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ABSTRACT 

To be effective as a key component of fatigue-management systems, biomathematical models 

that predict alertness impairment as a function of time of day, sleep history, and caffeine 

consumption must demonstrate the ability to make accurate predictions across a range of sleep-

loss and caffeine schedules. Here, we assessed the ability of the previously reported Unified 

Model of Performance (UMP) to predict alertness impairment at the group-average and 

individualized levels in a comprehensive set of 12 studies, including 22 sleep and caffeine 

conditions, for a total of 301 unique subjects. Given sleep and caffeine schedules, the UMP 

predicted alertness impairment based on the psychomotor vigilance test (PVT) for the duration of 

the schedule. To quantify prediction performance, we computed the root mean square error 

(RMSE) between model predictions and PVT data, and the fraction of measured PVTs that fell 

within the models’ prediction intervals (PIs). For the group-average model predictions, the 

overall RMSE was 43 ms (range from 15 to 74 ms) and the fraction of PVTs within the PIs was 

80% (range from 41 to 100%). At the individualized level, the UMP could predict alertness for 

81% of the subjects, with an overall RMSE of 64 ms (average range from 32 to 147 ms) and 

fraction of PVTs within the PIs conservatively estimated as 71% (range from 41 to 100%). 

Altogether, these results suggest that, for the group-average model and 81% of the individualized 

models, in three out of four PVT measurements we cannot distinguish between study data and 

model predictions. 

Keywords: alertness prediction model; fatigue; neurobehavioral performance; psychomotor 

vigilance test; sleep deprivation 
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INTRODUCTION  

Public and private sectors can use biomathematical fatigue models to help design, compare, and 

contrast work schedules for teams of workers as well as to provide individualized guidance for 

optimizing the use of fatigue countermeasures (Powell et al., 2014; Reifman et al., 2019, 2022; 

Vital-Lopez et al., 2021; Integrated Safety Support, 2022). As may be expected, decision-makers 

and users of such fatigue-management tools generally assume that the underlying mathematical 

models driving these tools have been well validated and peer-reviewed before they come to 

market or become publicly available. However, the opposite more closely reflects common 

practice.  

Over the last decade, only two studies have performed side-by-side comparisons among multiple 

biomathematical fatigue-prediction models (Hilaire et al., 2017; Flynn-Evans et al., 2020). While 

such analyses are invaluable, especially if performed by independent reviewers, these studies 

compared and contrasted the models against a single study condition, which is insufficient to 

gauge model performance across a broad range of sleep/rest schedules reflective of everyday life, 

for which the tools are expected to be used. One exception is the work of Powell et al. (2014), 

which attempted to validate the System for Aircrew Fatigue Evaluation model for 11 distinct 

commercial flight operations. Unfortunately, as detailed by the authors, a number of simplifying 

assumptions regarding the inputs to the model may have contributed to the low agreement 

between model predictions and recorded quantitative measures of fatigue. In addition, because 

this model does not account for fatigue countermeasures, their assessment did not consider the 
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beneficial effects of caffeine, the most widely used stimulant compound consumed daily by 

~85% of the U.S. population (Mitchell et al., 2014). 

Over the past 15 years, our group at the U.S. Army has been incrementally developing and 

enhancing the Unified Model of Performance (UMP), which predicts alertness impairment—as 

determined by the psychomotor vigilance test (PVT)—at the group and individual levels, as a 

function of sleep history, time of day, and caffeine consumption (Rajdev et al., 2013; Liu et al., 

2017; Ramakrishnan et al., 2016a and 2016b). As we enhanced the UMP over time, we 

continually validated the model predictions using an array of total sleep deprivation (TSD) and 

chronic sleep restriction (CSR) conditions (Ramakrishnan et al., 2016a) as well as a diverse set 

of caffeine-consumption schedules (Ramakrishnan et al., 2016b). However, we described such 

model validations in different reports, sometimes with slight changes in the model or model 

parameter values, involving a limited number of conditions. As we have now completed model 

enhancements and frozen the model, culminating in the development of the Web- and 

smartphone-based 2B-Alert tools (Reifman et al., 2019 and 2022), we sought to perform a 

thorough validation of the UMP. To this end, we assessed its ability to predict alertness 

impairment at the group-average level and at the individual-specific level across a broad range of 

sleep and caffeine schedules (22 from 12 different studies), involving a total of 301 unique 

subjects (244 at the individual level). Given two inputs (sleep and caffeine schedules), the UMP 

predicted alertness impairment, as measured by the mean response time (RT) in the PVT. To 

assess prediction performance at the group-average level, we used two metrics: the root mean 

square error (RMSE) between the model predictions and the group-average PVT data and the 

fraction of the data that fell within the prediction intervals (PIs) of the model. Similarly, to assess 

the prediction performance at the individual level, we computed these two metrics using the 
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corresponding individual-specific model predictions and the individuals’ PVT data. We used the 

fraction of the PVT data that fell within the PIs of the models to estimate the extent to which the 

UMP predictions were indistinguishable from the PVT measurements. 

METHODS 

Datasets for assessment of model performance 

To validate the group-average and individualized models, we used the mean RT in the PVT as a 

measure of alertness impairment collected from 12 studies (V1–V12). These involved a total of 

301 unique subjects and 22 diverse conditions, including 14 distinct sleep schedules and seven 

caffeine conditions. Table 1 provides a brief description of the 22 study conditions, including the 

participant’s sex, PVT duration and number collected in each condition, sleep schedule, 

including baseline, type of sleep challenge, and recovery, as well as caffeine-consumption 

schedule. The sleep schedules typically included several baseline days with either habitual sleep 

[7–8 h of time in bed (TIB)] or extended sleep (10 h of TIB), a sleep challenge period involving 

either CSR, TSD, or both, and a recovery phase of 8–24 h of TIB, for one to five consecutive 

nights. The studies reflect PVT data collected in both laboratory (V1–V5, V7, and V10–V12) 

and field (V6, V8, and V9) conditions, with three studies (V1, V3, and V8) using a cross-over 

design, in which the same subject performed PVTs under two different sleep or caffeine 

conditions. At different stages of model development throughout the years, we did use data from 

three of the 12 studies (V3, V7, and V12) to develop or optimize earlier versions of the models 

developed at those times (Rajdev et al., 2013; Ramakrishnan et al., 2013; Liu et al., 2017). As 

described below, the actual parameter values of the group-average model validated herein were 

derived using data from two different, earlier studies. 
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< Table 1 here > 

Unified model of performance 

Based on the two-process model postulated by Borbély and Achermann (1999), we previously 

developed the UMP to predict the temporal patterns of alertness for conditions ranging from 

CSR to TSD challenges (Rajdev et al., 2013), extending the two-process model in three ways. 

First, by taking into account prior sleep-wake history, the UMP modulates alertness impairment 

and recovery as a function of sleep debt, leading to a relatively slow decrease in impairment rates 

after extended sleep, i.e., sleep banking (Rupp et al., 2009), and slow recovery rates after CSR. 

Second, the UMP accounts for the alertness-enhancing effects of caffeine by assuming that it has 

a multiplicative effect on alertness throughout the sleep-wake cycle (Ramakrishnan et al., 

2016b). That is, the UMP predicts alertness impairment P(t) at time t after consumption of 

caffeine dose c, as follows:  

P(t) = P0(t) × g
PD

(t, c), (1) 

where P0(t) represents the alertness impairment predicted at time t in the absence of caffeine and 

g
PD

(t, c) denotes the pharmacodynamic (PD) effect of caffeine, which varies from 0 to 1, where 

the upper bound 1 corresponds to PD effects in the absence of caffeine and the theoretical lower 

bound 0 represents the maximal PD effect on alertness impairment. In this formulation, the effect 

of caffeine is greater when the alertness impairment is higher, in accordance with experimental 

studies (Rétey et al., 2006; Landolt et al., 2012). Table 2 shows the UMP equations governing 

the caffeine-free portion of the model [P0(t)] in Eqs. (2)–(5) and the caffeine effect [g
PD

(t, c)] in 

Eq. (6). Overall, the UMP has a total of 12 model parameters, eight for the caffeine-free portion 
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of the model, which we obtained by fitting the parameters to the group-average PVT data in the 

study by Belenky et al. (2003), and four to represent the effects of caffeine (Ramakrishnan et al., 

2016b), which we obtained by fitting the caffeine parameters to the group-average PVT data in 

the study by Kamimori et al. (2005). Table S1 shows all parameter values for the group-average 

model (see Supporting Information). 

< Table 2 here > 

Third, in addition to predicting the average alertness of a collection of individuals in a “group-

average” model, the UMP can be customized to predict alertness impairment of a specific 

individual in an “individualized” model (Ramakrishnan et al., 2015; Reifman et al., 2019). We 

develop an individualized model for a subject by customizing the model parameters of the 

caffeine-free portion of the UMP so that they reflect the subject’s response to sleep deprivation 

measured by the PVT (Liu et al., 2017). Model customization starts by assuming that the subject 

has an average response to sleep deprivation and, initially, can be represented by the parameters 

of the group-average model. Then, after each PVT, we customize the model by recursively 

adjusting its parameters using a Bayesian-learning approach, where we balance the weight of the 

latest PVT measurement [second term in Eq. (7) in Table 3] against that of the group-average 

model [i.e., the prior, the first term in Eq. (7)]. As the number of PVT measurements increases, 

the weight of the latest PVT increases, leading to an individualized model that represents the 

individual’s sleep-loss phenotype (Liu et al., 2017). The model parameters are recursively 

updated after each PVT by solving two algebraic equations [Eqs. (8) and (9) in Table 3], where 

only five UMP parameters (see Table 2) need to be customized (Ramakrishnan et al., 2015). 

< Table 3 here > 
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Learning an individual’s sleep-loss trait 

To determine whether the UMP recursively learned an individual’s sleep-loss trait after n PVTs, 

we computed the difference between RMSEs of a recursively learned model and the best-fit 

model: 

∆𝑅𝑀𝑆𝐸𝑛 = √
1

𝑁
∑ [𝑦𝑖 − 𝑃0(𝑡𝑖, 𝜃𝑛)]2𝑁

𝑖=1 − √
1

𝑁
∑ [𝑦𝑖 − 𝑃0(𝑡𝑖, 𝜃∗)]2𝑁

𝑖=1  ,  (10) 

where 𝑦𝑖, i = 1, 2,…, n,..., N, represents the complete set of N PVTs, 𝜃̂𝑛 denotes the recursively 

estimated model parameters after n PVTs, and 𝜃∗
 indicates the parameters of the best-fit model, 

defined as the solution of Eq. (7) obtained using all N PVTs of an individual, for the 

corresponding study condition. We assumed that the model “learned” the sleep traits of an 

individual after n PVTs when ΔRMSEn reached and remained <5 ms with increasing numbers of 

PVTs. This arbitrary threshold guaranteed near-optimal predictions, while retaining sufficient 

remaining PVTs (10% of N or 5, whichever was smaller) to independently assess the goodness of 

the learned model to predict an individual’s trait.  

In addition, we assessed the ability of the individualized model to learn a subject’s sleep-loss 

trait with a reduced set of PVT measurements. For this analysis, we focused on the five CSR 

study conditions of 3 h (V2a, V2b, and V3a), 5 h (V10a), and 6 h (V1b) of sleep per night in 

Table 1, because they more closely resembled everyday sleep-deprivation conditions and 

provided a sufficient number of PVTs to train the individualized models (at least five 

consecutive CSR nights). We did not consider CSR conditions with caffeine consumption to 

reduce potential confounding factors. For the selected study conditions, we obtained an 
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individualized model for each subject using a subset of the available PVT measurements and 

compared the performance of these models with those of the corresponding best-fit models.  

Assessment of model performance 

To assess the performance of the group-average model predictions for each study condition, we 

used two metrics. First, we calculated the RMSE between the model-predicted alertness 

impairment 𝑃(𝑡) in Eq. (1) and the mean PVT for each session. Second, we estimated PIs around 

P(t) and computed the fraction of PVT data that fell within the PIs. For the group-average 

predictions, we defined PIj for PVT session j in a study condition, as follows:  

PI𝑗 = 𝑃𝑗(𝑡) ± 𝑧 √𝜎𝑓𝑖𝑡
2 + 𝜎𝑠𝑐,𝑗

2  , (11) 

where 𝑃𝑗(𝑡) denotes the group-average model prediction for PVT session j, 𝑧 (≈1.96) represents 

the standard score for 95% confidence level, and the uncertainty term comprises two 

components: the standard deviation (𝜎𝑓𝑖𝑡 = 26 ms) in the PVT data of the study used to estimate 

the parameters of the group-average model (Belenky et al., 2003) and the standard deviation of 

the mean PVT (𝜎𝑠𝑐,𝑗) in session j, for the study condition we wish to predict. This definition of PI 

is more stringent than the alternative of separately computing PIs for the model prediction (based 

on 𝜎𝑓𝑖𝑡) and for the PVT data (based on 𝜎𝑠𝑐,𝑗), and determining if they overlap [because (𝜎𝑓𝑖𝑡
2 +

𝜎𝑠𝑐,𝑗
2 )1/2 < (𝜎𝑓𝑖𝑡 + 𝜎𝑠𝑐,𝑗)].  

To assess the performance of the individualized model predictions, for each of the 301 unique 

subjects across the 22 study conditions, we first determined whether the subject’s individualized 

model was capable of learning the subject’s sleep-loss trait using a subset of the study-condition 
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data. We labeled a subject as “learnable” if the model predictions for the subject satisfied two 

arbitrary criteria: 1) the percentage of PVT measurements that fell within the PIs of the 

individualized model predictions using the total number of measurements for the subject was 

>50% and 2) after learning a subject using a subset of the study-condition data, there were 

sufficient remaining PVT measurements to assess the performance of the model predictions (at 

least 5 PVTs or 10% of the total number of PVT measurements in the study condition). Subjects 

who did not meet these criteria were labeled as “not-learnable.” The first criterion speaks to the 

variance in the data. If the variance is too large (i.e., the PVT measurements have too much 

variability), given the limited number of adjustable parameters in the model, it does not have 

sufficient degrees of freedom to capture the sleep-loss trait of the subject. This criterion attempts 

to capture the fact that even if we were to use all PVT measurements in the study condition to fit 

the model to the data, it would still be an inadequate model because more than 50% of the data 

were not within the PIs. Notably, our analyses included all reported data from each study, even 

though we observed obvious outliers in a number of subjects across the studies. The second 

criterion is to guarantee that we have sufficient PVT measurements not used in model training to 

assess the performance of the model predictions. (For the cross-over design studies, we required 

these conditions be met for both arms of the study for a subject to be labeled as learnable.)  

For the individualized models that met these criteria, we assessed their performance using 

equivalent metrics as in the group-average case. Using the PVT data for the sessions after the 

model had learned the subject’s trait, we computed the RMSE between the model-predicted 

alertness impairment 𝑃(𝑡) in Eq. (1) and the subject’s measured PVT, and calculated the fraction 

of the PVT data that fell within the PIs. For each subject, we defined PIj for each PVT session j 

in each study condition, as follows:  
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PI𝑗 = 𝑃𝑗(𝑡) ± 𝑧 𝑤𝑠  , (12) 

where 𝑃𝑗(𝑡) denotes the individualized prediction for the j PVT session, z = 1.96 as above, and 

𝑤𝑠 denotes the variance of the PVT data upon repeated measurements by the same subject 

under the same condition, i.e., a measure of within-subject variability. In the absence of repeated 

data, to err on the side of caution, we assumed 𝑤𝑠 to be ~30 ms (Khitrov et al., 2014) for all 

subjects in all study conditions. This is a conservative estimate of 𝑤𝑠 because it was obtained 

for subjects under well-rested conditions and 𝑤𝑠 is known to be larger under sleep-loss 

conditions (Rupp et al., 2012). For both the group-average and the individualized model 

predictions, the larger the fraction of PVT data laying within the corresponding PI, the higher the 

accuracy of the UMP prediction.  

Importantly, choosing a sufficiently wide PI can artificially inflate the number of predictions that 

fall within the interval, making it an inappropriate metric of performance. Precisely for this very 

same reason, by design, the PIs we used in our analyses were based solely on the underlying 

variability of the PVT data, rather than on the uncertainty of the model predictions. For example, 

for the group-average predictions, in addition to the variability in the data used to develop the 

model, the width of the PI depended on the variability of the study-condition data we wished to 

predict. Hence, if the measured PVT data in the study we wished to predict had large variability, 

then the PIs would be wider, as one would expect. In fact, had we designed a new study to 

reproduce the original experimental study, we would expect the results to fall within these very 

same PIs with a 95% confidence level.  
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We estimated the parameters for the group-average model using 10-min PVT data. Thus, for 

study conditions that used a 10-min PVT, we directly compared the group-average or 

individualized predictions with the data. For study conditions that used a 5-min PVT (marked 

with an asterisk in the first column in Table 1), we first obtained predictions for the 10-min PVT, 

converted the 10-min PVT predictions into an equivalent 5-min PVT prediction using an affine 

transformation (Hastie et al., 2001), and then compared the equivalent 5-min PVT predictions 

with the 5-min PVT data. The individualized models required an additional pre-processing step, 

where we first transformed the 5-min PVT data into 10-min PVT data, using the inverse affine 

transformation, before performing the steps above. We refer the reader to the Supporting 

Information for a detailed description of the affine transformation. In addition, we observed 

between-study differences in the PVT data across the study conditions. To normalize these 

differences, we added a constant value δ to the group-average predictions for each study 

condition, where δ was computed as the average difference between UMP predictions and PVT 

data within the first 16 h of wakefulness on the first day of the sleep-deprivation challenge 

(Ramakrishnan et al., 2016a).  

RESULTS 

We validated the group-average and individualized models by comparing their predictions 

against measured PVT data in the 12 studies (V1–V12). Table 4 summarizes the prediction 

performance for the 301 unique subjects under the 22 different sleep and caffeine-consumption 

conditions described in Table 1. Overall, the group-average model predictions demonstrated that 

the UMP captured the alertness impairment at the population level for a wide range of sleep and 

caffeine conditions, with an average RMSE between the UMP predictions and the PVT data of 

43 ms, ranging from 15 ms in study condition V8a to 74 ms in V3b. Importantly, 80% of the 
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predictions fell within the PI in Eq. (11), suggesting that the majority of the group-average 

predictions were indistinguishable from the mean of the observed PVT measurements. This 

fraction ranged from 63% (V6a, V12a, and V6b) to 100% in four study conditions (V1b, V2b, 

V8b, and V10b), except for study V3a (41%). 

< Table 4 here > 

Table 4 also shows the prediction performance of the individualized model for 244 unique 

subjects (out of 301) who were learnable (i.e., had >50% of PVT data within the PIs) and had a 

sufficient number of PVTs (at least 5 or 10% of N) for independent assessment after the model 

had learned the subject’s trait. Of the 57 (301 minus 244) not-learnable subjects, 42 did not meet 

the 50% criterion and 15 did not have a sufficient number of PVTs for model assessment (see 

Methods). Overall, the individualized models captured the alertness-impairment levels with 

varying accuracy, with RMSEs ranging from 32 ms in study condition V6b to 147 ms in V11a, 

for an average prediction error of 64 ms and 71% of the predictions falling within the PI in Eq. 

(12). Importantly, our analyses included all PVT data for each subject, regardless of how 

inaccurate they seemed, including obvious outliers. 

We also computed the number of PVTs required by the individualized model to learn an 

individual’s trait-like response to sleep deprivation and caffeine consumption for the same 22 

conditions. Table 4 shows that the average number of PVTs needed to individualize the model 

parameters was 27, with 25% of the models requiring up to 33% of the data to learn a subject and 

75% requiring up to 80% of the data. Overall, the number of PVTs required for the model to 

learn a subject depended on the study condition and varied between subjects.  
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Figures 1–4 show the observed PVT mean RT data along with the group-average and 

individualized model predictions for four study conditions that included CSR and TSD sleep 

challenges, with and without caffeine. Figure 1 shows the results for the CSR plus TSD 

challenge in study condition V1b (Table 1), consisting of two baseline nights of 8 h of TIB per 

night, seven nights of 6 h of TIB per night, followed by 41 h of TSD. Figure 1a shows the group-

average data and corresponding model predictions, where the model yielded very accurate 

predictions with a RMSE of 28 ms and 100% of the experimental data falling within the PIs. 

Figures 1b–1d show the PVT data and individualized model predictions for three subjects in V1b 

with distinct sleep-loss phenotypes and model-prediction accuracies. The mean RT data for 

subject #20 showed negligible variation and consistently low alertness impairment throughout 

the multiple phases of the study, suggesting that this subject was resilient to sleep deprivation. 

The individualized model learned this subject by CSR day C3, after 19 PVTs (open circles, Fig. 

1b), and accurately predicted alertness impairment throughout the remaining CSR days and TSD 

challenge (filled circles, RMSE = 37 ms and fraction = 93%). In contrast, subject #13 showed 

considerable PVT variability over the last day of the TSD challenge (T1, Fig. 1d). It took 50 

PVTs for the individualized model to learn this subject (open circles), and the predictions that 

followed yielded a large RMSE (231 ms) with none of the data (filled circles) falling within the 

PIs. Note that the data showed clear outliers on day T1. 

< Fig. 1 here > 

Figure 2 shows the mean RT data as well as the group-average and individualized model 

predictions for study condition V11b, consisting of one baseline night of 7 h of TIB followed by 

54.5 h of TSD, with a single 600-mg dose of caffeine at 23:50 after 41.5 h into the challenge. In 

this case, the group-average model predictions in Fig. 2a yielded results slightly worse than the 
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average model performance over the 22 conditions (RMSE = 51 ms vs. 43 ms and fraction = 

76% vs. 80%). As expected, alertness impairment temporarily improved immediately after 

caffeine consumption at the end of challenge day T1, and the model accurately captured this 

behavior. Figures 2b–2d show the results for three subjects where the individualized model 

learned each subject on challenge day T2 after caffeine consumption (open circles), yielding 

varying degrees of accuracy (RMSE from 68 ms to 103 ms and fraction from 50% to 20%). The 

individualized model learned subject #10 slightly faster and more accurately than the other two 

subjects, who were more vulnerable (#3) or whose data showed greater variability (#3 and #9). 

< Fig. 2 here > 

Figure 3 shows the mean RT data and model predictions for study condition V2b, which 

consisted of eight baseline nights with 8 h of TIB and a CSR phase with 3 h of TIB for seven 

nights, followed by a recovery phase of 8 h of TIB for five nights. In this case, the group-average 

model predictions agreed very well with the experimental data (RMSE = 26 ms and fraction = 

100%, Fig. 3a). Figures 3b–3d illustrate the effect of PVT variability in the model’s ability to 

learn a subject’s trait and its prediction accuracy, for three subjects in this study. The PVT data 

for subject #11 showed minor changes from day to day and little variability, resulting in quick 

model learning after only 19 PVTs by CSR day C2 and excellent predictions thereafter (Fig. 3b). 

In contrast, the data for subjects #3 and #12 showed more variability, resulting in a larger 

number of PVTs to learn the subjects’ traits and, for subject #12, yielding a relatively low 

prediction accuracy (RMSE = 118 ms and fraction = 65%, Fig. 3d), likely due to the large 

amount of scatter in the PVT data during the last three days of CSR and the first recovery day, 

including a few outliers. 
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< Fig. 3 here > 

Figure 4 shows the results for study condition V10b, where, after five nights of extended sleep 

(10 h of TIB), subjects were challenged with five nights of 5 h of TIB per night, followed by 

three recovery nights of 8 h of TIB. Subjects consumed 200 mg of caffeine twice a day at 08:00 

and 12:00 during the CSR phase. In this case, the group-average predictions yielded excellent 

agreement with the experimental data (RMSE = 19 ms and fraction = 100%, Fig. 4a). 

Nevertheless, we did observe variability in the individualized predictions and the number of 

PVTs required to learn each subject. For example, while the individualized model learned 

subject #6 by CSR day C3 and yielded excellent agreement with the experimental data (RMSE = 

31 ms and fraction = 98%, Fig. 4b), the model only learned subject #8 after 3.5 days of CSR and 

yielded relatively low performance (RMSE = 98 ms and fraction = 43%, Fig. 4d). In this case, 

the individualized model underpredicted alertness impairment during the last day of CSR and the 

first two days of recovery, where the experimental data were scattered. 

< Fig. 4 here > 

We also assessed the ability of the individualized models to learn a subject’s sleep-loss trait with 

a reduced set of PVT measurements. We focused on the CSR conditions (V1b, V2a, V2b, V3a, 

and V10a; see Table 1) because they more closely resembled everyday sleep-deprivation 

conditions. Interestingly, we found that by using only two PVTs per day (taken at 10:00 and at 

around 18:30) for five consecutive days, for a total of 10 PVTs, the individualized models were 

able to learn at least 70% of the learnable subjects in each study condition. For these subjects, the 

individualized models yielded RMSEs slightly larger (<11 ms) than those of the best-fit models. 
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In particular, for two study conditions (V2b and V3a), the fraction of subjects learned with 10 

PVTs was at least 80%.  

DISCUSSION 

To be useful, mathematical models must be able to accurately predict an individual’s 

neurobehavioral performance as a function of time of day, sleep history, and caffeine 

consumption across a wide range of sleep and caffeine-consumption conditions. They must also 

be able to capture an individual’s trait-like response to sleep deprivation, so as to account for the 

large between-subject variability (Van Dongen et al., 2004; Rupp et al., 2012). In this work, we 

validated the UMP, demonstrating its ability to adequately represent alertness impairment of a 

population as well as of a specific individual across a comprehensive set of 22 distinct conditions 

spanning the continuum of sleep loss and caffeine consumption. 

Overall, the group-average UMP accurately predicted the mean PVT response for each sleep and 

caffeine condition, including seven caffeine-dosing schedules and 14 distinct sleep-deprivation 

conditions (Table 1). Quantitatively, we showed that the mean RMSE between the group-average 

predictions and the study-average PVT data across the 22 conditions and 301 unique subjects 

was 43 ms (range = 15 to 74 ms), whereas the fraction of PVTs within the PIs was relatively 

high (80%; range = 41 to 100%), suggesting that in 80% of the cases the UMP predictions were 

indistinguishable from group-average PVT measurements. The fraction was lower than 60% for 

only one study condition (V3a), which involved an extended sleep period during the baseline 

phase, followed by seven nights of 3 h of TIB and a recovery phase (Table 4). In this case, the 

relatively low fraction (41%) is attributed to an abnormally small decrement in alertness 

impairment during CSR [in comparison to the decrement in similar sleep schedules in V2a 
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(fraction = 69%) and V10a (fraction = 97%)], which resulted in an overprediction by the group-

average model. The fractions for all other study conditions were greater than 63%, and reached 

100% for four conditions, indicating accurate predictions across a diverse set of sleep and 

caffeine schedules. To characterize any potential systematic error not captured by the RMSE or 

fraction metrics, we carried out an analysis of residuals (the difference between PVT 

measurements and predictions; see Supporting Information). The analysis showed that the 

residuals for the combined 22 conditions appeared normally distributed and without any 

systematic patterns other than an average over-prediction of the measurements by 14 ms, which 

corresponds to 20% of the average half-width of the PIs. Thus, there was a positive bias in the 

predictions, but the bias was relatively small, confirming the validity of the group-average 

model. Although we observed obvious PVT outliers in a number of subjects across the studies, 

our analysis included all reported data from each study. 

We also assessed the ability of the UMP to learn the sleep-loss trait of each of the 301 unique 

individuals across the 22 study conditions. For the 81% of the subjects (244 out of 301) deemed 

to be learnable (see Methods), we assessed model performance by comparing the individualized 

model predictions against each subject’s PVT data (Table 4). Overall, the average RMSE across 

all predictions was 64 ms (average range per study = 32 to 147 ms), where, on average, 71% of 

the PVTs of each subject in each session of each study condition fell within two standard 

deviations of the within-subject variability (=59 ms for well-rested conditions; Khitrov et al., 

2014). This suggests that, for these 244 subjects, in nearly three out of four PVTs we cannot 

distinguish between a single PVT measurement and the individualized model prediction. This is 

a conservative estimate because the within-subject variability is known to increase with sleep 

loss (Rupp et al., 2012). Assuming a 25% increase in within-subject variance (from 59 to 74 ms) 
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during the sleep challenge phase of the studies would have increased the number of PVTs falling 

within this error bar to ~80%. To characterize any potential systematic error in the individualized 

model predictions, we also carried out an analysis of residuals (see Supporting Information). The 

analysis showed that the residuals for the combined 244 subjects in the 22 conditions appeared 

normally distributed and without systematic patterns other than an average over-prediction of the 

measurements by 6 ms, which corresponds to 10% of the half-width of the PIs. Thus, there was a 

positive bias in the individualized predictions, but the bias was relatively small, confirming the 

validity of the individualized models. As in the group-average predictions, our analysis used all 

reported data, including obvious outliers. 

The UMP did not capture the sleep-loss traits of 57 (or 19%) of the 301 unique subjects. These 

subjects were not-learnable primarily because of the excessive variability in the PVT data (42 

subjects) and because this variability slowed the learning process, not leaving sufficient data to 

assess the model predictions (15 subjects). To characterize the variability in the data used for 

validation between learnable and not-learnable subjects, we observed that the standard deviation 

of the data for the not-learnable subjects was 270% larger. Notably, the variability was 

concentrated in a few studies. For example, 55% (or 23 subjects) of the 42 not-learnable subjects 

discussed above came from only two studies [V1 (15) and V9a (8)], where the data showed 

excessive variability. In addition, the model does not have enough degrees of freedom to fit any 

one individual perfectly, even if we were to use all available data to fit the model to the data (i.e., 

to develop a best-fit model). In fact, developing individualized best-fit models for these 57 

subjects and computing the performance metrics for the smallest of the last 5 PVTs, or 10% of 

the total number of PVTs available for each subject, yielded an average RMSE of 135 ms and an 
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average fraction of 32%. In contrast, for the learnable 81% of the subjects, we obtained an 

average RMSE of 64 ms and an average fraction of 71%.  

Because one of the motivations to develop the UMP was to bridge the continuum from CSR to 

TSD with a single model, we investigated whether there were differences in the performance of 

the models between the TSD studies (11 conditions) and the CSR studies (5 conditions) in Table 

4. For the group-average predictions, the average RMSE was 44 ms (standard deviation = 21 ms) 

and 36 ms (20 ms), and the average fraction of PVTs within the PIs was 80% (10%) and 81% 

(26%) for the TSD and CSR conditions, respectively. Similarly, for the individualized 

predictions, the average RMSE was 72 ms (31 ms) and 53 ms (4 ms) and the average fraction of 

PVTs within the PIs was 64% (20%) and 82% (6%) for the TSD and CSR conditions, 

respectively. Based on two-sample t-tests, there were no statistical differences at the 0.05 

significance level in the performance metrics between the TSD and CSR conditions, for either 

the group-average or individualized model predictions, confirming one of the distinctive features 

of the UMP, the ability to bridge the continuum of sleep loss with a single model. 

Although the overall results for the individualized model were similar to those of the group-

average model, the latter cannot accurately predict each specific individual unless the alertness 

impairment is close to that of the “average” subject (Liu et al., 2017). To assess the benefit of 

model individualization, we computed the RMSE between each subject’s PVT data and the 

group-average model predictions for the same subset of PVT measurements used for validating 

the individualized models. The average RMSE across the 22 study conditions was 88 ms (vs. 64 

ms), a 38% increase in prediction error, demonstrating that model customization produced more 

accurate predictions at the individual level. In general, the individualized model failed to 

accurately capture a subject’s trait-like response to sleep loss when the subject’s PVT data 
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showed large variability, resulting in lower prediction accuracy, for example, as for subject #8 in 

study condition V10b (Fig. 4d). 

We expected the number of PVTs required to individualize the model parameters to depend on 

the individual’s sleep-loss phenotype, sleep schedule, caffeine consumption, as well as the 

frequency and timing of PVT sessions. For example, while it took on average 53 PVTs to learn 

the subjects in study condition V10a (placebo), it took only 36 PVTs in the caffeine arm of the 

study (V10b). To assess the effect of some of these factors, we plotted the cumulative 

distribution of the percentage of subjects in a given study condition learned by the model as a 

function of the number of PVTs needed to individualize the UMP parameters. However, we 

could only compare nine of the 12 studies in Fig. 5 where the study had two arms that differed by 

only one factor (Table 1): V2 (baseline sleep of 8 h vs. 10 h of TIB), V3 (CSR vs. TSD), and 

V6–V12 (caffeine vs. placebo). As expected, the model was able to learn subjects with shorter 

baseline TIB duration (Fig. 5b) and more acute sleep deprivation (Fig. 5c) faster, consistent with 

previous results (Liu et al., 2017). We could not reach a conclusion on the comparison of 

caffeine vs. placebo (Figs. 5f–5l), primarily because the model only learned some subjects after 

caffeine consumption. Nevertheless, we found variability in PVT data to be the chief factor 

driving the speed of model individualization. As a result, because PVT measurements of resilient 

subjects have consistently low variability (see, for example, Figs. 1b–4b), the individualized 

model learned the traits of resilient subjects considerably faster than those of more vulnerable 

subjects. 

< Fig. 5 here >  
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Although the PVT is widely used to assess alertness in sleep studies, the task is rather tedious 

and time consuming. Therefore, to determine if it is possible to reduce this burden, we 

investigated whether the individualized models could learn the sleep-loss trait of an individual 

using only a subset of PVT measurements. Interestingly, for the five CSR conditions without 

caffeine consumption (V1b, V2a, V2b, V3a, and V10a; see Table 1), at least 70% of the 

learnable subjects in each study condition required only 10 PVTs (taken at around 10:00 and 

18:30 during 5 days of CSR) to generate models with similar performance to those obtained with 

the best-fit models. This represents nearly an 80% reduction in the average number of PVTs (48) 

available and used by the individualized models to learn the subjects’ sleep-loss traits. This 

analysis suggests that taking two PVTs per day, one in the morning and one in the evening, for 

five consecutive days of CSR conditions is sufficient to learn the trait-like response to sleep loss 

of most individuals. 

While both caffeine intake and sleep opportunities were controlled in the three field studies in 

Table 1 (V6, V8, and V9), we investigated whether other factors not controlled in the studies 

could have influenced the PVT measurements and affected the models’ performance. We did not 

observe significant differences in the performance metrics between models based on laboratory 

and field studies, for either the group-average or the individualized predictions (for the RMSEs, 

p-values from two-sample t-tests were 0.34 and 0.56, and for fractions they were 0.57 and 0.88, 

respectively). We did observe a large variability in the data of study condition V9a (a field 

study), which precluded us from learning 8 out of 15 subjects (Table 4). However, on the other 

arm of the study in condition V9b, a large variability was not an issue. We also observed a large 

variability in study V1, which was a laboratory study. These results support our modeling 



23 
 

assumption that sleep and caffeine intake are the major factors influencing the prediction of 

alertness impairment. 

Our study has limitations. The UMP was developed for healthy young adults without a history of 

sleep or neurological disorders and, therefore, the conclusions may be different for a 

heterogeneous and older population. Another possible limitation is that the UMP does not 

consider chronic caffeine consumption or withdrawal effects. Alertness enhancement for 

habitually high caffeine users may require larger caffeine doses than for habitually low caffeine 

users (Einother et al., 2013). In addition, our results are based on PVT statistics, and it is unclear 

to what extent our findings can be applied to other neurocognitive performance measures. 

Finally, with the current approach, we were not able to individualize the model for 19% of the 

subjects. In theory, we could reduce this fraction by extending the model to account for 

additional individual characteristics or other factors that influence the PVT not included in the 

current model. However, adding new parameters to the model also increases the challenge of 

real-time parameter estimation.  

Based on our analyses, we believe that real-world deployment of the UMP at the individualized 

level should follow two sequential phases of prospective, real-time validation: first in laboratory 

studies then in field studies. We started the first phase by integrating the UMP predictive engine 

into a smartphone to allow for prospective, real-time assessment. To this end, we created the 2B-

Alert app, which automatically learns the sleep-loss traits of individuals and predicts alertness 

impairment in real time as a function of sleep history, time of day, and caffeine consumption. To 

assess these capabilities, we recently performed a prospective study where 21 subjects used the 

2B-Alert app during a 62-h TSD laboratory challenge (study V5; Reifman et al., 2019). The 

results showed that the individualized models could capture the sleep-loss traits of the subjects in 
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real time by using the first 36 h (12 PVTs) to learn the individuals, and then predicting their 

alertness for the last 24 h of the study. The average RMSE between the 2B-Alert app predictions 

and the data was only 8 ms larger than that obtained with the best-fit model using all the data (54 

ms vs. 46 ms) (Reifman et al., 2019). For the same study, here we obtained a comparable average 

RMSE of 41 ms (Table 4), which is different because each individualized model assessed here 

was obtained with a different number of PVTs (see Methods). The next logical step is to assess 

individualized caffeine recommendations in a similar prospective, real-time laboratory study, 

paving the way for future field testing and the transition of individualized model predictions 

from the bench to the real world.  

In summary, here we validated the group-average and individualized UMP models, 

demonstrating their ability to adequately predict alertness impairment at the population and 

individual-specific levels for 22 distinct conditions, spanning the continuum of sleep loss and 

caffeine consumption. Notably, we showed that the UMP was able to capture the sleep-loss trait 

of 81% of the subjects, and that the individualized predictions for these subjects and the group-

average predictions were indistinguishable from PVT measurements in nearly 80% of the cases, 

highlighting the benefits of these models as an integral element of fatigue-management tools 

(Reifman et al., 2019, 2022).  
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FIGURE CAPTIONS AND TABLES 

 

Figure 1. Psychomotor vigilance test (PVT) mean response time (RT) data along with the group-

average and individualized model predictions for study condition V1b. The study consisted of 

two baseline nights of 8 h of time in bed (TIB; for B1 and B2), followed by 7 nights of chronic 

sleep restriction (CSR; 6 h of TIB for C1‒C7) and 41 h of total sleep deprivation (TSD; T1). (a) 

Group-average mean RT and group-average model predictions, representative of above-average 

model performance. The error bars denote two standard errors of the mean. (b-d) Individualized 

predictions for three subjects: subject #20 [strong individualized model predictions, (b)], subject 

#14 [average individualized model predictions, (c)], and subject #13 [weak individualized model 

predictions, (d)]. Open and filled circles correspond to data used by the individualized model to 

“learn” the subject and assess model predictions, respectively. The shaded regions in all panels 

represent the width of the prediction intervals. The gray vertical stripes represent sleep episodes. 

RMSE, root mean square error. 

Figure 2. Psychomotor vigilance test (PVT) mean response time (RT) data along with the group-

average and individualized model predictions for study condition V11b. The study consisted of 

one baseline night (B1) of 7 h of time in bed (TIB), followed by 54.5 h of total sleep deprivation 

(TSD; T1 and T2), where subjects consumed 600 mg of caffeine (vertical dashed green line) at 

23:50 (i.e., after 41.5 h of wakefulness). (a) Group-average mean RT and group-average model 

predictions, representative of below-average model performance. The error bars denote two 

standard errors of the mean. (b-d) Individualized predictions for three subjects: subject #10 

[average individualized model predictions, (b)], subject #3 [weak individualized model 

predictions, (c)], and subject #9 [weak individualized model predictions, (d)]. Open and filled 

circles correspond to data used by the individualized model to “learn” the subject and assess 
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model predictions, respectively. The shaded regions in all panels represent the width of the 

prediction intervals. The gray vertical stripes represent sleep episodes. RMSE, root mean square 

error. 

Figure 3. Psychomotor vigilance test (PVT) mean response time (RT) data along with the group-

average and individualized model predictions for study condition V2b. The study consisted of 

eight baseline nights of 8 h of time in bed (TIB; for B1‒B8), followed by seven nights of chronic 

sleep restriction (CSR; 3 h of TIB for C1‒C7) and five recovery nights of 8 h of TIB (R1‒R5). 

(a) Group-average mean RT and group-average model predictions, representative of above-

average model performance. The error bars denote two standard errors of the mean. (b-d) 

Individualized predictions for three subjects: subject #11 [strong individualized model 

predictions, (b)], subject #3 [strong individualized model predictions, (c)], and subject #12 [weak 

individualized model predictions, (d)]. Open and filled circles correspond to data used by the 

individualized model to “learn” the subject and assess model predictions, respectively. The 

shaded regions in all panels represent the width of the prediction intervals. The gray vertical 

stripes represent sleep episodes. RMSE, root mean square error. 

Figure 4. Psychomotor vigilance test (PVT) mean response time (RT) data along with the group-

average and individualized model predictions for study condition V10b. The study consisted of 

five baseline nights (B1‒B5) of 10 h of time in bed (TIB), followed by five nights of chronic 

sleep restriction (CSR; 5 h of TIB for C1‒C5) and three recovery nights of 8 h of TIB (R1‒R3). 

During the CSR phase, subjects consumed 200 mg of caffeine at 08:00 and 12:00 daily (vertical 

dashed green lines). (a) Group-average mean RT and group-average model predictions, 

representative of above-average model performance. The error bars denote two standard errors of 

the mean. (b-d) Individualized predictions for three subjects: subject #6 [strong individualized 
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model predictions, (b)], subject #21 [strong individualized model predictions, (c)], and subject #8 

[weak individualized model predictions, (d)]. Open and filled circles correspond to data used by 

the individualized model to “learn” the subject and assess model predictions, respectively. The 

shaded regions in all panels represent the width of the prediction intervals. The gray vertical 

stripes represent sleep episodes. RMSE, root mean square error. 

Figure 5. Cumulative distribution of the percentage of subjects in a given study condition 

learned by the model as a function of the number of psychomotor vigilance test (PVT) 

measurements needed to individualize the model parameters. Nine panels represent studies with 

two conditions that differed by only one factor: (b) study V2 (baseline sleep of 8 h vs. 10 h of 

time in bed), (c) study V3 (chronic sleep restriction vs. total sleep deprivation), and (f–l) studies 

V6–V12 (caffeine vs. placebo). The dashed green curves and solid blue curves denote the results 

for study conditions “a” and “b,” respectively (see Table 1). 
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Table 1. Summary of studies used to assess the Unified Model of Performance 

Study 

condi-

tion 

# 

Subjects 

(men) 

# PVTs Sleep schedule Caffeine-consumption schedule 

Baseline 

(TIB, h) 

TSD (wakefulness, h) or 

CSR (TIB, h) 

Recovery 

(TIB, h) 

Dose, mg Time of day 

Studies with no caffeine 

 V1a 36 (18) 61 2 nights (8)+ 

7 nights (10) 

TSD (39) -  
 

 V1b 36 (18) 62  2 nights (8) 7 CSR nights (6) + TSD (41) -  
 

 V2a*   12 (7)     143 8 nights (10) 7 CSR nights (3) 5 nights (8)  
 

 V2b*  12 (4)     143 8 nights (8) 7 CSR nights (3) 5 nights (8)  
 

 V3a 19 (11)     109 7 nights (10) 7 CSR nights (3) 3 nights (8)  
 

 V3b 19 (11) 64 7 nights (10) TSD (63) 3 nights (8)  
 

  V4 12 (12) 45 - TSD (25) + 4 CSR day (4)  -  
 

  V5* 21 (14) 23 1 night (8) TSD (62) 1 night (12)  
 

Studies with caffeine and placebo 

 V6a* 11 (11) 35 1 night (8) TSD (31) + 2 CSR days (4) - 
  

 V6b* 10 (10) 35 1 night (8) TSD (31) + 2 CSR days (4) - 4×200 21:45, 01:00, 03:45, 07:00 (daily) 

 V7a* 14** 34 1 night (8) TSD (61) 1 night (12) 
  

 V7b* 11** 34 1 night (8) TSD (61) 1 night (12) 1×600 After 44 h of wakefulness at 03:00 

 V8a* 21** 11 1 night (8) TSD (28) - 
  

 V8b* 21** 11 1 night (8) TSD (28) - 1×400, 2×200 21:30, 03:00, 05:00 during TSD 

 V9a* 15 (15) 31 - 1 CSR night (3) + TSD (33) - 
  

 V9b* 15 (15) 31 - 1 CSR night (3) + TSD (33) - 2×(100, 200) 21:45, 23:45, 01:45, 03:45 during TSD 

V10a 24 (10)     145 5 nights (10) 5 CSR nights (5) 3 nights (8) 
  

V10b   24 (9)     145 5 nights (10) 5 CSR nights (5) 3 nights (8) 2×200 08:00, 12:00 (daily) 

V11a   10 (6) 37 1 night (7) TSD (54.5) 1 night (24) 
  

V11b   10 (6) 37 1 night (7) TSD (54.5) 1 night (24) 1×600 After 41.5 h of wakefulness at 23:50 

V12a 12 (11) 48 1 night (8) TSD (85) 1 night (12) 
  

V12b 12 (11) 48 1 night (8) TSD (85) 1 night (12) 1×600 After 65 h of wakefulness at 00:00 
*5-min psychomotor vigilance test (PVT); otherwise, 10-min PVT. **Sex information was not available. CSR: chronic sleep 

restriction; TIB: time in bed; TSD: total sleep deprivation. References: V1 (Lo et al., 2012), V2 (Rupp et al., 2009), V3 (Rupp et al., 

2012), V4 (Wesensten et al., 2007), V5 (Reifman et al., 2019), V6 (Kamimori et al., 2015), V7 (Killgore et al., 2008), V8 (McLellan 

et al., 2004), V9 (McLellan et al., 2005), V10 (So et al., 2016), V11 (Wesensten et al., 2004), and V12 (Wesensten et al., 2005). 
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Table 2. Equations of the Unified Model of Performance 

UMP governing equations  

Performance impairment without caffeine (Po):  

          𝑃𝑜(𝑡, 𝜃) = 𝑆(𝑡) + 𝜅𝐶(𝑡), (2) 

where θ represents the eight model parameters of the UMP, namely, θ = [U, τw, τs, τLA, κ, ϕ, S0, 

L0]
T as defined below. The time-dependent functions S(t) and C(t) denote the homeostatic and 

circadian processes, respectively, and κ denotes the circadian amplitude. Because the UMP 

predictions are not particularly sensitive to time constants τw, τs, and τLA (Ramakrishnan et al., 

2015), we fixed them to 18.2 h, 4.2 h, and 7.0 days, respectively. 

 

Circadian process (C): 

          𝐶(𝑡) = ∑ 𝑎𝑗 𝑠𝑖𝑛 [𝑗
2𝜋

𝜏
(𝑡 + 𝜙)]5

𝑗=1 , 

where aj, j = 1, …, 5, denotes the amplitude of the five harmonics (a1 = 0.97, a2 = 0.22, a3 = 

0.07, a4 = 0.03, and a5 = 0.001),  indicates the fundamental period of the circadian clock (~24 

h), and ϕ represents the circadian phase. 

 

 

(3) 

Homeostatic process (S):  

          𝑆̇(𝑡) = {
  1 𝜏𝑤⁄ [𝑈 − 𝑆(𝑡)]

−1 𝜏𝑠⁄ [𝑆(𝑡)  − 𝐿(𝑡)]
 

during wakefulness 

during sleep, 

      

(4) 

where U and L denote the upper and lower asymptotes, respectively, and τw and τs indicate the 

wake and sleep time constants of the increasing and decreasing sleep pressure, respectively. 

S(0) = S0 and L(0) = L0 correspond to the initial-state values for S and L.  

 

Lower asymptote (L) of process S is defined as follows:   

          𝐿(𝑡) = {
𝑚𝑎𝑥{𝑈 − (𝑈 − 𝐿0) 𝑒𝑥𝑝( − 𝑡/𝜏𝐿𝐴), −0.11𝑈}

𝑚𝑎𝑥{−2𝑈 + (2𝑈 + 𝐿0) 𝑒𝑥𝑝( − 𝑡/𝜏𝐿𝐴), −0.11𝑈}
 

during wakefulness 

during sleep, 
(5) 

where τLA denotes the time constant of the exponential decay of the effect of sleep history on 

performance. 
 

The effect of caffeine (g𝑃𝐷): 

         g𝑃𝐷(𝑡, 𝑐) =  [1 + 𝑀𝑐
𝑘𝑎

𝑘𝑎−𝑘𝑐
{exp[−𝑘𝑐(𝑡 − 𝑡𝑜)] − exp[−𝑘𝑎(𝑡 − 𝑡𝑜)]}]

−1
 for t ≥ to  

         𝑀𝑐 = 𝑀𝑜 ⋅ 𝑐 and 𝑘𝑐 = 𝑘0exp (−𝑧 ⋅ 𝑐), 

where Mc and kc indicate the amplitude factor and the elimination rate for a caffeine dose c 

scheduled at time to, respectively. Here, Mo, k0, z, and ka denote the amplitude slope, basal 

elimination rate, decay constant, and absorption rate, respectively. We fixed the caffeine 

parameters as described in Table S1.  

(6) 
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Table 3. Individualization of the Unified Model of Performance 

Bayesian learning:  

          arg min
𝜃

{(𝜃 − 𝜃0)𝑇𝛴0
−1(𝜃 − 𝜃0) +

1

𝜎2
∑ [𝑦𝑖 − 𝑃𝑜(𝑡𝑖, 𝜃)]2𝑛

𝑖=1 }, (7) 

where θ0 represents the parameters of an “average” individual, Σ0 denotes the prior variance-

covariance matrix of the model parameters θ0, and σ2 indicates the noise variance in PVT 

measurements yi. The solution of Eq. (7) leads to the individualized model based on a set of n 

PVT measurements yi, with i = 1, 2,…, n, up to the current time tn (where n ≤ N, the total 

number of measurements).  

 

Recursive learning based on the extended Kalman filter: 

We recursively estimated the model parameter 𝜃𝑛, at the current time tn, with n = 1, 2,…, N, as 

a function of the previous estimate 𝜃𝑛−1 at time tn-1 and the current PVT measurement yn, by 

solving the following algebraic equations: 

 

 

          𝜃𝑛 = 𝜃𝑛−1 +
𝛴̂𝑛−1𝐽𝑛

𝜎2+𝐽𝑛
𝑇𝛴̂𝑛−1𝐽𝑛

[𝑦𝑛 − 𝑃𝑜(𝑡𝑛, 𝜃𝑛−1)] (8) 

        

𝛴̂𝑛 = (𝐼 −
𝛴̂𝑛−1𝐽𝑛𝐽𝑛

𝑇

𝜎2+𝐽𝑛
𝑇𝛴̂𝑛−1𝐽𝑛

) 𝛴̂𝑛−1 (9) 

where 𝛴̂𝑛 and 𝛴̂𝑛−1 represent the estimated variance-covariance matrices of the model 

parameters at times tn and tn-1, respectively, 𝐽𝑛 = 𝜕𝑃𝑜(𝑡𝑛, 𝜃)/𝜕𝜃|𝜃=𝜃̂𝑛−1
denotes the Jacobian of 

the model output with respect to the model parameters at time tn, and I represents the identity 

matrix. To start the recursion, we assume that 𝜃0= θ0 and 𝛴̂0= Σ0, where θ0 and Σ0 denote 

priors as in Eq. (7). To customize the model to an individual, we only needed to estimate five 

UMP parameters, i.e., the upper asymptote U, the circadian amplitude and phase, κ and ϕ, 

respectively, and the initial state values for process S and for the lower asymptote L0 (Table 

S1). 
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Table 4. Performance of the group-average model and the individualized model. The values for 

the individualized models denote their mean [range] performance in each study condition for the 

PVTs after the model had “learned” the subject’s trait-like response to sleep deprivation 

Study 

condition 

# Subjects 

(learnable 

subjects) 

Total # 

PVTs1 

Group-average 

model3 

Individualized model4 

RMSE, 

ms 

Fraction,2 

% 

# PVTs to 

learn a 

subject 

Time to learn 

a subject, h5 

RMSE,  

ms 

Fraction,2  

% 

Caffeine free 

V1a 

TSD 

36 (12) 61 

(43,18,0) 

46 79 45 

[1–59] 

196 

[0–245] 

83 

[41–229] 

47 

[0–88] 

V1b 

both6 

36 (12) 62 

(43,19,0) 

28     100 41 

[4–60] 

183 

[18–245] 

101 

[25–231] 

56 

[0–93] 

V2a 

CSR 

12 (12)      143 

(0,88,55) 

38       69 48 

[8–86] 

99 

[7–176] 

56 

[26–109] 

86 

[57–100] 

V2b 

CSR 

12 (10)      143 

(0,88,55) 

26     100 41 

[15–96] 

85 

[27–199] 

54 

[20–118] 

87 

[65–100] 

V3a 

CSR 

19 (17)      109 

(13,76,20) 

70 41 45 

[23–76] 

221 

[52–305] 

57 

[21–90] 

72 

[45–100] 

V3b 

TSD 

19 (17) 64 

(13,31,20) 

74 70 33 

[25–47] 

195 

[177–227] 

58 

[26–79] 

72 

[47–100] 

V4 

both 

12 (11) 45 

(0,45,0) 

60 80 24 

[12–36] 

48 

[22–75] 

39 

[18–61] 

87 

[65–100] 

V5 

TSD 

21 (20) 23 

(0,20,3) 

25 83 12 

[7–19] 

33 

 [18–54] 

41 

[17–95] 

87 

[50–100] 

Placebo 

V6a 

both 

11 (11) 35 

(4,31,0) 

55 63 17 

[11–32] 

56 

[41–89] 

46 

[21–103] 

81 

[17–100] 

V7a 

TSD 

14 (13) 34 

(0,30,4) 

30 82 14 

[1–26] 

26 

[0–54] 

60 

[26–179] 

82 

[42–100] 

V8a 

TSD 

21 (17) 11 

(0,11,0) 

15 82 9 

[3–11] 

23 

[5–28] 

66 

[15–179] 

57 

[0–100] 

V9a 

both 

15 (6) 31 

(0,31,0) 

54 87 13 

[8–17] 

38 

[34–42] 

85 

[22–309] 

64 

[0–100] 

V10a 

CSR 

24 (24)      145 

(0,105,40) 

29 97 53 

[12–121] 

68 

[12–168] 

48 

[23–109] 

83 

[27–100] 

V11a 

TSD 

10 (9) 37 

(3,31,1) 

54 89 26 

[18–32] 

53 

[40–60] 

147 

[53–267] 

32 

[17–68] 

V12a 

TSD 

12 (10) 48 

(2,42,4) 

73 63 29 

[14–39] 

63 

[34–84] 

78 

[37–139] 

60 

[38–85] 

Caffeine 

V6b 

both 

10 (10) 35 

(4,31,0) 

47 63 13 

[8–16] 

45 

[38–53] 

32 

[18–62] 

91 

[64–100] 

V7b 

TSD 

11 (11) 34 

(0,30,4) 

31 79 19 

[11–28] 

37 

[20–54] 

47 

[27–73] 

80 

[50–100] 

V8b 

TSD 

21 (17) 11 

(0,11,0) 

22     100 9 

[3–11] 

23 

[5–28] 

41 

[16–83] 

90 

[0–100] 
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V9b 

both 

15 (13) 31 

(0,31,0) 

44 74 9 

[1–16] 

27 

[0–41] 

53 

[17–115] 

75 

[0–100] 

V10b 

CSR 

24 (23)      145 

(0,105,40) 

19     100 36 

[1–105] 

44 

[0–135] 

50 

[30–98] 

80 

[43–98] 

V11b 

TSD 

10 (6) 37 

(3,31,1) 

51 76 33 

[29–35] 

61 

[57–63] 

105 

[68–147] 

33 

[0–67] 

V12b 

TSD 

12 (9) 48 

(2,42,4) 

64 75 21 

[13–30] 

48 

[32–66] 

69 

[49–87] 

61 

[50–82] 

Average   43 80 27 76 64 71 

1The total number of PVTs and the number of PVTs during baseline, sleep challenge, and 

recovery phases, respectively (see Table 1). 2Fraction is defined as the number of PVTs that fall 

within the prediction intervals of the model, divided by the total number of PVTs in the study 

condition (see Methods). 3Based on 301 unique subjects. 4Based on 244 unique subjects. 5Time 

between the first and last PVT sessions required to learn the sleep-loss trait of a subject. 6Both 

represents study conditions that included chronic sleep restriction (CSR) and total sleep 

deprivation (TSD) challenges. PVT: psychomotor vigilance test; RMSE: root mean square error 

between the model prediction and the measured PVT data. References: V1 (Lo et al., 2012), V2 

(Rupp et al., 2009), V3 (Rupp et al., 2012), V4 (Wesensten et al., 2007), V5 (Reifman et al., 

2019), V6 (Kamimori et al., 2015), V7 (Killgore et al., 2008), V8 (McLellan et al., 2004), V9 

(McLellan et al., 2005), V10 (So et al., 2016), V11 (Wesensten et al., 2004), and V12 

(Wesensten et al., 2005). 
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Figure 1  
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Figure 2 
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Figure 3 
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Figure 4 
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Figure 5 

 

 

 

 


