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ABSTRACT

Estimates of the optimum velocity for guided missile warhead frag-
ments made by Meyer, Morton and others of the Applied Physics Lab-
oratory indicated values of the order of 10,000 fps. This re-
port extends the theory on which this estimate has been made
for the cases where damage to aircraft structures can reason-
ably be expected to follow the laws of fragment penetration
into homogeneous targets such as armor plate.

In general upper bounds are found to exist on the opti-
mum velocity if the penetration curve is steeper than a cer-
tain value or if it is discontinuous providing these charac-
teristics exist at velocities less than or equal to l.QGb
where a is the “Gurney” constant for the warhead explosive,
An example of the first of these bounds is given in terms of
previously unpublished dataof George and Warner from firings
of ¥%-inch steel spheres against 24S-T aluminum alloy plate,
These data indicate in terms of the general extension of the
theory developed in this report that an optimum velocity of
about 6400 fps is to be expected. This is to be compared with
values of approximately 9000 fps to be calculated from the
Meyer-Morton treatment of the theory using 2 modi fied Poncelet
type of penetration law,

PROBLEM STATUS
This is an interim report; work is continuing on the

problem.

AUTHORIZATION

NRL Problem FO05-01R (NR 435-010)
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FRAGMENT PENETRATION RESISTANCE LAWS IN THE
THEORY OF AIRCRAFT VULNERABILITY

INTRODUCTION

In designing warheads for guided missiles, the question of target
vulnerability is of paramount importance. One must know, in particu-
lar, the mass and velocity of the warhead fragments which are most
efficient in damaging a target.

A theory of aircraft vulnerability has been developed by Meyer-
Morton in which appears two basic assumptions. First, the theory
assumes that the ability of fragments to damage complex aircraft and
guided missile structures can be functionally related to the ability
of the fragments to penetrate given thicknesses of homogeneous targets.
The precise form of the assumption defines the simple target, the
penetration of which is equivalent in some sense to an arbitrary de-
gree of damage to the complex structures. Second, the theory assumes
that the penetration of these homogeneous “equivalent’ targets is
functionally related to the fragment attack velocity, mass, and shape.
This relation is commonly termed a “penetration law’ when the striking
velocities considered are the minimum values necessary to accomplish
penetration. The constants in such penetration laws are governed, in
part, by the properties of the target.

While it is clearly recognized that the first of the above as-
sumptions is primary, it was thought interesting to study the sensi-
tivity of the results of the Meyer-Morton theory to more general,
physically reasonable, and experimentally verified forms of penetration
law than were used by these authors. Therefore an integrated program
of experimental and theoretical work was planned, and it was undertaken
by the Naval Research Laboratory in cooperation with the Applied
Physics Laboratory of Johns Hopkins University, the latter maintaining
one or more staff workers at NRL continuously for this study since the
summer of 1947. The NRL contribution is a portion of the early work
sponsored by the Bureau of Ordnance on the general topic of penetration
dynamics.

iMeyer, Morton and Porter, “Aircraft Vulnerability as a Function of
Fragment Penetration’ APL JHU Report TG-24, (Confidential) April 1, 1947

e :
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In the Meyer-Morton theory, the explicit form of the first as-
sumption was that the vulnerable area of a given aircraft or missile
could be related to the thickness of a homogeneous target of the
aluminum alloy, 248S-T. The second assumption %gok the form of an
empirical penetration law of the deMarre type. ’

The parameters were fitted to rather meager experimental frag-
ment penetration data for 24S-T aluminum alloy over a range of striking
velocities between 1,000 and 4,000 fps. The results of the theory in-
dicated that optimum striking velocities were of the order of 10,000
fps and were independent of the fragment mass. It is obvious that the
first of these results involved a very considerable extrapolation of
the penetration law beyond the region over which it was verified.

The validity of the extrapolation of penetration data for attack
velocities from 4,000 to 10,000 fps by means of any empirical law is
subject to serious question in view of the existence of major changes
in the physical mechanisms of the penetration resistance with increases
in attack velocity above approximately 5,000 fps. The fact that only
relatively small velocity changes are required to introduce major
amounts of penetrator and/or plate shatter, restricts even the per-
missible extrapolation of physically reasonable penetration laws such
as the modified Poncelet types which assume rigid penetrators.

For attack velocities above 5,000 fps, phenomena of plate and
projectile shatter and impact flash with its associated pressure for-
mation not only make the use of penetration laws questionable, but
also probably seriously affect the first assumption of the theory.

It is important to note that conflicting factors are involved
in using these assumptions beyond their valid ranges. Errors caused
by the breskdown of one assumption may cancel those caused by the
other. For example, shatter may appear to lead to lower optimum
velocities, but associated impact flash and blast pressure effects
may be sufficiently large in complex aircraft structures attacked by
very high-velocity fragments to mitigate completely the fragment
shatter characteristics associated with higher wvelocities.

The purpose of this report is to examine in greater detail the
relationship between optimum velocity and the form of the penetration
resistance law with a view of generalizing and extending one portion
of the work of the APL group. First a discussion of the more realistic
Poncelet type of penetration law is given. Nomographs are presented

2See a discussion in Cranz, C. “Lehrbuch der Ballistic,” Berlim:
Springer, 1926

8Beth, R.“Concrete Penetration.” NDRC Report A-319 (OSRKD Report 4856)
(U.S. Confidential), 1945
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which yield the optimum velocity in terms of certain target parameters.
This is followed by discussions of upper bounds on the optimum velocity
introduced by certain characteristics of the penetration resistance
laws which can be associated with the onset of fragment shatter, plate
cavitation, and similar phenomena.

PRELIMINARY DISCUSSION

Although it is assumed that the reader is acquainted with the
Meyer-Morton theory of vulnerability, the essential definitions and
assumptions are repeated with some slight changes to prevent ambiguity.

Def. 1 - A target area is vulnerable to a fragment of a certain
shape, mass, and velocity if such a fragment striking
this area causes a specified degree of damage.

Def. 2 - Damage in a selected category is called a kill.

Def. 3 - Let each element of the target area vulnerable to
fragments of a given character be projected as a sphere
passing through the element of area and having a center
at the burst. The totality of such projections,
averaged over all possible orientations of burst with
respect to the aircraft, is called the vulnerable area
of the aircraft.

Def. 4 - The penetrance of a fragment is the thickness of homo-
geneous plate, possessing given physical characteristics
such as density and strength, required to allow the frag-
ment just to penetrate for average orientation and given
fragment velocity.

Notations used are:
m: fragment mass

V: fragment velocity

e: fragment penetrance

This is identieal with the Meyer-Morton definition when the distance
from the burst to the aircraft is large compared to the dimensions
of the aircraft. Such is assumed to be the case. However, it must
not be thought that Def. 3 is unique, since there are alternative
definitions with intuitive appeal.

DECLASSIFIED
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Ag: average fragment area presented to the target

A(m,V vulnerable area with respect to fragments of mass m and
A(e) veloecity V, or of penetrance e

! the solution of A(e,) = 0 (Meyer-Morton use P )

e, a constant (Meyer-Morton use P,)

C: mass of explosive charge of warhead

M: mass of metal in warhead

a°=tho “Gurney constant”

k: a constant for a given fragment (its form factor)

P,o: target penetration constants specified elsewhere in the text

W: the optimum value of any variable Q.

Other aymbols are introduced as needed. Note that the principal
deviation of this notation from that of Meyer-Morton is the replacement
of their P by e. The symbol exp(x) rather than e* is then used for
the exponential function.

The assumptions of the theory are:

Assumption 1 - The air resistance to the fragment may be
neglected. This has the effect of making burst
velocity and fragment striking volocity inter-
changeable.

Assumption 2 - The fragmentation is controlled. All fragments
from a given burst are of the same mass shape

and initial veloecity.

Assumption 3 - The initial velocity is given by the Gurney law

lt C/M
V=a =
1 +¥C/Mm

Assumption 4 - The number of kills from fragments of penetrance
e obeys a Poisson distribution law.

DECLASSIFIED
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Assumption 5 - The average presented area of a fragment is re-
lated to its mass by

M = k(A;)/2

Note that this implées that the fragments are geometrically similar.

OPTIMUM VELOCITIES OF FRAGMENTS

The Efficiency Function

The efficiency function, Y, chosen by Meyer-Morton is propor-
tional to the number of kills per unit warhead mass. In view of
their other results, this function takes the form (from Meyer, Morton,
and Porter, op. cit., eq. 15)

e - e
1 1 - exp {E f}
¥ = - =t

m 1+ /M

Using the Gurney law, a further reduction follows:

2 2
! 2y ~F e- e
Y o= - = I, = expls ———cpi}e (1)
m 2, +V e,

The problem in warhead design is to choose the mass and velocity

of the fragments in such a way that this efficiency is a maximum.
Setting

oy By _ .
dm 1

ov

as a necessary condition for maximization implies,

4
ae 4(10- 3 ae

av

(2)

o n|<g
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If this equation is now solved for V, the result is an optimum veloc-
ity, if one exists.

General Penetration Laws

Before Eq. (2) can be solved, however, a relation between e, m,
Af. and V must be known. Such a relation is a penetration Immr."l At
the Naval Research Laboratory, the variables in terms of which the
penetration law is written are

b\
PeAf
x:—l
m
>., (3)
e Y2
. ;
2g

.J

where P and Py are target density and fragment density respectively,
and g is the acceleration of gravity. The penetration law itself may
be written as

™
]

Z (X)

=}
“
>
(]

X (Z)

which from Eq. (3) and Assumption 5 yields,

e = ma% $(Z) |, (4)

where we define #(z) = pt k% x (2).

In this relation, the definition of the form factor k is taken as k = m/(A.)%.
The form of the function @ (Z) is still unspecified. :

In the general case, then, Egqs. (2) and (4) combine to give

. Be #(Z)
il @) ——-4a’ =0 (5)
3p¢ ®°(2Z) i

Strictly speaking this is for th i 1
1 e average penetrat
tration by fragments with average orientgtign. SRR s
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where the prime denotes differentiation with respect to the argument.
When the form of the penetration law is specified, the solution of

Eqg. (5) for V gives an optimum fragment velocity.‘ It is noteworthy
that the optimum velocity, given by a root of Eq. (5), is independent
of the fragment mass. The shape of the fragment is implicit in @ (2Z).
It is measured by k, but since k does not appear in the ratio ¢ /¢’ |,
Eq. (5) is likewise independent of the shape. If @ is independent of
m, Appendix I shows that a necessary and sufficient condition for Eq.
(5) to be independent of shape is that @ have the form:

¢ = qpl(k) ¢2(V).

It is not true that optimum mass is independent of optimum vel-
ocity. 1In deriving Eq. (5), the elimination between Oy /Om and &) /3V
lead to Eq. (2). A different combination of these two conditions might
be expected to lead at once to an equation for optimum mass, m , but
such a relationship cannot be obtained directly. After finding the
optimum velocity from Eq. (2), however, one may return to

a¢,/3m = 0,
which is of the form
1/ = 1y
m2? @(Z) e 1 m o
exp - = = 1 + — P CZy
€o €o 2 o

It can be seen that, knowing e, and e, as the result of damage trials
on aircraft, the optimum mass, m , is determinable from this trans-
cendental equation. If desirable, a nomograph can be easily con-

structed for giving m as a function of eyt €p, and ﬁ(i}.

The commonly observed (normal) form of the penetration law, when
the maximum velocity observed is below approximately 4,000 fps, is shewn in
Figure 1 (A).**

*
The possibility and physical interpretation of multiple solutions for the optimum
velocity is discussed in Appendix II.

=

t The orientation of axes in Figure 1 is standard for ballistic studies. In the
discussion, however, Z is considered as the independent variable. Thus, contrary
to custom, the axis of ordinates represents the independent variable.
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From practical considerations, the characteristics of the
curve are:

#(z) 2 0,
$(z) > 0, Z2>0 . (6)
¢°(z) < O,

However, for velocities greater than 5,000 fps, shatter, projectile
deformation, and cavitation may profoundly alter the form of the pene-
tration curve. Since such effects work to increase the striking vel-
ocity (and Z) required for a given depth of penetration, ‘“abnormal”
curves of the type shown in Figures 1(B) and 1(C) occur.

z z
4L &
7 IR e
— § @) @ @
(A) (8) {c)
NORMAL ABNORMAL

Figure 1 - General penetration curves.

In the case4of projectile shatter such curves have been oEserved by
the British and by NDRC workers at Princeton University. The
existence of similar published results for fragment attack are not now
known. Certainly the preliminary results of George and Warner in-
dicate the existence of analogous effects of fragment shatter, but
further work is desirable. Target cavitation effects have been

= Milne, E.A., and Hinchcliffe, N. “On the Occurrence of Shatter.” Proc. Ord.
Board (British) Appendix to Proe.No.20,002. Also issued as EBD Report No. 30
(British Secret, U.S. Confidential), November 1942

6 Emrich, R. J. and Mood, A. M. “The Shatter Velocity of Projectiles at Hyperveloc-
ities.” OSRD No. 4357 (Confidential), November 1944.

- George, W. and Warner, R., unpublished data on problem involving the firing of
projectiles against armor plates, Naval Research Laberatory.
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observed both in America and Britain.7 In addition to conditions of
Eq. (6) , the onset of fragment shatter, or of target cavitation at a
certain Z = Z* may require that ¢'(Z’) =0, or possibly that ¢'(Z*)
be discontinuous.

Statements can now be made about the value of the optimum veloc-
ity when the penetration curve is one of the three types discussed
above and shown schematically in Figure 1. In Table 1 below are listed
the formal requirements on ®(Z) and its derivatives which determine
these classes of penetration curve.

TABLE 1
Normal Abnormal
Type “A" Abnormal Type “C”
(Missile Unaltered Type “B" (Major Missile Shatter
During Penetration) (Mild Missile Deformation) or Deformation)
#(Z)» 0, Z > O. &Z) >0, Z 2 0. #lz) = 0, 2 2 0.
#(2)> 0, Z > o. #(Z) > 0 . ®Z) > o »
v [ GSZSZ S 0<z<zZ .
#1z) <o, z > o.: #z) <o #(Z) <0
®(Z) = 0 - #(2) Discontingous
- W for Z = Z
#(2) < 0 &(Z)

Bounds on the Optimum Velocity

The results of this section will be stated as a series of
theorems.

Theorem 1. If the Gurney law is obeyed, the optimum velocity is not
greater than N2 a,*
Proof: Trivial

7Hi11. R. “Cavitation Phenomena in Ductile Naterials and the Dynamic
Term in the Resistance to Penetration” (British) Armament Research
Department (Fort Halstead, Kent). Theoretical Report No. 34/44
(British Secret, US. Confidential ) 1944

~ HECLASSIFIED
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Theorem 2. At the optimum velocity,

o(Z) 2g
— } i
$(2)  3pg o’

Proof: The optimum velocity must satisfy Egq. (5) so

— i -1
ot T T v .
¢ () 3p; a, 2 a,

2 g

Z
2
3pf oy

Theorem 3. Provided conditions of Eq. (6) are satisfied and &'(Z)
is continuous, an optimum of efficiency with respect to
velocity always exists.

Proof: From Eqs. (1) and (5)

RV 1 . 3 ) e o eo
= 4a_ -V p(Z) exp ) ——
24 o
9V Pe km e,
2
8a, V Gl =) e 5 & Vo
-— [1-exp } - —— 20, +V
m ey

I V. is the velocity corresponding to S

o 4 a5 -V
.H?;; v i (b a. + VNDQ




NAVAL RESEARCH LABORATORY 11

since ®(Z)2 0 N/OV = S0

m

I 1
= - l-exp -
2y -

A4 =J3—ao

Similarly,

e-em}

e

o

V=$3-ao

<0. Theref~re, A//0V = 0 for at least one velocity

in the velocity range (V_, JE&O). That Y is a maximum at this point
follows from the condition @(Z) < 0.

Theorem 4. Let ¢tZ*) = 0 and V* be the velocity corresponding to z".
If the pe:furmancc curve satisfied conditions Eq. (6)
for V<V, and if @(Z) is continuous, the optimum
velocity is less than !
Proof: An optimum velocity could not be as high as V..
since at this point ¢{(2) =,0, while Theorem 2 bounds @'
from below. But by Theorem 3, the optimum velocity
exists. It must be concluded that the optimum velocity
is less than V*.

Theorem 5: If the performance curve satisfied conditions of Eq. (6)
up to V', with &(z"- €) 0, &(z* + €) <0,¢, being an
arbitrarily small positive number; the optimum velocity,
vV, is equal to or less than V' .

Proof: If_E_f < 0, the argument of Theorem 3 ap-
9 V]| = -
v = ke
plies with the result that V < V*. Suppose, however,
oy o ¥
>0 Since ¢iz' il 0 TPl § <0
- 3 IFY 3 V|,*
¥ = e V + €

and Y has a cusped maximum at V'. That is,

v =v".

DECLASSIFIED
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These theorems show that for penetration curves of the general

“abnormal” types shown in Figure 1, the optimum velocity is never
£ 3
greater than V .

Discussion of Some Particular Penetration Laws

Tge penetration Iaw used by Meyer-Morton is the deMarre formula,
X = a Z’% , which is a special case of the more general formula,

b
X =T (7)

Eq. (7) substituted into Egq. (5) gives an optimum velocity, ;, in
terms of -

which is plotted in Figure 2. The function ;/ao is not rapidly

changing for b-values near 2/3, and therefore the Meyer-Morton
estimate of V = 1.11 will not be far in error for experimental curves
fitted by b-values in this range. Figure 3 shows some experimental

points obtained by firing 1/2-inch hard steel spheres at 24S5-T. A
least squares fit to Eq. (7) gives

(.594)
X =21.39 Z :
T
12 | | - = which is the relation shown
‘-"'.;-.-‘-.-‘ - -
! = ] ] by the curve in Figure 3.
Voer s = e REGION OF INTEREST—} I !
a, A I K | A penetration law based
a8
Z4 I | on sounder physical arguments
. W 5 O | is the so-called modified
/’ : o — Poncelet law,
: — pg P
5 | Z ==—— — | exp(aX) -1},
| e, a
o | 1 |
o = 2 o | ] 8 .8 T .8 » e
5 where P and a are physical
Figure 2 - Optimum velocities as a function constants of the target
of b in the empirical deMarre law of the type material. Solving this for
X= h X, one obtains,

DECLASS\HEE’
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1.2

1.0

z

DATA AFTER
GEORGE AND WARNER
/ ( PREVIOUSLY UNPUBLISHED)
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1

7

o 4

. -
ELATIVE PLATE THIGKNESS |
0 = F T S S A -

0 .2 4 6 8 10 12 14 16 1B 20 22 24 26 28 30
x

7000

6000

5000

4000

3000

2000

Figure 3 - Penetration resistance curve for %-inch
steel spheres against 24S-T aluminum, represented

by X = 1.3920'594 (Empirical delMarre type).

1 apZ
X 2) === idn Loaae
a pr

(£t /suc )

v

(8)

The substitution of Eq. (8) into %q. (5)' and the introduction of

B = pa/2gP, & = B V2 and ¥ = 2a , leads to

3 §2
(1 2.S)iagael) =——ihy—=—= |s
2 By

Note:
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which establishes V as a function of 5 and the Gurney constant a_.
Figure 4 is a graph of this relation between 8 and V for several

values of a, . It is made a nomograph by supplying P and a scales
from which to compute 8. Thus, given the parameters P and a deter-
mined by experimental firings, the optimum velocity, ;, can be ob-
tained in a straightforward manner. For example, in the case of
aluminum targets with P = 10Is psi and a = 1.4, the nomograph indi-
cates a 3 value of approximately 0.27. For a Gurney constant of
10,000 fps, this ﬁ value predicts an optimum velocity of somewhat

less than 9,000 fps.

In Figure 5, the data for %-inch hard steel spheres against
24 S-T aluminum is shown with a fitted Poncelet penetration law.
The parameters in this case have the values a = 1.04, P = 0.115,
from which the optimum velocity (assuming ao = 10,000 fps) is
approximately 9,000 fps.

A further specification of the penetration resistance law
correcting the modified Poncelet expression for fragment pene-
trator deformation has been given by Irwin and Roberson,B but in
view of the large number of disposable constants in these rela-
tions, which at present are only vaguely known, it is considered

superfluous to discuss this penetration resistance law in detail.

Thus far, the optimum velocities have been computed on the
assumption that the penetration laws are of the stated forms for
velocities as high as the optimum velocity, and the results ob-
tained compare reasonably well with the optimum velocity calcu-

lated by Meyer-Morton.

afrwin. G. R. and Roberson, R. E., “Representation of Penetration
Resistance,’” Memo from NRL to BuShips, Serial C-440-6/45
(Confidential), February 19, 1945
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Figure 4 - Optimum velocity of fragments for a modified Poncelet
penetration resistance law
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However, the existence of abnormalities in the solid target penetra-
tion curve for 24S-T aluminum alloy above 6000-fps limit velocities,
strongly negates this favorable comparison.

If a smooth curve is drawn through the data of Table 2, the de-
parture of this data from either the deMarre type or modified Poncelet
type penetration laws at plate thicknesses above 1-5/8 inches is so
great that it cannot be over-
looked. This departure is in-
dicated graphically by dashed
lines inFigures 3 and 5. Eq.

(5) can beused to compute the 28
optimum velocity byevaluating 28 7000
the function @ /@' from the 24 7 /
smooth curve, with @ = 10,000 2 r, !
fps. This procedure yields an Ee 17  so00
approximate optimum velocity i —g
=
of Bl s /
e i i . soco §
- e /r ] =
2 g I =
R = R
V = 6400 fps. . ol E ‘GeonoE ao vaweR 4000 >
o | / [ PREVIOUSLY UNPUBLISHED)
_‘ | - 3000
Therefore, it is seen 5 e LT ey R o 2000
that this sharp rise of the 2 peame A 2550

0O 2 .4 & 8 1O 1214 L6 |8 20 22 24 26 28 30
performance curve because of =

shatter and possibly other
phenomena, reduces the optimum

velocity to a value consider- Figure 5 - Penetratiom resistance
ably below that calculated by curve for % inch steel spheres a-
extrapolation of performance gainst 24S-T aluminum, represented
curves fitted over ranges of by Z= .308 (exp(1.04X)-1) (Modified
velocity below 5000 fps. Poncelet type.)

CONCLUSIONS

Using the structure of the Meyer-Morton theory of aircraft
vulnerability, the theoretical determination of optimum fragment
velocity has been extended and generalized from the point of view of
the characteristics of penetration laws applicable to metal plate.
When missile deformation or shatter are neglected, very high striking
velocities (9000-10,000 fps) are required for optimum effectiveness
by the assumption that the velocity relationship for aircraft damage
is like a homogeneous metal plate penetration function. The Meyer-
Morton theory predicts optimum velocities no more than about 20 per-
cent lower than the maximum attainable fragment velocity,* when any

*Estabiished by the Gurney relationship as IEEO.
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TABLE 2
¥%-inch Hard Steel Spheres Against 24S-T Aluminum

17

(Previously unpublished datsa bzGeorge & Warner)
——-__—'_—.___

e

ey X z (10% pai)

1/2 0.538 0.212 z .020

3/4 0.807 0.381 + .011
1 1.076 0.630 + .019
1-1/4 1.345 0.972 £+ .025
1-1/2 1.614 1.319 + .041
1-5/8 1.749 <1.618 *
1-3/4 1.883 >2.249 *
2 2.152 >2.382 .
e: Plate thickness, inches

X:: peAg/m, dimensionless

z

=

:.pr2/2g. surface density, Ib mass/sq. in.

These data plotted as arrows indicating upper or lower
limits to the penetration curve in Figures 3 and 5.

The tips of arrows pointing down indicate upper limits —
the tips of those pointing up indicate lower limits.

of a representative set of penetration laws is used in this theory.
However, actual penetration curves depart widely from any of these
commonly used penetration functions with onset of projectile de-
ion or shatter. This departure occurs at velocities much

format
lower

than the maximum attainable warhead fragment velocity.

Re-

examination of the aircraft damage theory showed that the velocity
region where missile deformation or shatter grossly affects the
experimental plate penetration curve lies closely above the theo-

retica

1 optimum velocity for maximum sircraft vulnerability.

If the

results for steel spheres penetrating 24S-T aluminum are used as an
aircraft damage-velocity relationship, the theoretical optimum vel-
ocity for warhead fragments lies in the range of 6000 to 7000 fps.
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APPENDIX I

Discussion of the Independence of V and m

= The fact that Equation (2) yields a value of the optimum velocity,
V, independent of the mass and shape of the fragment, follows directly
from the particular penetration law used in Equation (1). This result
can be made somewhat more general by considering the conditions te be
placed on ® in the penetration law which lead to optimum velocity
values independent of M and k separately or together.

The function ® may be considered in its most general form as

® =% (m V, k), (%)
wi th
e = ml‘fr=3 ® (m, V, k).
(10)
The optimization reguires that whep m=m and V = ;,
de 4 a: -yt 5
m = = - (11)
Om 8Va ov
Using Equation (10), Equation (11) becomes
P g4a -N oD
m | s m'Q/s P + m’/s = P m’/s .
2
Om BVaO v
which reduces to
B 4a; -v' %
e - . (12)
m BVO.D v
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or
4o -v* %/ ov
= ” - F(V) . (13)
SVO.; 1/3@ + m'ai/am

The left side of Equation (13) is independent of m and k; thus,
the right side Equation (13) provides a criterion for the optimum to
be independent of m and k. No general condition on ® can be obtained
which yields a ® function independent of m and k. However, if one as-
sumes ¢ to be independent of m, i.e., 3@/am = 0, one finds by in-
spection of Equation (13) that the optimum velocity will be indepen-
dent of m. Further we note for this case that,

da® F(V)

— dV H

] 3
whence

In ® = 1/, [F(V)dVv + C(k)

= I(V) + C(k) ,

or
® = exp I(V) exp C(k) = @, (V) &, (k) . (14)

Hence a necessary condition for

® (m, V, k)
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to yield optimum velocity values independently of k and m is that

@ (m, V, k) = & (V) &, (k) .

This condition is also sufficient. The penetration law used in the
text not only is such that 3@/3m = 0, but, in terms of Equation (14),

@2 = constant.
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APPENDIX II

Multiple Solutions for Optimum Fragment Velocity

In this appendix, we are concerned with the possibility that

Equation (5) has more than one physically meaningful solution (i.e.
a real solution with V in the range (O,Ea )). This, of course,
would raise the question of whether the so?ution we have considered,
which may be called the primary solution, is actually optimum,

In order to examine the solutions of this equation,

v4+2a2ﬁ _,4{1‘:0, (15)
3 © 2'(2) o

and to relate them to various norma]l] and abnormal! penetration curves,

let us write the equation in a nondimensional form by the introduction
of the new quantities

y - (v/wlz_ao)2

>
[l

2
it : (16)

Then Equation (15) becomes

1-y° = A (y)/®'(¥) = £(¥). (17)

Since Z is proportional to y, the liberty has been taken of maintaining

the symbol @ for the penetration function, without regard for the scale
change in its independent variable.

Equation (17) may have solutions of various kinds depending upon the nature of
©. Consider Figures 6, 7, and 8 in which the various behaviors of ® are shown in the
(A) presentation of each chart, and the corresponding solutions of Equation 17 in
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: v the (B) presentation. The method
~Ji-r for locating the roots of this
! ) ©duation is to plot l-y as a func-
e S tion of y, and f(y) as a function

of y. The latter depends only upon

the nature of the penetration curve.
The roots of Equation (17), of

&y course, are the y-values corresponding

(a) (8) = =
G Rt TN S SOLTEOF B0, A2-3 to the intersections of these curves.
Figure 6 - Roots of equation (17) The arguments for establish-
for normal presentation curve ing the behavior shown in these

figures is as follows. With re-
spect to the normal penetration curve as characterized in Table 1, the
quantities ¢(y) and ¢ (y) are always positive, whence

df Q"
sk e (18)
dy [(@']°
and the f-curve is essen- y ¥
tially like that shown in R et
Figure 6B. There can be 4 Ty
only one solution y_to FRsEse v g TTemamcns | SNl ——
Yo b= o mm oicm o 1(y) BRANGH
Equation (17)in this case.
For the abnormal but
smooth penetration curve &ty
shown in Figure 7, f(y) (a) (B)
has an infinity at some  ABNORMAL PENETRATION GURVE,TYPE I ROOTS OF EQ. A2-3
value of y, say y*. If
y > y*, the function f(y) Figure 7 - Roots of equation (17) for
is negative, and any in- abnormal penetration curve, type 1

tersection of branch 2 of -
this curve with the curve l-y must occur for y > 1, placing the
intersection outside our range of physical interest.
y g The argument is simi-
~— I-y* lIar for the case of abnormal
penetration curves of Type 2,
- / as shown in Figure 8. Provided
N e o the slope of the ®.curve does
® not again become positive for
@ ¥y > y*, then the intersection
of the second branch of the
e f(y)-curve with the l-y curve

(a) (8)
: >
ABNORMAL PENETRATION, TYPE 2 ROOTS OF EQ.A2-3 must again occur for y 1

§ Here, however, a phenomenon
Figure 8 - Roots of equation (17) for occurs which may be unexpected.

abnormal penetration curve, type 2 If the value of f(y) does not
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become sufficiently large before the cusp at y = y* occurs, one may

have a curve as shown by (1) of Figure 8B, in which case there would
not be any real root at all of Equation (17) and no optimum velocity
would exist. If curve (2) maintains, there will be exactly one root.

It thus appears that if the penetration curves exhibit only the
gross characteristics shown above, no multiple solution of interest of
Equation (17) exists, and one can say that any solution found is
physically unique,.

It might be noted that multiple solutions could conceivably appear
in the case where a penetration curve has sufficiently large negative
curvature or slope discontinuities equivalent to this. Such behavior
cannot be ignored, since it can exist physically. For example, the pene-
tration curve may be of the type shown in Figure 9 (or a broken curve
of the same general nature). In this figure, it can be seen that the

possibility of two roots yg and

¥1 of Equation (17) is very real. 1
Actually, there could be 0, 1, ?;- @ !
or 2 roots in additien teo yg. e TR ==
1f @ (y) is a piecewise smooth :::)
curve of this same general type, it S —k—__' ----- i
is likely that there would be 0
or 1 root in addition to ygqg.
@ (y)
Let us consider the case (A) {59
< A POSSIBLE PENETRATION GURVE ROOTS OF EQ. A2-3

of three roots, yo, ¥1, ¥2, in
some detail. It is clear from =a Figure 9 - Roots of equation (17)
consideration of 3¢Vay that yq, for possible penetration curve

Y2 represent maxima and yi =&
minimum of the efficiency function Y. It remains to see the relative

magnitudes of

Yo = Y(yo) and Yo = Y(y,).

In terms of y, the efficiency function |/ may be represented as

i-y
Y a.( Xl -exp [Cy -Cy, @ (w)]). (19)
1+y
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It is assumed that attention is confined to a certain value of m which
remains fixed during the discussion. The two factors of this expression
are graphed in Figure 10B for the penetration curve denoted by (1) in
Figure 10A. One knows that the maximum of the product curve occurs at

X |

y =% EXPONENTIAL % 1=y EXPONENTIAL
,@ 1+y CURVE I+Y CURVE
' et B L e b B e e -
4 1
] | "
A
-~ | \
,.*__ \ | :
O propucT | PRODUCT |
CURVE | CURVE |
i | ! 1
I i . I
I 1 1 : I
1 | I 1 |
o( ’ 1 1 1 y
z Yo | Yo Y2 I

(A)

(B)

(G)

Figure 10 - Efficiency functions for two penetration curve types

a value yo = v*.

If now we consider the curve (2) formed by extending

(1) in Figure 10A, we see that the only change in the exponential fac-
tor can be a decrease in some range of y-value beyond yo. This is
shown in Figure 10C. Such a decrease causes the product curve to be
depressed below its original position for y = yo. Thus even if some

yo is a local maximum of the product curve (Y-curve), this local maxi-
mum is below that given by ¥o-.

While counterexamples to the above behaviors might be constructed
by sufficiently pathological penetration curves, the argument above
indicates that for any such curves which seem to be physically reason-
able, there exists only one solution to Equation A2-3 which is physi-

cally significant.

Furthermore, one concludes that when two solutions

exist mathematically, the one with the lower value is the significant

solution.

NAVY-DPPO PRNC. WASH.. D.C.
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