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ABSTRACT 

 Understanding and predicting the acoustic behavior of water-saturated marine 

sediment is fundamental to underwater sensing, navigation, and communication. Data 

collected from experiments and field measurements show a clear dependence on 

frequency for both the attenuation coefficient and phase speed. Existing theories, like 

Biot-Stoll and VGS, can be fit to this data by fitting multiple parameter values that can be 

difficult to interpret or measure. Additionally, these theories treat the sediment as a 

continuum. We take a granular-mechanics approach, treating the medium as a large 

collection of spatially disordered, discrete objects governed by pairwise forces. These 

forces include a repulsive term due to intergrain contact forces as well as a variety of 

dissipative forces, including an inelastic component of normal compression at grain-grain 

contacts that is not included in the existing models of sediment acoustics. Using 

theoretical analysis and discrete element method simulations, we show that this granular 

mechanics perspective may be able to explain salient features of the acoustic properties 

of marine sediments, such as the frequency-dependent phase speed and attenuation. Our 

results show a granular mechanics perspective may be able to simplify our understanding 

of sediment acoustics and provide new insights about the grain-scale origins of observed 

data. 
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CHAPTER 1:
Introduction and Background

Having a complete understanding of the marine environment is a vital to U.S. Naval opera-
tions. Of particular importance is understanding the propagation of acoustic waves, which
are used for a wide variety of communication and sensing applications [1]–[13]. These
applications necessarily involve modeling of how acoustic waves transmit and reflect off
of water-saturated sediments at the bottom of the ocean floor. Understanding reflection and
transmission requires an acoustic model of the material, complete with a dispersion relation
(frequency dependence of sound speed) as well as frequency dependence of attenuation.
This frequency dependence of speed and attenuation arises from microscopic loss mech-
anisms, and a complete theory should be able to derive this dependence in terms of one
or many loss mechanisms. As discussed below, two major theories exist, but both treat the
granular phase in a continuum way. This thesis will consider a new model for how acoustic
waves propagate through marine sediment by explicitly focusing on the granular phase.

1.1 Measurements of Dispersion and Attenuation
It is difficult to collect data on dispersion relations in marine sediment for several reasons.
Lab experiments are challenging particularly for long wavelength cases as length scales
need to be longer than several wavelengths of the signal being tested. Additionally, complex
inversion techniques are necessary to convert measurable data into something that can be
used to determine attenuation and dispersion relations [14]. Field experiments are difficult
as the material properties of sediments often change with depth on a characteristic scale
of 10−1 m. Given this, it can be difficult to disentangle the effect of the layering structure
with the dispersion relation, since layered sediments are known to cause dispersion on a
macroscopic scale [15], [16]. Acoustic transmission properties can also be inferred based
on reflection data collected near the ocean floor [11], [17]–[19]. With these caveats, we will
primarily consider the data set from a 2007 paper [14], which showed data from several
sources compiled into a single plot. The study used data from 20 locations in the Yellow
Sea, East China Sea, and off the Eastern U.S. coast and ultimately produced two important
graphs shown in Figures 1.1 and 1.2. The colored points in these figures symbolize the data,

1

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



with the dotted lines representing a model that will be discussed in Section 1.2.

These figures show the frequency dependence of the sound speed ratio (or the dispersion
relation) and attenuation coefficient for a marine sediment. The attenuation coefficient and
wave speed arising from the standard equation for a decaying plane wave.

𝑢(𝑥, 𝑡) = 𝐴𝑒−𝛼𝑥𝑒𝑖(𝑘𝑥−𝜔𝑡) , (1.1)

From this equation we can directly get the attenuation coefficient 𝛼, the wave number, 𝑘 ,
and the frequency, 𝜔. From there, the wave number and frequency can then be used to get
the wave speed.

𝑐 =
𝜔

𝑘
(1.2)

Figure 1.1. Real-World Sound Speed Data vs. Biot Model. Source: [14].
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Figure 1.2. Real-World Attenuation Data vs. Biot Model. Source: [14].

Given those definitions we can draw a few conclusions can be drawn from Figures 1.1 and
1.2. Namely, in Figure 1.1 we can see that the sound speed ratio is relatively constant at low
frequencies and then begins increasing at some characteristic frequency with an apparent
plateau at high frequencies. For the attenuation we can see in Figure 1.2 that two major
regions exist with a power law of 2 and 1

2 relation for low and high frequencies respectively,
with the crossover point at a similar frequency for both, between 1 and 10 kHz.

There are several models that attempt to explain the dispersion and attenuation relations
present in these two figures. One of the more prominent models has been displayed with the
data on these figures using two different sets of fit parameters. The underlying origin of the
functions that these data points cluster around is some specific microscopic loss mechanism.
Existing models have explored some possible loss mechanisms in an attempt to match to
the existing data. The following sections will discuss the features of the existing models.

3
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1.2 Biot-Stoll Model
One major theory in the field was originally developed by M.A. Biot [20]–[22]. Biot
originated this theory in the 1950’s hoping to “establish a theory of propagation of elastic
waves in a system composed of a porous elastic solid saturated by a viscous fluid” [20].
This original paper focused solely on the low frequency range but was expanded to include
the full frequency range in a subsequent paper [21]. Several years later he expanded upon
the model to include a "visco-dynamic operator" [22]. This generalized theory was built in
a way that focused heavily on the viscosity of the fluid that the sediment was saturated with.

In the 1970s and 1980s this work was expanded upon by Robert Stoll [23]–[26]. Stoll’s
work looked to expand the theory originated by Biot and ultimately applied some values to
the various fitting parameters to match curves with relatively newer sample sets which can
be seen in Figure 1.3.

Figure 1.3. Robert Stoll’s Plot of Laboratory and Field Data for Attenuation
Dispersion Relation with Biot Theory. Source: [26].
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Ultimately the Biot-Stoll theory utilizes a relatively homogeneous makeup for the sediment
while focusing on the poro-elasticity of the media and the viscosity of the fluid. This
approach requires 13 different fit parameters [27], many of which are difficult, or in some
cases impossible, to measure. While Biot’s theory was ground breaking and appropriate for
porous rocks, and is still widely regarded in the field of ocean acoustics, granular materials
are not a poro-elastic frame on which the theory is based. Rather, granular materials are
a large collection of discrete objects with inelastic frictional contacts between them. They
respond to forces in complex, heterogeneous ways that often make a continuum treatment
difficult or impossible. A theory based in the granular nature of marine sediments may be
able to simplify our understanding of sediment acoustic properties and provide new insights.

1.3 Buckingham Model
Another widely regarded theory came about in the late 1990s and was motivated by revolu-
tions in the granular mechanics world with regards to force chains. Buckingham [28]–[30]
approached the problem with the driving loss mechanism being frictional slips at grain-
grain contacts. Buckingham ultimately was able to fit the theory to some data similar to that
shown in Figures 1.1 and 1.2 which can be seen in Figure 1.4.

While Buckingham’s theory starts from the granular mindset that we want to work from, it
still tries to take granular physics and immediately make it into a Partial Differential Equation
(PDE), which is an inherently continuum approach [30]. Additionally, the transition between
the two power law regimes was only able to be modeled after the effect of viscosity was
added [30]. A dry granular material does not exhibit this behavior under the grain-friction
model. However, there are many granular phenomena that do not easily lend themselves
to a PDE-based approach, as discussed in the following section. Future chapters will the
discuss that the approach taken here begins by considering the system as a large collection
of grains, delaying construction of PDEs or continuum theories. This allows studying these
effects directly using particle-based numerical simulations.

5
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Figure 1.4. Buckingham’s VGS and GS Theories Plotted against Select 
Laboratory Data. Source: [30].

1.4 Sediment Acoustics as a Granular Mechanics Problem
Granular materials exhibit a wide variety of nonlinear phenomena that can be hard to
describe or capture with continuum descriptions. These higher dimensional effects will
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have a large impact on how these loss mechanisms impact the dispersion and attenuation
of the waves propagating through the sediment. In later chapters we will show initial two
dimensional results with discussions regarding which of these effects might have impacted
the results and in what ways.

Figure 1.5 shows an example of the non-affine motion of grains. Even with a force on the
system driving everything linearly left to right, grain movement exists both horizontally
and vertically. Rather than grains simply ebbing back and forth from a periodic input, they
could bounce around, move up and down, or barely move at all. This motion introduces a
higher level of variability to results captured from tracking various grains.

Figure 1.5. Non-Affine Motion of Grains. Source: [31]

Figure 1.6 shows results from a simulation that was impacted by grain-grain contact break-
ing. In a heterogeneous medium, grains will start with a certain number of contacts, but
over time they can shift and no longer maintain contact with the same neighbors. This has
impacts on the simulation design and changes the amount of dissipation a certain grain
might experience due to a reduction or increase in neighbors.

7
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Figure 1.6. Grain-Grain Contact Breaking. Source: [31]

Force chains were a major driving motivation behind Buckingham’s theory [28], [29]. An
example of these can be seen in Figure 1.7. While the driving force is located at the bottom
of this particular image, the forces are propagating through the medium along chains that
are highlighted in white. This lends itself to some particles having a large impact on the
dispersion of the wave than other and also showcases the nonlinear paths the force is taking
through the medium. These force chains can change and move over time as grain-grain
contact breaking occurs.

8
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Figure 1.7. Branching of Force Chains. Source: [5]

These effects all contribute to breakdown of basic properties that are commonly assumed in
an elastic solid, especially for stiff grain under low pressure. These grains are said to be very
near to the jamming or unjamming transition meaning they are close to falling apart [32].
The topic of jamming, a type of glass transition, has been studied intensively over the past
two decades, after Buckingham’s seminal work was published. Grains typically have just
enough contacts to keep the whole system in mechanical stability. Driving such a system
excites long-range modes that are often very spatially extended and thus low energy. There
are an excess of such modes beyond what is predicted in a typical Debye approach, where
the density of modes is assumed to be consistent with plane waves in an elastic solid. Prior
work has shown that, for systems at low pressures (relative to the elastic modulus of the grain
themselves) that Debye scaling breaks down rapidly [33], [34]. How this and other effects
related to the jamming transition influence the acoustic properties of marine sediments has
not been fully explored. This thesis represents a first step in that direction.

In this thesis we will model the loss mechanism purely as relative motion between two
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grain using a dashpot. This approach is commonly used in simulations of granular media to
model inelastic effects at grain-grain contacts, which can be very significant. The numerical
magnitude of the dashpot can be directly related to an external physical quantity, typically
the restitution coefficient which determines the total energy loss in a grain-grain interaction.
This form of energy loss is well established in granular physics but has not been explored
as a possible loss mechanism for the acoustic properties of marine sediments. For marine
sediments, the dashpot magnitude may be enhanced by the presence of the fluid. In any
case, the key idea is to treat the fundamental object as the grains themselves. We will take a
grain-focused, discrete-element simulation approach, where all the effects discussed above
(e.g., jamming and non-affine motion) are naturally included.

1.5 Conclusion
While existing theories have certain strengths and can be fit to data, a theory based on the
granular nature of marine sediments may provide further insights to this problem. The goal
of this thesis will be to approach this problem from a strictly granular mindset that focuses
on grain-grain forces. In particular, we will consider the system as a collection of inelastic
repulsive contacts, where losses at these contacts, in addition to complex motion of grains
in 2D and 3D, are responsible for setting the dispersion and attenuation. We show that this
approach fits the data over a large range. If successful, this work could drastically simplify
our understanding of the acoustic properties of marine sediments.

10

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



CHAPTER 2:
Theory

The goal of this theory is to approach sediment dispersion as strictly a granular problem.
Ultimately, a three dimensional solution is likely to give the best approximation of the real
world. While higher dimensional effects are interesting and may be important for a correct
description, we first choose to approach the problem in a single dimension to isolate the
effect that the grain-grain contact physics has on dispersion. The loss mechanisms utilized
with be repulsive contacts between the grains, and a dissipation penalty for relative motion
between grains. Common ways to model restitution losses are well established in the discrete
element modeling community [35], [36].

2.1 One Dimensional Theory
For this approach we start by trying to answer the question of what are the dynamics of a
single chain of grains with dissipating contact interactions? This question is motivated by
force chains similar to that seen in Figure 2.1, but rather than having a two dimensional
packing of grains we will consider a simplified scenario with a single chain of grains along
which forces can propagate.

11
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Figure 2.1. Darkfield Photo-Elasticity, Highlighting Force Chains in a Col-
lection of Grains. Source: [37]

Figure 2.2 shows an simplified depiction of this chain of grains. Each grain in the chain
is identical in diameter, mass, and material properties. The contacts do not change in one
dimension, which reduces the computational complexity as each grain has the same two
neighbors at all times. The displacement 𝑢𝑖 of grain 𝑖 from its unperturbed position 𝑥 on
the chain is then governed by the following differential equation, which includes a repulsive
spring force and a dashpot for each neighbor 𝑖 − 1 at position 𝑥 − 𝑑 and 𝑖 + 1 at position
𝑥 + 𝑑:

𝑚 ¥𝑢𝑖 = 𝜅(𝑢𝑖−1 − 𝑢𝑖) + 𝜅(𝑢𝑖 − 𝑢𝑖+1) − 𝛾( ¤𝑢𝑖−1 − ¤𝑢𝑖) − 𝛾( ¤𝑢𝑖 − ¤𝑢𝑖+1). (2.1)

Here, 𝑚 is the grain mass, 𝜅 is a spring constant, and 𝛾 is the dashpot coefficient, while dots
denote time derivatives. From this starting point, using the limit definition of a derivative
and assuming 𝑑 is small (i.e., the long-wavelength limit), the following wave equation
emerges

𝑚𝑢𝑡𝑡 = 𝜅𝑛𝑑
2𝑢𝑥𝑥 + 𝛾𝑛𝑑

2𝑢𝑡𝑥𝑥 , (2.2)
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Figure 2.2. One Dimensional Chain of Identical Grains

where subscripts 𝑡 and 𝑥 now denote derivatives with respect to time and space, respectively.
Guessing a decaying plane wave given by

𝑢(𝑥, 𝑡) = 𝐴𝑒−𝛼𝑥𝑒𝑖(𝑘𝑥−𝜔𝑡) , (2.3)

we can then solve the system to arrive at the two following equations:

𝛼̂ = 𝜔̂2 𝛾̂
√

2

{[
1 + (𝜔̂𝛾̂)2] [1 +

√︃
1 + (𝜔̂𝛾̂)2

]}−1/2
(2.4)

𝑘̂ = 𝜔̂
1
√

2

{[
1 + (𝜔̂𝛾̂)2] [1 +

√︁
1 + (𝜔̂𝛾̂)2

]}1/2

1 + (𝜔̂𝛾̂)2 , (2.5)

The dimensionless quantities in Eqs. (2.4) and (2.5) are defined by the following equations:

𝑘̂ = 𝑘𝑑 (2.6)

𝛼̂ = 𝛼𝑑 (2.7)

𝜔̂ = 𝜔
√︁
𝑚/𝜅 (2.8)

𝛾̂ = 𝛾/
√
𝜅𝑚. (2.9)

the wavenumber and attenuation coefficient each have dimensions of inverse meters, and are
easily nondimensionalized by the grain diameter. Angular frequency is non-dimensionalized
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by the resonance angular frequency, and the dashpot term is non-dimensionalized using the
ratio of the energy lost and energy stored per cycle, which is related to the Q factor of the
contact [38].

The functional forms presented in (2.4) and (2.5) give us the relationships similar to those
discussed in 1. Particularly, this gives us attenuation proportional to frequency squared
and frequency to the one-half power at low and high frequencies respectively. For wave
speed, the result is constant at low frequencies and then increases at higher frequencies.
This solution does not taper and subsequently level off like the real world data in Figure
1.1. However, this solution is based on an incredibly idealized situation that may not be
representative of the real world. As we will see later, certain higher order effects that present
themselves in multiple dimension may account for high-frequency asymptotic behavior of
the wave speed.

It is interesting to compare these solutions to the mathematical form of those for classic
viscosity [39]. While there is a mathematical similarity, these equations have crossover
points which are set by the granular behavior that has been defined above vice the viscosity
of the fluid in which the wave is propagating.

Another key accomplishment of these two equations is that we now have just one fit
parameter, that being the value of the dash-pot as specified by 𝛾̂. Picking the value of the
dash-pot and guessing real world values we can plot the data pulled from Figures 1.1 and
1.2. As we can see in Figures 2.3 and 2.4, the curves closely approximate the real world
data with the exception of the taper at higher frequencies for speed.
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2.2 Connecting to Physical Parameters
A key question for the grain-focused approach relates to its ability to correctly predict
the frequency dependence of attenuation and phase speed. Of particular importance is
connecting physical parameters like grain size, stiffness, and mass density with the crossover
frequency 𝑓 ∗ at which the data show that the phase speed begins to increase and the frequency
dependence of the attenuation coefficient changes. The theory discussed above clearly show
that 𝑓 ∗ corresponds to the case when 𝜔̂𝛾̂ = 2𝜋 𝑓 𝛾/𝜅 =≈ 1. Thus, 𝑓 ∗ ≈ 𝜅/2𝜋𝛾. The data
from Figures 1.1 and 1.2 suggest a value of 𝑓 ∗ between 1 and 10 kHz. In Table 2.1, we
consider two cases where parameters are chosen based on different physical reasoning, as
explained below.

Table 2.1. Parameter Values

Parameter Values

Case 𝜅 𝛾 𝑑 𝜌 𝑓 ∗

(N/m) (N·s/m) (mm) (kg/m3) (kHz)
Case 1 5 × 103 0.1 0.1 2500 8
Case 2 3.3 × 105 10 0.1 1900 5.2

In the first case, we consider a purely granular situation. Hertzian contact mechanics states
that the force between two particles of the same elastic modulus 𝐸 but possibly differing
radius 𝑅 = 𝑑/2 is not a linear spring but instead a nonlinear spring, with force law

𝐹 =
4
3
𝐸∗𝑅eff

1/2𝛿3/2

Here, 𝐸∗ = 𝐸/2(1 − 𝜈2) ≈ 𝐸/2 if 𝜈 ∼ 0.25 or smaller and 𝑅eff = 1/(1/𝑅1 + 1/𝑅2) ≈ 𝑅/2
if 𝑅1 ≈ 𝑅2 ≈ 𝑅. Thus,

𝜅 ≡ 𝑑𝐹

𝑑𝛿

����
𝛿0

= 𝐸

√︂
𝑅𝛿0

2

The value of 𝛿0 is set by the confining pressure, 𝑃0 = 𝐹0/𝑑2 = 𝐹0/4𝑅2. This yields:

4𝑅2𝑃0 =
2
3
𝐸

√︂
𝑅

2
𝛿0

3/2.

16

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



Solving this equation for 𝛿0 gives

𝛿0 =

(
6
√

2
√︁
𝑃0/𝐸

)2/3

, and

𝜅 ≈ 0.72𝐸𝑑
(
𝑃0
𝐸

)1/3
(2.10)

For sediment, 𝐸 ≈ 50 GPa (5 × 1010), 𝑑 ≈ 0.1 mm (10−4), 𝑃0 ≈ (𝜌𝑠 − 𝜌𝑙)𝑔ℎ, where
𝜌𝑠 ≈ 2500 and 𝜌𝑙 ≈ 1000 are the mass densities of the sediment and liquid, respectively,
𝑔 ≈ 9.8 is the gravitational acceleration and ℎ is the depth of the sediment in question. If
we assume Δ𝜌 ≈ 1500 and ℎ ≈ 10 cm, then 𝑃0 ≈ 150 Pa. Plugging these values in gives:

𝜅 ≈ 5 × 1010 × 10−4
(

102

5 × 1010

)1/3

≈ 6 × 103 N/m

We note that even increasing the depth by an order of magnitude, raising 𝑃0 by an order of
magnitude, only increases 𝜅 by a factor of 2. Thus, value of 𝜅 is only weakly dependent on ℎ

via ℎ1/3. Additionally, note that 𝜅 ≈ 6×103 N/m is considerably smaller than what would be
estimated from simple dimensional analysis, 𝜅 ≈ 𝐸𝑑 ≈ 5 × 106 N/m. This follows directly
from Hertzian contact mechanics. The predicted wave speed from dimensional analysis at
low frequencies would be 𝑐0 ≈ 𝑑

√︁
𝜅/𝑚 ≈ 200 m/s, which is smaller than the typically

observed wave speeds by nearly an order of magnitude. Thus, we conclude that a purely
granular model, neglecting the fluid altogether, will likely be incomplete. However, using
this reasoning, a value of 𝛾 ≈ 0.1 N·s/m would yield 𝑓 ∗ ≈ 8 kHz, which is within the range
of acceptable 𝑓 ∗ from Figures 1.1 and 1.2. The physical justification for this value of 𝛾

would require further consideration.

In the second case, we consider that the low-frequency phase speed is known as ap-
proximately 1600 m/s, according to the low-frequency data in Figure 1.1. In this case,
𝜅 ≈ 𝑚(𝑐0/𝑑)2 ≈ 3.3 × 105. In this situation, the effective stiffness of the material arises
not primarily from grain-grain contact interactions but from a hybrid granular-fluid ma-
trix. Further work is needed to interpret this picture. We take 𝑑 to be the grain size,
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and 𝜌 could either be from the grains, 𝜌 ≈ 2500 kg/m3, or from a hybrid of grains
and fluid, 𝜌 ≈ 𝜙𝜌𝑠 + (1 − 𝜙)𝜌𝑙 ≈ 1900 kg/m3. This would yield an effective mass of
𝑚 ≈ 𝜋

6 𝜌𝑑
3 ≈ 1 × 10−9 kg. A value of 𝛾 ≈ 10 would yield 𝑓 ∗ ≈ 5 kHz. Again, whether this

value of 𝛾 is physically reasonable remains a question for future study.

2.3 Conclusion
We now have theoretical equations (Eq. (2.5) and (2.4)) for the wave speed ratio and the
attenuation as a function of the wave’s frequency with one simple fit parameter in the dash-
pot value 𝛾̂. Once these are validated we can move into higher dimensions and begin to
evaluate the differences and effects in those realms.
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CHAPTER 3:
Simulation Methodology

In order to confirm the model, (Eqs. 2.4 and 2.5) while simultaneously developing an analysis
tool-set, we built and ran one dimensional simulations. Both the simulations themselves,
and the analysis tool-set were designed in a way that they could serve as the frame work
for future simulations in higher dimensions. Simulations were constructed in MATLAB
to be run on the Hamming Cluster Computer at the NPS! (NPS!). Utilization of cluster
computing allowed for simultaneous generation of dozens of data sets with each iteration
of the simulation.

Upon completion of the 1D simulation validation, simulations were built in two dimensions.
The following sections will outline initial conditions, driving mechanisms, and time-domain
integration schemes for each simulation while highlighting any differences that exist between
the one and two dimensional simulations.

3.1 Inputs and Setup
While a large number of similarities exist, there are some major differences in the set up
for the one dimension and two dimension simulations that will be outline in the following
sections.

3.1.1 One Dimension Simulation Setup
The simulation software allows for the input of all parameters of the 1D chain of grains.
The number of grains to be used 𝑁 , the mass of each grain 𝑀 , and the spring constant 𝜅 are
inputs. While the ability to adjust the diameter of the grains was considered, it was ultimately
left fixed at 1 across all simulations, since the non-dimensional parameters should take this
into account. An array of the initial positions is created with the grains evenly spaced so
they are exactly 1 grain diameter apart. These initial positions are then reduced by 10% to
create for an initial overlap in the system. Figure 3.1 shows what a small chain of grains
would look like upon set up.
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Figure 3.1. Small One Dimensional Chain of Grains

Lastly the driving frequency𝜔 and dash-pot value 𝛾 are input into the simulation. These two
parameters will be varied heavily to attempt to reproduce the curves created by Equations
2.4 and 2.5. Additionally, the driving frequency is used to determine the size of each time
step in the simulation according to:

𝑑𝑡 = 0.002
2𝜋√︃

𝜅
𝑀
−
( 𝛾

2𝑀
)2

, (3.1)

which is 0.002 times the natural period of damped oscillations of each grain-grain con-
tact. Having defined the simulation parameters, we now generate and zero vectors for the
horizontal velocity and acceleration of each grain.

3.1.2 Two Dimension Simulation Setup
A major goal of the two dimension simulations was to begin to evaluate the impacts of
some of the higher order effects that were previously discussed. For this reason the initial
conditions for the grains couldn’t be generated as a homogeneous array of identical grains.
Rather, a random packing of a mix of different grains needed to be created and compressed
into a box with a certain initial system pressure.
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We begin by making a large box, the dimensions of which are based on the number
of grains, the grain diameter and a user defined width factor 𝑊factor. This box has rigid
horizontal boundaries and periodic upper and lower boundaries. The initial dimensions of
the box (𝐿𝑥 and 𝐿𝑦) are set using the following equations.

𝐿𝑥 =
𝑁𝐷

𝑊factor
(3.2)

𝐿𝑦 =
𝑁𝐷

2
(3.3)

The grains themselves can not all be one diameter or we would eventually just end up with a
pressurized grid of identical grains. Without a disordered medium we would essentially be
stacking several identical iteration of the one dimensional simulation on top of each other.
This would not result in the higher dimensional effects discussed previously. Currently we
are introducing heterogeneity by utilizing two grain diameters. A factor for the second grain
diameter is input by the user and half of the grains are given this diameter. To randomize
the grain diameter, MATLAB’s rng() function is seeded with a user input seed, and then
the rand() function is used to randomize which grains are members of the set of larger or
smaller diameters. Upon completing this grains are assigned an initial x and y coordinate
using MATLAB’s grid() function.

Now having a large box with grains distributed throughout it, the box needs to be shrunk so
that the grains are pushed together and the system pressurized. The simulation integration
scheme that is discussed in the following section is then utilized as the upper periodic
boundary is lowered. Every time step the potential energy, 𝐸𝑝, and the kinetic energy, 𝐸𝑘 ,
per grain are determined using

𝐸𝑝 =
1
𝑁

𝑁∑︁ 1
2
𝜅

(
𝐷𝑛 − 𝐷𝑛−1

2
− 𝑟

)2
(3.4)

for the potential energy, and
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𝐸𝑘 =
1
𝑁

𝑁∑︁ 1
2
𝑀𝑣2

𝑛. (3.5)

for the kinetic energy. With 𝑀 being the grain mass, 𝑣𝑛 being a particular grain’s velocity, 𝐷𝑛

being a grain’s diameter, and 𝑟 being the distance between two grain centers. The potential
energy is then used to calculate the pressure for each time step using

𝑃 =

√︂
2𝐸𝑝

𝜅
. (3.6)

A binary search method is utilized to to determine the final position of the upper periodic
boundary. Until the pressure is greater than 2% of the target pressure, the upper periodic
boundary and all particles are lowered by 1% of their current y value. Once this condition
is no longer met but the system pressure is still less than the target pressure and the kinetic
energy is lower than 1 × 10−8 this same method is still applied. Once the pressure is larger
than the target pressure the upper boundary will stop moving until kinetic energy has reduced
to less than 1 × 10−10. At this point, the upper boundary will raise by 1% of its current
height and allow the system to slightly depressurize.

The system will now begin the same process but with variations of the upper boundary and
grain vertical positions now being at a factor of the target pressure. Once the system reaches
a point where the pressure is greater than the target pressure and the kinetic energy is less
than 1 × 10−20, the packing is considered complete and the initial condition is saved.

Ultimately most simulations used a packing with 10,000 grains at diameters of 1 and 1.4
with a width factor of 10 (channel is 1000 units long). A wide variety of different packing
target pressures were used with seed numbers ranging from 1-5. An example of a packing
pressurized to 0.1 can be seen in Figure 3.2 while an example of a system pressurized to
0.01 can be seen in Figure 3.3.
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Figure 3.2. Over Pressurized Packing of Grains in Two Dimensions
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Figure 3.3. Under Pressurized Packing of Grains in Two Dimensions
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3.2 Simulation Integration Scheme
The simulation numerically steps through the force equation for each grain using a veloc-
ity Verlet integration scheme [40]. The implementation of this in one dimension will be
discussed first followed by an explanation of differences that exist for the two dimensional
simulation.

3.2.1 One Dimension Integration Scheme
In one dimension we have a known neighbor list for grains. Every grain is neighbored by
the i+1 and i-1 grains and no others. This drastically simplifies the calculation of forces on
each grain. The position of each grain is updated every integration step according to:

𝑥𝑛 (𝑡𝑖) = 𝑥𝑛 (𝑡𝑖−1) + 𝑣𝑛 (𝑡𝑖−1)𝑑𝑡 +
1
2
𝑎𝑛 (𝑡𝑖−1)𝑑𝑡2 (3.7)

where 𝑛 denotes the grain number in the chain, and 𝑖 denotes the current time step. After
each particle’s position is updated, the force acting on grain 𝑛 due to neighboring grain 𝑚

is calculated using:

𝐹𝑛𝑚 = 𝜅 [𝐷𝑛𝑚 − (𝑥𝑛 − 𝑥𝑚)] − 𝛾(𝑣𝑛 − 𝑣𝑚) (3.8)

where 𝐷𝑛𝑚 is the average grain diameter of grains 𝑛 and 𝑚 defined by:

𝐷𝑛𝑚 =
𝑑𝑛 + 𝑑𝑚

2
. (3.9)

The acceleration of each grain is then determined by dividing the sum over 𝑚 of forces 𝐹𝑛𝑚
by the mass 𝑀 . Last, the velocity is updated according to:

𝑣𝑛 (𝑡𝑖) = 𝑣𝑛 (𝑡𝑖−1) +
𝑎𝑛 (𝑡𝑖−1) + 𝑎𝑛 (𝑡𝑖)

2
𝑑𝑡 (3.10)

where once again 𝑛 denotes the grain number in the chain and 𝑖 denotes the current time
step. With the velocity and acceleration for the current time step calculated, all inputs for
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Equation 3.7 for the following time step have been determined.

3.2.2 Two Dimension Integration Scheme
The biggest challenge in two dimensions is the implementation of a neighbor list. Unlike
the one dimension model described above, we can not readily assume that a given grain will
have a set number of contacts or that they will remain constant throughout the course of the
simulation. The simulation uses a fixed neighbor list, where neighbors are determined at the
beginning of the simulation and held constant throughout. At this point only low amplitudes
are being used for the driving force so this it is assumed there will be little to no contact
breaking.

The neighbor list is developed by going through every grain and determining how many
other grains are touching or overlapping from the initial condition set. While the simulation
is running every grain, 𝑛, is compared to every one of its neighbors, 𝑚. Typically grains have
anywhere between 4 and 8 neighbors. The force vector acting on grain, 𝑛, is then calculated
by summing the force vectors from each neighbor, 𝑚, that are calculated using

®𝐹𝑛𝑚 = 𝜅(𝐷𝑛𝑚 − |®𝑟𝑛 − ®𝑟𝑚 |)𝑛̂𝑛𝑚 − 𝛾 [(®𝑣𝑛 − ®𝑣𝑚) · 𝑛̂𝑛𝑚]𝑛̂𝑛𝑚 (3.11)

with 𝑛̂𝑛𝑚 being the normal vector between grains 𝑛 and 𝑚. The acceleration, velocity, and
displacement for each grain, 𝑛, is updated using the same method described in the previous
section but with x and y components vice just x.

3.3 Simulation Driving
The acoustic waveform must now be input into the simulation or else we will simply have a
static line of overlapping grains. Driving of the simulation was accomplished by specifying
the displacement of the first grain in the 1D system, and by a line of particles in the 2D
system. In addition to the position of the first grain being forced, the last grain was held
stationary throughout the entirety of the simulation. Two methods of driving the simulation
were ultimately utilized as different frequency ranges presented different challenges in
measuring the attenuation and the wave speed. The vast majority of the data was taken
using a pulsed input, while some higher frequency modes required a continuously driven
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input with a constant amplitude. Each input method was implemented by directly updating
the position of the first particle each time step.

3.3.1 Continuous Driving
Initially the simulation was developed to drive the first grain at a constant amplitude and
frequency. Every time step the simulation would update the first grain’s position according
to:

𝑥1(𝑡𝑖) = 𝑥1(𝑡0) + 𝐴 sin(𝜔𝑡𝑖) (3.12)

where 𝑥1(𝑡0) is the grain’s position at the beginning of the simulations and 𝐴 is the amplitude
of the driving. This method ultimately produced wave forms such as what we see in Figure
3.4.

0 50 100 150 200

-0.01

-0.005

0

0.005

0.01

Figure 3.4. Plot of Grain Displacement for Continuously Driven Chain of
Grains

This driven method was the initial approach but had one major flaw. The abrupt movement of
the first particle at the beginning of the simulation led to a shock that would propagate along
the chain with little dissipation. This affected initial data processing attempts, and led to the
development of the pulsed driving mechanism that will be discussed next. However, this
driving mechanism ultimately proved useful for simulations with higher driving frequency
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and higher dissipation (which attenuated the initial shock), and the data extraction methods
utilized for those will be discussed as well.

Two Dimension Continuous Driving
Ultimately the two dimension simulations are continuously driven. This is accomplished by
moving all grains contacting the left wall of the simulation similar to Eq. (3.12).

3.3.2 Gaussian Pulse
A second type of driving was developed by applying a Gaussian envelope shape to the
driving sinusoid. . This method minimizes the infinite-frequency content inherent at the
first instant of driving at the cost of including a small spread in frequencies. It also serves
as a confirmation of our measurements in the constant driving case. The Gaussian envelope
was implemented by using the following update to the displacement of the first particle,

𝑥1(𝑡𝑖) = 𝑥1(𝑡0) + 𝐴 sin(𝜔𝑡𝑖)𝑒−(𝑡−𝑡max)2/𝜎 (3.13)

where 𝜎 = 𝜏/
√︁

2 log 2 is the pulse width, and is related to the half power full width of the
pulse, 𝜏. The parameter 𝑡max controls the starting time of the pulse relative to the peak, and
sets the truncation of the Gaussian function, since it has infinite support. This parameter
was set to 4𝜏, and the pulse length, 𝜏 was set to five cycles.

This equations relied solely on the value of the driving frequency𝜔 to determine the function
for the envelope. Figure 3.5 shows an example of a pulsed waveform. Each color represents
the pulse at a different time in the simulation. Additionally, the green line shows the tracked
peak location of the pulse as it propagates along the particle chain. This peak position is
important for data processing that occurs upon completion of the simulation.

3.4 Conclusion
Having developed a simulation models for one and two dimensions we now need to develop
the tool set to extract and analyze the data. A large number of data sets were able to be
run with all parameters of mass, driving frequency, spring constant and and dash pot value

27

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



0 1000 2000 3000 4000 5000 6000 7000

-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.01

Figure 3.5. Snapshots of Gaussian Pulsed Waveform Displacement at Four
different times with Peak Tracking.

being varied. Additionally for the two dimension simulations, each collection of variables
was run using a variety of initial conditions with various seeds and pressures. The next
chapter will discuss how the analysis tool sets for each simulation type are developed and
the results that have been achieved thus far.
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CHAPTER 4:
Data Processing and Results

While use of the Hamming Cluster Computer allows for multiple simulations to be run
rapidly and simultaneously, the post processing of the data was completed separately. This
required simulation results to be packaged with all meaningful information to determine
the attenuation and dispersion for any given data set. This chapter will discuss the data
extraction methods used for the one dimension simulations followed by their results. From
there the changes necessary for two dimension data extraction will be discussed along with
preliminary results for two dimension simulations.

4.1 One Dimension Data Extraction

4.1.1 Attenuation
Ultimately determining the attenuation was a straight forward task. With each wave expected
to follow Equation (2.3), we simply needed to track the peak amplitude reached for each
grain throughout the life of the simulation. Figure 4.1 shows a log plot of the peak positions
that was tracked throughout the simulation shown in Figure 3.5. The red points denote
the grains that pulse reached, and the blue points denote those that weren’t reached by the
simulation. A linear fit semi-log space is applied to the red grains to get the decay parameter
−𝛼 for this particle data set.

4.1.2 Wave Speed
The wave speed proved more difficult than the attenuation to determine. For simulations
with high 𝜔 and high 𝛾 the wave would decay in tens of grains vice hundreds or thousands
of grains. For this reason two different methods were applied based on the type of input
used.
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Figure 4.1. Log Plot of Peak Positions Tracked Through Simulation

Pulsed Input
The primary method of extracting wave speed from the data was to track the time step at
which the peak position was recorded for each grains. This time step could then be used
to determine the amount of simulation time it took for the wave peak to travel from the
first grain to any given particle in the chain. Dividing the position of any given grain in the
chain by the time it took the wave to get there we get a value for speed. The speed was then
determined by taking the average of these values for the middle half of particles over which
data was collected. This allowed up to filter out any noise that existed at the beginning or
end of the chain. While consistent and stable results were easy to obtain for low 𝜔 and/or
low 𝛾 simulations, the data was often too noisy when the simulation had high values for 𝛾
and 𝜔. Similarly to the section above, Figure 4.2 shows a plot of the data extracted from the
simulation in Figure 3.5 with the line representing the determined speed.

Continuous Input
Given that waves with high 𝜔 and high 𝛾 were decaying in the tens of particles a different
approach was needed to determine wave speed for these parameter sets. The continuously
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Figure 4.2. Calculated Wave Speed vs. Particle Number for Gaussian Pulsed
Simulation

driven input was used with the position of each particle saved for every time step in the
simulation. A sinusoidal waveform was then fit to each data point using Equation (4.1).

𝐴𝑠𝑖𝑛(𝜔𝑡 + 𝜙) + 𝐶 (4.1)

The amplitude, 𝐴, for each fit could also be used to determine the attenuation coefficient for
these data sets, but ultimately this approach was not used as that data was achievable from
the pulsed simulations. Figures 4.3 shows an example of two particles in one simulation
with the fit for each particle. Note the difference in amplitudes between the two particles.
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Figure 4.3. Particle Displacement vs. Time for Two Particles in Same Sim-
ulation

The phase difference between each particle and the following particle was then determined.
The average of these differences was utilized to the wave number and subsequently from
that the wave speed for that given data set using Equations (4.2) and (4.3).

𝑘 =
Δ𝜙

𝐷
(4.2)

𝑐 =
𝜔

𝑘
(4.3)

Where 𝑐 denotes the wave speed obtained, Δ𝜙 denotes the phase difference, and 𝐷 denotes
the distance between two particle centers (in the case of all simulations this was 0.9).

4.2 One Dimensional Results
Having developed methods to simulate and analyze waves propagating along the linear chain
of grains we now seek to validate that the simulations match the theory that was derived in
Chapter 2. This will allow us to see that the simulations are working as expected and that
the data extraction methods will work for higher dimensions.

Figures 4.4 and 4.5 show the results of the 1D simulations for attenuation and speed
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respectively. The black lines denote the theory presented in Equations (2.4) and (2.5)
respectively. The various symbols and color gradient scale denote different levels of 𝛾̂. The
x-axis for each graph is 𝜔̂𝛾̂. All values have been non-dimensionalized by the equations
listed in Chapter 2.
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Figure 4.4. Attenuation Results vs. Theory for 1 Dimension Simulations

For the most part the results are consistent with the theory. We do see a slight dip below the
constant wave speed in the final decade before the theory predicts an increase, and all values
after that fall slightly below the theory. Additionally nearly all of the attenuation predictions
are higher values than predicted.

4.3 Two Dimension Data Extraction
Many similarities to the data extraction method for continuous driving for one dimension
exist as we shift to two dimensions. For this, every particle’s x position is stored every
time step of the simulation. Upon completion, Eqn. (4.1) is fit to each particle’s simulation
waveform. This provides us with an amplitude 𝐴, a phase 𝜙, and the initial position 𝑥0 for
each particle. From there, attenuation is handled the same as above with a linear fit of the
logarithm of the amplitudes vs initial particle position data. The phase data is now handled
much the same way, with a linear fit being applied to the phase vs particle initial position
data. The slope of this fit is the wave number 𝑘 which is used to calculate the wave speed
using Eqn. (4.3).
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Figure 4.5. Wave Speed Results vs. Theory for 1 Dimension Simulations

4.4 Two Dimension Results
Having developed the tools to extract the final data from the two dimension simulations the
results can now be plotted. However, a large difference exists from the results for the one
dimension simulations as the initial conditions are varied for the two dimension simulations.
For every initial pressure that was used, 5 different seed values were used to randomize the
particle diameters. Before getting into the attenuation and dispersion results we will first
take a look at snapshots of a simulation run on two initial conditions with different initial
pressures.

Figure 4.6 displays a snapshot of particle displacements for given point in time. This
simulation was run on the initial condition shown in Figure 3.2. Each red dot represents a
particle, with the x axis being the particle’s initial horizontal position, 𝑥0, and the y axis
representing the particles horizontal displacement at this point in time. Give the amount of
initial overlap between particles and the low amplitude of the driving force, we can see that
the wave propagates through in a very orderly manner.

Next we look at a system that has a lower pressurization like that seen in Figure 3.3. The
snapshot for this simulation is shown in Figure 4.7. Once again the data is presented in
the same format. With the exception of the target pressure for the initial condition all other
values were held constant between these two figures. While it is still possible to trace the
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Figure 4.6. Snapshot of Simulation for Overpressurized System

wave across the figure, the particles are no longer tightly constrained to the waveform. We
can see a large amount of the non-affine motion discussed in Chapter 1. Additionally we can
see a number of ’rattlers’, particles that are barely moving at all and therefore not having as
large of an impact on the backbone.

These low-pressure effects also have bearing on the attenuation and dispersion results.
Figures 4.8 and 4.9 show the attenuation and dispersion results respectively for the 2D
simulations. Three different pressures were used with the same 5 seed numbers for each
pressure. The points on the graph are the average of the five seeds for that given data set,
with error bars to show the deviation between seeds. Additionally, the colors show three
different initial pressures with pressure increasing from blue to green to red. Similar to the
previous attenuation and dispersion graphs, the one dimensional theory from Eqs. (2.4) and
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Figure 4.7. Snapshot of Simulation for Underpressurized System

(2.5) are plotted as a point of reference. Additionally, the theory curves for each color have
been shifted slightly to show a rough approximation of how the various pressures align with
shifted versions of this curve.
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Figure 4.9. Dispersion Results for 2D Simulations

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



A few interesting characteristics can be noted. Looking first at the attenuation relationship we
can see that lower system pressure results in higher attenuation as well as a crossover value
of 𝜔̂𝛾̂ that decreases below 1. Mathematically, this effect, which is responsible for shifting
the red, green, and blue theory curves shown in the figures, is equivalent to increasing the
effective dashpot value as frequency decreases. We hypothesize that this is due to larger
relative velocities for lower pressures, leading to more dissipation for a given dashpot
magnitude, due to increasing non-affine motion of particles a lower system pressures. More
significant non-affine motion is a hallmark of systems near the (un)jamming transition,
as discussed in the introduction. This is an inherently granular effect that highlights the
importance of our approach. At higher values of 𝜔̂𝛾̂ the lower pressure simulations appear
to decrease faster, however there are some issues with data extraction in the higher 𝜔̂𝛾̂ range
that make the validity of some of this data questionable at high frequencies.

Shifting attention to the dispersion relationships in Figure 4.9 we can see that one again
There is a difference between each of the pressures. In the lower frequency range, the lower
pressures result in lower wave speed, however with increasing 𝜔̂𝛾̂ we see that the lower
pressure simulations have wave speeds that rise at a faster rate than the higher pressurized
systems. However, the error bars become increasingly larger as well in this region. We once
again struggle with having few data points which leads to a less collapsed curve.

4.5 Conclusions
The results that have been achieved from the simulations thus far are promising. We have
managed to validate that we can get results back from one dimensional simulations that
match the one dimensional theory. Additionally we have already started to see the impact
of higher order effects with the 2D simulations. There is room for improvement in the 2D
simulations particularly in regions of higher 𝜔̂𝛾̂, as well as an assessment of what is causing
the frequency envelope seen in Figure 5.1. Current data extraction methods do appear to
work but can be improved upon as well.
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CHAPTER 5:
Conclusions

This thesis has sought to better understand the dispersion relations of acoustic waves in the
marine environment, particularly in regards to waves propagating through marine sediment.
While existing theories have certain strengths and can be fit to data, this strictly granular
approach focusing on grain-grain forces shows promise. We developed theoretical equations
(Eq. (2.5) and (2.4)) for the wave speed ratio and attenuation as a function of the wave’s
frequency using one simple fit parameter, 𝛾̂. These theoretical equations were validated
using 1D simulations that utilized a simple chain of identical grains. An expansion of the
simulations to 2D allowed for further insights into the impacts of higher order effects similar
to those discussed in Section 1.4. Further expansion of the 2D simulations and refinement
of the 2D data extraction methods should yield additional insights into the impacts of these
higher order effects, and possible ways to quantitatively determine the impact of various
system initial conditions.

5.1 Future Work
Continuing to improve the data extraction methods utilized for the 2D simulations will
allow for further insights into what is happening during the simulations. In particular, there
is one additional effect apparent when watching the plots of the simulations progressing
in real time. While the wave exists at the driving frequency, 𝜔, other frequencies are
noticeable as well. This can be seen in Figure 5.1. Each plot shows the history of a particle’s
position throughout the life of the simulation. While there is the underlying wave at the
driving frequency, a lower frequency envelope changes what should be a relatively constant
amplitude for these waves. This effect is one that we do not fully understand and will
therefore require additional research on future projects.

The end of the previous chapter highlighted two of the main areas that additional work on
this problem can be done. First and foremost, additional approaches need to be considered to
better extract data from the simulations with high 𝜔̂𝛾̂ so that results can be better collapsed
and therefore better understood. Capturing data in a way that allows for evaluation in the
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Figure 5.1. Particle Positions vs. Time in 2D Simulations

frequency domain vice just the time and spatial domains will be vital to further understanding
this. Currently there are two noticeable effects, first being the envelope on the waveform
present in Fig. 5.1 that was discussed in the previous chapter. Additionally, we can see a
sinusoidal component to the peaks that are being fit to determine the attenuation, 𝛼̂. One
example of this is shown in Fig. 5.2. In this figure we can see a spatial frequency that follows
the decay down. Developing better data processing in the frequency domain could allow for
substantially further understanding of these effects.
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Figure 5.2. Particle Displacement Amplitudes vs. Initial Positions

Additionally evaluating the impact of system pressurization in a more quantitative way
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could provide the means to predict how the pressure is impacting the results and allow for
further collapsing of each of those curves onto one curve. While we roughly plotted curves
on Figs. 4.9 and 4.8 to overlay some of the differences in the various system pressures,
developing a quantitative understanding of these effects is another piece of the puzzle.

Beyond those issues, the final obvious step is to expand to 3 dimensions and see what
changes from the 2D simulations and results. Seeing what new effects emerge in this higher
dimension will provide insights into when and how this approach to marine sediment
acoustics is valid.

5.2 Closing Remarks
Approaching marine sediment dispersion relations as a granular problem appears to be a
promising line of research. The use of this granular based loss mechanism could drastically
simplify our approach to and understanding of this problem. In turn, this could be used
to improve U.S. Naval technology and further our ability to operate in a wide variety of
acoustic environments.
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