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ABSTRACT 

Consideration is given to the frequency and bandwidth 
tolerances of a wavemeter to be used as a part of a go•no • 
go transpondor transmitter tester ina pulse-operated inter• 
rogator-beacon system, If the bandwidth is . too narrow, an 
excessive number of transmitters may be rejected while on 
the other hand, if the bandwidth is too wide, the instrument 
may not reject enough of the transmitters which should be 
rejected. It is shown that a statistical treatment of 
system frequency and bandwidth tolerances found in equip• 
ment specifications provides a method of designating suitable 
go-no-go wavemeter tolerances , The presentation includes 
an example which gives recommended wavemeter frequency an d 
bandwidth tolerances for use with a typical interrogator­

beacon system. 

PROBLEM STATUS 

This is an interim report; work is continuing. 

AUTHORIZATION 
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FREQUENCY AND BANDWIDTH TOLERANCES FOR 
A TRANSPONDOR GO-NO- GO WAVEMETER 

INTRODUCTION 

A "go-no-go" teste r fo r transpondors in a pu l se- operated interrogator­
beacon system must, among other things , test t h e frequency of the transpondor's 
transmitter. This portio n of the "go- no-go" test r equires a wavemeter which 
will reject all transmit t ers operating outside of certain frequen cy l imits. 
The prob l em at hand is t o determine t h ese limits and to c hoose wavemeter 
t ol erances so that t he inst rument will perform its function without rejecting 
an exc essive number of transpondor s which might otherwise have performed 
s atisfactor ily in t he system. Th e probl e m is comp l icated by the fact that 
transpondor transmitter frequencies, responsor receiver frequencie s and 
receiver b andwidths are not necessarily constant values from one equipment 
to another or from one i nstant t o a nother in a given equipment. Further, 
the "go-no- go" wavemeter it self will resemble the responsor receivers in 
t hat its f r equency and bandwidth will not be perfectly constant. A statis­
tica l treatment o f various t olerances given i n system speci f ica tions provides 
the relationships which lead to an appropriate s et o f frequency limits for 
the wavemeter to define. Further statistical cons iderat i on of frequency and 
bandwidth t ol er a nces in the wavemeter itself leads to a suitable choice of 
its tolerances . 

RESULTS 

Consideration is g iven to the percentage of t ransmi tter rejects and 
the probability of a given r eduction in maximum ran ge on the reply path . The 
relationships derived ar e applied to a practical example o f an interro gator· 

beacon system. The syste m characteristics are a ssu med to be: 

Transpondor transmitter frequency to l erance, ±3 Mc , 

Responsor rec eiver frequency tolerance, ±2 Mc, 

Responsor receiver bandwidth range, 8 Mc to 11 Mc, 

Responsor receiver maximum bandwidth decrease factor, 1Mc. 

For these characteristics, it is shown that the percentage of transmitter 
rejects, . which would otherwise have operated satisfactorily in the system, 
is less than 1 percent for any go-no-go wavemeter with a constant bandwidth 

1 
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greater than approximately 3 Mc centered exactly on the assigned frequency. 
Aa a definition is needed for "failure" on the reply path due to frequency 
or bandwidth variations in equipments which are pasaed by the go-no-go wave­
meter, we arbitrarily define thi s failure as occurring when there ia at 
least a SQpercent red~ction in maximum range . The probability of such failure 
is certain to be leas than 0.005 for any constant wavemeter bandwidth leas 
than approximately 8 Mc centered exactly on the aasigned frequency . In order 
to allow the greatest tolerance on wavemeter bandwidth and frequency varia­
tions, an aver age bandwidtH of 5,5 Mc is chosen . The tolerance on this band­
width is a function of transmitter frequency tolerance and wavemeter center 
frequency tolerance. The former tolerance is fixed for the system by trans• 
mitter specifications, hence the bandwidth tolerance is known for any given 
wavemeter cente r frequency tolerance. For example, if the wavemeter center 
frequency is accurate to within± 0.1 Mc, then its bandwidth must be main­
tained at 5.5 Mc± 2.49 Mc if the above maximum reject and probability values 
are not to be exceeded. If, on the other hand, the wavemeter center frequency 
is only accurate to, say, ± 1.0 Mc, then the bandwidth must be maintained at 
5.5 Mc± 1,50 Mc for the same results. 

STATISTICAL APPROACH 

The problem is initially simplified by assuming that all receivers in 
the system have ideal rectangular pass-band characteristics. One can thus 
think of system failure on the reply path, due to frequency or bandwidth 
variations, as any situation i n which a transpondor transmitter replies to 
an interrogator• responso r on a frequency outside of the responsor receiver's 
Pass-band• For any system with given specifications, it is necessary to 
determine the probability of such a failure occurring . This probability can 
be determined by cons ide r ing the transpondor transmitter frequency tolerance 
and the responsor receiver frequency and bandwidth toleranc a. Statistical 
combination of the responsor receiver frequency and bandwidth distributions 
gives the distribution of the upper and lowe r limits of receiver pan-bands 
in the system. The appl i cation of fundamental ideas in probability theory 
to the transmitter frequency distribution and the distribution of the 
receiver pass-band limits leads to a val u e for the probability of syatem 
failure. 

The s ystem f ai l ures thu s fa r d iscussed are only those resulting from 
reasonable combinations of ce rtain s pecified service conditions. That is, 
the cal cu l ated probabil i ty of failure rel at e s onl y to a system under the 
influence of natural random forces and does not a c count for the unpredictable 
"human element.• For instance, " ext r aordinary" c a uses such as unnecessary 
jarring, careless or unskilled detuning o r poor ma intenance are factors which 
would tend to increase the probability of failu r e above the ideal calculated 
value. A go-no - go wavemeter properly designed, while unnecessary for a 
perfectly maintained system, will reject transpondors outside of a certain 
bandwidth and thus eliminate the equipments subjected to these "extraordinary' 
causes which would tend to raise the probability of failure. An upper limit 
for the pass-band of such a wavemeter is selected on the basis of the largest 
tolerable probability of failure. The lower limit of such a wavemeter pass-
band is determined by considering the percentage of transmitter rejects. For 
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maximum allowable tolerance on wavemeter center frequency accuracy and band­
width, an average wavemeter bandwidth is chosen half way between these limits. 
A statistical combination of wavemeter frequency distribution and wavemeter 
bandwidth distribution gives a resu l tant d istribution of wavemeter pass-band 
limits. This distributio n i s fixed for any sys tem wit h a fixed transpondor 
transmitter specification, Thus f or any wavemeter frequency to lerance, one 
can obtain a corresponding b andwidth tolerance. 

Considering a system with rece i vers havi ng practical bandpass charac­
teristics, it is no longe r possible to r e gard sys tem failu r e as definitely 
happening or not happening . Since the pass - band may be defined by the fre­
quencies at which the receiver sensitivity is, say , down 6 d b from its 
maximum value, we can only say from this that any rece ived si gna l outside 
these limits will have an extreme range which i s at least SO pe rcent below 
its maximum possible value. In practice, there fore , one d o es not determine 
a probability of failure, b ut rather a probability tha t the extreme range at 
which a transpondor will r eply t o a gi v en interroga to r wil l be reduced at 
least SO percent below its maximum poss ible value. L e t u s consider the fol­
lowing example for clarification of the above statement. Assume a trans­
ponder transmitter with a given power o utput. I f i t transmits on a fre­
quency correspond ing to the point of max imum sensit i vity of a responser 
receiver, it can then be received satisfactorily at al l ranges o ut to a 
certain extreme range, RM' This is the maximum po ssible extreme range for 
this transmitter replying to the given responser . If, on t h e o ther hand, 
the transmitte~ replies on any other frequency corre sponding to a less 
sensitive point on the receiver's response curve, it can be received satis­
factorily at all ranges out to a certain extreme range, RE' which is less 
than RM' the magnitude of the difference RM-RE depending upon the difference 
i n frequency. If the transmitter frequency lies outside of the receiver's 
bandwidth as specified by points 6 db down on its sensitivity curve, then 

The practical consideration, then, is to determine the probabili t y t hat 

A STATISTICAL VIEW OF SYSTEM "FAILURE" 

Necessary Assumption on Tolerances 

A method o f calculating suitable tolerance limits for transmitter or 
receiver frequency, or receiver bandwidth has been worked o u t by L . S. 
Schwartz? the g·eneral idea is briefly as follows, Laboratory measurements 
were made on typical equipments to determine individual tolerances on equip­
ment frequencies as certain parameters were varied over extreme ranges , Based 
upon the assumpt i on that in actual operation the various parameters will vary 
randomly with respect to one another, it was shown that under the worst pos­
sible situations , and if the random parameters number at least four, the 
resultant distribution of equipment frequencies is closely approximated by 
the normal law. A method was given for calculating the standard deviation, 

1 Schwartz, L . S ., Statistical Methods in the DesiAn and Development of Electronic Systems, 

NRL Report No . R-3111 , July 1947 
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u, of this normal distribution from data on the individual tolerances. For 
a normal distribution there is at least a 99•73 percent chance that the 
variable lies within ±3 u of the mean. This criterion was chosen as a ba1i1 
for writing the tolerance limits in any specification. That i 1 , from meas ­
ured data on individual tolerances, one can calculate the standard devia• 
tion, u, of the resultant frequency distribution and thus can set the over­
all tolerance limits at ±3 u. Such a choice assures at least 99.73 percent 
of the time of operation the frequency of any equipment will be within ±3 u 
of the mean. 

In the statistical treatment of this problem it is assumed that speci ­
fications for transmitter f r equency tolerance, receive r frequency tolerance 
and receiver bandwidth have been written according to the statistical method 
outlined above, Thus, if the specification states that transmitters sha l l 
not deviate more than, say, ±3 Mc from the system frequency, then transmitter 
frequencies dur ing o peratio n will always be normally dist r ibuted about the 
system f requ ency and the standard deviation of this distribution will be 
1 Mc. I f receiver bandwid t h specifications have been written according to 
a similar method, then speci fied bandwidth limits of, say, 8 to 11 Mc actually 
mean that receiver bandwidths during opera t ion will be normally distributed 
about 9.5 Mc, and the standard deviation of this distribution is 0.5 Mc. 

Distribution of Transpopdor Transmitter Frequencies 

Let F
0 

be the assigned frequency for a given interrogator-beacon systesn. 
That is, assume that transpondors are manufactured and maintained with the 
intention of sett ing the t ran smitter frequencies on F

0
. Assume also that 

transpondor speci f ications state that transmitters must operate with a 
given maximum allowable fr equency drift, for example ±3 Ne, due to all 
reasonable combinations of certain specified service conditions. Then,i f an 
observation be made on any transmitter in the system at any instant, there 
is at least a 9 9.73 p e rcent chance that its frequency, Ft' lies somewhere 
within the range F

0 
±3 Mc. If we denote the difference between a transmitter 

frequency at any ins tant and the assigned frequency by ft, that is, let 

(1) 

then an equivalent statement of the above transmitter specification is 

(2) 

The distribution of a large number of obse r vations of transmitte r fre • 
quencies, ft, between the limits ±3 Mc may be considered to be the resultant 
of at least four component f r equency distributions caused by random va r ia• 
tions of as many independent parameters. In general, these component dis­
tributions are unknown. It has been shown

2 
that if they are assumed to be 

rectangular, the resultant distribution is pessimistic and closely approxi ­
mates the normal law. On this basis we may regard ft as a random variable 
distributed about zero according to the relationship 

2
Schwartz, op. cit. pp. 23-24. 
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2 
f 

- 20--2 
e t df, (3) 

where P(ft)df is the probal;>ility that ft lies within the differential range 
f ± df/2 . The quantity o--t is the standard deviation of ft given by 

A plot of P(ft) is shown in Figur e 1. 

t l 
0.4 

P(ft) 

[, \ 
I \ 

J 0.2 \ 

I 0 .1 \ 
V \ 

-- -f / ~ 
++ -

0 

Fi gure 1 - The distribution of transmitter frequency er r or, 
ft, about the average, ft = o, during systems operation 

( 4) 

It may be seen from Figure 1 and equation (3) that the probability, 
P[f1~ft"f 2], that ft lies between the limits f 1 and £2 is 

e df . ( 5) 

5 
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The value of this integral for any set of limits ±fi is readily obtained 
from the probability integral tables, The probability that ft lies outside 
the limits ±fi is, of course, 1 • P[-fi~ft$fi], and the probability that ft 
exceeds fi in the positive direction is 

( 6) 

The probability that ft exceeds -fi in the pegative direction is also given 
by equation (6). That is, P[ft>fi] and P(ft<_fi) are symmetrical functions 
on either side of zero. A plot of these two functions is given in Figure 2. 

Figure 2- The probability that ft exceeds +fi in the positive 
direction or -fi in the negative direction 

From probability tables, we find the probability that ft lies outside 
the limits ±Jo-tis less than 0 . 0027, That is, there is st least a 99.73 per· 
cent chance that ft will be within 0 ± 3~t for a normal distribution. Let us 
assume that the interrogator-beacon system being considered is manufactured 
and maintained such that any value ft has at least a 99.73 percent chance of 
lying within the range 0 ± 3 Mc. Then, 

3 Mc} 

= 1 Mc. 
(7) 
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Equations (5) and (6) will subsequently be used in determining the percen t age 
of transpondor rejects and the probability o f system failure. Before this 
can be done, however, similar statistic a l considerat i on of certain rec eiver 
characteristics is requi r ed. 

Distribution of Responsor Receiver Frequencies 

We assume that r e sponsor receivers are manufactured and ma i ntained 
with the intention of s etting the receiver center frequency exactly on F

0
• 

Assume, also, that the responsor specifications state that receivers must 
operate with a given maximum al l owable frequency drift, for example, ±2 Mc , 
d ue to a l l reasonable combinations of certain specified service conditions . 

Then , if an observation be made on any receiver in the system at any ins t ant, 
t he r e is at least a 99.73 percent chance that its frequency, Fr ' lies some• 
where within the range F

0 
± 2 Mc. If we denote the difference be tween a 

receiver frequency a t any instant a n d the a ssigned frequency by fr ' that is, 
le t 

( 8) 

then an equivalent statement of the above receive r specification is 

(9) 

Similar to the case of t r ansmit t er frequenc i es, f r may be r egarded as a 
random variable distributed about zero according to the normal law: 

e df, 

where P(fr)df is the probability that f r lies within the d ifferentia l range 
f ± df/ 2, and ~r is the standard deviation o f t hi s distr i but ion given by 

2 
f 

r 
( 11) 

If we make an assumption for the var i able fr similar to the one made for ft' 
that is, assume any observation of receiver frequency has a 99.73 pe r cen t 
chance that fr is within the limits O ± 2 Mc, then 

2 

2 / 3 } (12) 
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A plot of equation (10) is similar t o Figure 1, except the abscissa are meas­
ured in terms of o-r. Receiver center frequency is the first characteristic 
for which a statistical consider atio n is r equ i red. The second statistical 
treatment applies to receiver bandwidth, 

Distribution of Responsor Receiver Bandwidths 

Let us assume that responsor receivers are manufactured and maintained 
with the intention of having o ve r - a ll bandwidths, B, somewhere within certain 
specified limits set by the specifications . For example, suppose the speci­
fications require the bandwidths of rec eiver s at the time of manufacture or 
maintenance, and before being subjected to service conditions, must lie be­
tween 8 Mc and 1 1 Mc. Let us also assu me that there are at least four inde-
pendent 
limits . 
average 

random p a r ameters whi ch cause t he distribution of B between these 
The n B may be r egarded a s a random variable distributed about its 

v alue B, accord ing to the normal law, 

P(B)dB 

-2 
[B -B] 

2<72 
B dB. ( 13) 

where P(B)dB is the prob a bi lity that a receiver bandwidth lies within the 
different i al range B :I: dB/2 . Th e mean bandwidth ii for the example being con­

sidered i s 

8 + 11 
B = - - -- :: 9.S Mc , (14) 

2 

and o-
8 

is t h e standard deviation for the 
tions are being me t, it i s reasonable to 
B has a t l e ast a 99.73 per cent chance of 

distribution of B. If speci fica• 
assume that any receiver bandwidth 
being within the r ange 8 to 11 Mc 

before t h e r eceiver is subjected to service 
to saying that any value of B has at least 
in the range 9.5 Mc :I: 1,5 Mc, Hence, 

Jo-8 = 1. S Mc, 

o-B = 0. S Mc. 

conditions, This is equivalen~ 
a 99,73 percent chance of lying 

( 1 S) 

This distribution of values of B will not necessarily remain unchanged 
after receivers are subjected to service conditions . Several independent 
random parameters will make Ba variable with time for any one receiver. 
There are at least four of these parameters and hence 6 B may be regarded as 
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a random var i able (6 B varies wi th time during service) distributed about 
zero according to the normal law: 

1 

9 

P(OO) dB e dB, (16) 

where P(OO)dB is the proba bility tha t a bandwid t h change l i es in the dif­
ferential range 6B ± dB/2 , and u6 is the standar d de v iation o f the distri­
bution of 68 . Suppose the receiver specifications also impo se a max imum 
allowab l e bandwidth change , OOMax• If specifications are being met, it i s 
reasonable to assume that any bandwidth change , ill3, d uring operation has a t 
least a 99. 73 percent chance o f be ing within the range O ± ~ax· For 
example, if specificat ions set LlBMax = 1 Mc, t hen it is reasonab l e t o assume 
that any bandwidth chan ge 6 B has at least a 99 . 73 percent chance of being 
with i n the range O ± 1 Mc . For this case 

3U6 = 1 Mc 

u6 1/3 Mc } · (17) 

The resultant distribu tion of rec eiver bandwidths at any instant during 
system operat ion arises from the component distributions o f receiver band­
wid t h before s e rvice conditions are imposed , equation (13), and r eceiver 
bandwidth change during system operation, equa t i on (16) . Let u s des ignate 
the obse rvat i on of any rec eiver bandwidth du ring sys tem operation by 8R• 
Then 8R is a random variabl e distr i buted abou t an average value and is a 
resultant of all of the parameters which go to produce the two component 
distributions, i.e., distributions of Band 6 B. The distribution of 8R 
is obtained by the superposition of these two component distributions . 
From the laws of probability , if two normal distributions are superimposed, 
the resultant distribution is also normal, 

dB, (18) 

where P(8R)dB is the probability that a rece i ver bandwidth at any instant 
dur ing system operation lies within the differential range B ± dB/2. The 
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standard deviation, <7~, of the distribution of 8R is r elated to the standard 
deviations of the component distributions by the relationship 

2 2 
a- B + <7t:i, (19) 

Probability theory also relates the average values as follows: 

(20) 

For the example beini considered, equations (19) and (20) give 

2 2 
(1/2) + (1/3) = 13/16 

0.6 Mc 

9.5 Mc. 

It will presently be apparent, however, that we 
values of BR/2 instead of 8R• For any observation of 
~• there is a corresponding value of half-bandwidth, 
eter BR/2 is therefore a random variable distributed 
according to the norma l Jaw, 

2 
2<7 

a 

( 21) 

are conce r ned with 
a receiver bandwidth 
¾12. The par am• 
about its mean, BR/2, 

dB ( 22) 

where P(8R/2)dB is the probability that 8R/2 lies within t h e differential 
range 8R/2 ± dB/2, and aa is the standard deviation for the distribution of 
8R/2. For the example being considered 

8R = 9,5 
= 

4, 75 Mc} 2 2 (23) 

aa = ::it. 0.3 Mc 
2 
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bistribution of Responsor Receiver Bandwidth Limits 

For simplicity in arriving at the ultimate relationships between 
tolerances and 1ystem failure it i s necessary to assume that all receiver 
bandpass characteristics are rectangular and symmetrical about their mid• 
frequencies. That is, Figure 3, any signal fa lling inside the band limits 
is received, and any signal outs ide these limi ts is not r eceived. 

1 

. 
> 
I:: 
2 
!:: 
c/1 
:z w 
VI 

a w 
> 
jij 

~ 
Ct 

0 

I· Bil 

I -~ I 

2. I 
------ e,R_ 

2. 
I 
t 
I 
I 
I 
I F REQUl':.HC'.,._ 

F.,t F, 

Fiaure 3- Notation u s ed in connection 
of rectangular band• 

pass characteris t ics 
with the assumption 

The lower frequency limit of a receiver pass-band is designa ted as 
Ft and the upper limit is designated as Fh. Then the above assumption 
states that 

Fh " Fr + ~ 

} 2 

and .1 
( 24) 

Fl = Fr 
2 

Let us define 

fh Fh • Fo }. ti = Fz • Fo (25) 

Then from equation s (8), ( 24) and (25): 

fh = Fr 
8R 

Fl 
+--. 

2 

fh fr + 8R 
2 

( 26) 
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fi = Fr 
_!!_ 

• F
0
}. 2 

fl = fr --1 (27) 
2 

For an observation of any particular receiver at any instant during system 
operation one would obtain a certain value of fr and 8R/ 2, and hence from 
(26) and (27) a corresponding value for fh and fl respectively. We may 
regard ..!..hand fl as random variables distributed about their respective 
means , fh and Tz• Since fh and f 1 are both the algebraic sum of two random 
variables , two theorems

8 
from probability theory apply regarding the distri­

bution of these pass-band limits. 

Theorem 1: Given any number of cont>lex chance-variables which need not be 
independent, the mean of their sum is equal to the sum of their individual 
means. 

The two chance-variables here, fr and 8R/2, are not complex, but the 
theorem applies to real chance-variables by specialization . From theorem 1, 

2 
(28) 

For the example being considered: 

fh O + 4.75 = 4. 75 Mc } 

-4.75 Mc (29) 

Theorem 2: If any number of complex chance-variables are independent, 
and if not more than one is of nonzero mean value, then the mean of the 
squared value of their s um is equal to the sum of the means of their 
individual squared values. 

In order for this theorem to apply we must assume that the parameters 
which cause variations in receiver frequency are independent of those which 
cause variations in receiver bandwidth. From theorem 2: 

2 
( 30) 

where ~hand ~z are the standard deviations for the distributions offhand 
iz, respectively. These distributions are also normal and are written 

3 
Hoyt, R.S., Probability Theory and Telephone Transmission Engineering, The 
Bell System Technical Journal, Vol, 12, pp. 35-75, January 1933 

.. 
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[ - 2 
f-fh) 

1 20-2 
P(fh)df = e h d f, ( 31) 

-Ii°"1TO"h 

end - 2 
_ [ f-f') 

1 20-2 
P(fz)d f = e l df. ( 32) 

&o-l 

P(fh)df ia the probability that a receiver pass -band upper limit will lie 
within the differential l i mi ts f ± df/2, and P(fl)df is a simi lar probability 
related to a receiver pass-band lower limit. For the e xample being considered: 

2 2 
2 2 

=E:1 \~ 481 
o-h a-l : -- = .534 

900 

o-h al = .73 Mc 

30-h = Jal = 2, 19 Mc . ( 33) 

From equations (29), (31), (32), and (33) we may con c lude that for an obser• 
vation of the pass•band limits of any receive r ope r ating in the system at 
any instant, there is at least a 99. 73 percent chance that the upper limit 
fh, will lie within the range 4.75 ± 2.19 Mc , and the lower limit, fl, will 
lie within the range .4.75 ± 2,19 Mc. Figure 4 is a plot of equations (31) 
and (32), and illustrates the meaning of the above re lationships graphically. 

0. 4 t p 

0.3 

o.z. 

0.1 

-8 0 8 

Fiaure 4 · Probability distributions offhand f/; 
the upper and lower limits, respectively, of re• 

sponsor receiver pass-bands 
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DeI'inition of System "Failure" 

With the initial assumption of rectangular receiver pass-bands, a def­
inite failure in system operation due to frequency and bandwidth variations 
may be said to occur whenever a transpondor which is being interrogated 
emits a reply on a frequency which lies outside the pass-band of the receiver 
on the I·R which is doing the interrogating. This failure on the reply path 
will be observed whenever either of the following two situations occur: 

Situation A: 
Ft>Fh} 

Situation B: Ft<Fl ( 34) 

where Ft is the frequency of transpondor transmitter and Fh and Fl are the 
upper and lower limits, respectively, of the responsor receiver pass-band. 
Recalling equations (1) and (25), situations A and B may a l so be described: 

Situation A: 

Situation B: (35) 

Probability of System "Failure" 

Let PF be ~he probability that system "failure'' occurs on the reply 
path because of frequency or bandwidth variations. Let P(A) and P(B) be 
the probabi li ties that si t uation A and situation B occur, respectively. That 
is, P(A) is t he probabili t y that ft>fh and P(B) is the probability that 
ft<fl. Since si tuatio n A and situation Bare mutually exclusive, 

PF= P(A) + P(B). (36) 

Let us first turn attention to determining P(A). Situation (A) can 
arise in a great many ways. The v alue of P(A) is the sum of the probabil­
ities associated with each p os sibl e way. Here we must assume that trans­
pondor transmitter frequencies and responsor receiver frequencies and 
bandwidth are mutually independent. Such an assumption seems reasonable 
for the case of air-to-ground or ground-to-air operation. Consider the 
first possible way in which situation A can arise. This is described when 

(1) fh has some value, say f 1 , and 

(2) ft> f1-

If P 1 is the probability that these two events occur, then 
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where P(l) is the probability that fh lies i n the differential range f 1 ±df/2 ; 
and where P(2) is the probability that ft>f 1 . From equations (6) and ( 3 1) : 

(38) 

The second possible way in which situation A can a rise is d es crib ed when 

(1) fh has some other value, say. f 2 , and 

(2) ft > f2· 

If P 2 is the probability that these two events o ccu r, then 

(39) 

In fact there is an infinite number of mutually exclusive ways in which situs• 
tion A can a r ise, one for each possible value that can be assigned to fh . Th e 
probability P(A) is there fo re a n in f inite ser i es 

a> 
~ (40) 

i=l 

where pi is given by 
2 

dJ 
.[, 

dJ. 

[fi . fh] f2 . 
2 -7 

~ 1 2ah 1 

1> 
2o- t 

p - e X (41) 
i - ~ 2770"h 

~O" t 
1 
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Each of the factors of (41) can readily be obtained from the probability 
tables for any value of fi. 

Figure 5 is a plot of four different functions as follows: 

Curve (A) Plots P( fh), equation (31) 

Curve (B) Plots P( fl). equation (32) 

Curve (C) Plots P(ft>fi), equation (6) 

Curve (D) Plots P(ft<•fi), equation (6) • 

Figure 5 is, in fact_, a s uperposition of Figure 2 and Figure 4 drawn to the 
same scale. It is clear f r om these curves that P[fz] and P[fh] · are sy1D11et• 
rical and t h a t P[f t <fi ]- and P[ft>fi] · are symmetrical. Hence from (36) 

(42) 

An upper limit for P(A) can be obtained by the approximate process of 
numerical integration. If the abscissa is divided into small intervals, say 
0 . 1 Mc, then P(A) is approximately equal to the summation of Pi equation (41), 
at each interval from - 00 to +00• By inspection of Figure 5 it is apparent that: 

(a) Since P(ft >ii] is s0111e nwrber between 0.S and 1.0 for all negative values 
off, we are sure tha t the sum of all of the Pi for fi<o is less than 

0 

1.0 x f P( fh)df . 
• 0) 

(b) Since both factors of (41) decrease for all successive terms riter the 
term for fi = 4.8 Mc, we are sure that the sum of all of the Pi for 
fi > 4.8 Mc is less than 

P(ft > 4 . 8] x r P(fh)df. 
4,8 ' 

6 

CURVE A 
PL r~1 

8 
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Thus a safe upper limit for P(A) can be set by summing the values for 
Pi for each 0.1 Mc interval from Oto 4,8 Mc and add ing to this the products 
considered in (a)· and (b) on p. 16, That is, 

P(A) p. 
J. 

i=O 

where Pi is determined from equation (41), In a practical situation the 
first and third terms of equation (43) are very smal l compared to the second 
term. The result obtained is dependent upon Jt and Jh , which a r e , of course, 
determined by the assumptions made and equipment specifications. For the 
example being considered in which transmit t e r frequen cy to l erance i s ±3 Mc, 
receiver frequency tolerance is ±2 Mc, and receiver bandwidths a r e d is trib­
uted between 8 Mc and 11 Mc with an allowable decrease facto r o f 1 Mc, we get 

(44) 

which indicates that system failure due to frequency and bandwidth variations 
alone is extremely unlikely to occur. This assumes, of course, a single 
channel system; the possible failure due to adjacent channel interference is 
not included. This upper limit of PF is determined by equipment specifica ­
tions and remains valid only upon the assumption that all equipments are 
meeting specifications on frequency and bandwidth tolerances. Furthermore, 
since all assumptions used in arriving at this value were pessimistic, we 
are assured that PF is, in fact, numerically smaller than 10-4 

SUJTABLE WAVEMETER BANDWIIYI'H AND FREQUENCY CHARACTERISTICS 

Distribution of Transpondor Transmitter Frequencies at 
the Time of' the Go- No-Go Test 

We are interested in a preservice go-no-go test on transpondor trans• 
mitter frequencies. We will assume that all transpondors in the system are 
meeting the frequency tolerance specifications (±3 Mc under service conditions). 
The distribution of ft given by equation (3) with standard deviation Jt = 1 Mc 
is the distribution we would expect due to variations of a number of random 
parameters arising from reasonable combinations of service conditions. At 

the time of go-no-go test, however, the equipments may not necessarily be 
subjected to the full range of variation of several of these parameters, and 
we would hence expect the transmitter frequencies to be more closely concen• 
trated about F

0
• Let us assume for the present that we have a "perfect" 

wavemeter which can indicate absolutely the reply frequency as each transmitter 
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is tested, The parameter• which 1ive riae to the frequency distribution 

about F0 at the time of test are: 

(1) Variations in centering the transmitter on the frequency 
channel at the time of adjustment. 

(2) Variations in wavemeter readinA at the time of transmitter 

adju• tmen t. 

( 3) Chanie in power •upply voltaaes between the time of 
adjustment of transmitter and the time of the ao-no-ao test. 

(4) Change in temperature and pressure between the time of 
adj us tmen t of transmitter and the time of ao- no- go test. 

(5 ) Chanae in duty cycle between the time of adjustment of 
transmitter and the time of go-no-go test, 

(6) Impedance mismatch. 

The se parameters are random with respect to one another and thus the 
resul tant distribution of transmitter frequencies at the time of go-no-go 
test may alao be aasumed to be normal about F0 , Let us desi1nate a trans• 
mitter frequency at the time of 10-no-10 teat and before the equipment is 
subjected to s ervice condition• by Fx· 

If we let 

( 45) 

then fx may be regarded aa a variable which is normally distributed about 
zero. Let ~x be the standard deviation of this distribution. With trans­
mi tters which are meetin g specifications regarding frequency tolerance, 
there is a t least a 99. 7 3 percent chance that fx will lie in the range 
0 ±3 ~x Mc. This may also be atated by saying that there is at least a 
99.73 percent chance that fx wil l be within a band X centered on zero,where 

(46) 

A value fo r ~x and
4

X may be found by following the reasoning and assumptions 
of L, S, Schwa rtz. Es sent ially, we take note of the fact that in addition 
to the six parameters leading to the distribution of fx at the time of go­
no-go test , further variations in several paramete r s combine to give the 
ultimate dist ribu tion of f t with the specified limits ±3 Mc. These additional 
parameters are listed toge ther with associated to lerance limits . The 
values used come from actual laboratory tests of equipments with specifi c a­
tions similar to those used in t he e xampl e, 

4 
Schwar t z, op. cit. pp . 23-24 
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Parameter 

Air temperature± 50°c and air pres­
sure variations. The worst possible 
frequency variation will result if 
these two parameters are not inde­
pendent and if the separate toler­
ances add algebraically. For this 
situation the total tolerance is given 
as b 1 . 

+ Heater and B voltages, ± 10 percen~ 
The worst possible frequency va1ia­
tion will result if these two param­
eters are not independent and if the 
separate tolerances add algebraically. 
For this situation the total tolerance 
is given as b 2 . 

Duty cycle (dissipation) , 0 to 1 per­
cent. 

Impedance mismatch 

Tolerance, ± b. 
---------1 

bl= ± 0.75 Mc. 

b3 = ± 0.60 Mc. 

19 

The distribution law for each of these tolerances is unknown, but clearly 
the worst possible situation would result if they were all rectangular . For 

~ 
a rectangular distribution, the standard deviation is given by 

2 
0-. 

1 

2 
b-

=-1-

3 
(47) 

The parameters listed above are all random with respect t o one another and 
also with respect to those which give the distribu tion of f x. Th is latter 
distribution is related to the other component distributions by the equation. 

2 2 2 2 
0-t = 0-1 + 0-2 + 0-3 + 

2 
♦ o-x 

For the example being considered, o
2
t = 1 Mc, and from equation (47), 

(48) 

2 2 2 2 
0-1 = 0.1875, o-2 =0.0533, o-

3 
= 0.1200, and o-

4 
= 0.3333, Substituting these 

in ( 47) and solving for 0-x: 

2 
0-X 

o-2 
X 

0-
X 

~ Schwartz op. c it . pp. 23-24 

= 

[0.1875 + 0.0533 + 0 . 1200 + 0,3333) 

0.3059 

0.5531 
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from ( 46) 

The frequency band X = 3.3186 Mc is the band centered upon F
0 

within which 
at least 99.73 percent of the transmitters will lie when tests are made on 
a system manufactured and maintained to meet the specifications given in 
the example. 

Selection or an Average Wavemeter Bandwidth 

Let us initially assume an "ideal" go-no-go wavemeter with a constant 
center frequency equal to F

0 
and a constant rectangular bandwidth W. The 

problem is to select a value for w. In this selection we must consider two 

factors: 

(1) Probability of system failure due to frequency and bandwidth 
variations. 

(2) Rejection of transmitters. 

With r espect to the first of these factors, two general groups of caus es 
contribute t o any s ystem f ailure . The first may be thought of as "ordinary" 
causes, t ho se variab l e parameters which have already been statistically 
accounted for in determi ning the frequency band x. If these were the only 
causes o f frequency or bandwidth va r iations, then a system conforming to 
specifications would never require a go-no-go tester because the Performance 
oi equipments would be statistically predictable - The second group of causes of 
system failure may be thought of as "extraordinary" causes, those which are 
statisti call y unaccountable due t o human failu r es such as mishandling of 
equi pment, jarring, dropping, unskilled or careless detuning, etc. Because 
of the presence of these fac~ors to a more or less degree depending on the 
per sonne l situation, some transmitters may be found to be outside t he 
limits of t he band X i n excess of the statistically predicted value even 
in a properl y d esigned sys tem with equipment conforming to specification s . 
I f these t r ansmitters are no t r emoved from service, the probability of 
syste m f ai l ure will have some higher value than that already found. Let 
us assume the wavemeter band W = X. (In the example being considered, let 
W = 3- 3186 McJ We may conclude that: 

(1) All transmit t ers out side of the band X for any cause whatsoever 
will be rejected. Less than 0. 2 7 percent of the t ransmitters which have 
not been "mishandled" will be among the rejects. 

(2) The probability of sys t em" failu re" remains certain to be some 
value PF such t ha t PF< 10-

4 

The go - no-go wavemeter effectively removes the statistically unpre­
dictable ~human facto~• from transmitter mainte nance as a contributing 
cause to system failure due to frequency and bandwidth var i ations. 

If Wis made less than X (in the example, let W<3.3186 Mc) then the 
percentage of rejects of transmitters which have not been "mishandled" 
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increases above the 0.27 percent value, and at the same time the sure upper 
_4 

limit for PF will be reduced (in the example, below the value 10 ). 

If Wis made g reater than X ( in t he examp l e, let V/>3. 3 1 86 Mc), the 
number of transmitter rejects wil l be redu ced. Ob v i ously, the p ercentage 
of tran smitters which have not been mishandled wi ll also be redu ced. The 
go-no-go wavemeter is in this case removing some of the mishand led transmit­
t ers (those outside of t h e band W) as contributing c auses t o PF, b ut is not 
rejecting t hose which are i nside of W and outside of X. Th us, f o r any w>x 
the sure upper limit for PF may be increased, the amount of i nc re a se 
d e pending upon t h e e xtent to which "extraordinary" causes are contributing 
to transmitter frequency variat ions. Since thi s c a n not be s t at is t ically 
accounted for in system d esign, t he exact amount of i ncrease i n t h e upper 
limit for PF cannot be d e termined. Le t us consider a less des irab le system, 
in which transmitter tol e rances h ave b een relaxed u ntil the d i st ribution 
band of transmitter frequencies at the t ime of go- no - go test t akes on an 
increased value X 1 = W (where w>x). It seems reasonable to a s sume that 
such a system would have a new upper l i mit fo r PF which is in fact greater 
than the undetermined upper limit for PF in the orig inal system. This new 
upper limit for PFcan be determined statis t ically, and we can best express 
the effect of Won PF by determin i ng this new sure upper limit f or PF if 
transmitter tolerance s are relaxed to t he po int where X 1 = W. T a b le 1 
lists several values of W with corresponding values of percent re j ects of 
transmitters not "mishandled" when tolerances remain unchanged , a nd the 
sure upper limit for PF if tolerances are relaxed so that X 1 = w. Figures 
6 and 7 plot the info r mation from Tabl e 1 . It appears from Figure 6 that 
transmitter rejects become appreciable ( t hat is, greater than 0.5 percent) 
when Wis approximately 3 Mc o r l e ss . For va l ues of W greater than this, 
the only appreciable number of t r ansmit t er r ejects will be those which are 
off frequency because of one or mor e of t he " extraordinary" causes. From 
Figure 7 we may conclude that any w<s Mc can be used with assurance that 
PF will not exceed O.OQS. A suitable value f o r W from these considerations 
would be any value within the limits 3 Mc to 8 Mc. Since Wand Fw cannot 
be expected to be constant in practice, 5 , 5 Mc would seem the best choice 
for W to assure operation within the t wo e x t r emes . 

Wavemeter Frequency anrl Bandwi dth Tolerances 

The c alculation of W has thus f ar appl i ed only to a fictitious 
Perfect wavemeter centered exactly on F

0 
with constant bandwidth. However, 

in p r actice the center frequency, Fw, and t he bandwidth, W, cannot be 
expected to be constant. If the wavemete r is adjusted •on frequency» 
at regular intervals, then due to limitat i o n s in the accuracy with which 
this can be done and also to several randomly varying parameters in the 
instrument's environment, i nstantaneou s obse r vations of Fw taken over a 
Period of time which is long compa r ed to the intervals between adjustments 
will show Fw to be no r mally distribu ted about F

0
• Let 

(49) 
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"Ideal" Wavemeter 
Bandwidth 

w 
(Megacycles) 

0,01 

0.10 

0.25 

0.50 

1.00 

1, so 

2 .00 

2.25 

2.50 

2,75 

3.00 

3.3186 

3.50 

4. 0 0 

5,00 

6.00 

6.50 

7 . 00 

8.00 

9.00 

Tab le 1 

Percent Rejects if 
Transpondor Tolerances 

Remain Unchanged 

98 . 56 

92 . 00 

82.60 

65.05 

36. 54 

17.38 

7 . 0 3 

4. 24 

2.38 

1.30 

0. 6 7 

0 .21 

0, 156 

0.03 

6 xl o • e 

Sure Upper Limit 
for PF if Trans • 
mitter Tolerances 
are set so that 

x' = w 

0.00010 

0.00016 

0.00045 

0.00102 

0.00159 

0.00230 

0.00454 

0 , 00713 

Then fw is normally distributed about zero according to the law 

2 
f 

2 
2CTW 

df. ( 50) 
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Fiture 6- Percent transmitter rejects 
for different wavemeter bandwidths,W, 
if the transmitter tolerances remain 
unchanted at± 3 Mc 
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Fiture 7- Sure upper limit for prob­
abi 1 i ty of system "failurtl' for di f. 
fer en t wavemeter bandwidths, W, for 
the case where transmitter tol er­
ances are relaxed until X = W 

P( fw)df is the proeability that fw lies within the interval f ± df/ 2 and o-w is 
the standard deviation for this distribution. 

Similar to the analysis made for receiver bandwidths, the instantaneous 
wavemeter bandwidth, B , may be shown to 
distribution about its average value B . 
half the wavemeter bandwidth, B /2, is a 
about B /2 according to the relationship 

be a random variable with a normal 
Hence,the instantaneous value of 

random variable normally distributed 

dB, ( 51) 
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where P(B/2)dB is the brobability that B
1

/2 will be observed in the 
interval B ± dB1/2 and where aa is the standard deviation f or this dis­
tribution. 

Let us now designate Fl{ and Ff as the instantaneous upper and lowe r 
frequency limits, respectively, of the wavemeter bandwidth that is, 

Also, let 

Then, from (49), (52) and (53) 

B' +-
2 

B' 

2 

2 

B' 

2 

}. 
(52) 

}. 
(53) 

}. (54) 

Similar to th e case o f re c eiver bandwidth limits, it appears 
that £8 and rz, are r andom variables distributed normally about their respec­
tive mean values 

B' 

} fh I =-
2 

and (55) 

B' 
lz•,.--;-

[f -]2 
- fh, 

d.J 

Also, 2 
1 2ahl (56) 

P(fh 1 )df = 
,[z;;o-hl 

e 
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l 
P( f 1 ,)df • r-- e 

<, 'l 27TO" 
h 

(57) 

where P(fh1)df and P(fl1)df are equal to the probability that fhr or fl' 
will be observed within the interval f :tdf/2, and O'hl ia the standard devi• 
ation for these diatributiona aiven by: 

2 
+ O'a. r (58) 

Figure 8 •hows equation• (56) and (57) with aht •• determined in the fol­
lowing paragraph•. 

0.4 p 

0.2. 

0,1 

·I 0 

Fiaure 8- Distribution of wavemeter upper and 
lower bandwidth limits . 

From this analysis we may conclude that: 

(1) fh, will be within the interval (8 1/2 :t 30'hl] at least 99.73 
percent of time of operation. 

( 2) fl, wil 1 be within the inter.val (-B1 /2 :t 30'hl] at 1 east 
99. 73 percent of time of operation. 
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Let us define 

B' 
MAX fh I = + 3"hl 

2 

B' 
MIN fh r =-- - 3"hl 2 

a' 
MAX f i I = + 3"hl 

2 

ii' 
MIN fl I =- - - 3"hl 2 

(59) 

Regardless o f what the part i cular instantaneous values of fw and B 1 

may be, the wavemet~ r acceptance band may be specified by some fhr and fl ', 
l ying between the extreme values g iven by (59) for at least 99.73 percent 
the time o f operat ion. Four extreme conditions can be indicated: 

( a) fhr ., MAX fh I f l I MIN f z I 

( b) f h I = MAX fh I f i I MAX fl I 

( c) fh I = MIN fh, f t I MIN fl I 

(d ) fh I = MIN fh, f l ' = MAX fl ' 

The greatest possible number of rejects wil l occur if the wavemeter 
operates unde r conditions (d) . This is the same as for a f ictitious perfect 
constant frequency wavemeter centered on F

0 
with a constant bandwidth 

(60) 

The greatest pos s ible upper l i mit for PF will be obtained under condition 
(a) . This is the same as for a fictitious perfect constant-frequency 
wavemeter center on F

0 
with a constant bandwidth 

(61) 
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Let 8 1 =s.S Mc, Bd = 3 Mc and Ba 
equations (60) or (61),: 

8 Mc. Then from either of the 

.. _ 
6 

= 0.4166, 

From equation (58), ~wand <7a• must be selected ■o that 

27 

0.1736. (62) 

This equation specifies the tolerances for center frequency and bandwidth 
for a go-no-go wavemeter with average bandwidth 5.5 Mc in order that Pp is 
certain to be less than 0.005 and transmitter rejects are certain to be 
less than 1 percent. Let us suppose, for example, that the wavemeter fre­
quency tolerance is± 0.1 Mc . Then 

and from (62), 

~ 2 = 0 . 00 111 , 
w 

2 
~a' = 0.1725 

<7a, "' 0.415 Mc 

3<7a' = 1-245 Mc. 

This means that for this situation half the bandvidth must be 2.75 Mc± 
1.245 Mc, hence the handwidth must be s.s Mc+ 2.49 Mc. 

Let us ow ~uppose the wavemeter f~equency tolerance is relaxed to 
± 1. 0 Mc. 
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Then 

From (62): 

NAVAL RESEARCH LABORATORY 

3<7 = 1. 0 w 

aw = 0 . 0333 

a 2 
= 0.111. w 

0.1736 - 0.1111 

a a, = 0. 2 5 Mc. 

3<7 a' 0 . 7 5 Mc . 

0.0625 

This means tha t for this situation half the bandwidth mus t be 2,75 Mc± 
0.75 Mc, hence the bandwidth must be 5 . 5 Mc± 1.5 Mc. 

PRACTICAL CONSIDERATIONS 
Practical Bandpass Characteristics and the Concept of 
System "Failure" 

Suppose we assume that responsor receiver sensitivity vs fr~quency 
curves are not rectangular, but have sloping sides and are not necessar~ly 
flat. The bandwidth limits for a receiver with such a response are defined 
in the specifications as the frequencies at which the res p onse is 6 db down 
from the maximum. For this case we can no longer state t h at a transmitter 
replying on a frequency outside the receiver's band defi n itely will not be 
received. Actually, if a transmitter replies on any frequ ency other than 
that for m_aximum receiver sensitivity, the result is a reduction in the 
extreme range for that transpondor from the maximum possib le range. If a 
transmitter replies on a frequency exactly at one of the bandwidth limits, 
the extreme range for this transmitter is just 50 percent of the maximum 
possible range if the reply frequency had been the frequency of maximum 
receiver sensitivity. Thus, we can only state t h at any transmitter which 
replies on a frequency outside t he recei ver's pas s-band will suffer a 
reduction of at least 50 percent in the extreme r ange at which it can be 
received. We no longer can refer to system" failure" as definitely occurring 
or not. Instead we must redefine PF as the proba bility t h at the extreme 
range for a transpondor replying to a given inte r rogator-responsor will be 
reduced to 50 percent of its maximum possible value or less because of fre­
quency and bandwidth variations. PF with this new definition can still be 
used as a consideration in setting an upper limit for W. 

The concept of failure or, more accurately, range reduction below 50 
percent does not include any failures or range reduction due to interference 
of any kind or from any causes other than frequency and bandwidth variations . 
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Hence this analysis does not apply, for instance, in determining channel 
spacing in a multi-channel system or in providing a go-no-go wavemeter to 
prevent failure on the reply path due to cross-channel interference. 

Wavemeter Bandpass Characteristic am Transmitter Power Variations 

The analysis thus far assumes that the go-no-go wavemeter accepts or 
rejects transmitters on the basis of frequen~y alone and independent of the 
transmitter power. In practice, this may not necessarily be so. Imagine, 
for instance, a wavemeter calibrated to give a "go" indication whenever a 
transmitter having at least a minimum acceptable power is operating at the 
wavemeter's most sensitive frequency (for convenience, the center of the 
wavemeter band) . Consideration should be given to the slope of the edges 
of the wavemeter band, Suppose the band is defined by points which are 
6 db below the point of maximum sensitivity and suppose also that the slope 
of the edges is gradual. In this case a number of transmitters operating 
inside the wavemeter band may be rejected because of insufficient power 
to give the "go" indication. At the same time, if there are a number of 
transmitters outs ide of the wavemeter band with excessive power, they will 
not be rejected if their power is sufficient to produce a "go" indication, 
The wavemeter under such conditions is not selecting or rejecting on the 
basis of frequency alone. With gradual sloping band edges the wavemeter 
might reject an e xcessive number of transmitters which would otherwise have 
operated satisfactorily in the system, or it mi1ht do just the opposite, 
that is, Npass" too many transmitters outside of its band. The performances 
will be dependent upon transmitter power distribution. This dependency can 
be minimized by making the slopes of the wavemeter pass-band edges as steep 
as possible, 

Even with a pass-band having very steep edges, the wavemeter is bound 
to "pass" some of the transmitters just outside of its band which have a 
sufficient amount of excess power. According to the previous concept of 
system failure, a transmitter fails if it replies to a receiver outside of 
the receiver's pass-band, hence, some of these transmitters with the excess 
power may fail according to the above definition. Actually, these "off 
frequency" transmitters with high power might even have a greater maximum 
range than some low powered transmitters operating within the receiver's 
band and therefore not classed among the failures. The fact that the wave­
meter "passes" a few higher powered transmitters outside of its band is less 
objectionable if at the same time one attaches this less objectionable meaning 
to the idea of system failure. 
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