l)th layer. Formulas for the re­
sulting reflection and transmission are derived. 

In Part Il, to be published, the methods and results of 
the general analysis will be used to obtain detailed reflec­
tion and transmission characteristics of a variety of multi­
layer systems which are of interest in radio and optics. 

PROBLEM STATUS 

The work reported here was done several years ago and 
has been referred to in the literature; it is presented here 
Lt response to requests made during the past few years for 
copies of the work. Work on the problem continues. 

AUTHORIZATION 

NRL Problem No. Rll-OlR (NR 511-010) 
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INTRODUCTION 

PROPAGATION OF ELECTROMAGNETIC WAVES 
THROUGH A STRATIFIED MEDIUM 

PART 1 GENERAL ANALYSIS 

In the present paper a general analysis of the propagation of electromagnetic waves 
through a stratified medium is developed from Maxwell's equations . 1 The analysis makes 
use of the impedance concept, advocated and extensively developed by Schelkunoff ,2to ob-
tain general results which are applicable to a whole class of allied boundary-value prob­
lems. Such treatment appears to possess advantages of physical and mathematicalsimplicity 
over the method of multiple-ray analysis, and of economy of effort over the procedure of 
treating each problem of this type as a separate boundary-value problem. It mayalsohave 
the incidental advantage of calling attention to the value of conformal transformations for 
the numerical solution of specific problems. Such transformations , known as impedance 
and reflection charts, have been widely employed by engineers as computational aids for 
the numerical solution of s imilar problems. 

The general methods and r esults presented here have been found useful for the past 
few years in analysis and solution of a variety of radio and optical problems. For example, 
they have served as a basis for analysis of two-layer 3 andthree-layer4 low-reflectingfilms 
on glass. The use of these gener al methods and results will be illustrated further in Part 
II by applying them to obtain detailed reflection and transmission characteristics of a va­
riety of multilayer systems. 

STATEMENT OF PROBLEM 

The medium is assumed to be divided into m consecutively numbered plane-parallel 
layers of infinite area, the first and mth of which are semi-infinite in thickness. Each of 

1
For the corre s pondine acous tica l Prob lem, and a different t reatment, see Lord Rayleieh, 

non the propagation of waves thr ough a s tratifi ed medium, wi th spec ia l re fere nce t o t he 
question of reflection, n Proc. Roy. Soc. A, 86, pp. 1207-,:226, 1912. This paper also ap­
pears in Lord Rayleigh's "Scientific Papers, vol. VI ," Cambnde e, 1 920, pp. 71-90. Some 
more recent treatments of this subject are: Cabal Lero, D. L., "A theoretical development 
of exact solution of rtflectance of multiple layer optical coatines .," J0SA, 37, 176-180, 
1947. lieinstein, Ii,, nThe reflectivity and transmissivity of multiple thin coatines," 
JOSA, 37, 576-581, 1947. Crook, A. II'., "The reflection and tninsmisnon of Lieht by any 
system of parallel isotropic films, 11 J0SA, 38, 954-964, 1948, 
2 Schelkunoff, S. A., "Electromaenetic Waves," New York, Van Nostrand, 1943. 
3 Kine, P., and Lockhart, L. B., "&cpenmental and theoretical results rn two-layer low-reflecting 

coatines for glass," J0SA,36, 513-517, 1946, 
4 

Lockhart, L.B., and King, P., "Three-layered reflection-reducing coatines," J0SA,37, 6f19-{)94, 1947. 
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the layers is uniform and isotropic, but the electromagnetic properties of them layers 
are arbitrary and in general dissimilar, as are also the thicknesses of the (m-2) finite 
layers. A steady-state monochromatic plane wave generated in the mth layer is assumed 
to be incident at any angle upon the (m-l)th layer. Because the layers are dissimilar, a 
reflected wave is also present in the mth layer. Similarly, a transmitted wave and a re­
flected wave are present in each of the finite layers. In the first, or final, layer only a 
transmitted wave is present. Because the layer extends to infinity, no reflection occurs. 

The essential problem is to provide a quantitative description of the propagation of 
these waves in the layers of the stratified medium, and in particular to determine the re­
flection and transmission at the interface between mth and (m-l)th layers, and the trans­
mission through the final interface. These quantities must be expressed in terms of the 
thicknesses and electromagnetic properties of the m layers and the state of polarization 
and angle of incidence of the wave which is incident upon the (m-l)th layer. 

THEORY 

The r elations between Hand E, the complex vector magnetic and electric amplitudes 
at any point in a layer, are expressed by the Maxwell equations 

curl H = (PA) E 

-curl E = (P/ A) H 
(1)* 

Both Hand E vary as exp(i wt), where i = (-1)1/~wis the angular frequency of the steady-state 
source, and t is the time. The propagation ,constant, P, is proportional to the complex in­
dex of refraction, or to the square root of the product of complex dielectric constant and 
complex permeability.· The characteristic admittance , A, for which there is no correspond­
ing optical term, is equal to the square root of the r atio of complex dielectric constant to 
complex permeability. These parameters are related to the electromagnetic properties 
and the angular frequency in the following ways: 

P = (iw/c0 ) [(e-ie') (µ-iµ')] 1/z = [(a+ iwee 0 ) (p+ iwµµ 0 ))li2 

A= A0 [(e-if')/(µ-iµ')] 112 = [(a+ iwee0 )/(p+ iwµ1.1o)] 112 
(2) 

In equations (2),e and E' are the real and imaginary components of the compl ex relative di­
electric constant, µ and µ' are the real and imaginary par ts of the complex relative mag­
netic permeability, Eo and µ,o are the electric and magnetic properties of free space, a is 
the electric conductivity, and p is the magnetic resistivity, a term corresponding to one 
introduced by Heaviside 5 to make the curl relations more symmetrical. The units used 
are those of the MKS system, in which the velocity of wave propagation in free space is 
c0 = (µ0 e0 >-J/~?'3 x 108 meters per second, and the characteristic admittance of free 
space is Ao=~ o/ µ0)

112
~ 2.65 x 10-3 mho. 

*Equations of a ieneral nature are numbe red in ordinary type. Correspondinf equations which 
app l y only to a specific problem are numbered in italicized type. 

5 Heaviside. O., "Electrical Papers , " Copley, 1925. See vol. I, p. 449, and vol. II, p. 378. 
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The electromagnetic properties a and p, or the corr esponding properties e' and µ', 
which are responsible for energy loss or absorption in a layer, a r e always positive or 
zero. The properties e and µ are usually, but not necessar ily, greater than or equal to 
unity. In radio and optical problems, p and µrare usually zero. Since the parameters P 
and A are square roots of complex quantities, a convention must be adopted with respect 
to choice of sign for these quantities. The convention used here is the customary one- that 
the real part of P, and therefore also the real part of A, is always positive. This choice 
of sign results in the interpretation of exp(-Px) as the symbolic representation of a wave 
which decreases in amplitude along the positive x-direction, and correspondingly in the 
interpretation of exp(Px) as a wave which decreases in amplitude along the negative x­
direction. 

At the interface between two adjoining layers, say j and k, the same laws of electro­
magnetic induction that are expressed by equation (1) require equality on the two sides of 
the interface of (a) the tangential components of both Hand E, and (b) the normal components 
of both magnetic and electric current densities. 

= Hit} tangential components 
= Ek 

(P/A)kllJi:J 
normal components 

(PA)kEk 

(3.1) 

(3.2) 

The boundary planes of the layers may be assumed parallel to the plane formed by 
they- and z-axes of a right-handed Cartesian system of coordinates, so that the normal 
to these planes is the x-axis . They- and z-axes must be perpendicular to each other and 
to the x -axis, but otherwise their actual positions are arbitrary. Accordingly they are 
directed so as to make the normal to the incident plane wave lie in the x-z plane. The 
latter is thus the plane of incidence, since it contains the wave normal and the normal to 
the boundary planes of the layers. The angle of incidence is the angle between the two 
normals (see Figure 1). 

The incident plane wave in the mth layer is assumed to be linearly polarized, or plane ­
polarized in optical terms, with either its electric or magnetic vector perpendicular to 
the plane of incidence. If neither vector satisfies the latter requirement, each of the vec ­
tors may be decomposed into two auxiliary vectors, one in the plane of incidence and the 
other perpendicular to that plane. The auxiliary vectors may then be combined so as to 
form two superposed linearly polarized plane waves , one of which has its electric vector 
perpendicular to the plane of incidence, and the other having its magnetic vector perpen­
dicular to that plane. A solution of the more general s ituation thus may be obtained by 
superposing solutions of the two special cases to be analyzed. Furthermore, results based 
on the assumption of an incident linearly polarized wave ar e ·also fundamental to the case 
of an elliptically polarized wave, since the latter may be regarded as consisting of two 
linearly polarized waves, properly superposed. 

Wave equations for Hor E , applicable to any layer , are obtained by eliminating E or 
H, respectively, between the equations (1) . The equations are 

(4) 
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Figure 1 - The boundary planes o f the m layers are parall el to the y-z plane . 
The normal to the inciden t plane wave, maki ng an angl e em with the x -axis, i s 
in the x -z plane, which i s the plane of incidence. The situation depicted here 
corresponds to the case of transverse elec tric waves, for which the electric 
vector is perpendicular to the plane of incidence and the magnetic vector has 
both normal and tangenti al components . 

Because of the assumed geometry, equations (4) contain derivatives with respect to x and 
z, but not with respect to y, so that the corresponding solutions for Hand E are independent 
of y. For the case in which the incident electric vector is perpendicular to the plane of 
incidence , there is only one component of E, namely Ey, which is tangential to the layer 
boundaries; and two components of H, a tangential one, Hz, and a normal one, Rx, For the 
case in which the incident magnetic vector is perpendicular to the plane of incidence, there 
is only one component of H, namely Hy, which is tangential; and two components of E, a 
tangential one, Ez, and a normal one, Ex. It should be noted that in the first case both tan­
gential components, Ey and Hz , are positive, whereas in the second case one of the tan-
gential components, Ez, is intrinsically negative. In what follows, subscripts for the tangential 
components are omitted, and the normal components are denoted by the subscript n. 

Electric Vector Perpendicular to Plane of Incidence 

When the electric vector is perpendicular to the plane of incidence , generic solutions 
for E, H, and Hn, applicable to any layer, are 

E = [ C exp(x0 - x) p + D exp(x-xo)P] exp(-qz) (5.le)* 

*Numbered equations which carry the additional letter• apply only to the case for which E 
is PerPendicular to the plane of incidence. Those which carry the letter A apply only to 
the case for which His ,Pe rpendicular to the plane of incidence. Equations which are iden­
tified by a number only, apply to both cases. 
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H = (pA/P) [ C exp(Xo-x)p - D exp(x-xo)P] exp(-qz) 

Hn = (qA/P) [C exp(x0 -x)p + D exp(x -Xo)P] exp(-qz) 

p = Pcos 0 

q = psin 0 

5 

(5.2e) 

(5.3e) 

(6) 

That equations (5 .le) - (5.3e) are indeed solutions may be verified by carrying out the 
differentiations indicated by equations (4). In equations (5.le) - (5.3e) C and Dare con­
stants, and xo is an origin in each layer from which the dis tance x is measured. For the 
mth and (m-l)th layers Xo is assumed to be the intersection of the x-axis with the boundary 
between mth and (m-l)th layers . For the (m-2)th layer x0 is assumed to be the intersec­
tion of the x-axis with the boundary between (m-l)th and (m-2)th layers, and so on for each 
of the other layers. The factor exp(-qz) in equations (5.le) - (5.3e) is, in general,complex; 
it therefore represents a combined amplitude and phase variation in the z-direction. The 
quantities p and q, the real parts of which are to be taken as positive, are propagation 
constants for the wave components along x- and z-directions, respectively; they are re­
lated geometrically to a lengths along the incident wave normal, and to its x- and z­
components, by the expression px + qz = Ps. 

If the requirements of conti.1uity, expressed by equations (3.1) and (3.2), are to be 
satisfied for all values of z at each of the interfaces between adjoining layers , the param­
eter q must have the same value for all layers. Therefore 

q = Pk sin0k, k = 1, 2, 3, ... m (7) 

In any layer, say the kth, the angle 0 in equations (6) and (7) is the angle of refraction 
of the transmitted ray at the boundary between the (k+l)th and kth layers; 0 is also, there­
fore, the angle of incidence of the transmitted ray and - 0 is the angle of reflection of the 
reflected ray at the bou dary between kth and {k-l)th layers. This angle does not appear 
explicitly in equations (5.le) - (5 .3e) because it is contained in the parameters p and q, 
givenbyequations(6). The connection between Bk and the known angle of incidence,Bm, 
in the mth layer is obtained from equation (7), by means of which an expression for Pk is 
also obtained. 

(8) 

The equiamplitude and equiphase planes of the waves described by equations (5.le) -
(5.3e) are defined by setting real and imaginary parts of the exponents equal to constants. 
This leads to an angle between equiamplitude planes and the z -axis which is given by 

tan 8' = Re(q)/Re(p) (9.1) 

and to an angle between equiphase planes and the z-axis which is given by 

tan 0" = Im(q)/Im(p) (9.2) 

Here, Re indicates real part of and Im indicates imaginary part of. It should be noted 
that 0' is also the angle between the normal to the equiamplitude planes and the normal to 
the boundary planes of the layers; similarly, 0" is also the angle between the normal to 
the equiphase planes and the normal to the boundary planes of the layers. When 0 is real, 
equations (9.1), (9.2), and (6) show that 0' = 0"= 0. This means that the equiamplitudeand 
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equiphase planes coincide, forming a uniform plane wave which makes an angle 0 with the 
z-axis. In the special case of normal incidence, for which 0 m = 0, this is always true, 
regardless of the properties of the layers. On the other hand, when 0 m is not zero, equa­
tion (7) indicates that even for lossless layers, for which P is imaginary, 0k may no longer 
be real. For such situations 0'k is not equal to 0"k, which means that equiamplitude and 
equiphase planes in the kth layer are not coincident. The wave is now non-uniform, or 
hybrid.6 This isthetypeof wave which is set up, for example, when total reflection occurs 
at the boundary between two lossless materials; although incident and reflected waves are 
uniform, the refracted wave in this case is non-uniform. Equations (6) and (7) also indi­
cate that when a uniform wave is transmitted at non- normal incidence from a lossless 
layer to a lossy layer , a hybrid wave is always set up in the lossy layer. 

It will now be apparent that the plane waves in the differ ent layers-including the mth, 
which contains the source-need not be uniform in general. When the waves are non-uniform 
0 is complex, and the phrase "angle of incidence" must be r eplaced by more explicit in­
formation with respect to the angles between the z-axis and the equiamplitude and equi­
phase planes. 

Since the factor exp{-qz) is the same for all layers and common to all ter ms of equa­
tions (5.l e) - (5.3e), it may be absorbed in the coefficients C and D. Using the subscripts 
t and r to denote transmitted and reflected amplitudes, respectively, the tangential com­
ponents of E and H given by equations (5.le} and (5.2e) for each layer thus may be re­
written as 

E = Et exp(xo-x)p + Er exp(x-Xo)P 

H = Ht exp(XQ-x)p - Hr exp(X-Xo)P 

(10.1) 

(10.2) 

The relations between transmitted- wave amplitudes Efand Ht, and reflected-wave ampli­
tudes Er and Hr, in equations (10.1) and (10.2), are obtained by comparison of these equa­
tions with equations (5. le} and (5.2e), and making use of equations (6). Thes e relations ar e 

Ht = A'Et 

Hr= A' Er 

A' = pA/ P = A cos 0 

The first terms of equations (10.1) and (10. 2) represent the electric and magnetic com­
ponents of a plane wave transmitted along the positive x-direction in each layer, and the 
second terms repr esent the electric and magnetic components of a plane wave reflected 
along the negative x-direction in each layer except the first, in which there is no reflected 
wave. Plane waves of this type, for which the electric vector is perpendicular to the di­
rection of propagation and the magnetic vector has a component along the direction of 
propagation, are designated as transverse electric waves. Inequations(lle), A', the real 
part of which is to be taken as positive, is the characteristic admittance for the wave com­
ponents propagated along the x-direction; it is related to A" = (qA/P) == A sin 0, the char­
acteristic admittance for the wave components propagated along the z-direction, by the 
expression A'2 + A"2 = A2

• 

Magnetic Vector Perpendicular to Plane of Incidence 

When the magnetic vector is perpendicular to the plane of incidence, generic solutions 
for E, H, and En, applicable to any layer, are 

E = [C exp(Xo-x)p + D exp(x-Xo)P] exp(-qz) (5.l h) 
8 Fry, T. C. , nPlane waves of light," JOSA , l5, 137-161, 1927; 16, 1-25, 1928; 22, 

307- 331:l, 1932. 
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H = (PA/p) [C exp(:xo-x)p - D exp(x-:xo)p] exp(-qz) 

En= (q/ p) [C exp(xo-x)p + D exp(x-xo)P] exp(-qz) 

7 

(5.2h) 

(5.3h) 

in which p and q are given by equations (6). That equations (5.lh) - (5.3h) are indeed so­
lutions may be verified readily by testing them in the wave equations (4). 

If the requir ements of continuity, expressed by equations (3.1) and (3.2), are to be 
satisfied for all values of z at each of the interfaces between adjacent layers , the param­
eter q must again have the same value for all layers. This means that equations (7) and 
(8) of the preceding case are applicable here also. 

The equiamplitude and equiphase planes of the waves described by equations (5.lh) -
(5.3h) are determined by the same exponents as are present in equations (5.le) - (5.3e). 
Consequently equation (9.1) , which gives the angle between equiamplitude planes and the 
z-axis; and equation (9.2), which gives the angle between equiphase planes and the z-axis, 
are also valid here. 

Expressions for the tangential components of E and H for each layer, written in terms 
of transmitted and reflected amplitudes, are given by equations (10.1) and (10.2) , which 
are also valid here provided the relations between transmitted-wave amplitudes Et and 
Ht, and reflected-wave amplitudes Er and Hr, are defined by 

Ht = A'Et 

Hr= A'Er 

A' = PA/p = A/ cos8 

(11h) 

In equations (llh), A', the real part of which is to be taken as positive, is the charac­
teristic admittance for the wave components propagated along the x-direction; it is re­
lated to A"= (PA/ q) = A/ sin 8, the characteristic admittance for the wave components 
propagated along the z-direction, by the expression (1/ A')2 + (1/ A")2 = (1/ A)2

• 

Plane waves of th-e type described by equations (10.1), (10.2), and (11h), for which the 
magnetic vector is perpendicular to the direction of propagation and the electric vector 
has a component along the direction of propagation, are designated as transverse mag­
netic waves. 

The essential difference in these results for the case in which E is perpendicular to 
the plane of incidence, and for the case in which H is perpendicular to the plane of inci­
dence, is exhibited by the last of equations (He) and (11h). In the first case A' = A cos 0, 
whereas in the second case A' = A/cos 8. At normal incidence, for which 8 = 0, the two 
cases become indistinguishable, as should be expected. For both cases the phase velocity, 
or the velocity for the harmonic steady-state, is given by 

v' =w/Im(p) 

for the wave components propagated along the x-direction, and by 

V" =w/lm(q) 

for the wave components propagated along the z-direction. 

(12.1) 

(12.2) 
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The Input Admittance 

The values of E and Hat one boundary of any of the (m-2) finite layers may be related 
to the values of E and H at the other boundary in terms of the thickness andelectromagnetic 
properties of the l ayer. 

At the first boundary, from which xis measured, (X-Xo) = 0, so that equations (10.1) 
and {10.2) become 

E = E l =Et+ Er 

H = H1 = A'Et - A'Er 
(13.1) 

At the second boundar y (x-Xo) = d , the layer thickness, so that equations (10.1) and (10.2) 
become 

E = E2 = Et exp(-pd) + Er exp(pd) 
(13.2) 

H = H2 = A' Et exp( - pd) - A' Er exp(pd) 

The amplitudes Et and Er may be eliminated between equations (13.1) and (13.2) to provide 
the desired relations between El , Hl and E2, H2. The results are 

El= E2 cosh pd + (H2/ A') sinh pd 

H1 = E2A' sinh pd + H2 cosh pd 
(14) 

At a boundary between two adjoining layers, say k and j, the tangential components of 
both E and Hare equal, according to equation (3.1). Consequently if equation (14) is ap­
plied to the kth layer, (E2)k and (H2)k may be replaced by (El)j, and (H1)j, respectively. 

(El)k = (El)j cosh (pd)k + [ (Hl)j/ A'k) sinh (pd)k 
(15) 

(Hl)k = (El)j A'k sinh(pd)k + (Hl)j cosh(pd)k 

The ratio (Hl/El)k = Yk is termed the ingut admittance of the kth layer. It has the 
dimensions of mho (ampere/volt ), or reciprocal ohm. It 1s the value of H in amperes per 
meter associated with unit value of E , expressed in volts per meter, at the first boundary 
of the kth layer. By means of equation (15), Yk may be written in terms of the input ad­
mittance, Yj, '.)f the jth layer. 

Yk = A'k ~Yj + A1k tanh(pd)k] / (A'k + Yj tanh(pd)k] (16) 

Equation (16) is a formula for deriving Yk from Yj and the properties A' and pd of the kth 
layer. Furthermore, since the subscripts k, j refer to any two adjoining layers, the in­
put admittance of the (m-l)th layer may be derived from the input admittance of the first 
layer and the properties of the (m-2) finite layers by repeated use of equation (16). In de­
tail, this process of i teration goes as follows: 

The input admittance of the first layer is simply Y1 = A' 1. This result is obtained by 
making use of the fact that there is no reflected wave in the first layer, so that 
(H1/E1h = Y1 = A' 1, from equation (13.1). The input admittance of the second layer is given by 
equation (16) if j is replaced by 1, and k is replaced by 2. Similarly, the input admittance 
of the third layer is given by equati on (16) if j is replaced by 2, and k is replaced by 3. 
This process is repeated until j taltes on the value (m-2) and k takes on the value (m-1), 
whereupon an explicit expression for Ym-1 is obtained. 
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It may be mentioned, in passing, that equation (16) represents a conformal transform­
ation of the complex variable Yj to the complex variable Yk, in terms of the complex vari­
ables A'kand (pd)k. A graphical chart constructed in accordance with this conformal 
transformation may be used to effect a considerable reduction in the labor of computation 
which would be required in any given numerical case." 

Reflection and Transmission Coefficients 

The reflection and transmission coefficients may be defined in terms of the tangential 
components of I: and H, since only these components are involved in energy flow across 
the layer boundaries. 

The amplitude reflection coefficient is defined as the ratio of reflected to incident 
electric or magnetic amplitudes in the mth layer, at the interface between mth and (m-l)th 
layers. A formula for this coefficient, in terms of the input admittance Ym-1, may be de­
rived in the following way: The intersection of the x-axis with the boundary between mth 
and (m-l)th layers is the origin from which x is measured in the mth and (m-l)th layers. 
Therefore, from equation (13.1), the values of E and Hin the mth layer, at the boundary, 
are (Et+ Er}m and A• m(Et - Er)m, respectively. In accordance with equation (3.1) these 
amplitudes are equal to the corresponding amplitudes (El)m-1 and (El)m-1 Ym-1 in the 
(m-l)th layer on the other side of the same boundar y. 

(Et+ Er)m = (El}m-1 

A' m (Et - Er)m = (El}m-1 Ym-1 
(17) 

By eliminating (E1}m-l between the pair (17), a formula for the amplitude reflection co­
efficient is obtained. 

The electric amplitude transmission coefficient is defined as the ratio of electric 
amplitude in the (m-l)th layer, at the boundary between mth and (m-l}th layers, to the in­
cident electric amplitude in the mth layer, at the same boundary. The magnetic amplitude 
transmission coefficient is defined as the ratio of corresponding magnetic amplitudes. 
Formulas for these coefficients are obtained from equations (17} and (18). 

t = (E1)m_if(Et>m = 1 + r = 2 A'm/(A'm + Ym-1) 

t'= (H1}m-1/(Ht)m = 1 - r = 2 Ym-1/(A'm + Ym-1} = t (Ym-1/A'm} 
(19) 

'I 
There is an extensive literature on this subject. Some useful references are: Kennelly, 

A. E., nchart Atlas of Complex Hyperbolic and Circular Functions." Cambridge,Barvard Uni­
versity Press. 1924. Ryoner, J ., "Nomograms of Complex Hyperbolic Functions." Copenhagen, 
J. Gjellerups Forlag, 1q47. Cafferata, H., "The calculation of input, or sending-end im­
pedance of feeders and cables terminated by complex Loads,• Harconi Rev., 6, (No.64}, 
12-19, Jan,-Feb. 1937; 6, (No. 67), 21-39, Sept. -Dec •. 1937. The last reference describes 
a chart by means of which an input impedance may be obtained from a terminal impedance 
and from the characteristic impedance and propagation constant of the transmission system. 
Impedance is the reciprocal of admittance, but since the chart is expressed in terms of 
impedance ratios. it may be used directly and without reciprocating admittances to obtain 
a numerical solution of equation (16). A Limited quantity of charts of this type is avail 
able at Naval Research Laboratory, They may be obtained by requesting Charts H. O. Hise . 
9999, 9999a, 9999b, 9999b-1 from the Technical Information Division, Naval Researth Lab­
oratory, Washington 25, D, C. 

• 
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The over-all electric amplitude transmission coefficient is defined as the ratio of 
electric amplitude in the first layer, at the boundary between first and second layers, to 
the incident electric amplitude in the mth layer, at the boundary between mth and (m-l)th 
layers. The over -all magnetic amplitude transmission coefficient is defined as the ratio 
of corresponding magnetic amplitudes. Formulas for these coefficients may be derived 
as follows: By means of equations (14) and (3.1) the ratios of electric and magnetic ampli­
tudes at the two boundaries of the kth layer are expressed in terms of the properties of 
that layer and the input admittance, Yj = (H1/E1)j, of the adjoining layer. 

(E1/E2)k = cosh(pd)k + (Yj/ A'k) sinh(pd)k 

The over-all transmission coefficients may be written as 

(El)l (El)m- 1 (El)m-2 (El)m-3 (E1)1 
tm 1 = -- =--- ·--- · .... --

' (Et)m (Et)m (E1)m-l (El)m-2 (E1)2 

(Hlh (Hl)m-1 

t'm,1 = (Ht)m = (Ht)m 

(HOm-2 (Hl)m-3 (H1)1 

(Hl)m-1 • (Hl)m-2 .... (H1)2 

(20) 

(21) 

(22) 

The third form of equations (21) and (22) is obtained from the second by use of equation 
($.1). By use of equations (20) and (19) in the final forms of equations (21) and (22), form­
ulas for the.over -all transmission coefficients are obtained as the continued products: 

+ cosh(pd)k'] -i 

Equivalent alternative formulas for these coefficients are 

k=2 
tm,l = t • n (1 + rtj) • [ exp(pd)k + rkj exp(-pd)k J -1 

k=(m-1) 

k=2 
t'm,l=t'. n (1-rkj) . (exp(pd)k-rkjexp(-pd)k]-1 

k=(m-1) 

(23) 

(24) 

(23.1) 

(24.1) 
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where 

(18.1) 

The power, or rate at which energy is transmitted through unit area of the interface 
between mth and (m-l)th layers is 

= (1/2)Re {EtHt*)m - (1/2)Re (Er Hr *)m + (l/2)Re (Er Ht* - EtHr*)m 
(25) 

where * indicates that the conjugate of the complex quantity with which it is associated is 
to be used. The second form of equation (25) is obtained by using equation (17). According 
to usual definitions, the first term on the right-hand side of the second form of equation 
(25) is identified as the incident power per unit area, Pt, and the second term is identified 
as the reflected power per unit area, Pr. The third term consists of cross products of 
incident and reflected amplitudes, and cannot therefore be uniquely identified with Pt or 
Pr, It is clear that unless the latter term is identically zero, conservation of energy, ex­
pressed in the form Pt = PT + Pr, where these symbols are defined in the usual way, is 
not achieved. This difficulty conceivably could be circumvented by generalizing the defi­
nitions of Pt and Pr so as to include the compffilents of the third term. Unfortunately, since 
these compouents are cross products, there is no unique way to carry out such a generali­
zation. Consequently, except for special situations for which the third term vanishes, the 
concept and terminology of incident and reflected power has, strictly speaking, no real 
significance. In contrast, the concept and terminology of amplitude reflection may always 
be used.8 The important circumstances in which the third term of equation (25) vanishes 
are: the layer in which the source is located is lossless, or more generally, the layer in 
which the source is located is an absorbing one, but of a type which is designated as dis­
tortionless, for which the phase of A'm is zero. Fortunately, in many important technolo­
gical situations the third term is small in comparison with the other terms, so that the 
concept of incident and reflected power may be used with only small error. In the general 
case, however, the concept must be abandoned; this appears to have been overlooked in the 
literature.9 

When circumstances are such that incident and reflected powers can be defined uniquely, 
power reflection and power transmission coefficients (or in optical terms, reflectivity and 
transmissivity) may be defined. These are 

R = Pr/Pt = Jr !2 

T =PT/Pt= 1-R = ltl 2 Re(Ym-1)/A' m 
(26) 

Similarly an over-all power transmission coefficient, or over-all transmissivity, may 
then be defined. 

(27) 

8 
Salzberg, B., "A note on the significance of power reflecti-on," Amer. J . of Phys., 16, 

444-446, 1q48. 

9 
See, for example, pp. 511-513 of J. A. Stratton, "Electromagnetic Theory," New Yor/l, 

HcGraw-Hi ll , 1q41; and Sectior1 3 of L. Pincher-le, "Refraction of Plane non-uni form elec­
tromagnetic waves between absorbing media," Phys. Rev., 72, 232-235, 1q47. 
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The total power absorbed in the layers of. finite thickness, expressed as a ratio with res­
pect to the incident power, Pt, is (T - Tm,1). 

In Part ll the use of. the foregoing methods and results will be illustrated by applying 
them to the solution of. several problems of. interest in radio and optics. 

* * * 



List of Symbols 

A - characteristic admittance of a layer 

A0 - characteristic admittance of free space 

A ' - characteristic admittance for tangential wave components 

A" - characteristic admittance for normal wave components 

c0 - velocity of propagation in free space 

d - layer thickness 

E - complex vector electric amplitude 

E - tangential component of E 

En - normal component of E 

Er - reflected component of E 

Et - incident or transmitted component of E 

H - complex vector magnetic amplitude 

H - tangential component of H 

Hn - normal component of H 

Hr - reflected component of H 

Ht - incident or transmitted component of H 

i = (-1)1/ 2 

j, k, m - subscripts which identify particular layers 

n - index of refraction 

P - propagation constant of a layer 

p - propagation constant normal to layer boundaries 

q - propagation cortstant parallel to lay,er boundaries 

R - reflectivity 

13 
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r - amplitude reflection coefficient 

s - distance along incident wave normal 

T - transmissivity 

Tm 1 - over-all transmissivity 
' 

t - time 

t - electric amplitude transmission coefficient 

t' - magnetic amplitude transmission coefficient 

tm 1 - over-all electric amplitude transmission coefficient 
' 

t' m 1 - over-all magnetic amplitude transmission coefficient 
' 

v - phase velocity 

x, y, z - axes of coordinates 

€ - relative dielectric constant 

e - dielectric constant of free space 
0 

u - imaginary component of complex relative dielectric constant 

µ - relative magnetic permeability 

µ
0 

- permeability of free space 

µ' - imaginary component of complex relative permeability 

p - magnetic resistivity 

a - electric conductivity 

0 - angle of incidence 

0' - angle between equiamplitude planes and z-axis 

0" - angle between equiphase planes and z-axis 

w - angular frequency 

V
2 

- Laplacian 


