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ABSTRACT

Consideration is given to the frequency and bandwidth
tolerances of a wavemeter to be used as a part of a go-no-
go transpondor transmitter tester ina pulse-operated inter-
rogator-beacon system. If the bandwidth is too narrow, an
excessive number of transmitters may be rejected while on
the other hand, if the bandwidth is too wide, the instrument
may not reject enough of the transmitters which should be
rejected. It is shown that a statistical treatmentof
system frequency and bandwidth tolerances found in equip-
ment specifications provides a method of designating suitable
go-no-go wavemeter tolerances. The presentation includes
an example which gives recommended wavemeter frequency and
bandwidth tolerances for use with a typical interrogator-

beacon system.
PROBLEM STATUS

This is an interim report; work is continuing.

AUTHORIZATION

NRL Problem R03-06R: BuShips Problem §S1234X-§



FREQUENCY AND BANDWIDTH TOLERANCES FOR
A TRANSPONDOR GO-NO-GO WAVEMETER

INTRODUCTION

A "go-no-go” tester for transpondors in a pulse-operated interrogator-
beacon system must, among other things, test the frequencyof the transpondor’s
transmitter, This portion of the “go-no-go"” test requires a wavemeter which
will reject all transmitters operating outside of certain frequency limits.
The problem at hand is to determine these limits and to choose wavemeter
tolerances so that the instrument will perform its function without rejecting
an excessive number of transpondors which might otherwise have performed
satisfactorily in the system. The problem is complicated by the fact that
transpondor transmitter frequencies, responsor receiver frequencies and
receiver bandwidths are not necessarily constant values from one equipment
to another or from one instant to another in a given equipment. Further,
the “go-no-go” wavemeter itself will resemble the responsor receivers in
that its frequency and bandwidth will not be perfectly constant. A statis-
tical treatment of various tolerances given in system specifications provides
the relationships which lead to an appropriate set of frequency limits for
the wavemeter to define. Further statistical consideration of frequency and
bandwidth tolerances in the wavemeter itself leads to a suitable choice of
its tolerances.

RESULTS

Consideration is given to the percentage of transmitter rejects and
the probability of a given reduction in maximum range on the reply path. The
relationships derived are applied to a practical example of an interrogator-
beacon system. The system characteristics are assumed to be:

Transpondor transmitter fregquency tolerance, 13 Mc,
Responsor receiver frequency tolerance, t2 Mc,
Responsor receiver bandwidth range, 8 Mc to 11 Mc,

Responsor receiver maximum bandwidth decrease factor, IMc.

For these characteristics, it is shown that the percentage of transmitter
rejects, which would otherwise have operated satisfactorily in the system,
is less than 1 percent for any go-no-go wavemeter with a constant bandwidth
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greater then approximately 3 Mc centered exactly on the assigned frequency.
As a definition is needed for “failure” on the reply path due to frequency
or bandwidth variations in equipments which are passed by the go-no-go wave-
meter, we arbitrarily define this failure as occurring when there is at

least a 50 percent redyction in maximum range. The probability of such failure
is certain to be less than 0.005 for any constant wavemeter bandwidth less
than approximately 8 Mc centered exactly on the assigned frequency. In order
to allow the greatest tolerance on wavemeter bandwidth and frequency varia-
tions, an average bandwidtli of 5.5 Mc is chosen. The tolerance on this band-
width is a function of transmitter frequency tolerance and wavemeter center
frequency tolerance. The former tolerance is fixed for the system by trans-
mitter specifications, hence the bandwidth tolerance is known for any given
wavemeter center frequency tolerance. For example, if the wavemeter center
frequency is accurate to within %+ 0.1 Mc, then its bandwidth must be main-
tained at 5.5 Mc + 2.49 Mc if the above maximum reject and probability values
are not to be exceeded. If, on the other hand, the wavemeter center frequency
is only accurate to, say, + 1.0 Mc, then the bandwidth must be maintained at
5.5 Mc + 1.50 Mc for the same results.

STATISTICAL APPROACH

The problem is initially simplified by assuming that 211 receivers in
the system have ideal rectangular pass-band characteristics. One can thus
think of system failure on the reply path, due to frequency or bandwidth
variations, as any situation in which a transpondor transmitter replies to
an interrogator-responsor on a frequency outside of the responsor receiver's
pass-band: For any system with given specifications, it is necessary to
determine the probability of such a failure occurring. This probability can
be determined by considering the transpondor transmitter frequency tolerance
and the responsor receiver frequency and bandwidth toleranc s. Statistical
combination of the responsor receiver frequency and bandwidth distributions
gives the distribution of the upper and lower limits of receiver pass-bands
in the system. The application of fundamental ideas in probability theory
to the transmitter frequency distribution and the distribution of the
receiver pass-band limits leads to a value for the probability of system
failure.

The system failures thus far discussed are only those resulting from
reasonable combinations of certain specified service conditions. That is,
the calculated probability of failure relates only to a system under the
influence of natural random forces and does not account for the unpredictable
“human element.®” For instance, “extraordinary” causes such as unnecessary
jarring, careless or unskilled detuning or poor maintenance are factors which
would tend to increase the probability of failure above the ideal calculated
value. A go-no-go wavemeter properly designed, while unnecessary for a
perfectly maintained system, will reject transpondors outside of a certain
bandwidth and thus eliminate the equipments subjected to these “extraordinary”
causes which would tend to raise the probability of failure. An upper limit
for the pass-band of such a wavemeter is selected on the basis of the largest
tolerable probability of failure. The lower limit of such a wavemeter pass-
band is determined by considering the percentage of transmitter rejects. For
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maximum allowable tolerance on wavemeter center frequency accuracy and band-
width, an average wavemeter bandwidth is chosen half way between these limits.
A statistical combination of wavemeter frequency distribution and wavemeter
bandwidth distribution gives a resultant distribution of wavemeter pass-band
limits. This distribution is fixed for any system with a fixed transpondor
transmitter specification. Thus for any wavemeter frequency tolerance, one
can obtain a corresponding bandwidth tolerance.

Considering a system with receivers having practical bandpass charac-
teristics, it is no longer possible to regard system failure as definitely
happening or not happening. Since the pass-band may be defined by the fre-
quencies at which the receiver sensitiwvity is, say, down 6 db from its
maximum value, we can only say from this that any received signal outside
these limits will have an extreme range which is at least 50 percent below
its maximum possible value. In practice, therefore, one does not determine
a probability of failure, but rather a probability that the extreme range at
which a transpondor will reply to a given interrogator will be reduced at
least 50 percent below its maximum possible value. Let us consider the fol-
lowing example for clarification of the above statement. Assume a trans-
ponder transmitter with a given power output. If it transmits on a fre-
quency corresponding to the point of maximum sensitivity of a responsor
receiver, it can then be received satisfactorily at all ranges out to a
certain extreme range, RM' This is the maximum possible extreme range for
this transmitter replying to the given responsor. If, on the other hand,
the transmitter replies on any other frequency corresponding to a less
sensitive point on the receiver's response curve, it can be received satis-
factorily at all ranges out to a certain extreme range, Rg, which is less
than Ry, the magnitude of the difference Ry-Rp depending upon the difference
in frequency. If the transmitter frequency lies outside of the receiver’s
bandwidth as specified by points 6 db down on its sensitivity curve, then

Rp € % Ry.

The practical consideration, then, is to determine the probability that

Rp s % Ry

A STATISTICAL VIEW OF SYSTEM "FAILURE"
Necessary Assumption on Tolerances

A method of calculating suitable tolerance limits for transmitter or
receiver frequency, or receiver bandwidth has been worked out by L. S.
Schwartz& the general idea is briefly as follows. Laboratory measurements
were made on typical equipments to determine individual tolerances on equip-
ment frequencies as certain parameters were varied over extreme ranges. Based
upon the assumption that in actual operation the various parameters will vary
randomly with respect to one another, it was shown that under the worst pos-
sible situations, and if the random parameters number at least four, the
resul tant distribution of equipment frequencies is closely approximated by
the normal law. A method was given for calculating the standard deviation,

2 Schwartz, L. S., Statistical Hethods in the Design and Development of Electronic Systems,
NRL Report No. R-3111, July 1947
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o, of this normal distribution from data on the individual tolerances. For
a normal distribution there is at least a 99:73 percent chance that the
variable lies within 3 0 of the mean. This criterion was chosen as a basis
for writing the tolerance limits in any specification. That is, from meas-
ured data on individual tolerances, one can calculate the standard devia-
tion, o, of the resultant frequency distribution and thus can set the over-
all tolerance limits at 3 0. Such a choice assures at least 99.73 percent

of the time of operation the frequency of any equipment will be within 3 o
of the mean.

In the statistical treatment of this problem it is assumed that speci-
fications for transmitter frequency tolerance, receiver frequency tolerance
and receiver bandwidth have been written according to the statistical method
outlined sbove. Thus, if the specification states that transmitters shall
not deviate more than, say, %3 Mc from the system frequency, then transmitter
frequencies during operation will always be normally distributed about the
system frequency and the standard deviation of this distribution will be
1 Mc. If receiver bandwidth specifications have been written according to
a similar method, then specified bandwidth limits of, say,8 to 11 Mc actually
mean that receiver bandwidths during operation will be normally distributed
about 9.5 Me, and the standard deviation of this distribution is 0.5 Mc.

Distribution of Transpondor Transmitter Frequencies

Let F, be the assigned frequency for a given interrogator-beacon system.
That is, assume that transpondors are manufactured and maintained with the
intention of setting the transmitter frequencies on ¥ Assume also that
transpondor specifications state that transmitters must operate with a
given maximum allowable frequency drift, for example 3 Mc, due to all
reasonable combinations of certain specified service conditions. Then,if an
observation be made on any transmitter in the system at any instant, there
is at least a 99.73 percent chance that its frequency, Ft' lies somewhere
within the range F, £3 Mc. If we denote the difference between a transmitter
frequency at any instant and the assigned frequency by ft' that is, let

. = 8, ~ F, , (1)

t

then an equivalent statement of the above transmitter specification is

=3 Me < £y € 3 Mc. (2)

The distribution of a large number of observations of transmitter fre-
quencies, f,, between the limits #3 Mc may be considered to be the resultant
of at least four component frequency distributions caused by random varia-
tions of as many independent parameters. Ig general, these component dis-
tributions are unknown. It has been shown that if they are assumed to be
rectangular, the resultant distribution is pessimistic and closely approxi-
mates the normal law. On this basis we may regard ft as a random variable
distributed about zero according to the relationship

2Schwsrt:, op. cit. pp. 23-24.
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2
bigs
1 203
P(ft)df T ey O df, (3)
2mrt

wherefot)df is the probability that ft lies within the differential range
f £+ df/2. The quantity O, is the standard deviation of f, given by

2 . (4

A plot of P( f,) is shown in Figure 1.

P

0.4 !

0.3 |

a.l
-I---'F 1.; —
3o 20 “% o % 29 39
Figure 1 - The distribution of transmitter frequency error,
) g about the average, ft = o, during systems operation

tl

It may be seen from Figure 1 and equation (3) that the probability,
Plf sf ¢f,], that f_lies between the limits f; and f, is

Ple<e <] = —L— j s & Gl (5)
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The value of this integral for any set of limits f; is readily obtained
from the probability integral tables. The probability that fe lies outside
the limits ifi is, of course, 1 - P[-fiéftSfi]. and the probability that ft
exceeds f; in the positive direction is

1 i 2<:l't2
L daf |. (6)
t -1
1

The probability that ft exceeds -fi in the pegative direction is also given
by equation (6). That is, Ptft>fi ] and P[ft<'fi] are symmetrical functions
on either side of zero. A plot of these two funections is given in Figure 2.

T

pli>#] N2 A bl

4 N
Bt _,_..// \\. of e

3% 2% -9 o % e A

Figure 2- The probability that ft exceeds +fi in the positive
direction or -f, in the negative direction

From probability tables, we find the probability that ft lies outside
the limits 30, is less than 0.0027. That is, there is at least a 99.73 per-
cent chance that ft will be within 0 % 30, for a normal distribution. Let us
assume that the interrogator-beacon system being considered is manufactured
and maintained such that any wvalue ft has at least a 99.73 percent chance of
lying within the range 0 £+ 3 Mc. Then,

30 3 Me

t

o 1 Me. N

t
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Equations (5) and (6) will subsequently be used in determining the percentage
of transpondor rejects and the probability of system failure. Before this
can be done, however, similar statisticael consideration of certain receiver
characteristics is required.

Distribution of Responsor Receiver Freguencies

We assume that responsor receiwers are manufactured and maintained
with the intention of setting the receiver center frequency exactly on T
Assume, also, that the responsor specifications state that receivers must
operate with a given maximum allowable frequency drift, for example, 2 Mc,
due to all reasonable combinations of certain specified service conditions.
Then, if an observation be made on any receiver in the system at any instant,
there is at least a 99.73 percent chance that its frequency, F., lies some-
where within the range F, + 2 Mc. If we denote the difference between a

receiver frequency at any instant and the assigned frequency by fr. that is,
let

r r o’ (8)
then an equivalent statement of the sbove receiver specification is

-2 Mc ‘fré 2 Me. (9)

Similar to the case of transmitter frequencies, fr may be regarded as a

random variable distributed about zero according to the normal law:

£2
1 20 2
P(f_ )df = e £ o (10)
l’zmr

where P(fr)df is the probability that fr lies within the differential range
f + df/2, and o, is the standard deviation of this distribution given by

2 —
oe R (11)

If we make an assumption for the variable fr similar to the one made for ft'
that is, assume any observation of receiver frequency has a 99.73 percent
chance that fr igs within the limits 0 + 2 Mc, then

35, =2

o

e 2/3 . (12)
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A plot of equation (10) is similar to Figure 1, except the abscissa are meas-
ured in terms of [ Receiver center frequency is the first characteristic
for which a statistical consideration is required. The second statistical
treatment applies to receiver bandwidth.

Distribution of Responsor Receiver Bandwidths

Let us assume that responsor receivers are manufactured and maintained
with the intention of having over-all bandwidths, B, somewhere within certain
specified limits set by the specifications. For example, suppose the speci-
fications require the bandwidths of receivers at the time of manufacture or
maintenance, and before being subjected to service conditions, must lie be-
tween 8 Mc and 11 Mc. Let us also assume that there are at least four inde-
pendent random parameters which cause the distribution of B between these
limits. Then B may be regarded as a random variable distributed about its
average value B, according to the normal law,

(-8
2

S B dB. (13)

where P(B)dB is the probability that a receiver bandwidth lies within the
differential range B + dB/2. The mean bandwidth B for the example being con-
sidered is

B = = 9.5 Me, (14)

and Op is the standard deviation for the distribution of B. If specifica-
tions are being met, it is reasonable to assume that any receiver bandwidth
B has at least a 99.73 percent chance of being within the range 8 to 11 Mc
before the receiver is subjected to service conditions. This is equivalent
to saying that any value of B has at least a 99.73 percent chance of lying
in the range 9.5 Mc £ 1.5 Mc. Hence, 4

30ﬁ = 1.5 Me,
0.5 Mec.

(15)

[}

s

This distribution of values of B will not necessarily remain unchanged
after receivers are subjected to service conditions. Several independent
random parameters will make B a variable with time for any one receiver.
There are at least four of these parameters and hence A B may be regarded as
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9
a random variable (A B varies with time during service) distributed about
zero according to the normal law:
2
_(4B)
2
20,
P(AB)dB = & A dB, (16)

s

where P(AB)dB is the probability that a bandwidth change lies in the dif-
ferential range AB + dB/2, and Op is the standard deviation of the distri-
bution of AB. Suppose the receiver specifications also impose a maximum
allowable bandwidth change, aBMax' If specifications are being met, it is
reasonable to assume that any bandwidth change, AB, during operation has at
least a 99.73 percent chance of being within the range 0 : ABy,__. For
example, if specifications set ABHax = 1 Mc, then it is reasonable to assume
that any bandwidth change A B has at least a 99.73 percent chance of being
within the range 0 + 1 Mc. For this case

3cp = 1 Mc
oA = 1/3 Mc : (17)

The resultant distribution of receiver bandwidths at any instant during
system operation arises from the component distributions of receiver band-
width before service conditions are imposed, equation (13), and receiver
bandwidth change during system operation, equation (16). Let us designate
the observation of any receiver bandwidth during system operation by Bp-
Then BR is a random variable distributed about an average value and is a
resultant of all of the parameters which go to produce the two component
distributions, i.e., distributions of B and A B. The distribution of BR
is obtained by the superposition of these two component distributions.

From the laws of probability, if two normal distributions are superimposed,
the resultant distribution is also normal,

(o5

1 20
P(Bp)dB = — e B dB, (18)

where P(BR)dB is the probability that a receiver bandwidth at any instant
during system operation lies within the differential range B ¢ dB/2. The
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standard deviation, 0g, of the distribution of BR is related to the standard
deviations of the component distributions by the relationship

2 2 2
o8 =og tOp . (199

Probability theory also relates the average values as follows:

B =B+ BB . (20)

For the example being considered, equations (19) and (20) give

2 2 ~
2 = (1/2) + (1/3) = 13/16
78
Oﬁ = 0.6 Mc &
E; = 9.5+ 0 = 9.5 Mc. (21)
J

It will presently be apparent, however, that we are concerned with
values of BR/2 instead of Bp. For any observation of a receiver bandwidth
BR’ there is a corresponding value of half-bandwidth, BR/Z. The param-
eter BR/2 is therefore a random variable distributed about its mean, 'ﬁ§/2.
according to the normal Iaw,

[ng‘n;
A S

2
P[?E- dB b 2
= o dB 2
3 (22)

where P(BR/2)dB is the probebility that BR/2 lies within the differential
range BR/2 + dB/2, and 0, is the standard deviation for the distribution of
BR/Q. For the example being considered

B, 9.%
E§L=.___ = 4,75 Mc
2 2 (23)
'
. ™ = 0.3 Mc
2
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Distribution of Responsor Receiver Bandwidth Limits

For simplicity in arriving at the ultimate relationships between
tolerances and system failure it is necessary to assume that all receiver
bandpass characteristics are rectangular and symmetrical about their mid-

frequencies. That is, Figure 3, any

signal falling inside the band limits

is received, and any signal outside these limits is not received.

£ - Bx -
a@
=
Y |
w
A Ba | B ]
ud 2 ) 2
Z |
u I
9 |
o I
E FREQUENCY —
(@] 1] Fy Fn

Figure 3- Notation used in connection
with the assumption of rectangular band-
pass characteristics

The lower frequency limit of a
Fl and the upper limit is designated
states that

e
and
F =
l
Let us define
fh=
fl =

receiver pass-band is designated as
as Fp. Then the above assumption

Y
2
24
2 _Jﬁi ( )
b o 2 .
Fp, - Fy
= Fl - FO . (25)

Then from equations (8), (24) and (25):

=]

2B
2
By (26)
2
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flgFr"‘BR

2

f = f A : (27)

r
2

o

For an observation of any particular receiver at any instant during system
operation one would obtain a certain value of f. and BR/2. and hence from
(26) and (27) a corresponding value for f;, and fl respectively. We may
regard f;, and f] as random variables distributed about their respective
means, ?h and f]. Since f;, and f; are both the algebraic sum of two random
varigbles, two theorems from probability theory apply regarding the distri-
bution of these pass-band limits.

Iheorem 1: Given any number of complex chance-variables which need not be
independent, the mean of their sum is equal to the sum of their individual
means.

The two chance-variables here, f. and BR/2. are not complex, but the
theorem applies to real chance-variables by specialization. From theorem 1,

3 Ve g

fh o Pop

2
?E =t ‘jgi ; (28)

For the example being considered:

0 + 4.75 = 4.75 Mc

o
-
]

0 - 4.75 = -4.75 Mc . (29)

Ly
T
n

Theorem 2: If any number of complex chance-variables are independent,
and if not more than one is of nonzero mean value, then the mean of the
squared value of their sum is equal to the sum of the means of their
individual squared values.

In order for this theorem to apply we must assume that the parameters

which cause variations in receiver frequency are independent of those which
cause variations in receiver bandwidth. From theorem 2:

a;, = al WO E 0o 5 (30)

where Op and O] are the standard deviations for the distributions of f;, and
fl. respectively. These distributions are also normal and are written

E Hoyt, R.S., Probability Theory and Telephone Transmission Engineering, The
Bell System Technical Journal, Vel. 12, pp. 35-75, January 1933
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-
[£-4)
1 2
P(fy)df = e %% at, (31)
zmo,
R _[f-?i]2
P(f,)df - df (32)
l i = i :
2710
l

P(fh)df is the probsbility that a receiver pass-band upper limit will lie
within the differential limits f * df/2, and P(f‘)df is a similar probability
related to a receiver pass-band lower limit. For the example being considered:

2 2
2 2 2 3 481
%h Uz = = = 534
3 0 900

Ul = .73 Mec

%h

3oy, 30‘ = 2.19 Mc. (33)

From equations (29), (31). (32). and (33) we may conclude that for an obser-
vetion of the pass-band limits of any receiver operating in the system at
any instant, there is at least a 99.73 percent chance that the upper limit
fh. will lie within the range 4.75 1 2.19 Mc, and the lower limit, ft, will
lie within the range -4.75 % 2.19 Mc. Figure 4 is a plot of equations (31)
and (32), and illustrates the meaning of the above relationships graphically.

0.4 }P

/ﬂ\vgﬂﬂ ol PHQJF\
i i

e e

l 0.2

/’
,

Figure 4- Probability distributions of Fh and fz:
the upper and lower limits, respectively, of re-
sponsor receiver pass-bands

\ +§ Mg —

8

---l- Mc

2

i
®
"
'
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o
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Definition of System "Failure"

With the initial assumption of rectangular receiver pass-bands, a def-
inite failure in system operation due to frequency and bandwidth variations
may be said to occur whenever a transpondor which is being interrogated
emits a reply on a frequency which lies outside the pass-band of the receiver
on the I-R which is doing the interrogating. This failure on the reply path
will be observed whenever either of the following two situations occur:

Situation A: Ft>Fh

Situation B: Ft<Fl ", (34)

where Ft is the frequency of transpondor transmitter and Fy, and Fz are the
upper and lower limits, respectively, of the responsor receiver pass-band.
Recalling equations (1) and (25), situations A and B may also be described:

Situation A: ft>fh
Situation B: ft<fl . (:35)

Probability of System "Failure"

Let PF be Fhe probability that system “failure” occurs on the reply
path because of frequency or bandwidth variations. Let P(A) and P(B) be
the probabilities that situation A and situation B occur, respectively. That
is, P(A) is the probability that Et>fh and P(B) is the probability that
ft<fl. Since gituation A and situation B are mutually exclusive,

Pp = P(A) + P(B). (36)

Let us first turn attention to determining P(A). Situation (A) can
arise in a great many ways. The value of P(A) is the sum of the probabil-
ities associated with each possible way. Here we must assume that trans-
pondor transmitter frequencies and responsor receiver frequencies and
bandwidth are mutually independent. Such an assumption seems reasonable
for the case of air-to-ground or ground-to-air operation. Consider the
first possible way in which situation A can arise. This is described when

(1) £, has some value, say f{, and
(2) £, 2 ke

If Py is the probability that these two events occur, then

P, = [P(D] x [P(2)] (37)
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where P(1) is the probability that f, lies in the differential range f;:df/2;
and where P(2) is the probability that f >f;. From equations (6) and (31):

2
[rect ) 2
B WL o aud

1 2 1
£ 20
el = e 20h af |x%| 1 - 1 By at | - (38)
2ﬂoh 42nUt ;
=1

The second possible way in which situation A can arise is described when

"

(1) fh has some other value, say, f2. and

(2) f, > f2.

If P2 is the probability that these two events occur, then

- 2
[£,-F}] . ‘I“E
. = 1 f, 20
P, | ——¢ b de bewla - £ ar | (39)
{20, {2mo,
Ly
2

In fact there is an infinite number of mutually exclusive ways in which situa-
tion A can arise, one for each possible value that can be assigned to fy. The
probability P(A) is therefore an infinite series

o

P(A) = P1 + P2 ¥ by Pi (40)
i=1

where Pi is given by
— 2
[fi-fh] £2
2 3 £ S
1 20 | 1 i 20
P. = e df | x %] 1 -

e L5 (41)
b e, (270, j
-fi
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Each of the factors of (41) can readily be obtained from the probability
tables for any wvalue of fi'

Figure 5 is a plot of four different functions as follows:

Curve (A) Plots P(f,), equation (31)
Curve (B) Plots P(fl)' equation (32)
Curve (C) Plots P(ft>fi). equation (6)
Curve (D) Plots P(f,<-f;), equation (6) .

Figure 5 is, in fact, a superposition of Figure 2 and Figure 4 drawn to the
same scale. It is clear from these curves that P[f ] and P[fh]'are symmet =
rical and that P[ft<fi]‘and P[ft>fi]' are symmetrical. Hence from (36)

Pp = 2 P(A). (42)

An upper limit for P(A) can be obtained by the approximate process of
numerical integration. If the abscissa is divided into small intervals, say
0.1 Mc, then P(A) is approximately equal to the summation of P; equation (41),
at each interval from -® to +®* By inspection of Figure 5 it is apparent that :

(a) Since P[ft>fi] is some number between 0.5 and 1.0 for all negative values
of f, we are sure that the sum of all of the P, for £,<0 is less than

o
1.0 x [ P(f,)df.
=0

(b) Since both factors of (41) decrease for all successive terms after the
term for fi = 4.8 Mc, we are sure that the sum of all of the P, for
fi > 4.8 Mc is less than

Plf>4.8] x _[:B P( f}, )df.

3

- i l
| corve C R CURVE D
| Pleea4] 0.8 Plf<-£]
| /
|

1

—— % Me /

-8 - & g

Figure 5- Plots of P[£,], PL£,], P[#,>£,], and P[£,<-f,]

\\-i{hlg—'-
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|
|
: —
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| \ |
i 0.4 !
CURVE B I [ CURVE A
PLEI : l P LA
RN 0.2 -4 |
i
|
A= 1
2 o



NAVAL RESEARCH LABORATORY X7

Thus a safe upper limit for P(A) can be set by summing the values for

P, for each 0.1 Mc interval from 0 to 4.8 Mc and adding to this the products

considered in (a) and (b) on p. 16. That is,

0 » -
4.8
P(A) <f P(fy)df + E Py o+ P(f,‘>4.8) xJ‘ P(fy)df (43)
pile s i=0 4.8

where Pi is determined from equation (41). In a practical situation the
first and third terms of equation (43) are very small compared to the second
term. The result obtained is dependent upon T and Ty which are, of course,
determined by the assumptions made and equipment specifications. For the
example being considered in which transmitter frequency tolerance is +3 Mc,
receiver frequency tolerance is +2 Mc, and receiver bandwidths are distrib-
uted between 8 Mc and 11 Mc with an allowable decrease factor of 1 Mc, we get

-4
P.<10 (44)

which indicates that system failure due to frequency and bandwidth variations
alone is extremely unlikely to occur. This assumes, of course, a single
channel system; the possible failure due to adjacent channel interference is
not included. This upper limit of PF is determined by equipment specifica-
tions and remains valid only upon the assumption that all equipments are
meeting specifications on frequency and bandwidth tolerances. Furthermore,
since all assumptions used in arriving at this value were pessimistic, we

are assured that PF is, in fact, numerically smaller than 10™4 .
SUITABLE WAVEMETER BANDWIDTH AND FREQUENCY CHARACTERISTICS

Distribution of Transpondor Transmitter Frequencies at
the Time of the Go-No-Go Test

We are interested in a preservice go-no-go test on transpondor trans-
mitter frequencies. We will assume that all transpondors in the system are
meeting the frequency tolerance specifications (3 Mc under service conditions).
The distribution of ft given by equation (3) with standard deviation o = 1 Mc
is the distribution we would expect due to variations of a number of random
parameters arising from reasonable combinations of service conditions. At
the time of go-no-go test, however, the equipments may not necessarily be
subjected to the full range of variation of several of these parameters, and
we would hence expect the transmitter frequencies to be more closely concen-
trated about Fo' Let us assume for the present that we have a “perfect”
wavemeter which can indicate absolutely the reply frequency as each transmitter
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is tested. The parameters which give rise to the frequency distribution
about F_ at the time of test are:

(1) Variations in centering the transmitter on the frequency
channel at the time of adjustment.

(2) Variations in wavemeter reading at the time of transmitter
adjustment.

(3) Change in power supply voltages between the time of
adjustment of transmitter and the time of the go-no-go test.

(4) Change in temperature and pressure between the time of
adjustment of transmitter and the time of go-no-go test.

(5) Change in duty cycle between the time of adjustment of
transmitter and the time of go-no-go test.

(6) Impedance mismatch.

These parameters are random with respect to one another and thus the
resultant distribution of transmitter frequencies at the time of go-no-go
test may also be sssumed to be normal about F,. Let us designate a trans-
mitter frequency at the time of go-no-go test and before the equipment is
subjected to service conditions by F_.

If we let

f .= F, - F,. (45)

then fx may be regarded as a variable which is normally distributed about
zero. Let o be the standard deviation of this distribution. With trans-
mitters which are meeting specifications regarding frequency tolerance,
there is at least a 99.73 percent chance that fx will lie in the range

0 23 o Me. This may also be stated by saying that there is at least a
99.73 percent chance that fx will be within a band X centered on zero,where

X = 60_ . (46)

A value for Oy und4x may be found by following the reasoning and assumptions
of L. S. Schwartz. Essentially, we take note of the fact that in addition
to the six parameters leading to the distribution of fx at the time of go-
no-go test, further variations in several parameters combine to give the
ultimate distribution of ft with the specified limits £3 Mc. These additional
parameters are listed together with associated tolerance limits. The

values used come from actual laboratory tests of equipments with specifica-
tions similar to those used in the example.

* Schwartz, op. cit. pp. 23-24
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Parameter Tolerance, % bi

Air temperature : 50°C and air pres-
sure variations. The worst possible
frequency variation will result if
these two parameters are not inde-
pendent and if the separate toler-

ances add algebraically. For this
situation the total tolerance is given by = £ 0.75 Mec.
as bl'

Heater and B' voltages, * 10 percent.

The worst possible frequency varia-

tion will result if these two param-

eters are not independent andif the

separate tolerances add algebraically.

For this situation the total tolerance b2 = + 0.40 Mc.
is given as b2‘

Duty cycle (dissipation),0 tol per- b3 = ¢+ 0.60 Mc.
cent.
Impedance mismatch b4 = % 1.0 Mec.

The distribution law for each of these tolerances is unknown, but clearly
the worst possible situation would result if they were all rectangular. For
a rectangular distribution, the standard deviation is given by

2

24 iby
O’i T — . (47)

3

The parameters listed above are all random with respect to one another and
also with respect to those which give the distribution of fx. This latter
distribution is related to the other component distributions by the equation.

2 2 2 2 2 2
Ty & Ty ¥ T & Ty b, Og * 05" (48)
For the example being considered, o = 1 Mc, and from equation (47),

1

o; = 0.1875, o, =0.0533, o, = 0.1200, and o, = 0.3333. Substituting these
in (47) and solving for Oyt

[0.1875 + 0.0533 + 0.1200 + 0.3333)

g

2 =
Te 0.3059
o, = 0.5531 ;

g Schwartz op. cit. pp. 23-24
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from (46)

X=loL = 3.3186 Mc.

The frequency band X = 3.3186 Mc is the band centered upon s within which
at least 99.73 percent of the transmitters will lie when tests are made on
a system manufactured and maintained to meet the specifications given in
the example.

Selection of an Average Wavemeter Bandwidth

Let us initially assume an “ideal” go-no-go wavemeter with a constant
center frequency equal to ¥ and a constant rectangular bandwidth W. The
problem is to select a value for W. In this selection we must consider two

factors:

(1) Probability of system failure due to frequency and bandwidth
variations.

(2) Rejection of transmitters.

With respect to the first of these factors, two general groups of causes
contribute to any system failure. The first may be thought of as “ordinary”
causes, those variable parameters which have already been statistically
accounted for in determining the frequency band X. If these were the only
causes of frequency or bandwidth variations, then a system conforming to
specifications would never require a go-no-go tester because the performance
of equipments would be statistically predictable. The second group of causes of
system failure may be thought of as “extraordinary” causes, those which are
statistically unaccountable due to human failures such as mishandling of
equipment, jarring, dropping, unskilled or careless detuning, etc. Because
of the presence of these factors to a more or less degree depending on the
personnel situation, some transmitters may be found to be outside the

limits of the band X in excess of the statistically predicted value even

in a properly designed system with equipment conforming to specifications.
If these transmitters are not removed from service, the probability of
system failure will have some higher value than that already found. Let

us assume the wavemeter band W = X. (In the example being considered, let

W = 3.3186 Mc) We may conclude that:

(1) All transmitters outside of the band X for any cause whatsoever
will be rejected. Less than 0.27 percent of the transmitters which have
not been “mishandled” will be among the rejects.

(2) The probability gf system “ failure” remains certain to be some
value Pp such that Pr < 0=,

The go-no-go wavemeter effectively removes the statistically unpre-
dictable “human factor” from transmitter maintenance as a contributing
cause to system failure due to frequency and bandwidth variations.

If W is made less than X (in the example, let W<3.3186 Mc) then the
percentage of rejects of transmitters which have not been “mishandled”
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increases above the 0.27 percent value, and at the same time the sure upper
limit for PF will be reduced (in the example, below the value 10 ).

If W is made greater than X ( in the example, let W>3.3186 Mc), the
number of transmitter rejects will be reduced. Obviously, the percentage
of transmitters which have not been mishandled will also be reduced. The
go-no-go wavemeter is in this case removing some of the mishandled transmit-
ters (those outside of the band W) as contributing causes to PF' but is not
rejecting those which are inside of W and outside of X. Thus, for any WX
the sure upper limit for PF may be increased, the amount of increase
depending upon the extent to which “extraordinary” causes are contributing
to transmitter frequency variations. Since this cannot be statistically
accounted for in system design, the exact amount of increase in the upper
limit for P. cannot be determined. Let us consider a less desirable system,
in which transmitter tolerances have been relaxed until the distribution
band of transmitter frequencies at the time of go-no-go test takes on an
increased value X' = W (where W2>X). It seems reasonable to assume that
such a system would have a new upper limit for PF which is in fact greater
than the undetermined upper limit for PF in the original system. This new
upper limit for PFcan be determined statistically, and we can best express
the effect of W on PF by determining this new sure upper limit for PF if
transmitter tolerances are relaxed to the point where X' = W. Table 1
lists several values of W with corresponding values of percent rejects of
transmitters not “mishandled” when tolerances remain unchanged, and the
sure upper limit for PF if tolerances are relaxed so that X' = W. Figures
6 and 7 plot the information from Table 1. It appears from Figure 6 that
transmitter rejects become appreciable (that is, greater than 0.5 percent)
when W is approximately 3 Mc or less. For values of W greater than this,
the only appreciable number of transmitter rejects will be those which are
off frequency because of one or more of the “extraordinary” causes. From
Figure 7 we may conclude that any W<8 Mc can be used with assurance that
PF will not exceed 0.005. A suitable value for W from these considerations
would be any value within the limits 3 Mc to 8 Mc. Since W and Fy cannot
be expected to be constant in practice, 5.5 Mc would seem the best choice
for W to assure operation within the two extremes.

Wavemeter Frequency and Bandwidth Tolerances

The calculation of W has thus far applied only to a fictitious
perfect wavemeter centered exactly on IS with constant bandwidth. However,
in practice the center frequency, Fy+» and the bandwidth, W, cannot be
expected to be constant. If the wavemeter is adjusted “on frequency”
at regular intervals, then due to limitations in the accuracy with which
this can be done and also to several randomly varying parameters in the
instrument's environment, instantaneous observations of Fy taken over a
period of time which is long compared to the intervals between adjustments
will show FW to be normally distributed about F,- Let

fw = Fw = Foi (49)
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Table 1
Sure Upper Limit
“Ideal"Wavemeter for Pp if Trans-
Bandwidth Percent Rejects if mitter Tolerances
w Transpondor Tolerances are set so that
(Megacycles) Remain Unchanged x' =5
0.01 98.56 -
0.10 92.00 -
0.25 82.60 -
0.50 65.05 -
1.00 36.54 %
1.50 17.38 -
2.00 7.03 =
2.25 4.24 =
2.50 2.38 =
2.75 1.30 -
3.00 0.67 -
3.3186 0.27 0.00010
3.50 0.156
4.00 0.03 0.00016
5.00 6x10"° 0.00045
6.00 5 0.00102
6.50 - 0.00159
7.00 - 0.00230
8.00 - 0.00454
9.00 - 0.00713

Then fy is normally distributed about zero according to the law

P(fy)df = e widt (50)
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for different wavemeter bandwidths,W, ability of system * failure® for dif-
if the transmitter tolerances remain ferent wavemeter bandwidths, W, for

unchanged at + 3 Mc the case where transmitter toler-
ances are relaxed until X = W

P(fw)df is the probability that fw lies within the interval f + df/2 and O is
the standard deviation for this distribution.

Similar to the analysis made for receiver bandwidths, the instantaneous
wavemeter bandwidth, B , may be shown to be a random variable with a normal
distribution about its average value B . Hence,the instantaneous value of
half the wavemeter bandwidth, B /2, is a random variable normally distributed
about B /2 according to the relationship

33l
22
T2
B E 2%:
dB= e dB, (51)
2 {20,
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where P(B/2)dB is the brobability that B/2 will be observed in the
interval B £ dB/2 and where 0, is the standard deviation for this dis-
tribution.

Let us now designate Fiy and Fy as the instantaneous upper and lower
frequency limits, respectively, of the wavemeter bandwidth that is,

I B
Fr1 = F, +—=
B 2

W
¢
B, 2 (52)
2
Also, let
f F, Fo
¥ = T e
h h 2
flr = FZ' 507 (53)
Then, from (49), (52) and (53)
B!
£ = fw +—2—
B' - (54)
fl‘ = fw ‘_5"

Similar to the case of receiver bandwidth limits, it appears
that ﬁ; and fl' are random variables distributed normally about their respec=
tive mean values

SR,

fh' =-;
and (55)

LB, Soe

P —

l 2

et
[f - £,1]
Also, 2
= 1 204 (56)
P(f, 1)df = ——e df
(£, 1) FE;U

h]
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(¢ - fl;lz
1 -;zl—
am h (s7)

h

where P(fy,1)df and P(f;1)df are equal to the probability that fl,1 or flr
will be observed within the interval f :df/2, and aﬁl is the standard devi-
ation for these distributions given by:

2 2 2
onl T %% t 0%t . (58)

Figure 8 shows equations (56) and (57) with Opl as determined in the fol-
lowing paragraphs,

: ouf P ;
a_ A
! 0.3 |

i\ i
1 |
! 0z }
! |
A 1\
= o |
| i
= 1} \ ! Mg, =
-4 B[N 2 % o ! 2 A -

3
fU

T2

Figure 8- Distribution of wavemeter upper and
lower bandwidth limits

From this analysis we may conclude that:

(1) £, will be within the interval [E'/! + SUhﬂ at least 99.73
percent of time of operation.

(2) f31 will be within the interval[—E?/2 & 3Uhl] at least
99.73 percent of time of operation.
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Let us define

B )
MAX fhl - PR 30-1_‘1
2
B
MIN fhr —T - 3crh]
E >
MAX flr--;— + 30y,
MIN fl' “"i'- - 301‘11 (59)

/

Regardless of what the particular instantaneous values of fw and B'
may be, the wavemeter acceptance band may be specified by some fp1 and fll'
lying between the extreme values given by (59) for at least 99.73 percent
the time of operation. Four extreme conditions can be indicated:

(a) fhl= MAX fp1 3 fll = MIN flr
(b) fL1= MAX fhi H fl' - MAX flr
(c) fup1= MIN fi0 ‘ fll - MIN flr
(d) fhl' = MIN fhl H fl' = MAX fl’

The greatest possible number of rejects will occur if the wavemeter
operates under conditions (d). This is the same as for a fictitious perfect
constant frequency wavemeter centered on FO with a constant bandwidth

Be T 2 —;“ - 3Uhl * (60)

The greatest possible upper limit for PF will be obtained under condition
(2). This is the same as for a fictitious perfect constant-frequency
wavemeter center on Fo with a constant bandwidth

EI

Ba = 7 —;— + 3ohl . (61)
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Let B' =5.5 Mc, By = 3 Mc and B, = 8 Mc. Then from either of the
equations (60) or (61):

2.5
D-hl ." -5— = 0.4166,

= 0
a-hlp = -1736-

From equation (58), 0, and 0,, must be selected so that
2
o + 0,1 = 0.1736. (62)

This equation specifies the tolerances for center frequency and bandwidth
for a go-no-go wavemeter with average bandwidth 5.5 Mc in order that Plll is
certain to be less than 0.005 and transmitter rejects are certain to be
less than 1 percent. Let us suppose, for example, that the wavemeter fre-
quency tolerance is + 0.1 Mc. Then

o? = 0.00111,
w
and from (62), N
=
Tyt = 0.1725
gan = 0.415 Mc
30,1 - 1.245 Me.

This means that for this situation half the bandvidth must be 2.75 Mc %
1.245 Mc, hence the handwidth must be 5.5 Mc ¥ 2.49 Mec.

Let us ow suppose the wavemeter frequency tolerance is relaxed to
£+ 1.0 Me.
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Then
g, = 1.0
AN 0.0333
P
oo = 0.111.
From (62):
2
oLy = 0.1736 - 0.1111 = 0.0625
T ol = 0.25 Mc.
304" = 0.75 Mec.

This means that for this situation half the bandwidth must be 2.75 Mc %
0.75 Mc, hence the bandwidth must be 5.5 Mc + 1.5 Mc.

PRACTICAL CONSIDERATIONS

Practical Bandpass Characteristies and the Concept of
System "Failure"

Suppose we assume that responsor receiver sensitivity vs frequency
curves are not rectangular, but have sloping sides and are not necessarily
flat. The bandwidth limits for a receiver with such a response are defined
in the specifications as the frequencies at which the response is 6 db down
from the maximum. For this case we can no longer state that a transmitter
replying on a frequency outside the receiver’'s band definitely will not be
received. Actually, if a transmitter replies on any frequency other than
that for maximum receiver sensitivity, the result is a reduction in the
extreme range for that transpondor from the maximum possible range. If a
transmitter replies on a frequency exactly at one of the bandwidth limits,
the extreme range for this transmitter is just 50 percent of the maximum
possible range if the reply frequency had been the frequency of maximum
receiver sensitivity. Thus, we can only state that any transmitter which
replies on a frequency outside the receiver’'s pass-band will suffer a
reduction of at least 50 percent in the extreme range at which it can be
received. We no longer can refer to system " failure” as definitely occurring
or not. Instead we must redefine PF as the probability that the extreme
range for a transpondor replying to a given interrogator-responsor will be
reduced to 50 percent of its maximum possible value or less because of fre-
quency and bandwidth variations. Pp with this new definition can still be
used as a consideration in setting an upper limit for W.

The concept of failure or, more accurately, range reduction below 50
percent does not include any failures or range reduction due to interference
of any kind or from any causes other than frequency and bandwidth variations.
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Hence this analysis does not apply, for instance, in determining channel
spacing in a multi-channel system or in providing a go-no-go wavemeter to
prevent failure on the reply path due to cross-channel interference.

Wavemeter Bandpass Characteristic amd Transmitter Power Variations

The analysis thus far assumes that the go-no-go wavemeter accepts or
rejects transmitters on the basis of frequency alone and independent of the
transmitter power. In practice, this may not necessarily be so. Imagine,
for instance, a wavemeter calibrated to give a “go” indication whenever =
transmitter having at least a minimum acceptable power is operating at the
wavemeter’s most sensitive frequency (for convenience, the center of the
wavemeter band). Consideration should be given to the slope of the edges
of the wavemeter band. Suppose the band is defined by points which are
6 db below the point of maximum sensitivity and suppose also that the slope
of the edges is gradual. In this case a number of transmitters operating
ingside the wavemeter band may be rejected because of insufficient power
to give the “go” indication. At the same time, if there are a number of
transmitters outside of the wavemeter band with excessive power, they will
not be rejected if their power is sufficient to produce a “go” indication.
The wavemeter under such conditions is not selecting or rejecting on the
basis of frequency alone. With gradual sloping band edges the wavemeter
might reject an excessive number of transmitters which would otherwise have
operated satisfactorily in the system, or it might do just the opposite,
that is, “pass” too many transmitters outside of its band. The performances
will be dependent upon transmitter power distribution. This dependency can
be minimized by making the slopes of the wavemeter pass-band edges as steep
as possible.

Even with a pass-band having very steep edges, the wavemeter is bound
to “pass” some of the transmitters just outside of its band which have a
sufficient amount of excess power. According to the previous concept of
system failure, a transmitter fails if it replies to a receiver outside of
the receiver's pass-band, hence, some of these transmitters with the excess
power may fail according to the above definition. Actually, these “off
frequency” transmitters with high power might even have a greater maximum
range than some low powered transmitters operating within the receiver's
band and therefore not classed among the failures. The fact that the wave-
meter “passes” a few higher powered transmitters outside of its band is less
objectionable if at the same time one attaches this less objectionable meaning
to the idea of system failure.
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