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FOREWORD

The literature concerning pulse time modulation is almost devoid
of information dealing with the special case where a fixed reference is
employed. This report discusses and analyzes certain aspects of this
special case. On the general subject of pulse time modulation many
works exist which are applicable to a study of the fixed-reference type
of modulation. A major object of this report is to consolidate this in-
formation and apply it to the analysis of this special case. Certain
analyses are surveyed in connection with the transient phenomena in-
volved. The practical application stressed throughout is a Command
Guidance System.

PROBLEM STATUS
This report concludes one phase of a continuing study being made

on pulse type command systems. Work on other phases of research,
design, and development is continuing.
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A LIMITED ANALYTICAL SURVEY OF PULSE
TIME MODULATION WITH A FIXED REFERENCE

INTRODUCTION

In many applications of pulse time modulation the system used is termed “pulse time modu-
lation without a fixed reference.” When pulse time modulation is applied to a command guidance
system, however, a number of considerations make it advisable to use a system called “pulse
time modulation with a fixed reference.” Since, by the principle of superposition, the latter type
of modulation can be considered as the sum of an unmodulated wave and a wave modulated in
time with no fixed reference, it is obvious that a consideration of the nonfixed-reference case
is desirable.

Concerning application to a particular control system, the required specifications in order
of importance are: reliability, simplicity, and security. Although pulse time modulation with a
fixed reference is extremely secure, particularly when the reference pulses are random-
modulated, it is by no means simple, and this lack of simplicity causes some reduction in the
factor of reliability. Future developments, however, are expected to make the system quite
satisfactory in both simplicity and reliability. In connection with this system, some attention
must also be given to the problem of proportional control. It is basically because of this prob-
lem of proportional control that an analysis of pulse time modulation with a fixed reference is
necessary.

A TYPICAL COMMAND CONTROL SYSTEM

In order to decide what analytical procedures are necessary regarding the fixed-reference
case, it is desirable to be acquainted with the general manner in which a typical command sys-
tem functions. A block diagram of a command control system using pulse time modulation with
a fixed reference is shown in Figure 1. A short explanation of the system will show the manner
in which pulse time modulation enters into its operation.

COMMAND STATION

CHANNEL
REFER ;
ESENENG | o F':’::; PULSE CHANNELIZER |—=1 MIXER|—= CODER [—=| MODULATOR

GENERATOR

| |
' |
I] puLse SANTOOTH
— |
: FORNER SEREANAION senenoR |
] [ y HELICAL
' | oo |
i ERROR : ANTENNA
I |
T I . O i
MISSILE HELICAL
ANTENNA
T0 ON- OFF RELAY CHANNEL '
e CHARNELIZER RECEIVER
CONTROL CIRGUITS AMPLIFIERS DECODER ’

v:il':“':'['t?'"lsﬁl_ PROPORTIONAL REFERENCE
i CONTROL DECODER

Fig. 1: A Typical Command Control System
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A sine-wave generator forms the reference frequency signal which is sent through appro-
priate pulse-forming networks. The resultant series of reference pulses periodically excites
an oscillator which produces the correct number of channel pulses per excitation. The resultant
train of pulses is then run through a channelizer which allows pulses to be cut on or off at will.
In the meantime, the reference pulses and the on-off pulses are also sent to proportional control
units. In these units the reference pulses produce sawtooth pulses, and comparators select
small top sections of these pulses in accordance with an input error voltage. The pulse sections
are differentiated, and the proportional control pulses are formed. The reference pulse, the
on-off channel pulses, and the proportional control pulses are mixed and coded. They then
modulate a transmitter which may, for echo-rejection reasons, feed a helical antenna or some
other circularly polarized array.

In the missile the action is somewhat similar. Briefly, the receiver, which is of fairly con-
ventional design, feeds its output of coded pulses to the decoders. Because the reference pulse
is coded differently from the other pulses, two decoders are needed. The resultant train of de-
coded single pulses is fed through a channelizer to a series of independent relay amplifiers. The
contacts of the associated relays then go to the appropriate control circuits. The proportional
control units are fed from the proper points and produce sawtooth pulses whose amplitude and
pulsewidth are variable and whose leading edge occurs in a strictly repetitive manner. The
variable width sawtooth pulse builds up a step-wave approximation to the intelligence function.
This stepped approximation, when adequately filtered, is sent to the appropriate, continuously
variable control circuits.

It may be seen from this discussion, and from the associated block diagram, that many cir-
cuits must handle rectangular and sawtooth pulses which are recurrent, nonrecurrent, and mod-
ulated in a complex fashion. In order to avoid a completely empirical approach to the design of
these circuits, it is desirable to be acquainted with the frequency spectra of these various waves.

Pulse Time Modulation Without a Fixed Reference

In all linear systems the principle of superposition applies. Since this condition exists, the
case of pulse time modulation with a fixed reference can be considered as the sum of an un-
modulated train of pulses and a train of pulses whose spacing is varied in some specified
manner. The latter condition is referred to as “pulse time modulation without a fixed reference.”
For the case of the rectangular pulse of constant width, this is illustrated graphically by Figure
2. Many of the difficult problems associated with the fixed-reference case can be treated most
conveniently by this superposition method. However, many types of waves involved in the fixed-
reference case are more easily solved by a direct analysis. In general any train of pulses which
occur in a nonrepetitive fashion when modulated, excluding the strictly repetitive reference
pulses of course, is best treated by superposition.

AN UNMODULATED %
TRAIN OF REFERENCE PULSES ﬁ ﬂ &

PULSE TIME MODULATION

WITHOUT A FIXED REFERENCE “H’_’ “FI" "'H:

PULSE TIME MODULATION

WITH A FIXED REFERENGCE .a.:ﬂ’ E:Fl" EL:FI*_E\_

Fig. 2: The Relation Between Fixed and Non-Fixed Reference Cases
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The unmodulated, rectangular pulse train (Figure 3) has the

T L following well-known equation (1):
8 ; nmnd
: g,y LiESon 2B ruRain,
L) = T + T "=1P_T5 . COS nwt,
T

Fig. 3: An Unmodulated
Train of Pulses If the spacing between a set of pulses is varied, then it is reasonable
to assume that many new frequencies will be generated. The equa-
tion representing the new frequency spectrum is dependent upon the manner in which the modu-
lation is accomplished. Excluding pulsewidth modulation, two important cases exist. These are
frequency modulation and phase modulation, sometimes referred to as pulse numbers modulation
and pulse position modulation respectively (2).

In pulse frequency modulation the number of pulses per second, evaluated at any point since
the width is constant, is directly proportional to the amplitude of the signal voltage. In pulse
phase modulation, however, the displacement of a pulse is directly proportional to the signal
amplitude. From elementary angular considerations it is known that frequency is equal to a
constant times time rate of change of angle. Mathematically,

pad 9B
2n dt

Therefore if 6 (the pulse position) is proportional to I(t) (the intelligence function) for phase
modulation, then d—d% is proportional to I(t) for frequency modulation. Therefore § is propor-
tional to JI(t)dt for the case of frequency modulation.

In most cases the difference between the phase- and frequency-modulated cases is of little
importance. In some instances, however, it is necessary to use one or the other for special
reasons. In command guidance, for example, it is desirable to use pulse phase modulation,
because the position of the channel pulse with respect to the reference pulse should be a direct
function of the signal amplitude.

There are two main approaches to the analysis of pulse time modulation without a fixed
reference. One, which might be termed the direct method, is to consider the nonrepetitive,
rectangular pulse train as it actually exists and to carry out a straight-forward, though difficult,
analysis. The other method is to attempt to express the nonperiodic pulse train in terms of
some periodic function and thus simplify the analysis.

If the unmodulated repetition rate is very
much greater than the modulating frequency,

: TRI
then the exact time of the pulse occurrence REFERENGE FU%%%FFCI’:G mt

may be neglected. With this approximation, / PULSE
the direct analysis has been carried out in a
satisfactory manner (1). If the repetition rate

is not considerably greater than the modu- T—GHANNEL PULSE

lating frequency, however, this approximation I(4) = SIGNAL FUNCTION
produces considerable error. Then, if it is
still desired to use this method, it is neces-
sary to solve a transcendental equation to
specify the exact instant of pulse occurrence.

=E SIN wpt+ E¢

Referring again to the special case of a
command guidance system, normally the trig- Fig. 4: Proportion Control Channel
gering function (usually a sawtooth) is balanced Pulse Generation.
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out by the intelligence voltage (assumed to be sinusoidal) in a comparator circuit to produce the
modulated pulse. This is shown in Figure 4. In this particular case, the modulated pulse will
occur when the two functions involved are of equal amplitude. This being the case, it is only
necessary to equate the two functions and solve for t. But if this value of the time variable is
inserted in the equations involved, their expansion becomes quite difficult. It is best, because of
this reason, to proceed with the second method.

The second method, which may be called the synthesis method, has been carried out by at
least two separate investigations (2, 3a). A modified analysis, more suited to the nomenclature
of this report, appears onpage 18 of the Appendix. It is derived by recognizing that the unmodu-
lated, rectangular pulse train represents, mathematically, the sum of two sawtooth waves and a
direct component. Because the sawtooth waves are periodic, although of constantly shifting
phase, it is not necessary to resort to any approximations. The following equation thus repre-
sents accurately the frequency spectrum of a phase modulated, rectangular pulse train.

E5 1 o) 3 )
glt) :*-_}- +E'I“‘E [smwm(t +—2—} - sinw (t - E}:I

o}
J, (nm-mp) {s:i.n nw(t +%) - sin nW(t - E)}

(‘Ii{t 5) w (t 5E|
s1n|nw +-§- + mal + 3

+
A2l m
b=}
s

—
=I||—-

£ + (-1)™sin|nw(t +é} - mw (¢t +E)
4 ¥ Jm(nw-mp) < L 2 2.
m=1

'[(t 6) ( 6)
- sin|nw -2+mwmt-2

(-1)Msin|nw(t —6—} w_(t E}l
k- - Slﬂ_n - 2 - l'flm 2_

It is obvious from this equation that the term containing the intelligence will be very small
in magnitude if the pulsewidth is very small. Since this is the case, it is not desirable to ex-
tract the signal by filtering. When combined with an unmodulated wave in such a fashion as to
be equivalent to pulse time modulation with a fixed reference, the intelligence is easily obtained
by a demodulation process involving a sawtooth generator (see page 6). It is also apparent
from the equation that a type of sideband distortion takes place, because the carrier and all of
its harmonics form sidebands with all harmonics of the intelligence frequency. Because of the
method of demodulation, however, this effect is not important in a command guidance system.
By recognizing that the displacement is proportional to the integral of the signal function for the
frequency-modulated case, appropriate modifications of the above equation yield the solution for
the frequency-modulated pulse train.

Pulse Time Modulation With a Fixed Reference

T It has been shown that pulse time modulation
T with a fixed reference is equivalent to pulse time
¢ *l ¥ modulation without a fixed reference plus an unmod-
...H_, _.%: S ulated wave. An arbitrarily chosen pulse in the mod-
I ulated train must obviously be noncoincident with its

reference pulse in the unmodulated train. Since this

—pf 11

fo is the case, a time phase shift must be added to the
equation of the unmodulated train. Figure 5 shows
Fig. 5: Pulsed Time Modulation the situation that exists. The following equation
with a Fixed Reference must therefore be added to the one developed for the

DECLASSIFIED
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nonfixed-reference case in order to obtain the equation of the frequency spectrum for the
fixed-reference case:

. nmd
Es  2Es T SInT
flt) =— 4 — T . cos nw(tt Tc).
T

Certain parts of the system must handle waves whose form is not rectangular and whose
width and amplitude vary during the modulating cycle. To permit an analysis of these waves, it
is first necessary to learn more of their physical aspect. This may be done by considering a
present method of demodulation. In this system, the incoming reference pulse staris a sawtooth
wave which is terminated by the channel pulse. Obviously then, since the sawtooth wave is made
to be of constant slope, any variation in reference to channel pulse-spacing will produce a varia-
tion in the amplitude, width, and lagging-edge time of the sawtooth pulse. The peak of this saw-
tooth wave is compared with a d-c reference voltage, and the difference is passed on as a con-
trol signal. Regardless of any variation in reference-pulse starting time, the sawtooth peak
voltage will be determined only by the reference to channel pulse-spacing. Since this is the
case, the control voltage is practically unaffected by changes in the reference p.r.f. This is
graphically illustrated in Figure 6.

/-REFERENGE PULSE /—GHANNEL PULSE

A1 A i A__T1HA
%t

LA Sy

Fig. 6: Random Modulation of the
Reference Pulses

When the reference to channel pulse-spacing is varied, then the sawtooth peak voltage varies
proportionately. This is shown in Figure 7, from which it is obvious that a standard amplitude
modulation analysis may be substituted for the pulse time modulation analysis. The reason that
this may be done is that time, amplitude, and pulsewidth are all proportional in this constant
slope, sawtooth wave, Furthermore, the magnitudes of time, amplitude, and pulsewidth have a
steady-state value, and this value is modulated by the variation in reference to channel pulse-
spacing. The analysis of the clipped sawtooth wave in its unmodulated and modulated state is

/—REFERENOE PULSE CHANNEL PULSE

A T ATl A A
por

Fig. 7: Channel Pulse Modulation
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carried out by a Fourier Series development on page 13 of the Appendix. The equations are as
follows:

Unmodulated case:

sin nmd cos nwd - 1

) . cos nut

«© it
ES E 228
P 2_ E ni n“w
2T Theeil sin nwd cos nwd ;
+ ( 55 ) . sin nwt
ncw s nw
E 2E
:—5 +—2X [a - cos nut + B. - sin nwt]
b7 W v 8
Modulated case:
Ep. . 2k =
gle) =— + — X I:Of-n * cos nwt + B - sin nwr.:l
“n - - !
- 2B == %51n (nw + w )t - sin (nw - wmjt‘
+-§? p sin w t + —¥*;§1

+ 1; ;cos (nw - mm]t - cos (nw + mm)tt

It is apparent from the above equation that many new frequencies are generated by the mod-
ulation process. These include all harmonics of the repetition rate plus and minus the modulat-
ing frequency. The original pulse recurrence frequency and the intelligence frequency also
appear, although the latter has its amplitude modified by the modulation process. Because the
amplitude of the intelligence term is directly proportional to the pulsewidth, the signal function
can be recovered by a simple filtering process in those systems where the pulsewidth is fairly
large relative to the repetition time. If the signal is to be recovered by a filtering process, then
fy, the modulation frequency, must be less than f-f,,, where f represents the pulse recurrence
frequency. If this is true, then the interfering sideband f-f,, will not be troublesome if an in-
finitely steep filter is employed. Because of practical filter design, however, f >> 2f,, in order
to avoid interference difficulties.

Because pulse modulation always involves a sampling process, the complex intelligence
wave is neither transmitted not reconstructed in an exact fashion. The modulation instants are
discrete, and the reconstruction sampling times are also discrete. In order to know what filter-
ing problems exist, it is necessary to determine quantitatively the demodulated frequency
spectrum.

As has been previously explained, the lagging edge of the reference pulse starts a sawtooth
wave which is terminated by the leading edge of the channel pulse. This peak sawtooth voltage
is stored in a capacitor as an approximately

REFERENGE PULSE flat Step. The ex_pc_mential d-eca.y which actually
—CHANNEL PULSE occurs is of negligible amplitude. At the lead-
5 ? ing edge of the reference pulse the capacitor
i % is exponentially discharged at a very rapid
e T N rate. The linear charging then starts at the
i i lagging edge of the reference pulse and stops .
at the leading edge of the channel pulse. This
chain of events produces a wave form similar

to that shown in Figure 8.
Fig. 8: Demodulator Charging Cycle
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Although a wave form of this type could be
analyzed, it is more convenient, since it yields
adequate information, to proceed with some sim-
plifying assumptions. The assumptions include no
exponential decay on the flat top, a straight step
in place of the actual discharge pulse, and no
change in duration of the flat top with modulation.
If it is recognized that the reference frequency
(and certain associated harmonics) will actually
appear because of the discharge pulse, then little
error is introduced by these assumptions. Figure 9 shows this stepped approximation. The
reason that the reference frequency does not appear in the analysis is that the steps are assumed
to have absolutely straight sides. The energy associated with the amplitude jump is therefore
Zero.

/—SIGNAL FREQUENCY

k-

Fig. 9: Stepped Approximation

The simplest way of analyzing a stepped approximation has already been carried out with
sufficient generality (3b). However, to correspond with the nomenclature of this report a slightly
modified analysis is carried out on page 16 of the Appendix. The resultant equation is
e {sinﬂi“-‘ . sin w_(t - E)}

Iil.lm (b i}

'sinn(n - w—m) ]
(s} n

* sin (nw - w ) (¢ - '(;}

E
g{t)-:; e

n

-

()
sinm{n + %)
W

o
{l

. sin (nw + &Jm)(t -g)

It is obvious from an inspection of the intelligence term that its amplitude is dependent upon
both the repetition and modulation frequencies. Although no quantitative statements can be made,
since the analysis was based on a fixed repetition frequency and single-tone modulation, it is
apparent that random modulation of the reference pulses will cause a disturbance in the ampli-
tude of the intelligence output. If the repetition frequency is very much greater than the modu-
lation frequency, then the variation in amplitude will not be great. Of course a type of phase
modulation takes place whenever the repetition rate is varied, and this introduces new frequencies
also.

If the previous criterion of the p.r.f. being much greater than the signal frequency is re-
tained, then the variation in magnitude will be so small that the linearity of the system will be
within reasonable bounds. The sideband filter problem will also be of little importance.

FLASH OPERATION

Security of the highest order may be obtained by operating the command control system in
the so-called “flash” condition. In this type of operation the only time a command is sent is
when an on-off change is required at the receiver. Because of the transient nature of this type
of operation, it is virtually impossible to determine the nature of the intelligence being trans-
mitted. Naturally the intelligence transmitted per unit time is extremely low, or the security of
the system would be lessened. For purely on-off functions which do not have to be operated too
frequently or in a periodic manner, this type of operation is very satisfactory.
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Fig. 10: The Spectrum of a Single Rectangular Pulse

As one approaches completely nonrecurrent operation, the lines of the spectrum of the pulse
under consideration (rectangular, sawtooth, etc.) move closer and closer together. In the limit,
of course, the nonrecurrent pulse would have a continuous rather than a discrete spectrum. The
spectrum of the single, rectangular pulse which has been determined many times before is shown
in Figure 10. The spectrum of the single, sawtooth pulse, on the other hand, is less well known.
It is desirable, therefore, to undertake an analysis of its spectrum. This is accomplished by
means of the Fourier Integral on page 15 of the Appendix. The result is shown in Figure 11,
the following equation representing the spectrum:

m
Stw) = ;‘—2\/&}21‘2 +2[1 = (cos &T + wT sin wT)]

The graph of the spectrum shows that a considerable bandwidth is necessary to pass a saw-
tooth pulse. A variation in the slope of the pulse does not change the frequency spectrum, but it
does increase the magnitude of every component in the spectrum. The same statement holds
true for the pulsewidth, since the pulsewidth and the slope of a constant amplitude pulse are

DECLASSIFIED
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Fig. 11: The Spectrum for a Single Sawtooth Pulse

proportional. The problem of determining the necessary bandwidth is rather difficult despite
the availability of a graph showing the frequency distribution. Certain rough considerations,

such as examining the area under the curve, show that angular frequencies up to 2% and above

play an important part in the determination of the pulse shape.
CONCLUSIONS

The most direct application of this analysis is to the subject of command control systems
of the pulse-time type. In this connection it has been shown that the minimum pulse recurrence
frequency must be considerably greater than twice the intelligence frequency. Knowing the
characteristics of a given missile control loop system, and therefore the maximum intelligence
frequency, it is thus possible to determine the minimum p.r.f. for both proportional control and
on-off functions.

Equations have been derived which express the frequency spectrum for the important types
of waves involved in the fixed-reference case. With this information available, it is possible to
proceed with the design of all the necessary filter circuits in a quantitative manner, rather than
by the empirical approach.

The transient case, so important in a consideration of “flash” operation, has received some
special attention. Because the transient sawtooth pulse plays an important part in a pulse time
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command control system, it has been considered desirable to derive the equation for its
frequency spectrum. To facilitate the practical use of this equation, the spectrum has been
graphed. For comparison purposes the graph for the important rectangular, transient pulse,
derived many times before (5), has also been included.

A system employing pulse time modulation with a fixed reference is unique mainly in the
method of modulation and demodulation. For this reason, only those details closely associated
with modulation and demodulation are discussed at length.
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SYMBOL NOTATIONS

T = Repetition Time, Transient Sawtooth Pulse Width
t= Time Variable
0 = Rectangular Pulsewidth, Static Sawtooth Pulse Width
P = Depth of Amplitude Modulation
mp = Depth of Phase Modulation
AT = Total Time Deviation of a Pulse
n,m,k = Integers
.m = Slope of Sawtooth
E = Peak Pulse Voltage
Jp(normy) = Bessel Root of mth Order and Argument + (nw*mg)
f(t) = Unmodulated Function of t
g(t) = Modulated Function of t
@ = Angular Repetition Frequency
@, = Angular Modulation Frequency
|f| = Absolute Value of the Function of f
¢ = Pulse Displacement Function

378 = Rate of Change of Displacement

f = Repetition Frequency
fm = Modulation Frequency
Af = Change in Repetition Frequency

I(t) = Intelligence Function

sin nwbd cos nwb-1
Cl'.n =
nw n2w26
. sin nwd cos nwd
T T
n“w=b nw
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APPENDIX
Mathematical Analysis of the Fixed-Reference Case

If, in a command guidance system, it is desired to have a given on-off channel operating
continuously, then the problem of a periodic, clipped sawtooth wave is encountered. The solu-
tion of this problem is accomplished in a simple manner by a Fourier Series development. Upon
examining Figure 12, it is apparent that the following series holds:

@

3

y = f(t) =—2— + El (a cos nwt + b, sin nwt).
=

The coefficients for this series are determined in the usual manner. Therefore,

2 (T 2 s T 8
a, :?J.nf(t)dt :—_I-; |:J.°m.t..dt. -i—J‘aD.dl‘] :'an— .

But E =mb,
therefore
a, Eb 2J‘r —
—_— =, = = Wt - -adt
p) 5T a T | Dcos n t
243 5 ) i & 2m |6 sin nwd cos nwd - 1
= ? omt-cos nwt-dt + 6O-cns nwt-dt =T =" + 5.2

_ 2E | sin nwd cos nwd - 1
i T A ? nlw2§

Defini B sinnwd cos nwd - 1
ng i nw ¥ nZws
— 2E
the coefficient ay becomes equal to By
b 2. fle).d EJ.SL‘ dt s i wt.dt
== . gl = — + L Wt -51n nWt.c
- T l:'5111 nit t T Om S5in n + 50
2E | sin nwd cos nwd
™ nZw?s b 2
Defining 8 sin nwd cos nwd
BT afupts W e ok
2E
the coefficient by becomes equal to B i

The complete trigonometric series may now be expressed in the form:

ES © 2 = .
fit) :E'i‘ + — (¢, -cos nut + B,-sin nuwt)

T n=1
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Fig. 12: Clipped Sawtooth Wave

[ e=Esinwn (t+6) e
: 3 5 S
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Fig. 13: Modulated Clipped Sawtooth Wave

In a proportional control system, a clipped sawtooth wave exists in which both the pulse-
width and amplitude are varied in correspondence to an input error voltage. Figure 13 shows the
simplest case. Here this input error voltage varies in a sinusoidal manner. Because the pulse-
width, amplitude, and position of the lagging edge all vary simultaneously and proportionately, it
is possible to analyze this type of wave by means of a standard amplitude modulation analysis.
The modulating signal may be considered to have the form e = E sin w,t., Defining ¢ as the per-
centage of amplitude modulation, the modulated function, g(t), has the form £(t)- (1 + psin w,t).
This equals

E§ 2E

T T E ( =, [:J) - ) —=r-531N
i o cos Nt + s1n nt + -3 t
1 0] (ﬁm

2J o
+ ?'Dsin Wt El(dn.cos nwt + Bn' sin nWwt).
n=

Upon expansion of all trigonometric products and collection of terms, the following equation
results:

5 28 T
glt) = >F + T n{](oﬂn-cos nwt + Bn-sin nit)
=] o = -
E& 2Ep S %sm(nm + @ )t - sin{nw - t-lm)t{
p—.p-sin Wt + — X 2 )
2T > T, S -

+£i'1.{cas(nm - wy)t - cos(nw + L.Jm)t';

It is apparent from this equation that, in addition to the original components, several new
ones have been generated. These consist of both sine and cosine terms representing upper and
lower sidebands of all harmonics of the pulse recurrence frequency. In transient on-off opera-
tion, usually referred to as “flash” operation, the duty cycle is extremely low and of an aperiodic
nature. This being so, it is informative to consider the limiting case of a single pulse. Both
rectangular and sawtooth pulses are important in the system, but the frequency spectrum for the
rectangular pulse is well known, having been derived many times before. Its spectrum is shown

in Figure 10.
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T
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5l

to
Fig. 14: Transient Sawtooth Wave

The single sawtooth pulse, on the other hand, has received very little attention. By the use
of the Fourier Integral, its frequency spectrum may easily be obtained. Applying the standard
Fourier Integral to Figure 14,

o5 s o i ;2 s o 7 7 d ;
FlEY = J- G{r). e 29% ¢t = J. o-e J9td¢ +J‘ mt.e~J@Kde +j 0-e”JWtde :J. m-t-e”J9tgg,
@ z .1 o T o

Integrating by parts,
3 : J‘udv = uv—Jvdu.

A _pemlwt =jwt T
Let ¢ = u, and e 7“*dt = dv. Therefore, F(f) = m te, e & ¢
Ju -Jw &

m i .
:_]T_gcan [f-jbﬂ"e--}m-r —e~dwTy | (g - 1}] :{Tn; ’:e‘”"‘(l.+ jwT) - lj|

m
S Ecos wT - j sin wT)(1 + juT) - l:l = 12 E’:us WT + juT cos wT - j sin wT 4 T sin T - 1:|
tw i

Therefore, S(w) = |F'(f)| = ;Tz“\/(cus wT + T sin wT -1)2 + (oT cos wT - sin wT)2

= “Tz—\/szE + 2[1 - (cos wT + &T sin wT)] -
1]

In order to make practical use of this equation, it is desirable to present it in the form of a
graph. By differentiating the expression S{w) and setting it equal to zero, it is found that no
maximum or minimum points exist. This is different from the spectrum of the single, rectangu-
lar pulse where there are an infinite order of minimum and maximum points. A simple exam-
ination of S(w) shows that, as w approaches infinity, its value approaches zero in the limit.
Although it may appear that the function would approach infinity as w approaches zero, the fol-
lowing analysis shows this to be incorrect:

S(u) = %\/&1‘2 + 201 = (cos WT + OF sin WD

_m (wT)2  (wT)4 (oT)3  (&T)5
ot w2T2 +2|: - {(1 e = ) +wT(wT~ 5 + = )}

T2 R I I .
=m\ /55 +2 -—_—-—2+—'-m2'16'.....

T P Tk wT2
Therefore, lim =m /2 — - — )=
B 6 24
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2
This shows that the distribution has a limiting value of m';‘ as w approaches zero. Because

the values of S(w) are known at w equals zero and w equals infinity, and because no maximum or
minimum points exist, the equation can now be graphed in the usual fashion. Its spectrum is
shown in Figure 11,

Before filtering, the proportional control output is not an exact reproduction of the original
function. Instead, for reasons which have been considered in the text of this report, it is a
stepped approximation to this function. If the reference pulses are assumed unmodulated so that
a constant-length set of steps exists, then it is possible to analyze this problem with sufficient
rigor by elementary mathematical methods.

Assume, as in Figure 15, that an infinite train of
_'— pulses exists whose center lines coincide with the ver-

T tical discontinuity of each step. Then assume this set
= Pl to be modulated by a sine-wave signal in such a fashion
: that the pulse height is directly proportional to the
1- + e signal amplitude. The equation of this train of pulses
r]_ I.I ]ll_l before they have been modulated is obviously
1 ]
I(t).fl(t)l:--[: i = sinﬁ
T
: : fl(t) -‘—'E(? 3L z 5 + cos nwT
: 1_| E_I\ T n:l ﬂ
Ea i
Thefph |[Laial
I ! ' If the set is modulated, then its equation becomes

ES o sinn_n:é
- : gilt) =— - sin v |l +2 X T cos nwt
Fig. 15: Synthesis of the 1 T m e
Stepped Approximation =

If the pulsewidth approaches zero, then a large number of pulse trains may be assumed to exist."
That is

' . nnd
] aan—r
E i
f2{t} :_6 L 2 2 « cos nw(t - &)
T n=1 nmd
= T
.or finally — TS
(t) 2 1+ 2 E 5 i (t - ¥9)
A x n =
fl: t) = T 1 = === cos nw
s T

The pulsewidth, 6, times k, the number of pulses in a step, equals T, the reference period.
Therefore k varies from 0 to —T~. This being the case, the general modulated function assumes

the form 6
T . nmd
ES 5 . 1% san
Bt) =— % sinw (e - k|1 3 B - cos nw(t - k&)
T -0 n=1 278
g 5
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Consider the quantity K—.? . As K varies from 0 to %, the quantity varies from 0 to 1. There-

fore, it would be convenient to set this quantity equal to a variable, x. Then K§ = XT and dX =—,?,—.
Now

siurﬂ

| sin © 3 T
lim = Jim =1 s
8—=0 nnd nnd %

Therefore
1 [=+]
glt) = E [Ilsin w(t - XT)dX + 2J. Z sin @ (t - XT)-cos nu(t - XT)dXi| S
o o nzl

Integrating the first expression,

i 2 o T
us:m w (t - XT)dX = o | %10 —2-_'51n @\t “Fh

m
2n !
But T =— ; therefore the expression becomes
[}

W o n
s1n —— * 51N Um £t - — «
T w i}

Integrating the second expression,

QJ-isin w, (t - XT) » cos nw(t - XT)dX, equals, letting Wit = 8, nwt = g,

-w,T = A, and -nuT = B,

cos {(A-B) + (8 - 9)}] —-cos (B - ¢) «cos {(A+B) + (0 +9)|~ cos (8 + )
-2 + :
: 2(A - B) 2(A + B)

LetA-B=0, 86-9=f, A+B=y,and 0 + ¢ =E&.
The expression then becomes
cosB - cos(a+ B) ] cosf - cos(y +&)

which simplifies o o o« + 2B O oY+ 25

Resubstituting the original letters and simplifying, the expression for the second integration
becomes

. ) ?
n sin E(n +_'!) -
*sin(nw - w_)(t -—) ¥ W/ .gin(nw + Ldm)(l: -—).
L (4] nln +_l (o)
W
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The complete expression becomes

_wi{_ sin o, (& - -

sin Tt( - _n)
e su.n(nw-w)(- )
gv) =7 o =

z . >

n=1 o Tt(n +_.n_g :

W ;

- —— 7 -sin(nw + )(t. = —)

.- m = 0]
=

—_— L)

In considering pulse time modulation with a fixed reference, it is also necessary to be
acquainted with the case where a rectangular set of pulses has its spacing varied in some speci-
fied manner. In command guidance the spacing should be a direct function of the signal ampli-

tude. This condition is here called phase-modulation.

Pl
]
n=rn.San£lJ'|‘

3m

E
y=?-

F) 3
FOR T+2 >4 5

”l
OR Y,=- = nz,,;smnwu—%)

" £ |7- w(f+§)]r=on T-%>f >%

|

| I

| I

| | e

g t g ' orRy:=E 2 SIan{i+§)

Fig. 16: Sawtooth Wave Components

For an unmodulated, rectangular pulse train, the following equation applies:
" sinn'{té
f(e) & 250 : cos nwt
e A = n -
T T 5 nmnd

T ol g
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This expands into
i +-—n}£1 |:un nu(l: +—) - sin nm(l: -—)]

Now, consider an ordinary sawtooth wave. Referring to Figure 16a, itis obvious that the coeffi-
cients for the Fourier Series are obtained as follows:

.°-1ITtd:—E = wt mt-de = 0
7 T o|u _2""LT ocoan m t =

2

;3 E E E
b :—J- sin nwt'mt-dt =- —- Therefore y =— - —
o nm 2 n

£

=|-

a T sin nwt

represents the above sawtooth. Hence, the two sawtooths representing the rectangular wave are
as shown in Figures 16b, 16¢, and 17.

foin -
. |

I f Lo [ _8]
s 0 2 E T \2-"2—.,,. T-w( -2"'1
= "-...‘_ IP_/ ?‘--..\ FORT+-§—)'>§
Ltk e W %
= | I | il i | L,/;\\m
| . %
2 3 =E—[1!'-(|J T"‘—)] -8 -3
-3 2 V=55 |T-wlt+F)For T 3 >t>%

Fig. 17: Synthesis of a Rectangular Wave

Although the unmodulated frequency spectrum is adequately expressed by the expanded form
of the original equation, it does not satisfy the condition of

3
f(t)y =0 for T -—2>1t >—
L = 2 2

which obviously must be satisfied. When representing the rectangular pulse train by two saw-
tooth waves, therefore, it is necessary to add a correction factor to bring f(t) to zero for the
required length of time. As shown by Ordung (2), this factor is obtained by expressing the two
sawtooth waves in a discontinuous form and equating the entire sum of correction factor, saw-
tooths, and d-c component to zero.

ES

ThuSc-[ryl«fyzi-?:O.

e 69 ]
= R}

In discontinuous form
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By assuming the modulating function to be e, = E sin o, t, the modulated equations become

L PR )
L IR )

The correction factor becomes

Y1+Y2+ —— slnh}lt+2 -glnhj-( _3 -
E
.'.g(t}‘—?a-[--._f s:mm( )-smw(t-u):l

t + +m s5in ®_(t + —

E © s:nnw( ) ( )

+—2_1

{GRH ¢
-sin nW t'-“ﬁ +ms:.nw t = —

) 6 & &
Let an. +—2) =0 mn(t +—2) =@, my'nb = k, an - 3) = o, and w'(t. - E) = HE

o

Nowsin(6 + k sing) = J_ (k)sin + 2 J, (k) [sin(8 + mg) + (-1)2sin(6 - mp)] .

m=1

and

L=<3

Likewise sin(z + k sin B) = J_(K)sin @ + £ J (k)[sin(a + mB) + (-1)™sin(a - mB)]. ;
m=1

The complete expression therefore becomes
E§ Em, g ] ) &
glt) :—T + = |sin tdm(t. +—§— - sin w (t - =

Jo(nw-mp)'sin nw(r. -[»-%) +
= 8 8 8 8

m si — — =1)Mgin ey & ¥
m)::IJm(nw. p) { n I:md(t. - 2)-!- mmm(t. + 2)] + (-1)®si |:nm(t. + 2) mmn(t. + 2]}
-Jo(nw-mp)'sin nm(t, --Z_) e
EJ(M ) [( 5) W f)] (1),,.[( 5) w(-a)
ml nm nnmt-2 +mu(t-2 + (= sin | nW -—z-m- —-2—

e
Alm
=

AR
2| =
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