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ABSTRACT

The charging process in cathode-ray tubes used for
static storage of information is analyzed both for a sta-
tionary spot and a linear scan, with and without redistribu-
tion of secondary electrons. Approximate equations are
derived for the surface potentials and charging current
as functions of time and other parameters, such as pri-
mary beam current, writing speed, and initial potentials.

PROBLEM STATUS

This is an interim report; work is continuing on the
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CHARGE STORAGE IN CATHODE-RAY TUBES

INTRODUCTION

When a scanning cathode-ray beam impinges on an insulating material such as the
screen of an ordinary cathode-ray tube, it leaves behind a trail of electrical charge which
may be followed at a later time to discover the events which previously occurred. This
phenomenon of static storage has recently found widespread application in both military
and civilian fields and is therefore worthy of intensive theoretical and experimental study.
The purpose of the present paper is to attempt an approximate analysis of the charging
action and to deduce the effects of various parameters of the process on the output current.

The analysis may be conveniently undertaken in four well-defined steps as follows:

(I) Spot charging without redistribution.
(I) Scanning without redistribution.

(III) Spot charging with redistribution.
(IV) Scanning with redistribution.

By redistribution is meant here the return of secondary electrons to regions of the insula-
ting surface other than the region directly under the electron beam from which the second-
aries arose. The division of the analysis into the four parts given above arises naturally
from the increasing complexity of the phenomena. Parts I and II apply approximately to
cathode- -ray tubes containing grids close to the insulating surface, such as the Haeff Mem-
ory Tube' or the RCA barrier-grid tube, * while parts III and IV apply to ordinary cathode-
ray tubes used for storage purposes such as described by McConnell,® and Williams and
Kilburn® An analysis® of a barrier-grid tube with “backing-plate” modulation has recently
been published; the results are similar to some of those to be described in Part II of this
paper but differ in detail because of the approach.

Y Jaeff, A. V., "4 Memory Tube, " Electronics, Vol. 20, pp. 80-83. Sept. 1947

2 Jensen, A. S., Smith, J. P., Mesner, N. H.,and Flory, L. E., "Barrier Grid Storage Tube
and Its Operation,"” RC4 Review, Vol. IX, No. 1, pp. 112-135, Narch 1948

8 ¥cConnell, R. A., "Video Storage by Secondary Emission from Simple Nosaics,” Proc. I.R.E.,
Fol. 3b, p. 12568-1264, Nov. 1947

‘Hillirms, F. C., and Kilburn, T., "A Storage System for Use with Binary-Diéital Computing
¥achines, " Journal I.E.E., Pari IIIA, Vol. 96, p. 81-100, March 1949

 garrinston, J. V., "Storage of Small Signals on a Dielectric Surface, " Cambridge. Field
Station Report No. Ebo.d..u, Narch 1949
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The generalized storage tube to be considered will consist of an evacuated envelope
containing at least the following parts: An electron gun, deflecting plates, a collector
electrode, and a target elecirode made up of an insulating material backed by a conducting
plate. The collector electrode will normally be assumed to be at the highest potential of
any electrode in the tube (usually ground potential), with the cathode sufficiently negative
to the collector to make the secondary emission ratio 6 greater than unity for the insulating
material being used for the target. The output terminal will betaken as the conducting
plate of the target electrode, which is assumed connected to the collector through a suitable
output resistor. In order to simplify the mathematical analysis, various assumptions and
simplifications will subsequently be made; but it may be stated at the outset that the follow-
ing effects will be neglected throughout, either because of their minor importance or be-
cause their effects are independent of those to be discussed, and hence may be superposed
later:

(a) Leakage across or through the target material,

(b) The “cloud” effect of Williams and Kilburn,®

(¢) Nonuniformities of target surface,

(d) Transit times of secondary electrons, both before and after emission,
(e) Space-charge effects.

PART I
SPOT CHARGING WITHOUT REDISTRIBUTION

It is by this time well-known that current flows in the output resistor when the primary
beam is first turned on, due to the charging current to the capacitance formed by the spot
under the electron beam with the back plate of the target electrode. A secondary current
consisting of 60 secondaries for each primary is emitted from the spot, which will tem-
porarily be assumed to be initially at collector potential. These secondaries will be carried
by their initial kinetic energy to the collector. However, since we have assumed an accele-
rating potential for the primary beam such that 8 is greater than unity, the spot charges
positively due to the loss in electrons, and the charge density continues to increase with
time. Those secondaries with the lowest kinetic energy of emission are pulled back to the
spot by its positive charge, and the apparent secondary emission ratio is reduced. Second-
aries of higher and higher energy are pulled back as the spot charges until eventually a
condition of equilibrium is reached in which the apparent secondary emission ratio is unity.
In Figure 1, the number, N, of secondary electrons of initial energy between E and E+dE
electron volts emitted per second is assumed to vary with E according to a function {(E).
The total area under the curve represents the total number of electrons emitted per second,
which may be taken for our purposes as proportional to 6I; where I, is the beam current.
The area not cross-hatched in Figure 1 represents the fraction of the total number of sec-
ondary electrons which return to the spot per second after the equilibrium potential has
been reached. The cross-hatched area then represents the current I, which flows to the
collector. Thus the following equations may be written:

o0
" L £(E) dE, (1)

Io

1]

00
J; f(E)dE, (2)

e

a#”ﬂf.'}m‘h‘, F. €., nnd Ktiburn, P., op. cit.
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(6-1)I, = ﬁe f(E)dE, (3)

The potential of the spot V with respect
to the collector (which is assumed at ground
potential) may be related to the energy E of
the secondaryelectrons by the following con-
siderations. In order that a secondary elec-
tron may escape from the spot and reach the
collector, it must possess at least as much
kinetic energy initially as its potential energy
in the field of the spot just before reaching
the collector. If the penetration of the field
of the accelerating and deflecting electrodes
into the region of interest is negligible, this
potential energy in electron volts is simply
the potential of the spot. Thus, in this case

N=1(E)

ELECTRONS PER SECOND

of no redistribution, the abscissa E of Figure EMISSION ENERGY IN ELECTRON VOLTS
1 may be identified as the potential of the spot
V. Hence, the fractional part of the second- Figure 1 - Energy distribution curve for
arycurrent 61, which returnsto the spot may secondary electrons
be defined as S6I, given by
E=V
SO, = L £(E) dE 4)

from which S is defined as

- Jo teyas

i: f(E)dE ;

From this definition it is clear that if f(E) passes through the origin, S is zero when V is
zero. In the case of thermionic emission, the energy distribution of escaping electrons is
Maxwellian. In particular,’ the Z-directed energy distribution (the Z axis is taken perpen-
dicular to the surface from which the electrons are emitted) is given by

(5)

d(Lg/L)
dr

- 2re-T” (6)

where

rate of arrival of particles with energies due to
= Z-directed motion greater than E divided by the
rate of arrival of particles with all energies

. ‘EET (7)

ET = Average energy due to Z-directed motion.

LE
L

i Dow, W. G., "Pundamentals of Endineering Electronics,” John Wiley & Sons, 1937, p. 237



4 NAVAL RESEARCH LABORATORY

A plot of this distribution curve has the same general shape® asthat found experimentally
for secondary electrons from metals (see Figure 1). Hence, taking {(E)dE = [d(Lg)/dr] dr,

we obtain
=V E .v_.
N -E/ET JV=—)_ ,_. Er
7 o ) e

The output current consists of three components:
(a) The primary beam current (-1, ),
(b) The secondary emission current (61,), and
(c) The secondaries which return to the surface after emission (-86,),
and is given by the following formula:

1= 58I, -1, - SOL, =c% (9)

where:

C is the capacitance between the spot and the conducting back plate,
dV/dt is the time rate of change of the effective potential of the spot.

Using the value of S from equation (8), the following differential equation is obtained:
dav_8ly -V/Er , I _ (10)
dt  C e + T 0

If we specify that the initial potential of the spot is Vj, the solution of this differential
equation is '

V=ErIn [6 + (eVVET _p) e_yt] (11)
where
L (12)
CEp

Note that at very large values of time, the potential approaches

Ve =ET Iné. (13)
The output current is
1 _C dv _ . -V/Er
T P SRl -1 14)

s o (a - evi/E'I‘) R (15)

a Salow, H., "Die Sekunddrelektronenemission,” F.P.Z., Hefl 6, p. 161-165, Juni 1949
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Figure 2 - Output current vs. V/Ep for Figure ‘3, 5 Output current vs. yt for
S=e ' T and for S = V/Ep, § = 4 s=¢ T and for S = V/Ep, 5 = 4
Stationary spot with no redistribution Stationary spot with no redistribution

as a function of time. In Figures 2 and 3 the output current is plotted versus potential of
the spot and time, respectively, assuming &= 4, Vi = 0. It will be observed that the curves
may be approximated to a fair degree of accuracy by a linear function of potential and a
simple exponential function of time. These approximate results would be obtained if the
exponential in equation (8) were expanded in a power series and only the first two terms
retained; i.e., e X =1 - x. In order to obtain better agreement between the more exact
expressions and their simpler approximations over a wide range of the independent vari-
ables, a constant factor m may be introduced so that § = mV/ET. (m = 0.69 in the appro-
priate curves of Figures 2 and 3.) This approximation will be useful in the more compli-
cated cases to be considered in Parts III and IV.

The physical situation makes it clear that the maximum output current obtainable is
(6 - 1) Iy and the minimum current is -Io. Thus, S lies in the range between zero and
plus one inclusive and, since V/ET is positive, m must be positive also. If the potential
V is made negative, either by positive bias on the collector or by the deposition of negative
charge on the dielectric surface, the derived equations do not apply since the output current
can be no greater than (6 - 1)I,. However, if V is made positive by negative bias on the
collector or otherwise, the equations correctly predict the approach to the constant value
-I, with increase in V. In either case the charging process, if allowed to continue long
enough, automatically brings the surface to zero potential with respect to the collector
after which the derived equations apply.

So far nothing has been said about the effect of radially directed energies of the
secondary electrons. It may safely be assumed that the distribution is symmetrical about
the Z axis and that the largest number of secondaries are emitted in the Z direction. The
assumed condition of no redistribution may be approximated in the practical .case by a wire
mesh whose spacing from the insulating surface is very small compared with the spot size.
With that geometrical situation, only a very small fraction of those secondary electrons
whose Z-directed energy is insufficient to permit them to reach or pass through the wire
mesh but whose radially directed energy is large will fall outside the boundaries of the
spot. The number of such electrons approaches zero with decreasing spacing between
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wire mesh and surface for a material whose angular distribution curve is of the cosine
type, as is the case for metals and probably for insulators also. Hence, it is only neces-
sary to consider the Z-directed energy as we have done. The closer the physical situation
approaches one of no redistribution, the closer we may expect our derived equations to
apply.

PART II
SCANNING WITHOUT REDISTRIBUTION

As we have seen, the output current is a function of the potential of the spot. As long
as the spot remains in one position, the potential may be assumed the same over the entire
region of the spot. When the beam begins to move, however, the situation is changed. The
leading edge of the beam strikes a region whose potential is that left by preceding scans
or, if the first scan is being considered, the initial potential of the surface. The trailing
edge of the beam strikes a region which has already been under bombardment for at least
the time required for the beam to move from its initial position to its present position,
and the parts of the beam between the leading and trailing edges strike regions at inter-
mediate potentials. In order to determine the output current, then, it is necessary to sum
all the current contributions of these regions or, since the charge distribution may be
assumed continuous, to integrate over the area of the spot.

Two assumptions will now be made for the sake of simplicity in further analysis:

(a) The beam (and hence the spot) is rectangular in cross-section, and is of
width a in the direction of scan and height b perpendicular to the direction
of sean.

(b) The scanning motion is linear; i.e., the writing speed W = dx/dt is constant.

The assumption will also be made that the previously derived equation for the potential
may be applied to each incremental area b dx of the spot with the functional dependence
of S upon the potential of the incremental area the same as in the case of the stationary
spot. Defining the primary beam current denisty as Jo = 1o,/ab and the capacitance per
unit area as C/ab, it follows as in Equation (8) that

di 8,1 r%— S)bdx

(16)
S . av
=ap B
as the contribution of current from area b dx. The total current is
a
1 C dv
FL L S oV 4, (17)

When the beam is first turned on and the scan begins, a transient current flows to charge

the entire area of the spot. However, after the time required for the spot to move its own
width, a steady-state condition is reached in which the total current is constant. Because

of its simplicity and practical importance, the steady state will be considered first. Since
W = dx/dt, the integral may be evaluated by changing the variable of integration from
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:';hto t with the limits of integration t = 0 when x = 0 and t = a/W when x = a.
us

& Iw dVv WwC
= N LA T e 18
ke 5 " e [V(t- W) vi] : R

Using the value of V from equation (11):

1-¥ClErm [6 + (evi/ET ~5)e W] vy, } (19)

a
1w [ (Vi/ET_ ) -ya/W| _WCVj
- we In |6 +1e &) e i (20)

Figure 4 shows I/I; and V/ET plotted as functions
of ya/W = I,a/WCET for the special caseof Vj = 0,
6 = 4. With other parameters held constant, the
v/ E curvealso indicates the way in which the out-
put current in the steady state varies with primary
beam current, since from equation (18) I is linear
in V.

In the transient state, the integration overx
must be carried out with t held fixed. The rate of
change of potential with respect to time must there- /
fore be expressed as a function of x. The appro- i /
priate relationship may be obtained from the \
following considerations. Referring to Figure 5,
the initial and present positions of the spot are in- ™ L
dicated by the dotted and solid lines, respectively. “"““--—-.__Ig____
The points between A and B have been charging for
the full time t; since the beam was turned on and

oles e
o

began its motion from left to right, and points be- . e . % g
tween Oand A have been charging for varying lengths W WCEr

of time. Thus, point O has been charging for zero

time, and point x has been charging for a time Figure 4 - Steady-state output cur-
t = x/W. Hence, thetime rate of changeof potential rent and potential vs. ya/W for § =
is the same for all points between A and B but varies 4, V; = 0. Scanning beam withno re-
between x = 0and x = Wty (point A). Thus, theinte- distribution

gration must be carried out in two parts

e e
X=Wip X=a e T
s Wiryax + < AV (t,) dx. (21) : !
a dt a dt | ! o 1
x=0 x=Wto : I |.:..
i s
B B AT o |
In the first integral, time t, in the equation for ! ¢ b
dV/dt (which is equation (15) multiplied by I,/C) ! i [
may be replaced by to = x/W and the integration L - A=
2 ™ Wig

carried out with respect to x or, as was done for
the steady-state case, dV/dt may be left a function
of t; and dx replaced by Wdt,. In either case,we Figure 5 .- Initial and present posi-

obtain for the first integral tions of spot for scanning beam tran-
sient analysis, no redistribution
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Lf{zt In [o " (evi/ET T a) e_yt"] - vi} : (22)
In the second integral, dV/dt is independent of x and hence may be taken outside the inte-

gral sign. Thus we obtain
10(6 — evifET) et (1 = ‘;ﬁ)

e (6 L, eVi/ET> e‘yt"

and

va aly

(a it ev‘i/ET) gmailo (1 _%)
5 (6 i eV1/ET)e—?to

It will be noted that when ty, = a/W, this expression reduces to that for the steady state,

but that for lesser times, to<a/W, the output current consists of the sum of two functions,
one having the form of the stationary spot current multiplied by (1 - Wiy/a) and the other
the form of the steady-state, moving-beam current. The form of the resultant current

is shown in Figure 6 for three different values of ¥a/W in the special case of =4, Vj =0.
It is of interest to note that the higher the writing speed the greater the final output current
and also the sharper the “spike” at the begin-
ning of the signal. The initial current is inde-
pendent of writing speed and is directly
proportional to the beam current.

_II_:im{ﬁJr(evi/ET_ae—yta} _ WC Vi
(1]

(23)

L

Figure 7 and 8 are photographs of the
\ e experimental output current obtained on an
2 early model of the Haeff Memory Tube.® All
parameters except writing speed were held
constant during these photographs. The beam
I, current was turned on for twenty-microsecond
intervals in a sequence of three times on fol-
. lowed by one off period, during which the

\ “hold gun” was pulsed on to provide erasure.

Eig’

Thus the photographs show the large output

Yo .4 on the first scan (after erasure) which charges
the surface to equilibrium except at the be-
ginning and end of the on periods. Hence,
transient outputs appear at these points on

Yto subsequent on times. The off times show in
these photographs as mere closures of the

Figure 6 - Transient output current vs.
i for:d = o, Wi 5 0. Scanning beam s
with no redistribution Faeff, A. V-, op. eil.




NAVAL RESEARCH LABEORATORY

Figure 7 - Output current waveform obtained with early model
Haeff Memory Tube. Writing speed 0.0152 inches per microsecond

Figure 8 - Same as Figure 7 except writing speed 0.00715
inches per microsecond
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base line, sincethe erasure pulse was delayed in phase, and the output during hold gun “flood-
ing” is not shown. Thesimilarity of the output currentonthe first scan after erasure to the
curves of Figure 6 is apparent, including the qualitative dependence on writing speed.

PART I
SPOT CHARGING WITH REDISTRIBUTION

In this case it is necessary to consider the effect of those secondary electrons which
return with low energy to the region around the spot. Since the secondary emission ratio
is close to zero for low energies, most of these electrons “stick” where they land and
depress the effective potential of this region. In the absence of these redistributed elec-
trons, the dielectric surface near the positively charged spot would be at a positive poten-
tial with respect to ground, the potential varying inversely with distance from the spot.
Thus we might expect a tendency for the returning secondaries to pile up in the immediate
vicinity of the spot boundary and for their number to fall off with distance in the same
general way as the potential falls off in their absence. At any rate, il is quite certain
experimentally that most of the returning secondaries are deposited within two or three
spot diameters of the center of the spot, although evidence of their presence is found out
to ten or more spot diameters. In order that additional secondaries may arrive at any
point, the resultant potential of that point must still be positive with respect to the collector.
A qualitative sketch of these potential distributions is shown in Figure 9.

As an approximation, this rather complex change distribu-
tion may conveniently be handled by introducing the idealizing
concept of an equivalent constant-potential region of nega-
tive charge surrounding the spot. In what follows, this
region of negative charge will be designated (by subscripts

. usually) as Region Two (2), with Region One (1) designating
the positively charged spot, also assumed at constant
potential. Thus the actual potential of any point of the
gsereen may be written as some fraction of the ideal (posi-
tive) potential of the spot Vi plus some fraction of the
ideal (negative) potential of Region Two, the exact frac-
tions depending on the distance of the point from the center
of the spot and the size of the spot.

POTENTIAL
+

The paths of some typical secondary electrons may be
imagined as sketched in Figure 10. Those secondaries
with the lowest initial energy fall back into Region One
before they have climbed very high on the potential hill

> surrounding the spot. Those electrons with higher initial
W energy attain greater heights before being forced to turn
= back and thus find themselves outside the boundaries of the
| o spot (in Region Two) when they strike the screen. The very
highest energy group is capable of reaching the top of the
Figure 9 - potential hill and striking the collector. Now the Z-directed
A: Potential resulting from initial energy required of a secondary electron to permit
positively-charged spot it to land at 2 given point depends not only on the location
B: Potential resulting from of the point but also on the initial direction of emission.
;ﬁjl.’;ﬁgat”e charge dater Those electrons emitted almost normal to the surface may
C: Resulting potential ‘due possess considerable initial energy and still return to the
to both spot, but those electrons making a large angle with the
D: Idealized charge distri- normal may land in Region Two with much smaller amounts
bution of Z-directed initial energy.

POTENTIAL
e [=)
\ |
1

of

CHARGE DENSITY
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. TO THE
3 7/ COLLECTOR
; /

SPOT

ELECTRONS PER SECOND

B g TO THE & - c
coLLECTOR \
/j (] E £, E
T

T EMISSION ENERGY IN ELEGTRON VOLTS
Figure 10 - Secondary electron paths Figure 11 - Energy distribution curve showing:
for two different angles of emission A: Those secondaries returning to Region One

B: Those secondaries returning to Region Two

Anenergy distribution curve as in Figure C: Those secondaries reaching the collector
11 may be drawn for a given initial direction
angle of emissionand divided into three parts
as shown corresponding to the three groups of secondaries. The values of E, and E:
sefting the limits of these parts may be expressed in terms of the potentials of Regions
One and Two, but may be expected to vary with 6 , the direction angle of emission.

The argument of Part I must now be modified, since there are two regions of interest
at different potentials charging at different rates. Hence there are two differential equations:

dv,
dt

L

619 - Io - 81610 = CI. (24}

Babl, =€, 0% . (25)

L at

These equations are not independent, however, since the fractional number of secondaries
which return to Regions One (S,) and Two (Sz) depends on the potential of both regions.

This dependence is linear but varies from point to point throughout both regions. Hence,

it is necessary to average over these regions by defining some new parameters dependent
on the geometry (chiefly spot size), and the angular distribution characteristic of the sec-
condary emitting material. Thus, k;, k2, ks and k4 will be defined such that, when averaged
over the respective regions and all direction angles of emission, secondary electrons with
initial kinetic energy less than k; V; + k;3V; return to Region One, while secondary electrons
with initial kinetic energy between k; V, + k3V; and k; V;, + k4V, return to Region Two.
Then, by an argument similar to that of part I,

Sl. = . e—(k1V1 + k3 V2 )/ET (26)

and

5w e.-(kivl +ksVz)/ET 3 e—(kzvx +ke% )/ET . 27



12 NAVAL RESEARCH LABORATORY

Making the approximation that was shown in Part I to be reasonable, e Xzl X, we have

S =(k,Vy + ksVz2)/ET (28)
and

Sz = [(k2-k1)Vy + (ke-ks )Vl /ET. (29)
The notation may be shortened by writing

m, =k,/ET, ms =k /ET,

m; = (k2-k1)/ET, ms = (ke -ks)/ET
so that

Si =V +msVz + Sa (30)

S:=m:V; + m4Ve + Sez . (31)
Both S; and S: have been increased by the constant terms Sor and Se in order to take
account of residual fields which may penetrate in some cases to the region around the spot
and may cause the return of some secondary electrons to the screen even when the screen
bears no positive charge. The restrictions on S mentioned in Part I apply here also in the
form 0< S, + Sz <1, limiting the total output current to (6 - 1)Io and -Io respectively.

The differential equations now become

dvi

Cl at = (6_1)10 = 610(501 +m LV]_ + msvz) (32)
e, Th. 5
A5 - o o(Sez + m,V, + m4V; ), (33)

which may be abbreviated

%‘t" + AN, =B, D% (34)

%3 4 Ao =Bt Pals (35)
where

Al = m;_ﬁIo/ Cl (36)

Az = meblo/C2 (37)

B, = [(6-1)Io - Sa 01}/ C, (38)

B: = -Sedls/C: (39)

Dy = -msblo/ Cy (40)

Dz = -m3616/Cz. (41)
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Equations (34) and (35) may be solved simultaneously to obtain the solutions

Mzt

Vi =Xt s v Mt L w, (42)

M;t Mt

V2 = Xze + Y€ 2 + Wz, (43)

where M; and M: are given by the two solutions of the equation

M? + (A; + A2)M + AjA; - D;D; =0 (44)
and
_ A:zB:1 + DiB2
Wi Aide=DiDs (45)
= Ang + B}_Dz
iy AjA; - DDz (46)
Solving equation (44) gives
B ‘/_ z
M= = Ay + Az T Y(A1+A2)" - 4(AA2-DyDy) (47)
= 0k [ me )f(m E}i)” ] mxma-mzmg]
7 e te Ve te) "\ e M8
From the differential equations and their solutions, we also obtain
(M1+A)X; = DiXz, (Mi+A2)X: = DX, } (49)
(Mg‘l‘A;)Yl = D1Y2, (M2+A2)Y2 = DsY,
AW, = B;: + DiWz, A;W, = Bz + D2Wi.
From the initial conditions that V, = Vi, and V. = Vj; when t = 0, we have
X1 +Y, + W1 =Via
(50)
Xz +¥Y2 + Wa=Via.
Combining equations (49) and (50), we find that:
X, = (Mz+A;) (Wi-Vii) - Di(W2-Viz) (51)
M, - M2
Xz = (M2+A2) (Wz—Viz) = DB(WI_Vil) " (52)
M; - M2

It will be noted that W,, Wz, X, Xz, Y; and Y; are all independent of beam current but that
M, and M: are directly proportional to both beam current and secondary emission ratio.
Since W, and W» represent the final potentials approached by the surface, they will here-
after be referred to as the equilibrium potentials Ve; and Vez, respectively. We will
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designate by M, the value of M corresponding to the use of the positive sign in equation (48)
and by M,, that due to the negative sign. Hence, Mz will represent the sum of two positive
terms and M, their difference. The reciprocals of M; and Mz, designated by T, and T,
respectively, will then be long and short time-constants respectively.

The output current may now be obtalned from

1=c, 3 c, o (53)

as

I=CM:X, eM‘t + C; MY, eMzt

+ C2M X, eM‘t + CzMzYz eM2t (54)
and, combining terms,

I = My (CiX: + CaXa) eMit 4 M, (CyY, + CaYa) M2t

(55)
The functional dependence on beam current may be brought out more clearly by writing
M; = -06IcN;, M; = -8IN;

where

-1 (m | m ‘/ my | me\ (m:m..s_- mzms)]
N =3 [cl i C1+Cz) N o (56)

=_L m, g ‘/ mx 1Img - mzms) ]
b 2 [Cx S ) g C.C: (57)

are independent of beam current or secondary emission ratio but depend on spot size and
other characteristics of the tube. The output current, with this substitution, becomes

and

I= 5L [-N1 (CiXi + CoXy) e 21Nt

-GIoNgt] :

-N2(C.,Y, + C.Yz)e (58)

The dependence of the output current on the initial potentials is emphasized by using
the relations between X,;, Xz, Y, and Y, to obtain

o = [ (Ver-Vsy) + Ha(Ves-vil] €™ OO0
+ [Hs(Ver-Viy) +Ha(Vea-Viz)] e~ 1Nt (59)
where
=) N CzNg szl) = = ( CzNz sz1>
Hi = on, (@1 -Cila) (“ C,ms He=goap (m-Cay (1+=02 -G

Cam -N. Czm
By N - - m) B (oM S8 em) . o)
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It was previously pointed out that M; would be expected to be larger than M, and
hence N; larger than N;. This is borne out experimentally; the factor N;/N, is large. The
output current thus turns out to be the sum of a small-amplitude, long time-constant com-
ponent; and a large-amplitude, short time-constant component. The latter component is
of positive polarity experimentally if both initial potentials are nearly zero, and may be
interpreted as chiefly representing the net positive current to the spot which, having small
capacitance to ground because of its small size, charges rapidly to its equilibrium potential.
The former component may be interpreted as the redistributed-electron current, which
continues to charge the relatively large capacitance of the region about the spot for a long
time. Experimentally, this longer time-constant does not seem to remain constant with
time but approaches a limiting value which is independent of beam current after hundreds
of microseconds. Apparently the initial assumptien that Region Two remained fixed in
area indefinitely is not valid after a sufficient time, as might have been expected, but that
on the contrary, the higher-energy secondaries continue to land on the border, so that the
boundary slowly spreads out.

The general behavior of the output is experimentally as predicted, however, as shown
by Figures 12 through 15. Figure 12 is an oscilloscope photograph of the output current
versus time and clearly shows the two components referred to above. The experimental
technique was to pulse the primary beam on for several 43-microsecond intervals instead
of for one longer interval. Thus, the output during several hundred microseconds is shown
in the figure with the positive peak indicating the start of the process. Figures 13 and 14
show the amplitude of positive and negative peaks of such curves as determined experi-
mentally, plotted versus beam current over nearly a hundred-to-one range. Figure 15
is a plot of the reciprocal of the time constant of the positive component over the same
range inbeam current. Thetime constant of the negative component is not plotted; there are
experimentaldifficulties associated with measuring accurately this very lowrate of change of
current, and, as mentioned above, the time constant varies with time. The spot diameter for
Figures 13 through 15 was 0.6 cm, representing a beam which was purposely defocused in order
to stretch out the positive component of the output in time to permit more accurate measurement.
As shown by equations 56 and 57, the N; and N: factors vary inversely with the capacitance coef-
ficients. Thus, increasing C;and C: by increasing the spot size reduces N, and Nz and therefore
increases the corresponding time constants. Although this change in spot size might be expected
to change the m factors also, the
experimental result indicates that
their relation to spot size is less
than a direct proportionality. Fur-
ther experimental work will be re-
quired to establish this relation-
ship exactly.

PART IV

SCANNING WITH
REDISTRIBUTION

The general procedure of Part
II may now be repeated using the
values for the potentials obtained
in Part ITI, but it must be recognized
that this formal process ignores
some fundamental physical facts

/ ; Figure 12 - Photograph of output current fromasta-
of redistribution. The secondary tionary spot with redistribution. Commercial 5JP5
electrons returning to Region Two cathode-ray tube. Beam current (.130 microamperes
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Figure 13 - Positive peak current vs. beam
current, Stationary spot with redistribu-
tion. Crosses show experimental points
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Figure 15 - Reciprocal of time constant of
positive component vs.
tionary spot with redistribution. Crosses
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Figure 14 - Negative peak current vs. beam
current, Stationary spot with redistribu-
tion. Crosses show experimental points

fall in part ahead and in part behind the scan-
ning beam as well as on each side of the line

of scan. Thus, when the beam reaches any
particular point, it finds an “initial” potential
which is more negative than it was before the
beam approached its vicinity and, after the beam
has passed by, the point again goes negative in
potential since it is again in a Region Two of
nearby points. Furthermore, points off the
line of scan are bombarded by secondary elec-
trons during the time that the scanning beam
moves several times its own width, in contrast
to the no-redistribution case of Part II in which
the steady-state current and potential were
reached in the time required for the beam to
move just once its own width. Also, the divi-
sion of secondaries between the different re-
gions of the screen may be affected by the
potential of the line of scan, both ahead of and
behind the spot.

These complications might be taken into
account, at least approximately, by considering
four areas or regions to move along with the
moving beam, as shown in Figure 16. Region
One as before would designate the equivalent
area struck by the primary beam; Region Two,
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Figure 16 - Instantaneous position of moving Figure 17 - Instantaneous position of
spot showing four idealized regions of charge moving spot showing idealized Regions

One and Two

the equivalent area off the line of scan which is struck by returning secondaries from Re-
gion One; Region Three, the area of the line of scan behind the spot receiving secondaries
from Region One; and, finally, Region Four, the area of the line of scan ahead of the spot
receiving secondaries from Region One. After the resulting differential equations for the
potentials of these four regions have been derived and solved, the steady-state current
might be found by successive integrations over distances equal to the spot width, using for
the initial potentials at each integration the values found by the previous integration.

However, this process is laborious and the necessary expressions so unwieldy that a
simpler if less accurate analysis will be given here. The final establishment of the limits
of validity of the results can only (as in any case) be obtained by resorting to experiment.

We proceed then to find the steady-state output current by integration over the areas
shown in Figure 17. As in Part II, the current to Region One is

1
6 Y WG (._al) ]
Bl o akde sas [Vl == )=V - (61)

As an approximation, the current to Region Two is a,/a; times the current to an area bs
in height and a, in width, or

_a [ G V. o WG =ﬂ)_ : .
= a1 o ' ag gt aE a1 [Vz(t w Vlz] . (82)

The total output current then is
I=L+L (63)

and, introducing the expressions for the potentials from Part III, we have

ki 'gh [CIXJ,eMlaL/w‘i' C Y™V, (Ver-Vin)
1

+ CzXzeMlal/w +CzYzeM2a‘/w +Cz2 (Vez -Via)] (64)
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and, combining terms,

e :" [ (k1 + Cixaye /W, (C1Y1 + C2Yz)e Mu, W
+ Cy(Ve1-Vi1) +C2 Wea'viz)] (65)

which may be written

-8l
1 =%{EK; (Ver-Vii) +Ka (vea-vig)] e

- [Ks (Ver-Vi1) + Ka(Vez-Viz)] e -8IoNza, /W

+Cy(Ver-Vis) +Ca (Vez-viz)} (66)
where

K, = -H; _ CiNo-my (1 C.N;  Com, )

N  Ni-Nz ms ~ Cims

K, =-Ha_ _-ms (1+C2N| _ Comy
Ny N:-N: ms Cims

(67)

Ky=—22 -Hs 1N1-m! (1

N: N;-N: ms C 1m3

--He _ _-ms C:N; _Com,
Ka= N: Ni-N; (1 ¥ “m, C;ms)

From these expressions, the output current is zero for beam current zero and approaches

a constant value for very high beam current. If we assume as before that N, is small

compared to Nz, then the first exponential in equation (66) is close to unity for at least all

values of the parameters for which the second exponential differs appreciably from zero.

Hence, the approximation

o " SloMia/ W uﬁ,al

may be used, giving

- 8INza,
S [(Kx +Cy) (Ver-Viy) +(Kz2+C>) (Vez-Viz](l » /W)
- [Ki (Ve:r-Vii) + Kz (Ves-Via)] 810N, (68)
where the relations
K; +C; =Ks (69)

K2 +C2 =K, (70)
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have been used. From the defining equations (67), K, is positive and Kz negative if all
three of the following plausible conditions are satisfied:

(1) N2> N (71)

(2) N:>m;/C, (72)
Com; CzN;

(3) m“;> 1+ ok (73)

The equilibrium potentials Ve, and Ve: are positive and negative respectively, so that if
both initial potentials are zero or positive, the term proportional to primary beam current
is negative while the first term is positive if

|Kz| > C2
or, more generally, if
(K1 + C1) (Ver-Vii) > Kz + C2) (Vez-Via) .
For easy comparison with experiment, equation (68) may be written inthe abbreviated form

1=ap 1-e17%) g, (74)
in which
o,
631N2

B = 6 N2[(Ki + C) (Ver-Vii) +(Kz + Cg) (vez'viz)g

y=0N; [k, (VerVix)"'Kz(vez-Viz)] .(75) &2 , ‘

Equation (74) is plotted in Figure 18
as a function of beam current using |
experimental values for @, gand ¥.
Secondary emission ratio was 3.76 for
P-5 phosphor operating at 1400 volts
accelerating potential. Writing speed
was 0.20 inches per microsecond with
a sharply focused spot. Experimental
points are shown by crosses in the
figure. Thelinear dependenceof o up-
onthe writing speed has been checked
by locating the points at which the

|

output current is zero in the steady | \
state. The beam current at these !

points turns out to be directly propor- s} | £ INE:
tional to the writing speed, other '

parameters being held constant. For ;
the three writing speeds 0.0247, -4 :

A

OUTRUT GURRENT IN MIGROAMPERES
L o
|

|
T
|
|
|

4 & 2 Lo L2 L4

0.0817, and 0.200 inches per micro-
second, the proportionality checked
to within one percent. The probable
error of the experimental points in
general, however, is no better than
+ 5 percent, due principally to varia-
tions in primary beam current.

BEAM CURRENT N MICROAMPERES

Figure 18 - Steady-state output current vs. beam
current for scanning bean with redistribution.
Writing speed 0.20 inches per microsecaond.
Crosses show experimeatal points. Curve is plof
of equation

~I,/0.1203

0 0.325(1 e /=0 450 Iy
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The transient current which flows when the primary beam current is first switched on
(by a voltage step function on the control grid of the cathode-ray tube, say) may be obtained
by the method used in the similar case in Part II with a similar result. The output current
as a function of time is the sum of two components; one having the form of the steady-state
current just derived but with a, /W replaced by t and the other being the stationary spot
current multiplied by the linearly decreasing factor (1-Wt/a,). Thus

it Mt

I =% [(C1X1 + sza)eM + (C.1Y, + CaYa)e

+ Ci(Ver-Vis) + Cz(Vez-Viz)]

-+ (1-‘:%) [M: (CiX, + CzX2) eMlt

+ Mz C.Y, + C2Yy) eMzt] - (76)

Considering only the first component, as t goes through its possible values from zero to
a,/W, the first component of output current takes on the same values as the steady-state
output current does when the primary beam current goes through its possible values from
zero to the value being used. Thus, if the steady-state output current at the beam current
being used is less positive than it would be at a lower beam current, corresponding to
operation to the right of the maximum in Figure 18, the first component of output current
would start at zero, increase to a maximum, and then decrease to the final steady-state
current, which might be either positive or negative. If, however, the steady-state output
current at the beam current being used is less than the maximum which occurs at a larger
beam current, the first component of output current would increase monotonically to its
steady-state value. Note that the rising edge of the waveform would be of the same shape
as the curve of Figure 18 (with the abscissa time instead of beam current) up to the point
at which the beam current being used is reached.

The sécond component of output current has the waveform of the stationary spot out-
put current multiplied by a linearly decreasing factor. In our experience, the peak of
the stationary spot output current is usually less than the steady-state output with a fast
scanning beam by some six to twelve db for the same beam current.

Hence, the total output current would be expected from equation (76) to begin at the
peak value of the stationary spot output current and then either increase gradually to its final
positive value or decrease to either a positive or negative steady-state value depending on
the primary beam current. All of these types of transients have been observed experi-
mentally. Some examples are shown in Figures 19 through 22. Because of the negative
maximum in the waveform of the stationary spot output current, a dip is sometimes seen
in the buildup of the total scanning current, as seen particularly in Figure 20.

The previous discussion has been based on the application of an ideal switch to turn
the primary beam current on and off. In practice, the leading edge of the pulsed signal
applied to the control grid of the cathode-ray tube usually approaches this ideal fairly
closely, but the trailing edge is usually not quite so good. This may give rise to an effect
at the end of the pulse similar to the transient at the beginning, although occurring in much
less time and sometimes obscured by the finite response time of the output amplifier. As
the primary beam current decreases toward zero, the output current goes through its nor-
mal variation which may actually involve an increase in output current.



NAVAL RESEARCH LABORATORY

21

Jraet

|11 ui; |Ha |

(]

Figure 19 - Photographof transient output cur-
rent obtained with commercial 5JP5 cathode-ray
tube. Writing speed0.150 inches per microsecond.

Beam current(. 130 microamperes, two-microsecond
markers

Figure 20 - Same as Figure 19 except
beam current 0.650 microamperes
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Figure 21 - Same as Figure 19 except beam

Figure 22 - Same as Figure ]9 except beam
current 0.780 microamperes

current 1.30 microamperes

It will be observed in Figures 19 through 22 that the actual distance on the face of
the cathode-ray tube required for the output current to reach a constant value is many
times a spot diameter. This distance is really a measure of the extent of Region Two
along the line of scan which was neglected in this approximate analysis. It appears, how-
ever, from the preceding qualitative discussion that the derived equations may satisfacto-
rily describe the observed phenomena if the experimental value of the distance a, is used
in the formulas. This distance, fortunately, appears to be at least approximately independ-
ent of beam current or writing speed in the range so far investigated and proved useful.
No experimental information is yet availableon its variation with spot size or other parameters.

APPLICATIONS

The theory so far developed may be extended to cover various interesting special
cases, although the details will not be given here. Thus the effect of intensity modulation
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by an ideal square pulse on the output steady-state current has already been indicated.
Modulation by a continuously varying voltage on the control grid or by deflection of the
beam may be handled by point-by-point computations if the period of the modulation is
long compared to the time required for the beam to move its own width. Variation of the
voltage between target and collector has the effect of simultaneous variation of the factors
So: and S which influence the equilibrium potentials, since equations (45) and (48) when
expanded become:

= m.-(l-l/ ﬂ-Sm) + msSe
m;my - Mghngs

Ver (77)

o -mz(1-1/8 -Sa1) - miSe

V. =
s MM, - M;s

(78)

I the applied potential difference between collector and target is designated as Ve(t), then
the linear approximation previously used gives

Sor = S%a + (my + ms) Vi (£) (79)
Se = Se + (mz2 + m4) Ve (t). (80)

If V. does not vary too rapidly, a point-by-point computation is again possible. Otherwise

it is necessary to find the particular solutions of the differential equations for the surface

potentials corresponding to the applied function V¢(t) and add these to the solutions already
obtained in carrying out the subsequent integration.

Much experimental work remains to be done to check the validity of the theory pre-
sented here. In particular, the effect of variation in initial potentials needs quantitative
investigation in view of the complex phenomena (pointed out at the beginning of Part IV)
which have been neglected in the simplified theory. Qualitatively, however, the experi-
ments which have so far been performed appear to confirm the simple theory for the range of
parameters investigated.
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