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Abstract

Reachable and controllable sets for electric propulsion spacecraft are
important to many problems including: dynamic replanning, robust
mission design, space situational awareness, assessing advanced con-
cepts, and threat assessments. Current methods result in a two-
point boundary value problem or are limited in their application.
The reachable and controllable problem is solved using an multistage
indirect approach. The paper demonstrates our formulation enables
rapid, reliable, and autonomous estimates of the reachable and con-
trollable sets. Numerical examples show that the algorithms work in
strong multibody environments (i.e., flybys) and incorporates uncer-
tainty in initial conditions. These conditions make the algorithm
suitable for space situational awareness and cislunar applications.

Keywords: Reachability, electric propulsion, automated, space situational
awareness

1 Introduction

Range as a function of fuel is an important concept, and it exerts a key influ-
ence on the design of vehicles and operations. It is needed for dynamic fleet
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replanning, context-based mission orders, robust mission design, situational
awareness, autonomous operations, and developing advanced concepts such as
refueling tradeoffs.

Air, land, and sea domains have long used fuel-range calculations for design
and operations. These domains benefit from range being independent of posi-
tion, with the benefit that a vehicle’s location changes, the range remains
known and does not change. This position-independent range concept greatly
simplifies design and operations. Designers benefit because a single design can
satisfy a global range requirement. Operational planners benefit because assets
can be repositioned, and their range does not change.

In contrast, space dynamics result in position-dependent range, meaning
that the range of a space vehicle varies with its current location. In addi-
tion, the range cannot be expressed as a single value. Instead, range must
be described as the potential envelope of orbits a spacecraft can achieve
(the reachable set). Positional reachability is a two-dimensional space. Orbital
reachability (position and velocity) is a five-dimensional space. These unique
properties of the space domain require continually recomputing reachability
as the spacecraft moves.

The position-dependent nature of spacecraft reachability creates a fur-
ther complication, as the location of a spacecraft may not be exactly known.
Instead, sensors may only provide an estimate of the spacecraft’s position
and/or velocity. Space situational awareness (SSA) applications would benefit
greatly from being able to quickly and accurately estimate the reachable set
while accounting for uncertainty in the initial conditions.

This paper describes our approach to rapidly and automatically estimat-
ing the reachability of electric propulsion (EP) spacecraft. The algorithm has
proven to be fast and stable, works in multibody (e.g., cislunar) dynamics,
requires no user-defined initial guess, and can account for uncertainty in sen-
sor measurements using the approach Holzinger defined[1]. The algorithm is
further extended to account for initial AV maneuvers.

1.1 Literature Review

Reachability of space vehicles is a widely studied topic[l-5], relating to a
variety of applications including SSA, mission planning, trajectory optimiza-
tion, and safety. Accordingly, researchers have devised numerous ways to
formulate and solve the reachability problem. Reachability problems are com-
monly formulated as an optimal control problems where the distance reached
is maximized[1, 4, 5]. This section highlights several approaches to solving
optimal control problems[6] and contrasts them with this paper’s approach.
Spacecraft maneuver is analyzed based on the propulsion system, as that
drives the dynamical approximations that can be used. Chemical propulsion
is commonly approximated as an instantaneous change in the velocity of the
spacecraft. The impulsive change in velocity is commonly referred to as a AV
maneuver. The AV approximation is accurate when the thruster provides a
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relatively high thrust-to-weight ratio over short burn times. This approxima-
tion decouples the trajectory and the thruster, as the thruster characteristics
do not appear in the dynamical equations.

Optimal impulsive transfers have some well known classic solutions, such
as the Hohmann transfer. Holzinger[2] demonstrated that time-independent
reachable sets for chemical propulsion can be readily computed. Their formu-
lation elegantly provides insights for mission planning and recovers classical
solutions to optimal AV orbit transfers.

Compared to chemical propulsion, electric propulsion provides lower thrust-
to-weight ratios, longer thrust times, and better propellant utilization. Electric
propulsion can be modeled several ways—one being to model it as a many small
AV maneuvers[7]|, where the magnitude of the maneuver is restricted by the
segment duration and thruster characteristics. Another approach is to embed
the thruster characteristics within the equations of motion and fully inte-
grate them. Both approaches require many more controls than the impulsive
formulation and couples the dynamics and thruster characteristics.

Indirect continuous formulations are commonly used to solve optimal
electric propulsion trajectories, including reachability problems. Holzinger|[1]
derived the general reachability equations for the continuous indirect formu-
lation and presented various dynamical problems. The downside of indirect
continuous formulations are that they result in a two-point boundary value
problem, which can be difficult to solve[8].

Many approaches have been developed to solve two-point boundary value
problems|6], but they require a user-supplied initial guess. One alternative, to a
user supplied initial guess, is to use insights to find close approximations to the
problem of interest. Thorne[9] derived a set of formulas that produce approxi-
mate values for both the initial Lagrange co-states and the associated optimal
flight t ime n eeded t o solve t he m inimum-time, c ontinuous-thrust orbital tra-
jectory design problem. Thorne’s formulas are especially accurate for either
high-thrust or short-duration transfers starting from circular conditions, but
they have also been used effectively t o s olve 1 ow-thrust, n on-circular, three-
dimensional problems with the continuation method. Currently, a method for
approximating the initial co-states of the reachability problem does not exist.
Another approach to avoiding the user supplied initial guess issue is to lever-
age leverage stochastic approaches[4, 5]. These auto generate a population of
solutions that are iteratively improved.

Generating functions offer a d istinctly d ifferent ap proach as th ey cap-
ture the full solution flow[10]. Bando[11] uses a p ower series expansion of the
generating function to identify low-thrust transfers in the Hill frame.

The contribution of this work to the literature is twofold. First, a rapid
and automatic algorithm for estimating the reachability of electric-propulsion
spacecraft is developed. The elimination of the two-point boundary-value
problem obviates the need for an initial guess, thereby increasing the algo-
rithm’s predictability and stability. Second, the use of an indirect multistage
formulation is novel and has not been previously used for this problem.
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1.2 Paper layout

The paper begins by discussing the indirect multistage formulation and the
derivation of the reachable set equations. The Formulation and Derivation
section provides the general and specific equations used in implementing the
algorithm, including the Gaussian level set and AV boundary conditions. In
the Reachable Set Algorithm section, two different approaches to estimating
the reachable set are presented. The Fast First Order Estimate provides a fast
approach to estimating the reachable set, whereas the Open-Loop Exact Algo-
rithm provides an iterative approach to obtain a more exact estimate. The
limitations and tradeoffs of the two different algorithms are then discussed.
The Numerical Examples section implements the algorithms and demonstrates
the algorithms in two-body problems, multibody dynamics, and controllabil-
ity /reachability problems. The cases used in the Numerical Examples section
include the Gaussian level set boundary conditions, thereby showing that
the algorithm can be used for some SSA applications. Lastly, the Conclusion
section provides a discussion of this work’s value and applications.

2 Formulation and Derivation

The formulation and derivation section begins by reviewing the indirect multi-
stage formulation and deriving the co-state equations and optimal conditions.
Next, the equations of motion, cost function, constraints for the electric propul-
sion reachability problem are discussed. Finally, the control law and co-state
dynamics are derived.

2.1 Indirect Multistage Formulation

The indirect multistage formulation is the indirect analog to direct formula-

tions. Each stage takes the current state and the control (for that stage) as

inputs and provides the updated state as outputs. This process requires that

states be consistent across the trajectory, although the controls can vary. The

dynamics can change at each stage as well so long as the states are consistent.
The paper uses a controlled dynamical system defined by:

T = f(w7t>uap> (1)

Bold indicates a vector or matrix, whereas a normal font indicates a scalar
quantity. & represents the state vector; u is the control vector, which is in
general a function of time; t is time; and p is a set of parameters that are
constant in the system.

This system can be transformed into a set of indirect multi-stage formula-
tion equations[8]. A trajectory segment ¢ is governed by:

al = F'(z',t' u', p) (2)
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where
tit1

tit1
Fi=g' —|—/ xdt = x' + f(z,t,u,p)dt (3)
ti ti
A trajectory is then composed of a series of N trajectory segments, where
N > 1. For a multi-segment trajectory, Eq. (2) can be integrated from i to
i+ 1, then recursively use i + 1 to obtain ¢ + 2, and so on. The controls u(7)
are fixed on each segment. This is not a significant limitation, as time varying
inputs can be modeled by having w(i) represent the constant coefficients of a
time varying function.
The cost function for a multi-stage formulation is given by:

J = ¢(xN,N) +ZL(i,xaui) (4)

where ¢(xy, N) is the terminal cost function and L(i, ,u) = L* is the integral
cost function evaluated at the ith step. The Hamiltonian is then defined as:

H=> H (5)

H =X F 4+ L'+ 00 (6)
k

For notational convenience later, the adjoints are specified with an index i+ 1,
and C represents the per-stage constraints.
Taking the partial with respect to « yields the dynamics equations for the
co-states ‘ 4 - 4
Hi =X =F X 4 L+ niCra (7)
k
where T is the transpose operator. The control law is then given by Pontrya-
gin’s principle, by taking the partial of the Hamiltonian with respect to the
control and solving for when this quantity is zero (hence, an extremal), as
shown: 4 - 4
Hj,=0=FJ X"+ L, +> v*C} (8)
k
The initial and terminal conditions are given as:

C'lz)=0 CN(z)=0 (9)
resulting in the initial and terminal co-states being:
A0 =10.C0 ANV =g, +N.CY (10)

Taken together, these formulas represent the general equations for the
multi-stage optimization problem.
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2.2 Reachable Set Equations

This section covers the specific equations that will be used in the algorithms.
The first step is to define the state dynamics, cost function, constraints, control
law, and boundary conditions. The equations of motion used in this paper are
stated in an inertial frame with an arbitrary origin:

, v
. J ;
= |v > —TrtE(r — 1) +nT (11)
n n2 Tmag
c

where (15 is the gravitational parameter of the attracting body located at r;, T’
is the thrust vector, T}, is the magnitude of thrust, r is the position vector,
v is the velocity, n is the inverse mass, and c is one Earth gravity times the
specific impulse. The cost function is defined as:

J=—min 2.2V (12)

The cost function represents maximizing ¥ along the direction 2, which
is a specified unit vector that will be swept over to sample the reachable
set. For consistency between the dynamics and engine |T'|| = Tinee and
0 < ||IT|| € Taz- These conditions require the supplied thrust must be less
than the maximum allowable thrust, T},,,, and that the total thrust and 75,44
be equal. The latter constraint simply enforces that the thrust used to generate
acceleration is equal to the thrust supplied by the engine.
The Hamiltonian is then:

. o 1 1
H = FIXNT 4 v (|T)| — Thnag) + y2(§T2 —7?

mag ) ma;c)

(13)
The co-state equation is:
H. =X = FIa\+! (14)

and is formulated to move backwards in time. The term FZ is the state
transition matrix at the end of the segment. It is given by

) i 01 0
) Hxitl ) ) it 4 '
Fi 9% :(I)(t’“,tl):/ %o T |e@d (1)
t

x i
o 0 0 2nTmes

i

where @ is the state transition matrix. The initial conditions for ®(i,7) = I.
The control law is defined by:

T
Hy, =0=FIX* 1y {I_T” + vy { (16)

0
Tmag
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and
it A _ ti+1 [O3x3 Isxg  O3x1 ‘ 03x3 O3x1
F! = Gu =Q )= [ P 0343 T | Q1)+ [ndsxs 0351 | di
£ [01xs Oy 2nTmee O01x3 &
(17)

The term 2 is analogous to the impulse response matrix for linear systems.
The initial condition for the integral is given by Q(i,i) = 0. Solving Eq. (16)
and satisfying the constraints results in:

FIA
Trag = Tmaa:; and T = _:rm,azL (18)
I 12 All
where .
vi = |[Fp A (19)
vy — F%;na )\i+1
Uy = Ta;j (20)

In these equations, Frr is the columns of F;, associated with the thrust direction
T'. Similarly, Fr,.., s the column of F, associated with Tyq4.

Initial state uncertainty can be readily incorporated by using the same
formulation as Holzinger[1]:

Cc’ = %th;oTEé:cO - %dQ (21)
C? = Eéx (22)

where F is a symmetric full rank matrix and with d defines the ellipsoid set
that the initial states lie on. Combining these equations results in

EilAO

NE A

In Eq. (23), dxo is a function of Ag, while Holzinger[1] makes the initial co-
states a function of the initial states. This paper’s approach differs because the
co-states are known and they define the type of reachable set. The states by
themselves do not provide the necessary information. This attribute makes it
more straightforward to solve for the change in initial states as a function of
the co-states. Sweeping over the deviation in the states, imposes a constraint
on the terminal co-states which has to be satisfied. For example, if physical
reachability is desired, then the terminal co-states associated with velocity and
inverse mass must equal O.

In cases where there is uncertainty in only some of the states or the uncer-
tainty is decoupled (e.g., position or velocity), Eq. (23) is still valid but would
be applied to those sub-elements only. For example, if there is uncertainty in
position estimates but not velocity, Eq. (23) would be applied to the positional
states.
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Additionally, a similar formulation can be used to account for initial AV
maneuvers.

Cc'= %AVTAV - %Amez (24)
ClL=AV (25)

Ay
5'00 = AV = 7AVmamm (26)

Because the magnitude of the AV maneuver is equal to AV,,4., a constraint
for the mass is unnecessary as it is known.

The indirect multi-stage formulation has several significant differences from
the indirect continuous formulation. For example, in the indirect continuous
formulation, the control is a function of the current states and co-states, which
results in a single-state/co-state transition matrix[1]. A unified-state/co-state
transition matrix is not possible for the indirect multi-stage approach, as the
control cannot be eliminated. In Eq. (18) the control, T, is defined in terms of
Fr and X1, Since Fr is an implicit function of T, a unified-state/co-state
transition matrix cannot be created. For a more detailed discussion of why
these differences exist we refer the reader to Patel[12].

In this subsection, the specific indirect multistage equations used in the
algorithms were derived. Sufficient information now exists to estimate the
reachable and controllable set even when the states are uncertain. Signifi-
cantly, Tyuae (see Eq. (18)) does not affect the direction of thrust, allowing us
to integrate along the unpowered trajectory and then conduct trade studies
by sweeping over various thrust levels.

3 Reachable Set Algorithm

In this section two algorithms are developed that can estimate the reachable
set. The first algorithm, called fast first order estimate (FFOE), is designed to
provide a fast estimate of the reachable set. The second algorithm is designed
to provide a more precise estimate of the reachable set, at the expense of
speed. The details of each algorithm will be discussed along with the tradeoffs
associated with each algorithm.

3.1 Fast First Order Estimate

The FFOE algorithm is designed to provide a good and fast estimate of the
reachable set. First the algorithm will be constructed then a discussion on the
why it provides reasonably accurate estimates will be provided.

The FFOE algorithm begins by integrating and obtaining the partials (F,
and Fy,) along a non thrusting trajectory. These partials will then be used to
estimate the control. To estimate the control, we select the values of 2 from a
unit ball and use them to initialize the terminal co-states. These co-states are
then propagated backwards in stages using Eq. (14), and the control law is
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calculated from Eq. (18), where F;, and F,, are obtained from the non thrusting
control law. The final step is to integrate Eq. (11) using the derived control law
to compute the reachable set. Formally, the algorithm is shown in Alg. (1).

Algorithm 1 FFOE algorithm
29 « initial conditions
t0 « start time
dt < segment duration
Seg < number of segments
T+0
140
while i < Seg do
't FLFL < Fi(x!, T to, to + dt)
to + to + dt
14—1+1
end while
70
N < Number of sample points
while j < N do
i+ Seg—1
A%€9 « from unit ball
while i > 0 do
T%7 + Eq. (18)
Al Eq. (14)
14—1—1
end while
j—J+1
end while
70
while j < N do
140
while i < Seg do
it Fi(z!, T 1y, to + dt)
to + to + dt
14—1+1
end while
j—J+1
end while

3.2 Open-Loop Exact Algorithm

The open-loop exact (OLE) solution is an open-loop method that iteratively
updates the control law to estimate the exact reachable set. The OLE algo-
rithm uses the FFOE algorithm as a starting point, but at each iteration uses
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the thrusting partials from the prior run. Thus the OLE algorithm should
be more accurate, but at the expense of additional computational time and
potential convergence issues.

The OLE algorithm begins by using the FFOE algorithm to estimate the
control law. Then for each Z and associated control law, the OLE algorithm
computes the trajectory partials. Next, using the same Z OLE computes the
new control law with the updated trajectory partials. Finally, OLE compare
the change in the cost function between the prior and current iteration. If the
change in cost function between iterations is less than a specified precision, or
if the maximum number of iterations is reached, the algorithm terminates.

3.3 Algorithmic Performance, Limitations, and Trade-offs

The FFOE algorithm generally did a good job of estimating the reachable
set (for some examples, see Fig. (2) and Fig. (3)) but tests did identify some
limitations. This section, lays out a series of hypothesis for why the FFOE
algorithm performed reasonably well and highlight cases where users should
validate the results with other methods.

The FFOE’s control law is a first-order update to the natural (unpowerd)
trajectory, which is an optimal solution. When the partials of the natural
trajectory are close to the partials of the powered trajectory then the FFOE
algorithm should provide a good estimate. The partials should be close when
the thrust is“small”. The test cases (see section Numerical Examples) show
that the FFOE algorithm performs well in two-body and multi-body cases for
low thrust and short timescales. At the moment “short” timescales or “small”
thrust is not well defined for this problem. Exploring how time and thrust
effect the results is subject of on-going research.

Testing also identified several conditions where the FFOE algorithm failed.
When the reachable set encapsulated a gravitational center, the FFOE and
OLE algorithms both produced poor solutions. The FFOE algorithm continued
to produce a solution, but it was a gross underestimate of the reachable set. On
the other hand, the OLE algorithm failed to converge. The FFOE algorithm
performed poorly because it did not take full advantage of the gravitational
encounter, whereas the OLE algorithm attempted to pass arbitrarily close to
the center of the body, leading to non convergence.

Both algorithms also had trouble on some multi revolution cases. Specifi-
cally, when the reachable set encapsulated the reference trajectory. This issue
can possibly be resolved by using alternative coordinate frames (e.g., polar
coordinates), if the particular application allows for non-Cartesian coordinates.

The OLE algorithm had a unique failure mode, which the FFOE did not
exhibit. In some cases the OLE algorithm would only map out part of the
reachable set but miss large sections of it. This behavior occurred when the
reachable set was concave. This behavior of the OLE algorithm occurs because
the cost function is a projection operator, which does not guarantee that the
solution will be parallel to A but rather guarantees only that the projection of
the solution onto \ will be maximized. Fig. (1) provides a visual representation
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of when the OLE algorithm can produce incomplete results. The entire concave
region maps to the converged point in Fig. (1) or its counterpart on the other
side of the projection direction line due to the use of a projection operator as
the cost function.

4 Projection

direction
Converged
solution — A
/7 N\ V4 \
/ N / \
I N ’
Ny \
I Y l
! !
\ /
Desired /
solution o /
~ - s

e B

Fig. 1 In this stylized example, the converged solution point is further along the projection
direction but not parallel to the projection direction. The desired solution and all points
within the concave region may be missed.

Trade-offs were required to achieve speed and stability of these two algo-
rithms which has implications for SSA applications. The use of a Gaussian level
set to approximate the uncertainty in the initial states[1] allows for the algo-
rithm to solve for the deviation in the initial states without requiring numerical
iterations. However, this use introduces a potential limitation. If non-Gaussian
errors are more important than speed or stability, the boundary conditions
will have to be modified.

4 Numerical Examples

This section provides various examples to highlight the performance and utility
of the algorithms. The algorithms were implemented in C++ on an M1 Mac-
Book Pro from 2020, using the Boost Libraries for integration. In particular,
a Fehlberg 78 order integrator with error tolerances < 107'3. The Armadillo
matrix library[13, 14] was used for matrix/vector support. The JPL SPICE
libraries[15, 16] and DE440 ephemerides [17] are also used. Plotting was done

11
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in spacekit.js'. Parallel processing leveraged the BOOST ASIO library. The
reference frame was ECLIPJ2000, the specific impulse was set to 3,000 sec-
onds, and the Sun, Earth, and Moon are included in the force model. The
gravitational parameters used are 1.32712440018 x 10!, 4.03503235 x 105,
4.902799 x 103, respectively. The units are km?/s2.

Five examples are provided to demonstrate the uses of the algorithm (see
Table 1 for a summary). Case 1 is a reachability example on an elliptical
orbit around Earth, with no significant multibody effects. The goal of case 1
is to show how the FFOE and OLE compare to one another. Case 2 is also a
reachability case with a lunar flyby. Case 2 shows that the FFOE algorithm
works well with strong multibody interactions. Case 3 runs case 2 backwards in
time, highlighting how the algorithm can be used for controllability problems.
Case 4 is a reachability case (the same as case 2) but with uncertain (Gaussian
level set) initial conditions. Case 4 shows that the algorithm can be used for
SSA algorithms. Case 5 is a controllability case (the same as case 3) but with
uncertainty in terminal conditions. Case 5 highlights how the algorithm can be
used to identify “watch corridors” if there is concern with objects attempting
to rendezvous with other space objects.

Case Multibody Problem Type Boundary Conditions Algorithm Tested

1 No Reachability Fixed FFOE and OLE
2 Yes Reachability Fixed FFOE and OLE
3 Yes Controllability Fixed FFOE
4 Yes Reachability Gaussian level set FFOE
5 Yes Controllability Gaussian level set FFOE

Table 1 Numerical cases cover a range of dynamics, problem types, and boundary
conditions.

4.1 Case 1

The first case represents a near, two-body multirevolution (3.3 revolutions)
reachability case. The initial orbit is an elliptical trajectory with no significant
multibody effects. The simulation parameters are a max thrust of 0.01 N, 200
segments, and segment duration of 7,200 seconds.

The reachable set is computed using the first order methods and the open-
loop method. Fig. (2) shows that both the FFOE solution and OLE solution
produce similar results. The computational times are 0.27 seconds and 4.32
seconds for the FFOE and OLE solutions, respectively.

4.2 Case 2

The second case is a multibody reachability case. The trajectory has a close
approach to the moon, resulting in strong multi-body effects and an inclina-
tion and energy increase. Although, the first order method produces a good

Lhttps:/ /typpo.github.io/spacekit /
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Fig. 2 Case 1 using an elliptical trajectory around Earth with no significant multi-
body interaction. The epoch and initial conditions are 64.1 seconds and z° =
[0,210820,0,0.753136347, 0,0, 1000] Units are km, km/s, and kg. The FFOE and OLE algo-

rithm produce similar results. Hints of he limitations of the OLE algorithm are noticeable
as it produces bunching at the edges.

estimate of the reachable set, Fig. (3) shows that the exact method does a
better job. Fig. (4) shows the entire trajectory projected onto the X-Y plane
relative to the Earth and Moon.

The simulation parameters are a max thrust of 0.02 N, 200 segments, and
segment duration of 7,200 seconds. The computation times of the FFOE and
OLE algorithms are 0.25 seconds and 6.42 seconds, respectively. Fig. (5) and
Fig. (6) highlight the three-dimensional nature of the trajectories by showing
the close approach and inclination change.

4.3 Case 3

For the third case, a controllability case, the algorithms start at the end of case
2 and integrate the trajectory backwards. This case shows the range of initial
conditions that would allow the spacecraft to still reach the terminal state. The
simulation parameters are a max thrust of 0.02 N, 200 segments, and segment
duration of -7,200 seconds. Fig. (7) shows the simulation results.The reference
trajectory is the same as in case 2. For this controllability problem, the FFOE

algorithm is able to identify the envelope of initial conditions that enable the
final states in case 2 to be reached.

13
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Fig. 3 Case 2 includes gravity of the Earth, Sun, and Moon and the spacecraft has a close
flyby of moon. The FFOE and OLE algorithms show good agreement in their estimate of
the reachable set. The OLE solution shows that the edges are the most underestimated
by the FFOE algorithm. The epoch and initial conditions are 1072864.169 seconds and
20 = [—379476,0, 0,0, —0.561354689, 0, 1000]. Units are km, km/s, and kg.

4.4 Case 4

The fourth case is the same as case 2 but with uncertain (Gaussian level set)
initial conditions. The initial position is treated as uncertain but constrained
to a 500 km unit sphere. The initial uncertainty envelope is visualized in Fig.
(8), while the reachable set is shown in Fig. (9).

4.5 Case 5

The fifth case is is the same as case 3 (controllability example) but with uncer-
tain initial conditions. The position is treated as uncertain and it lies on a
5,000 km unit sphere. The initial uncertainty envelope is visualized in Fig.
(10). The XY view of the reachable set is shown in Fig. (11); Fig. (12) shows
how with uncertainty the controllable set is contorted and expanded.

5 Conclusion

In this paper, a fast and automated algorithm for estimating EP spacecraft’s
reachable and controllable sets was derived and developed. Speed and automa-
tion are achieved through the novel use of an indirect multistage formulation.
Speed is achieved because the algorithm only requires a single first order
integration to estimate the control laws for the reachable set. The indirect mul-
tistage formulation also allows us to avoid solving a two-point boundary value
problem thereby, allowing for a fully automated algorithm that requires only
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Fig. 4 The FFOE estimate for Case 2 (reachability) visualized with the final location of
the Earth and moon shown.

knowing the spacecraft states. The algorithm can accommodate Gau

sets while retaining computational efficiency and automation. The Ga

level set assumption can be useful for certain SSA applications. Additional
boundary conditions can be used but may require trading away computational
efficiency and algorithmic stability. Finally, the FFOE algorithm provides a

good estimate of the reachable set and works well in multibody cases, such
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Fig. 5 Case 2 reachable set during a close approach of the moon

Fig. 6 A side view of case 2’s trajectory and reachable set to highlight the plane change
caused by the spacecraft’s interaction with the moon.

as cislunar. Long timescales, high thrust, and interactions between the reach-
able set and gravitational centers can invalidate the results of both algorithms.
The FFOE algorithm’s speed and high level of automation means that it may
provide value in large scale SSA applications or other applications such as
trajectory design.
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Fig. 7 Case 3 is case 2 run backwards in time. This represents a controllability
case that shows the set of initial conditions that can achieve the terminal condi-
tions in case 2. The epoch and initial conditions are 2512864.169 seconds and z° =
[—314562.64, —329219.31, 237676.53, 0.5262560, —0.65552567495712999, 0.1763679, 1000.0].
Units are km, km/s, and kg.



20 Rapid and Automatic Reachability Estimation of Electric Propulsion Spacecraft

Fig. 8 The initial position uncertainty associated with case 4. Case 4 is a reachable set
using the same conditions as case 2 with the addition of Gaussian level set uncertainty in
the initial position.

]

Fig. 9 The reachable set for case 4. The reachable set is more dispersed than case 2 because
case 4 allowed for uncertainty in the initial position.
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Fig. 10 The initial position uncertainty range for case 5, a controllability example, using
the same inputs as case 3 with initial uncertainty.
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]

Fig. 11 The controllable set for case 5 is larger than case 3 because of the initial uncertainty
in the spacecraft’s position.
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Fig. 12 A skewed view of case 5’s to show the contorted nature of the controllable set.
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