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Motivation

Complex dynamics yield heightened sensitivity of the solution to numerics

Temperature (K) Cocks et al “Impacts of numerics on predictive
400 800 1200 1600 capabilities of reacting LES” CnF (2015)
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Motivation

Complex dynamics yield heightened sensitivity of the solution to numerics

Temperature (K) Cocks et al “Impacts of numerics on predictive
400 800 Rk 1200 1600 capabilities of reacting LES” CnF (2015)

LESLIE3D
(MUSCL scheme)

LESLIE3D
(central scheme)

Enforce additional key physical properties at the discrete level:
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Overview

1. Splitting schemes
a. local conservation
b. aliasing considerations

2. Incompressible Navier-Stokes convective splittings
a. secondary quantities and stability
b. Kkinetic-energy-preserving (KEP) methods

3. Compressible Navier-Stokes convective splittings
kinetic energy preservation and non-linear robustness
parameterized KEP methods

solution filtering for enhancing stability and accuracy
numerical demonstrations

Qoo Q

4. Summary and Future Work
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Finite Difference Splitting: Local Conservation

Congruence of finite differencing to a locally telescoping finite volume type representation

1
E Zﬁr(¢i+r — ¢i—r)

r>1

61‘¢|z' ~ 5$¢|i

ﬁ:+1/2 - fi—l/2
Az
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Finite Difference Splitting: Local Conservation

Congruence of finite differencing to a locally telescoping finite volume type representation

1
E Zﬁr(¢i+r — ¢i—r)

r>1

61‘¢|z' ~ 5$¢|i

ﬁ:+1/2 - fi—l/2
Az

For non-linear terms, a quadratic splitting yields a

d(ab) =~ adb+béa

A

E’i(bi+r - bi—r) + bi(ai+r - ai—r}

-

@ibitr + Qitrbi _ o, @i+ Giyr bi+biyr  (ab)i + (ab)iyr
2 - 2 2 2

aibitr + a;1 b aibi_, +a;_.b;
2 2
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Finite Difference Splitting: Local Conservation

Congruence of finite differencing to a locally telescoping finite volume type representation

1
E Z,Br(d)i-}-r - ¢i—r)

r>1

0:9|; ~ 829,

fi+1/2 - fi—l/z
Az

For non-linear terms, a quadratic splitting yields a

( ab
r rab i+ ab i .,.‘
dz(ab) —  fiy12=2> 8, - (ab) 2( )i+
O (ab) =~ ¢
2ab—ab

AN

~ "~
aibitr + aiprb;

\ ad,.b+bd,a — ﬁ-+1/2 =2 Zr B, 2

Valid on bounded domains via SBP
operators (i.e. flux differencing)
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Finite Difference Splitting: Impacts on Aliasing

Representations are analytically equivalent, but are discretely distinct

N/2 N/2

E Z &an ez(kn +km )m

n=—N/2+1 m=—N/2+1

b(z) = a-b

N/2
T akyx
= 3 e
p=—N/2+41 (aliased modes)
with ¢p= DY anbmH Y  anbm
n+m=p n+m=ptN
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Finite Difference Splitting: Impacts on Aliasing

Representations are analytically equivalent, but are discretely distinct

(aliased modes)

0:(0) = a-d.(ab)+ (1 —a)-[adb+ bd.a

N/2
~ > ( > Khodyp " nbm >+ Y khoap Gnbm || p €

p=—N/2+1 n+ms=p n+m=p+N

where k4, = [@ kmodp + (1 — @)(kmod,n + kmod,m)]

‘ L4 T L4 \ 3 I'W
o aliased 1o 0 ....
0.9 ot 4
. o aliased (0 = 1/2) Ly
08¢} alinsed] (o = 1) "'..
(Fourier basis) \’ 0.7H o nou-allased . "
206 ,38’
s .
s 05} o:.
.
3 0475 o
<03 o :
02} ottt aent gy e . | Edoh et al “Balancing aspects of numerical
0.1} .?.,.0" "-.,. ] dissipation, dispersion, and aliasing in
'O‘L.;:“A . i { “*s, | time-accurate simulations” IJINMF (2020)
0 0.1 0.2 0.3 0.4 0.5

Normalized Integral Wavenumber: p/N
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Averaging amongst different representations can improve aliasing performance, and therefore

improve robustness and

(2nd-order central)

1 “
o aliased (o =10)
091 o aliased (o = 1/2)
08FH » allased (a = 1)
l— 0 7 l . "ll"-"';-'ﬁ‘l’('
<06}
.,T-:-O-s | ......oocoo......
¥04 .0'. %o .ot.“"M'
Yy 0.3 L .0 ....0 '..
02 o.. a".. .'o o
i - »
.o .'...o_'. ;...":o' ‘
0.1 K “..1"’". o-..OO‘“. Yo,
Qdtoroctitiiorannananaenesesettt®™ | o)
0 0.1 0.2 0.3 04 0.5

Normalized Integral Wavenumber: p/N

(4th-order central DRP)

17 _
| o alinsed (o = D)
09:’ e alinsod o = 1/2)
08 r alisgeed |y = 1)
» ; {| * nooealinsed ....0000....
: o | o..' ..o .-""".‘
| :5 067 ..0 ....o 2
05} o o I
204+ ». o .
=03 o g ot s
| ® .. e = ®
02;' .' .0. J ..-' ...
0.1 :.'. 0.0..._ sossssssssneet? - .n‘
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Normalized Integral Wavenumber: p/N

May require numerical I
I dissipation to attenuate

" high-wavenumber errors I

(Fourier basis)

o aliased 1 = Q) ...... v |
091 o aliased (o = 1/2) o
0.8+ » aliased (a0 = 1) ".. <
> o non-allased l'
~ 0.7} ; : 1
£ 06 o8 !
-:‘ -
b 05+ o:. 1
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F04} R 1
o E .
.0 |
- 03 “n ........,5........
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Normalized Integral Wavenumber: p/N

Edoh et al “Balancing aspects of numerical
dissipation, dispersion, and aliasing in
time-accurate simulations” IINMF (2020)
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Overview

1. Splitting schemes
a. local conservation
b. aliasing considerations

a. secondary quantities and stability
b. Kkinetic-energy-preserving (KEP) methods

3. Compressible Navier-Stokes convective splittings
kinetic energy preservation and non-linear robustness
parameterized KEP methods

solution filtering for enhancing stability and accuracy
numerical demonstrations

Qoo Q

4. Summary and Future Work
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Incompressible Navier Stokes Equations (INS)
¢ (u)

P .
Btu,; -+ Bjuju,; — —3,;p -+ 6]‘7',']', with 8,;u,- =0

Non-linear convective term provides opportunity to employ different representations

solenoidal
Divergence Advective
8juju2- ujajui
25
5 - N 1
ujajui -+ u,-Bjuj Uj (3]"11,,; -+ ain) —58,;’(1,]"11,]‘
2uiQdjj=—uXw

N

uj(0;u; — Oju;) +50;uju; (rotational form)
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INS: Supra-conservation

. N
Primary linear momentum Jo Ovu
angular momentum [, (z x O;u)

S d > “Supra”

econaa 101 ‘

ry hehclty fQ 8t(u—) Q) Veldman “Supraconservative finite-volume
methods for the Euler equations of subsonic
kinetic energy fQ 8t(y . Q) compressible flow” SIAM Rev (2021)

THE AIR FORCE RESEARCH LABORATORY
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INS: Supra-conservation

angular momentum [, (z x O;u)
S d > “Supra”
econaa 101 ‘
ry hehc1ty f Q 8t (g Q) Veldman “Supraconservative finite-volume

methods for the Euler equations of subsonic
@ergy fQ 8t(’l_t ) t_L) compressible flow” SIAM Rev (2021)
/

Kinetic-energy-preservation (KEP) as a main guidance wrt building non-linear numerical robustness:

/uic’)tu,; = /ui(—ajujui—aip+3jﬁj)
0

Q
>0
1 1 a0
— | ZOuu; = -0 | zujuiu; + puj — Tiju; | — 730U,
Q2 Q 2

1
20¢|ull3

IA

1
(—5 juiui - p’le + T,;j’le IBQ
THE AIR FORCE RESEARCH LABORATORY
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iINS: KEP method of Morinishi et al (1998)

Primarv conservation Morinishi et al “Fully consevative higher order
- finite difference schemes for incompressible
(5) 1 1 flow” JCP (1998)
Chtori, = 505u5ui + 5 (u;0;ui + uid;u;)

Secondary conservation

: 0

() B 1 1 1
uicMori' = W ﬁéjujui T ﬁuiuj 5jui T iui Ui 9 J Valid on bounded domains via
1 diagonal-norm SBP operators

- 5 (uiéjujui -+ uz-ujéjuz-)

e Recovers skew-symmetric representation for solenoidal velocity fields
e Flux forms in both momentum and induced KE equation
e Average of quadratic forms known to have enhanced aliasing performance

THE AIR FORCE RESEARCH LABORATORY
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iINS: KEP methods of Edoh (2022)

Edoh “A new kinetic-energy-preserving method
based on the convective rotational form” JCP

(2022)
Primary conservation O(Az")
CY) = wibiu; + uidiu; + 15-u-u-—u-5-u-
Div-rot — ™t¥71™] A B 2133 VA
— —  (correction term, group w/ pressure gradient)

Secondary conservation =0 (intrinsically multi-dimensional cancellations)

uiCI()Ji)v-rot = uiui% + uiujdju,; - ’U,i’U,j(Sz"U,j +ui§5inUj
Valid on bounded domains via
=0 diagonal-norm SBP operators
1 1

Eujéjuiui + iuiuiéjuj

e Recovers rotational representation for solenoidal velocity fields
e Flux forms in both momentum and induced KE equation
e Ties to advective form suggests poor aliasing performance

THE AIR FORCE RESEARCH LABORATORY
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iINS: KEP methods of Edoh (2022)

Edoh “A new kinetic-energy-preserving method
based on the convective rotational form” JCP

(2022)
Primary conservation O(Az®)
¢ —o.cW) W) =gyt (widiu; — —duu;
Div-str — Mori. Div-rot — YJ7™71 ™" ¥ R 9 L |
— — (correction term, group w/ pressure gradient)

Secondary conservation

(7) () (7)
UiChivrot = Ui (2 Cpfori. — Chiverot
e on e Valid on bounded domains via
1 diagonal-norm SBP operators
= (uidjuju; +uuidju;) — 5 (u;duiu; + usuidjuy)

e Extrapolation of Morinishi and Div-rot splittings

o Extrapolation of skew-symmetric and rotational forms for solenoidal velocity fields
e Flux forms in both momentum and induced KE equation
e Ties to product form suggests poor aliasing performance

THE AIR FORCE RESEARCH LABORATORY
INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75 Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 18
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INS: A one-parameter family of KEP methods

Edoh “A new kinetic-energy-preserving method
based on the convective rotational form” JCP

. (2022)
Oyu; + C(J)(u) = —0;p + 53'7',;]', with d;u; =0
CKEP,Q = - CDiv-str + (1 - CY) ) CDiv-rot
O(Az?)

(1-2a) (1 \

= - 5jujuz- + (]. - a) . (ujéjui + uiéjuj) + T . iéiujuj - ujcs,;uj

e Primary conservative and KEP family of schemes
o characterized by a small-scale correction to the pressure gradient

T E/N:ol\:n_: ;Czl;:RA:EI,ETSHEICER—?'I;A;i:Rz:Ai:5o " Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 19
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INS: A one-parameter family of KEP methods

Edoh “A new kinetic-energy-preserving method
based on the convective rotational form” JCP

) (2022)
dyu; +CY9 (u) = —8;p + 6,75, with d;u; =0
T~ () 0
CKEP,Q = - CDiv-str + (1 - CY) ) CDiv-rot
O(Az?)
1-2a) (1
= - djujui + (]. - a) . (uj5jui + 'U,i(Sj’U,j) + % . (iéiujuj - ’U,j(Sin>
Momentum | Kinetic Ener Angular Vorticity | Enstrophy | Helicit
© " & | Momentum y Py Y
Div. ® © O
Prod. ® O
Mori. ® O O
Div-rot ® O O O
Div-str ® O © O
Table 1: Discrete global preservation properties associated with the different a priori momentum conserving
splittings in the incompressible setting: () is preserving a priori and () is preserving if §;u; = 0.
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Overview

1. Splitting schemes
a. local conservation
b. aliasing considerations

2. Incompressible Navier-Stokes convective splittings
a. secondary quantities and stability
b. Kkinetic-energy-preserving (KEP) methods

kinetic energy preservation and non-linear robustness
parameterized KEP methods

solution filtering for enhancing stability and accuracy
numerical demonstrations

Qoo Q

4. Summary and Future Work
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Compressible Navier Stokes Equations (cNS)

atq rinvzajfinv,(j) _’,viac=ajfviac,(j)
p pU; 0
8t PU; = - 6]' PU ;U4 -+ 51'_7' - P -+ Bj Tij y for ’i,j € [l,d]
PEtot pujeror + Pu; U;iTij + ¢
2Si;
Tij = p(05ui + Qiuz) —5pdij - (Okuk) eine = Plo(y —1)]7" = etor — zuruk
q; = I‘CajT Y = 1+£=cp/cv

Kinetic energy no longer functions as bounded estimate on the solution variables

1
u; - Oy (pui) — 5“? - Orp

1
§3t(ﬂuiui)

1
= —59jpujuiui—u;0; P + u;0;7;
>0

‘ ’ N
= —8ijj (Ctot — Cint.)_djujp + P()jUj -+ Bj‘r,;j — Tijajui

THE AIR FORCE RESEARCH LABORATORY
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cNS: KEP and non-linear stability

Primary conservation as Secondary conservation:

€tot

/ [Oip + 8tpzeint + ekinj] = 0
Q

— / (24/p - Ou/p + /pui - Ou\/pui + 24/ peint - Ot/ PEint)
Q

= Ollgpllc

with C = [diag{1,0.5,1}],qp = [v/p, VPUis /PCint)"

Brouwer et al “Conservative time integrators of
arbitrary order for skew-symmetric
finite-difference discretizations of compressible
flow” JCP (2014)

Rozema et al “A symmetry-preserving
discretization and regularization model for
compressible flow with application to turbulent
channel flow” J. of Turb. (2014)

Nordstrom “A new energy stable formulation of
the compressible Euler equations” arxiv (2022)

THE AIR FORCE RESEARCH LABORATORY
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cNS: KEP and non-linear stability
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Entropy consistency as a notion of non-linear robustness

dps 1 sT — h +
" T s

/Btps = / wTﬁtq >0
0 0

Kinetic energy preservation, as part of energy consistency, is essential

1 U; Ui sT — h
\ w'dq = - Opperor — = - Oppui + Op+ ——— - Op

T T 2T T
1 sT — h
= 7 - Oppeint + T'atp

THE AIR FORCE RESEARCH LABORATORY
INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75

Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 24
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cNS: parameterized convective compressible KEP schemes

(a,b) = 2ab — ab

Parameterization of Coppola et al (2019):

~8€0
‘ ; — i a”" = 4/QiQiyr
mass : ngppqa — —;(zj) =a-pu; + (1 —a)-(p,u)
momentum : Céj(zpp.,a — fé{)l =a-pu; G+ (1—a) - (p,u;) 4
. 2 . . —— /e—res —_— —veo
kinetic energy : wu; .ngpp.,a -3 -Mggpp_,a — f/()i)?ﬂ = - %puj (;#°)2 + (1 — ) - %(p, u;) ()2

Coppola et al “Numerically stable formulations of
convective terms for turbulent compressible
flows” JCP (2019)

THE AIR FORCE RESEARCH LABORATORY
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cNS: parameterized convective compressible KEP schemes

(a,b) = 2ab — ab

Parameterization of Coppola et al (2019):

(3) 7(4) S @~ = /Qilitr

mass : Mcopp.,a — p =a-puj+ (1 —a)- (p,u;)
momentum : CCopp o — _;S%), =a-pu; ui + (1 —a) - (p,u;) u;
kinetic energy : u; -ngpp_’a — %i M(ngpp_,a — f(j)z,/z =a- 3pu; (W) + (1 —a) - 3(p,u;) (ut°)?
. . 1 e[ ——
Parameterization of Edoh (2022): T = 57 W - (Wi w)]  consevative

correction term

() =(5) e that groups w/ the
mass : Mg ion — o = pPuy pressure gradient

momentum : Cgl)oh’a — f,(,f,), = a- p*uju; + (1 — a) - p&°°(uj,u;) + 65 - (1 — 2a)€ke
kinetic energy : u; - ngoh’a - %i -ngoh — f,(i;/z = 2a - 3p5°°U; (7;5°°)% + (1 — 2a) - 375°°(uy, usu;)

THE AIR FORCE RESEARCH LABORATORY
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cNS: parameterized convective compressible KEP schemes

a=1/2

Parameterization of Coppola et al (2019):
* Equivalent to cubic KG splitting

. (5) I
INass : MCJopp.,a=1/2 — P =P U /

(7) - I K d d Gruber “Reduced aliasi
momentum : C ) - —_ T ennedy and Gruber “Reduced aliasing

Copp.,a=1/2 P p Uy i formulations of the convective terms within the
Navier-Stokes equations for a compressible
fluid” JCP (2008)

. 2 . —(4 ‘
kinetic energy : (ui .cY = 'M(CJ‘ZPP-)(X:l/z > f;(;i)g/z = %ﬁ u; (u%°)*

* Gives cubic splitting of Rozema et al

. (4) 7))  _ —geo —
mass : Mg ion — p =P U /
momentum : CI(ZJ d) boae1/2 — _,()31), = pE° Uy u; ) -
doh,a=1/ Rozema et al “A symmetry-preserving
) discretization and regularization model for
kinetic energy : (u _C(J) _ Y .M(J) ) - 7(7) = lggeo z— (y-ge0)2 | compressible flow with application to turbulent
&y ' “Edoh 2 Edoh/ ,_1/2 f pui /2 2P i (@) channel flow” J. of Turb. (2014)
THE AIR FORCE RESEARCH LABORATORY
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cNS: treatment of the total energy equation

Explicitly enforce consistency of energy transfers Kuya et al “Kinetic energy and entropy
preserving schemes for compressible flows by
split convective terms” JCP (2018)

8tpetot - atpckin + atpeint.
, 1, .
- U; - ()tpu..,- — 2'11,2- . dt,D -+ dtpCjnt,
= — (u"i . ()J-pfuju,-, - §ufdjpuj -+ Uj()jp -+ uz-) - (djpleCi,,t -+ deUj)
| u? .
- - (Ui ‘ C(J) — . M(J)) - ‘jp’UJjCth — (UJ5]P + PéjUj)
2 KEP —-=-—-=-===--:

flexibility in its
discretization
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Overview

1. Splitting schemes
a. local conservation
b. aliasing considerations

2. Incompressible Navier-Stokes convective splittings
a. secondary quantities and stability
b. Kkinetic-energy-preserving (KEP) methods

3. Compressible Navier-Stokes convective splittings
a. kinetic energy preservation and non-linear robustness
b. parameterized KEP methods

d. numerical demonstrations

4. Summary and Future Work
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Solution Filtering

Edoh et al “Comparison of artificial-dissipation
and solution-filtering stabilization schemes for

L R
q_bi + Z af(&_e + &H-E) = boo; + Z br(@_r -+ ¢i+r) time-accurate simulations” JCP (2018)
£ T

Edoh et al “Balancing aspects of numerical
dissipation, dispersion, and aliasing in

L R
20526 | 2r 2 L . . "
- |1+ Z €IF,2£(A$) 53: b = 1+ z fEF,2r(Al‘) T 5mr b; time-accurate simulations” IINMF (2020)
£>1 r>1

Intermittently filter the solution variables to remove high wavenumber error content

« temporally consistent formulations
« tunable attenuation 1 -

0.8}

- choose scale-discriminant filter 0.6

(e.g. Tangent stencils)
- tune relative to resolvability of base
scheme 02!

0.4 H{—kmoa/k (CDO4-Tpt)|
- |Rsit| (Shap06) \

|7-2[,;[ (}L(‘.](‘.()(i) :
|"é-f”'l (Tan06) \

0.2 04 0.6 0.8 1
Normalized wavenumber: (kAz)/w

THE AIR FORCE RESEARCH LABORATORY
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Solution Filtering and Entropy Stability

Edoh “A new kinetic-energy-preserving method
based on the convective rotational form” JCP

Interpreting solution filtering as artificial dissipation... (2022)
: rap(q) = Dg
dig=1,+T1 , with _ ,

Effect of filtering all solution variables is manifested as source terms in the entropy
dynamics:

61p8
“r 1 ] Ui-f'AD,pu,—%U?'TAD.p |
TAD.peyor o A ~ GTabp,p
]. P T _1 /—_A_\ — .]. r - /_i\_\
T 3tpeint + sT — €int — ; atp = ---+41 T DRewt - U{DRUI‘ - §[JZULDR1 — GDR1
Q
! e |

Only filer the momentum variable (quasi entropy stable)

THE AIR FORCE RESEARCH LABORATORY
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Overview

1. Splitting schemes
a. local conservation
b. aliasing considerations

2. Incompressible Navier-Stokes convective splittings
a. secondary quantities and stability
b. Kkinetic-energy-preserving (KEP) methods

3. Compressible Navier-Stokes convective splittings
a. kinetic energy preservation and non-linear robustness
b. parameterized KEP methods

c. solution fiIterinﬁ for enhancing stability and accuracy

4. Summary and Future Work
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Numerical Demonstrations: Test Cases

- 0.5479

1
|0.9

0.8

10.7

0.6

: 0.5
5.5 10.5 15.5

N

2D Isentropic vortex transport:

- Euler equations

- 6 points across vortex (6072
DOF)

- 45% density perturbation

- 6th-order spatial discretizations

- 4th-order RK integration

Established 1947

(A) initial condition(r = 0) (B) vortical roll-up (r = 51_) (C) coherent breakdown(r = 91,) (D) turbulent decay(r = 141 )

3D Tavlor Green vortex:

- Navier-Stokes equations

- Re =1600

- 64”3 DOF

- 6th-order spatial discretizations
- 4th-order RK integration

THE AIR FORCE RESEARCH LABORATORY
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cNS: reference schemes

mass: [y =pu; Standard discretization
momentum : _,Sf',)t. = pu;U; + 0;j - P

total energy : _,(,f;zm = PU;j€Etot T (uj, P)

mass: [y =pu; Discretization of Kuya (2018) ...
e primary conservative (locally telescoping)
momentum : fl(,gi ) —pujui+6;;-P e kinetic energy preserving
e quasi entropy preserving
(4 . - mitigated aliasing effects (“cubically split”

“Supra” conservative properties

THE AIR FORCE RESEARCH LABORATORY
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cNS: schemes to be evaluated

; 1_,
mass : _,(,J) = p*°° u; €ke = iﬁgeo [m - (Ui,ui)]
momentum : }S{,’, = a- p=ouju; + (1 — ) - p*°(uy,u;) + 6;5 - [P+ (1 — 2a) €]

total energy :  fith., = |20~ 5750 (@)% + (1 20) - $75°° (uy, wiws) | + 75°° @5 @m®*® + (uy, P)

Working off of the parameterization from Edoh (2022) ...
e primary conservative (locally telescoping)
e Kkinetic energy preserving
e quasi entropy preserving

THE AIR FORCE RESEARCH LABORATORY
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cNS: schemes to be evaluated

mass : —,(,J) = p*°° uj €ke = ;P [uiui - (Ui,ui)]

momentum : f,(,f,l = a- p=ouju; + (1 — ) - p*°(uy,u;) + 6;5 - [P+ (1 — 2a) €]

total energy : ',(,ZL,, = [ ]

20+ 505U (@) + (1 = 2a) - 5p5°°(uy, wiw) | + P*°° Uj €™ + (u;, P)

Working off of the parameterization from Edoh (2022) ...
e primary conservative (locally telescoping)
kinetic energy preserving
quasi entropy preserving
pressure equilibrium preserving
alpha =0
o helicity preserving at incompressible limit - “Supra”
o mitigated spurious vorticity and enstrophy effects at incompressible limit
e alpha=1
o angular momentum preserving at incompressible limit
e alpha=7%
o mitigated aliasing effects (“cubically split”) )

THE AIR FORCE RESEARCH LABORATORY

conservative
properties
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cNS: Isentropic Vortex

(no solution filtering)
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3
—Div-std —Div-std
1.25 —Feir — Feir
KG /\/\«f\/\ ) 0.055 KG 2
—Div-rot —Div-rot o
1 | v VI\VA A /—5 0
\/\/J 5 005 g8
= =
G.23 J £0.045 S -2
J EN j \AW/W\ =
05 ' ~ A oARA S-4
/ 0.04 ‘VJJV |
:3 -6 —Div-std
0.25 0.035 v — Feir
o KG
-8 —Div-rot
0! : : 0.03 " - .
0O 10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 80 90 100
vortex widths traveled vortex widths traveled vortex widths traveled

THE AIR FORCE RESEARCH LABORATORY

e Stability enhanced by secondary preserving methods
o still prone to accumulated small scale noise/errors
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cNS: Isentropic Vortex

(w/ solution filtering)

0.06
1.25
0.055
1}
, 0.05
&
0.75 20.045

Established 1947

. 0.03" ;
0O 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 80 90 100

vortex widths traveled vortex widths traveled

Solution filtering removes small scale errors
o tuned to preserve accuracy of base scheme

THE AIR FORCE RESEARCH LABORATORY

vortex widths traveled

* Issues w/ entropy stability from
solution filtering

INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75

Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 38




2]

1Ep|l

\~/ A AFRL

[
<

cNS: Isentropic Vortex

(w/ quasi entropy stable solution filtering)

1.25  —Div-std

1

0.5

0.25

~ 0.75

0
0

— Feir
KG
—Div-rot

10 20 30 40 50 60 70 80 90 160
vortex widths traveled

0.

03"

0
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10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 80 90 100

vortex widths traveled vortex widths traveled

Filtering only the momentum variables admits more errors but improves entropy performance
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cNS: Isentropic Vortex

=10.5 =10.5

5.5 ; ; ' 5.5 10.5 15.5

=10.5 =10.5 =10.5

5.5 10.5 15.5 ' 5.5 10.5 15.5 ' 5.5 10.5 15.5

€Zr £ xT
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cNS: Taylor Green vortex

Evolution of global quantities

-3
— Div-std (N = 64%) " | 1B
KG (N = 64°)
—Div-rot (N = 643)
0.014|_ piv.std (N =192%)
KG (N = 192?)
0.012 |_ . piviot (N =192%)

0.016

0.015

0.01 =
§0.008 é 0.01

0.006 =
0.004 0.005

0.002
O L
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cNS: Taylor Green vortex

Vorticity magnitude contours:
e 6473 grid, at time of peak dissipation rate

KG Splitting Div-Rot Splitting

Rotationally-consistent formulation admitting less noise in voriticity field
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cNS: Taylor Green vortex

Vorticity magnitude contours:
e 12843 grid, at time of peak dissipation rate

KG Splitting Div-Rot Splitting

Rotationally-consistent formulation admitting less noise in voriticity field
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cNS: Taylor Green vortex

Vorticity magnitude contours:
e 19243 grid, at time of peak dissipation rate

KG Splitting Div-Rot Splitting

Rotationally-consistent formulation admitting less noise in voriticity field
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Summary

« Quadratic splittings producing distinct numerical properties

« Secondary preservation for enhancing quality of solution
« accuracy and non-stability
 Kinetic energy preservation as a guiding principle
* new supra conservative parameterized families of splittings

« Solution filtering for improving accuracy and stability
« filter only momentum variable (quasi entropy stable)
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Summary

« Quadratic splittings producing distinct numerical properties

« Secondary preservation for enhancing quality of solution
« accuracy and non-stability
 Kinetic energy preservation as a guiding principle
* new supra conservative parameterized families of splittings

« Solution filtering for improving accuracy and stability
« filter only momentum variable (quasi entropy stable)

Related on-going work:

- Entropy consistent discretizations in split form
- Evaluating impact of secondary conservation on the reactive bluff body case (SciTech 2023)
- Employing secondary consistencies in the context of Large-Eddy-Simulations

THE AIR FORCE RESEARCH LABORATORY
INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75 Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 46




A )
\.-./ A AFRL \/ US. Air Force

L 4

Established 1947

Referenced and Relevant Text

Brouwer et al “Conservative time integrators of arbitrary order for skew-symmetric finite-difference discretizations of
compressible flow” JCP (2014)

Charnyi et al “On conservation laws of Navier-Stokes Galerkin discretizations” JCP (2017)

Cocks et al “Impacts of numerics on predictive capabilities of reacting LES” CnF (2015)

Coppola et al “Numerically stable formulations of convective terms for turbulent compressible flows” JCP (2019)

Edoh et al “Comparison of artificial-dissipation and solution-filtering stabilization schemes for time-accurate simulations”
JCP (2018)

Edoh et al “Balancing aspects of numerical dissipation, dispersion, and aliasing in time-accurate simulations” [JNMF (2020)
Edoh “A new kinetic-energy-preserving method based on the convective rotational form” JCP (2022) <¢——

Kennedy and Gruber “Reduced aliasing formulations of the convective terms within the Navier-Stokes equations for a
compressible fluid” JCP (2008)

Kuya et al “Kinetic energy and entropy preserving schemes for compressible flows by split convective terms” JCP (2018)
Morinishi et al “Fully consevative higher order finite difference schemes for incompressible flow” JCP (1998)

Nordstrom “A new energy stable formulation of the compressible Euler equations” arxiv (2022)

Veldman “Supraconservative finite-volume methods for the Euler equations of subsonic compressible flow” SIAM Rev (2021)
Rozema et al “A symmetry-preserving discretization and regularization model for compressible flow with application to
turbulent channel flow” J. of Turb. (2014)

THE AIR FORCE RESEARCH LABORATORY
INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75 Distribution Statement A: Approved for Public Release; Distribution is Unlimited. AFRL-2022-2401 47




//'
\.

AFRL

4

THE AIR FORCE RESEARCH LABORATORY
INNOVATE, ACCELERATE, THRIVE — THE AIR FORCE AT 75

48

Established 1947

48



