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ABSTRACT

A voltage consisting of a cosine term superposed on a
steady term is applied to the input of a nonlinear device. The
output current of the device is zero for negative voltages,
and proportional to the nth power of the voltage when it is
positive, the exponent n being 1, 3/2, or 2. The resultant
current may be zero, may be continuous, or may be discon-
tinuous, depending on the relative values of the steady term
and the peak value of the cosine term. In general, the current
may be represented by a Fourier series, the coefficients of
the various terms of which are functions of n and the magni-
tudes of the two components of the voltage. For n =1 and
n = 2, these coefficients are expressible in terms of trigon-
ometric functions. For n = 3/2, the coefficients are given in
terms of the complete elliptic integrals K and E. The root-
mean-square value of the current, for n = 1, 3/2, and 2, is
givenin terms of trigonometric functions. Graphs of coeffi-
cients of the leading Fourier terms, and of the root-mean-
square current, are presented for both continuous and dis-
continuous current, for n = 1, 3/2, and 2.

PROBLEM STATUS

The material presented here is incidental to the main
problem, work on which continues.

AUTHORIZATION

NRL Problem P01-13R
NR 481-130
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LIST OF SYMBOLS

i - instantaneous output current

-1

- instantaneous input voltage
G - constant of proportionality in the current-voltage law of the nonlinear device
n - exponent in the current-voltage law of the nonlinear device
V - peak value of alternating component of the voltage
Vo - value of the steady component of the voltage
r = (Vo/V)
6 - product of angular frequency and time
a - one-half of the total angle of conduction, when the current is discontinuous
? - maximum value of the current
I - root-mean-square value of the current
I, - value of the steady term in the Fourier series for the current
Iy, - magnitude of coefficient of the mth term in the Fourier series for the current
K(k) - complete elliptic integral of the first kind

E(k) - complete elliptic integral of the second kind






THE OUTPUT CURRENT OF A NONLINEAR DEVICE

INTRODUCTION

Analyses of the behavior of low-frequency circuits which utilize nonlinear electronic
devices as oscillators, amplifiers, or harmonic-multipliers are usually based on results
of the following situation: The output current of the nonlinear device is assumed to be zero
when the input voltage is negative, and proportional to the nth power of the input voltage
when it is positive. The exponent n is 1, 3/2, or 2, these values having been found typical
of many vacuum tubes. The input voltage consists of an alternating term which is a simple
harmonic function of time, superposed upon a steady polarizing term. The resultant output
current may be zero, may consist of discontinuous pulses, or may be a continuous function
of time, depending upon the relative values of the polarizing voltage and the amplitude of
the alternating voltage. In general, the output current may be represented by a Fourier
series, the coefficients of the various terms of which are functions of the exponent n, the
polarizing voltage, and the amplitude of the alternating voltage. These coefficients are
essential to analyses of the behavior of circuits utilizing nonlinear devices.»?%* Forn=1
and n = 2, explicit expressions have been derived for the coefficients for the important case
of discontinuous output current. For n = 3/2, coefficients of the leading Fourier terms have
been determined by graphical methods for the case of discontinuous output current; explicit
expressions for these coefficients, occasionally required in analysis, do not appear to have
been worked out.

In this paper explicit expressions are derived for the coefficients of the Fourier terms
when n = 1, 38/2, and 2, for the case of continuous output current, as well as for the case of
discontinuous output current. When n = 1 and n = 2, the coefficients are expressible interms
of trigonometric functions. When n = 3/2, the coefficients are given in terms of the com-
plete elliptic integrals K(k) and E(k). Explicit expressions are also derived for the corre-
sponding values of root-mean-square output current; these also may be required occasion-
ally. Graphs of coefficients of the leading Fourier terms and of the root-mean-square cur-
rent are provided for both continuous and discontinuous output current, for n = 1, 3/2, and 2.

ferman, F. E., and Ferns, J. H., "The calculation of Class C Amplifier and Harmonic Genera-
tor Performance of Screen—grid and Similar Tubes,"” Proc. I.R.E., vol. 22, No. 3, pp. 359-373,
Narch 1934

2 fperman, F. E., and Roake, W. C., "Calculation and Design of Class C 4mplifiers,” Proc.
I.R.E., vol. 24, No. 4, pp. 620-632, April 1936

S yagener, W. G., "Simplified Nethods for Computing Performance of Transmitting Tubes,”
proc. I.R.E., vol. 25, No. 1, pp. 47-77, January 1937

* gperman, F. E., "Analysis and pesién of Harmonic Generators,” Trans. A.I.E.E., vol. 57,
pp. 640-644, November 1938
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ANALYSIS
- The output current of the nonlinear device, expressed as a function of the input voltage,
i=0 forvg0
i=GvR forvy0 . (1)
The input voltage is
v=Vcosd+Vp, (2)

where 6 is the product of angular frequency and time. The voltage is symmetrical about
6, i.e., it has the same value for -§ as it has for 6, and it has a period 27 in the typical
range -T {6 7. The current, correspondingly, is also symmetrical about ¢, and it also
has a period 27 in the typical range -7 6 £ 7. The form of the current in any other simi-
lar range (2m-1) 7g 6 £ (2m+1)7 will be identical with that in the typical range; therefore
only the latter need be considered.

When Vi -V, the voltage is negative for all values of¢ ; the current, by equation (1),
is therefore zero for all values of 6. This is a case of no interest. When V, } V, the volt-
age is positive for all values of §; the current is therefore continuous for all values of 4.
In this case it is useful to write equation (2) as

v=V(cos6 +1), (2a)

where r = (V,/V) is a positive parameter having a value greater than or equal to unity.
The corresponding form of equation (1) is

i=GVl (cosp + )t . (1a)
When -V £ Vo V, the voltage is positive for values of § in the range -a 6 £ @, where
a is defined by cos a = -(Vo/V),and is negative for all other values of §. The current is

therefore discontinuous, being finite in the range - ag 6 < @, and zero for all other values
of . For this case it is convenient to write equation (2) as

v=V (cosh -cosa) , (2b)
where the angle a has a value between 0 and 7. The total angle during which the output cur-
rent is finite, or the total “angle of conduction,” is 2a. A useful form of equation (1) for
this case is

i=0 for -wgbg-a andag O
i=GV™ (cos @ - cos o) for ~ag 8K o . (1b)

The maximum value of current occurs when g = 0, so that
T=G(V+Vo)l=GV (1+)" =GV (1 -cosa)® . (3)
The mean-square value of the current is obtained by integrating the square of the cur-
rent over the portion of a period during which it is finite, and dividing by 27. Using equation
(1a) this gives, for the case in which the current is continuous for all values of g,

T
= (G’V"‘n/ﬁ)'[) (cos 8+ )™ ds . (4a)
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The mean-square value of the current, for the case in which the current is discontin-
uous, is a "
P = (G*V*"/m) J (cos 6 - cos @)™Pd6 . (4b)
o
In general the current may be represented by a Fourier series of the form

i=1Ig+ I cos 8 + 1, cos 20 4----+ Imcosm@ +----, (5)

where the coefficients are given by

I, = {G/ir)J vh (6) d6 ' (6)
. {za/n)'f v (6) cos mOdf. (7)
In equations (6) and (7)) m =1, 2, 3, ...., and the integration limits are 0 and 7 for the case

of continuous current,and 0 and « for the case of discontinuous current.

Continuous Current, n =1

The maximum value of current is, from equation (3),
I =GV (1L = ). (3a.1)

The root-mean-square value of the current is obtained by putting n = 1 in equation
(4a), carrying out the indicated integration, and taking the square-root of the result.

=GV /2 52 )" (4a.1)
The coefficients of the various terms in the Fourier series for the current are ob-

tained by using equation (2a) in equations (6) and (7), with the limits 0 and 7. Theresults

are
I, = GVy = GVr (6a.1)

I, = GY
Ta.l
Ip= 0form=2,3,4,.. { )
Continuous Current, n = 2

The maximum value of current is

f-evaar. (3a.2)
The root-mean-square value of the current is
I = G¥ e &t « 8HY (4a.2)

The coefficients of the terms in the Fourier series for the current are

Ip = GV? (1/2 + r?) (6a.2)
I, =2GV’r
1, = (1/2)GVv* (7a.2)

Im = 0 form =3, 4,5, ...
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Continuous Current, n = 3/2

The maximum value of current is

T-6v¥ (1 + r)%2. (32.3)
The root-mean-square value of the current is
I =GV¥ r¥2 (2, 3/2)v2, (4a.3)

The coefficients of the terms in the Fourier series for the current are given by

T
= (GV¥2 /) J(cos 6 + r)¥de
(0

T
Im = (2GV¥? /a) f (cos @ + r)¥ cos mé db.
0

The integrals which appear in these expressions cannot be evaluated in terms of the ele-
mentary functions. However, they can be evaluated in terms of the complete elliptic in-
tegrals K and E, for which tables are available.>®

The evaluation is carried out as follows.” Introduce the variable x* = (cosf + r); the
integral which appears in the expression for I is transformed to

X0
2R, = 2 J x*P-12 gx,

X
where the limits of integration are given by ;

X3 = (r + 1)

X (r - 1)

- b

and
2

P=(1-r%+2rx* -x*= -(x* -x3 ) (x*- x?).
Letp=1, 2, 3, ....; we note that

-dd; (xPp¥2) = [pxp“ p+ (1/2)xP g—i] Y

Integration of this expression between the limits xp and x, yields a recurrence relation
between definite integrals of the type R, , given above; this relation is

(P+2Rp,y=2r (p+1) Ry, -(r® -1) pRy_,, (8a)
in which %o -
R, = j xPp~"ax . (92)
p.S1

5 peirce, g. 0., "4 Short Table of Intedrals,” ginn (New York), 1929

o Dwight, H. B., "Pables of Integrals and other Nathematical pata." Nacmillan (New York)
1947 ’
T por those interested in following throush the details of the evaluation, a useful
reference is J. Pierpont, "Functions of a Complex Variable," Gginn (New York), 1914
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By setting p = 1 in equation (8a), it will be seen that the definite integral R, can be expressed
in terms of R, and Ro. Consequently Ip, which is proportional to R,, can be written as

Io = (2GV* /37) [4rR, - (r?- 1) Ro].

The elliptic integrals R, and Ro can be converted to standard form by means of the trans-
formation x* = x§ - (Xo-x?) sin’ ¢, the results being

R,
RO

(r + 1)?E(k)
(r +1) K(k), (10a)

in which K and E are the complete ellizptic integrals of the first and second kinds, respec-
tively,and their modulus is given by k* = 2/(r + 1).

The zeroth-order Fourier coefficient is therefore
Ip, = (2GV** /37 (r+ 1)** [4E - (r - 1) K]. (6a.3)

The mth-order Fourier coefficients are obtained by means of the same transformations
as those used above. The factor cos m 6 which appears in the integral for these coeffi-
cients can be expressed® as a sum of terms each of which is proportional to a positive in-
tegral power of cosf. Since cos® @ = (x® - r)h, any given coefficient can be written as a
sum of terms each of which is proportional to a definite integral of the type R,,. Bymeans
of the recurrence relation (8a), the coefficient can be reduced to a form which is linear in
R, and Ro. Then, by using the conversions to standard form (10a), the mth-order coeffi-
cient can be expressed as

Im = Ay E(K) + By K(k).

The results of carrying out this procedure for the leading mth-order coefficients are

I, = (4GV*® /51 (r + 1/2[(x> + 3) E-r(r - 1) K]
I, = (4GV*¥ /357) (r + 1)?[4r(2 -1®) E + (r-1) (4r*- 5)K ]
I, = (4GV¥* /3157 (r + 1)"2[(32r" -57r% + 21) E -r(r - 1) (32r2- 33)K].

(7a.3)

Explicit expressions for still higher order coefficients can be obtained, when réquired,
in exactly the same way.

Discontinuous Current,n =1

The maximum value of current is, from equation (3),
I=GV (1 - cosa). (3b.1)

The root-mean-square value of the current is obtained by putting n = 1 in equation
(4b), performing the indicated integration, and taking the square-root of the result:

I1=GVr " [a+ (@/2) cos 2a- (3/4) sin2a] . (4b.1)

2 Dwight, reference 6.
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The Fourier coefficients for the current are obtained by using equation (2b) inequa-
tions (6) and (7), with the limits 0 and @. The results are

IO = (GV/‘.'I'} (sina -a- cose) (Gb.l)
e sin(m-1)a_ sin(m+1) o]
Im = ( v/rrm)l: i e ] (7Tb.1)

Discontinuous Current, n = 2

The maximum value of current is
T=Gv*(1 - cos a)?. (3b.2)
The root-mean-squére value of the current is

I = GV~ [(90/4) - (5/3)sin2a - (25/96)sin4a+ 2acos a +(a/8)cosda ] o
(4b.2)

The coefficients of the terms in the Fourier series for the current are

Ip = (GV? /1) [a+(a/2) cos2a - (3/4) sin2a] (6b.2)

Im = (sz/,,)[m+2_sin mao 1 sin (m + 2)a,
m+1 m m(m+1) (m+2)

m-1_ sin(m- 2)(1_2 , Sin(m -1)a
m (m-2) (m-1)

. cosa ] . ()

Discontinuous Current, n = 3/2

The maximum value of current is

A
I=GV® (1-cosa)®, (3b.3)
The root-mean-square value of the current is

I =[GV*#/2(67m)"*] [27sin a + 11 sin 3a - 54acosa - 6acos3a] L{ib.S}

The coefficients of the terms in the Fourier series for the current are given by

. a
I = (GV“/;;)j (cos@ - cosa)¥® do
O%a
Iy, = (2GV¥/7) j(cos 8 -cosa)¥ cos m#é dé.
0

The integrals which appear in these expressions cannot be evaluated in terms of the
elementary functions. They can be expressed, however, in terms of the complete elliptic
integrals K and E, in very much the same way as was done in the corresponding case of
continuous current. Let x* = (cos § - r), where r = (Vo/V) = cos a, the range of r now
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being -1 r 1. The integral which appears in the expression for Ip is transformed to
2R, =2 JX:?‘p—”Z dx ,
where the upper limit of integration is give(:1 by x4 = (1 - r) = 2 sin® (¢/2), and
P'=(1-r% - 2rx - x*
Letp =1, 2, 3,....; we note that

o (@) - [oe~ pa/2) @ Fpt

Integration of this expression between the limits xg and 0 yields the following recurrence
relation between definite integrals of the type R, given above:

(P + 2)Rpss =(1-1")pRp-y -2r(p + 1)Rp4ys (8b)
in which Xo
= -2
Ry = prp dax . (9b)

The definite integral R, can be expressed in terms of Rp and R, by setting p = 1 in equation
(8b). Thus I, which is proportional to R, can be written as

I, =(2GV¥ /37) [(1 -r*) Ro - 4rR,] .

The elliptic integrals Ro and R, can be converted to standard form by use of the transform-
ation x* = x3 cos® ¢;the results are

{RO = 2=k (k)
(10b)
R, = 2 E(k) - 22 (1-k®) K(Kk),

2

in which K and E represent, as usual, the complete elliptic integrals of the first and second
kinds, respectively, and their modulus is given by k* = (1-r)/2 = sin® (¢/2).

The zeroth-order Fourier coefficient is
Io = (2"24GV¥ /37 [ (1-k*) (2-3k*) K - 2(1-2k*) E] . (6b.3)

The mth-order Fourier coefficients are obtained by means of the same transformations
as those used above. As in the corresponding case of continuous current, the factor cos
m € which appears in the integral for these coefficients can be expressed as a sum of
terms each of which is proportional to a positive integral power of cos§. Since cos™ 6 =
(x® + r)R, any given coefficient can be written as a sum of terms each of which is propor-
tional to a definite integral of the type R,p. By use of the recurrence relation (8b), the
coefficient can be reduced to a form which is linear in Rg and R,. Then, by using the con-
versions to standard form (10b), the mth-order coefficient can be expressed in a-form
which is linear in E(k) and K(k). The results of carrying out this procedure for the leading
coefficients are
1, = (2*286v#/5m {2 [(1-6)% + K* 1 E - (2-k%) (1-K?) K}

I = (2“28GV¥* /357) [ (1-k®) (2+5k® -8k*) K - 2(1 - 2k?) (1 + 4k° - 4k*) E]
Is = (2¥28GV¥%/3157) [ 2(128Kk® -256Kk® +135k" - 7k* - 1) E
+ (1-K?) (128k® - 144k* + 15K + 2)K]. (70.3)
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Explicit expressions for higher order coefficients can be obtained, when required, by
following the procedure outlined above.

GRAPHS

Results of the foregoing analysis are plotted in Figures 1 through 14. Features of
the discontinuous current case, for n = 1, 3/2, and 2, are shown in Figures 1 through 7,
the dependent variables for these figures being in order I/l\, Io/f, Il/f, Iz/'f, 1/15,1,/10, and
I,/Io. In each of these figures the independent variable is 2a, the total angle of conduction,
results being shown for the entire possible range (0-360 degrees) of this variable.

In Figures 8 through 14 the same dependent variables are plotted as functions of the
variable r = (Vo/V), the ratio of steady component of the applied voltage to peak value of
the alternating component. In each of these figures the independent variable ranges from
the value r = -1 tor = 9. The portion of the range r > 1 corresponds to the case of con-
tinuous current, and the remaining portion, -1 r € 1, constitutes another version of the
case of discontinuous current.
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