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ABSTRACT

A4 theoretical analysis was carried out io evaluate
the possibility of appreciably improving the signal-to-
noise ratio of the Passive Bearing Finder amplifier by
simple adjustment of the R—C time constants.

It is shown that the frequency response of the R-C
coupled amplifier may be closely upproximated by a simple
function completely determined by the values of two fre-
quency parameters. These two parameters are determined by
the specification of a significant pair of operating
characteristics (such as the cut-off frequencies) or may
be derived from three circuit constants (the two stage-
t ime-constants and the number of stages).

Expressions are derived for integrated noise outpul
and steady-state, signal-to-noise ratio in terms of the
noise and signal input and the two parameiers of the re-
sponse function. The types of noise considered are white
noise, inverse frequency noise, and a combinaiion of the
two. 4 procedure is indicated for combining the resulis
of a transient analysis with the expressions for noise
output to obtain peak-to-peak-signal to RMS noise output,

Application of results to the present periodic PBF
amplifier shows that circuit constants are sufficiently
close to the values for optimum signal-to-noise ratio.

PROBLEM STATUS

This is an interim report; work is continuing.

AUTHORIZATION

FRL Problem KO7-089R
NE 050-714
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PASSIVE BEARING FINDER
REPORT NO. 2

SIGNAL-TO-NOISE RATIO OF THE R-C COUPLED BAND PASS AMPLIFIER

INTRODUCTION

The Passive Bearing Finder is a periscope-mounted thermal radiation detector for use on
submarines against surface vessels. In an effort to increase the nominal operating range of the
equipment, NRL has been engaged in a systematic investigation of the various factors which
now limit the system’s operation. One basic drawback of the present equipment is the very
high noise level in the associated signal amplifier. In one of the best amplifiers built to date,
the total output noise is 70 percent flicker noise from the input tube. In other words, the
signal-to-noise ratio of the system is determined primarily by amplifier noise rather than by the
Johnson noise from the sensitive receiving element employed.

Time gating was considered as a possible method of improving the signal-to-noise ratio of
the system but a theoretical and experimental analysis of this scheme has shown that little
can be gained through its use.

Tuning of the signal amplifier has been given consideration and is the subject of this re-
port. The low signal frequencies involved make it impractical to use L-C circuits for tuning,
and resistance capacity tuning is ordinarily employed. Because of the many applications of
this type of amplifier, the analysis will be carried out in general terms and certain of the re-
sults applied to the specific PBF problem. These results are particularly significant with re-
gard to the PBF amplifier since consideration has been given to inverse frequency noise
(flicker noise, semiconductor noise, contact noise, etc.) as well as to white noise (shot effect,
Johnson noise, etc.),

* Clark, H.L., "A 5 CPS Amplifier for the Passive Bearing Finder,” NRL Report H-2895, July 12,
1946 (Confidential)

* Tucker, J. W., ""Passive Bearing Finder, Report No. 1 — Effect of Synchronized Timz Gating

on the Signal-to-Noise Ratio of a Broadband Amplifier,” NRL Report N-3463, September 15,
1949 (Confidential)

A :
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Figure 1 - Simplified circuit diagram of the R-C amplifier

REPRESENTATION OF THE AMPLIFIER RESPONSE AS THE
PRODUCT OF TWO MONOTONIC FUNCTIONS

The response of the N-stage R-C coupled amplifier (Figure 1) may be symbolized by:

e

o
;;=Ga(f')p(f) (D

where e is the harmonic output voltage due to the harmonic input voltage e;; G is a constant
gain factor, f is the frequency of e; and e , and a(f) and p(f) are respectively the low- and
high-frequency response functions (Figure 2). a(f) and p(f) may be further described by:

},l_lpoa(f‘) =06 N

lim a(f) = 1

S 3 )
11 T

f_r.nop( ) 1

lim p(f) =0

f—w =

For the simple R-C amplifier under consideration, ®(f) and p(f) will be seen to be mono-
tonic functions so that low and high K-value frequencies, f and £y, may be defined by:

a(f)) = X
p(fy) =K (3)
0<K<1

“
DECLASSIFIED + -
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0.8
PLOTTED FOR FOUR STAGES
[ 2 g FOR o *= 0.5 AT f=|
p = 0.5AT f=4

MU, >

.4 <]
0.3}— \
0.2 \1..
0.1}
o
o 1 2 3 4 5 6 7 8

FREQUENCY-ARBITRARY SCALE

Figure 2 - The low and bigh pass functions

The constant K is arbitrary within its limits and may be defined in any convenient manner.
It will later be defined so that when f, >f, the K-value frequencies, f, and f, will approxi-
mate the nominal low and high cut-off frequencies of the over-all amplifier response character-
istic.

The constant gain factor, G, has no effect on relative signal, noise, or signal-to-noise
ratios in any given amplifier, and for the purpose of this analysis may be normalized to unity
by considering e to represent output voltage divided by gain factor. With this definition for

€y equation (1) can be written

2o = a(f)p(f) ey - (4)

To put equation (4) in more explicit form, it is necessary to examine the functions o and
p. An equivalent diagram of a single R-C coupled pentode stage is given in Figure 3. The pen-
tode is considered as a constant current generator producing a current

L Sk, (5)

where g is the effective transconductance of the pentode with it’s degenerative cathode resis-
tor and e_ is the applied grid voltage, in this case the input voltage, e;, of equation (4). The
pentode glate resistance, r_, is in parallel with the plate load resistance, Ry, and the equiva-
lent resistance of this comgination will be designated by R ;.

- | DECLASSIFIED
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Figure 3 - Equivalent diagram of single R-C stage

In the design of conventional R-C coupled pentode stages, Rg is generally several times
greater than R, so that it is permissible to make the convenient approximation

vﬂ ; iplz'll’
where
DA gt
wgcgﬁi +1

and in consequence of equations (5), (6), and (7),

wccﬂg i

|eof = Byfa —_— ey
y. wQC:R; o szcsnf +1

Considering the relations (2), it is seen that (9) is in the form of equation (1) with

DECLASSIFIED
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end TLand Ty will be refe
be defined as in equation
become
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G = 5,,,“1 \1
27fC R
a(n ﬁﬁé‘
4an T CcRg"'l

L = 2nC Ry = 21y

H = 2nC Ry = 2ty

(10)

(11)

rred to as the low and high frequency time constants. Also e will
(4) so that G = 1. With these substitutions, equations (9) and (10)

AP Lf 1
o=
V.L”f" +1 y{H"’f” +1

G=1

Lf
a(n =

Vi%e? +1
1

Pl =

Ve’ +1

ey

ﬁ

(12)

The above results derived for the single stage amplifier may immediately be extended to

the N-stage amplifier by repeated application of equation (12). The result is seen to be

gy

DECLASSIFIED
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[}

a(n)

[V L + j |

1

N
(0 =
’ |:V n’r2+1]

Behavior of the Response Functions

In order that the physical behavior of ¢ and p may be more apparent, the constants L. and H
will be expressed in terms of the lower and upper K-value frequencies as defined by equation

(3,

Lf
af) =| —==| =&

Viiel +1

i . (14)
3

N
e 1
P(fg) = —2——— =K
B fh +1
-
Solving for L i and 112,
~
o K2/N ) 1
£ (X e )
L L (15)
> e
- 1_K2/’N K_2/N_1
B = 2/N &
L LB - D
DECLASSIFIED w
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Substituting equation (15) in equation (13),

\
N
1 'r[_
a(f) = —_——— = plE/ 7By
)
fa
$ . (16)
p(f) = = u("g) = u(xp)
-
where
f £
L
Yg S . d L

This parametric expression for @ and p is useful in that | (x) may be investigated, and the
behavior of o(f) and p(f) immediately determined by the relations (17). Alternatively, the in-
verse similarity between (16) allows 0(f) to be investigated and the behavior of p(f) deduced
therefrom by merely substituting variables in accordance with

v L H . (18
p(f)—a( f) )

The latter procedure will be followed, for ®(f) is much the more important factor in the
present consideration of the effect of inverse frequency noise. In the following, primary atten-
tion will be given to 0(f), and the behavior of p(f) will be understood to be implied by equation
(18).

Inverse Frequency Noise
When considering noise it is often convenient to classify it as being either random noise

or non-random noise. Goldman™ has given the following definition of random noise: “ Any
stochastic function of time of specified length whose Fourier series components each have a

® Goldman, S., "Frequency Analysis, Modulation and Noise,” p. 326, McGraw-Hill Book Co.,
New York, 1948

- DECLASSIFIED
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two-dimensional normal distribution and random phase will be called random noise, provided

that the quadratic content of no single component is an appreciable percentage of the total.”
Noise which does not fit this definition sufficiently well for the purpose at hand is called non-
random noise. Whether a particular kind of noise should be considered as random or non-random
is in practice often determined by the experimental conditions. Power supply hum and micro-
phonics are examples of non-random noise. Vacuum tube shot noise, flicker noise, and thermal
noise are common examples of random noise. In this report only random noise will be considered.

Random noise may be specified as to type by its source amplitude-frequency spectrum, that
is its spectrum before passage through frequency selective systems. Two very important types
of random noise are white noise and inverse frequency noise. When the amplitude spectrumis
flat over the frequency interval concerned, the noise will be considered to be white noise at
least for that particular frequency interval. When the spectrum follows an inverse frequency law,
the noise will be referred to as inverse frequency noise.

. 495 o <
It has been found experimentally  that the noise most troublesome at frequencies below
100 cps (flicker noise, semiconductor noise, contact noise, etc.) often has a spectrum which
may be represented by

e(n = ar™ (19)

volts/ square root cycle, where A is a constant de termined by the noise power per cycle at a
specified frequency and where n has been found to have values in the neighborhood of unity.
When n is unity, the noise may properly be called inverse frequency noise. Actually, n must
vary with frequency, as may be seen by considering the integral

® ©
fo ear = _.\Qfo N3¢ | (20)

For this integral (representing the square of the noise voltage) tc be convergent requires that
n>0.5 at the upper limit and that n <€0.5 at the lower limit. However, experiments on particular
kinds of noise have shown the inverse frequency law to be approximately true even at very low
frequencies. In the case of flicker noise these spectrum measurements have been extended to
frequencies at low as 0.01cps.

If g(f) is the response function of any linear frequency selective system and e(f) is the
amplitude frequency spectrum of random input noise voltage, then the over-all RMS noise volt-
age output will be given by

_ 1/f? [s(®]*[e(n]”ar volts. (2D

4
Clark, H. L., "Flicker Noise in Vacuum Tubes,” NRL Report H-2894, August 28, 1946
(Unclassified)

5
MacFarlane, G. G., "A Theory of Flicker Noise in Valves and Impurity Semiconductors,”

Proc. Pbys. Soc. 59:366-75, May 1947
DECLASSIFIED . |



DECLASSIFIED

“ NAVAL RESEARCH LABORATORY A

This result follows directly from the definition of random noise. Since it is the area under the
g e curve that is significant so_ far as output noise voltage is concerned attentmn will be
given in the following to [g(f)j and to the product function g(f)} [c{f)] as well as to the
response function itself.

2 2 -
Effect of Cascading Stages on &, @, and @™ f z

Equations (15) and (11) show that, when stages are cascaded, it is necessary to change
the time constants of the individual amplifier stages if the same K-value frequenci%s are to be
maintained. The effect of not making this adjustment is shown in Figure 4 where 0 is plotted
as a function of f/f , for 1, 2, 3, 4, and 5 stages of amplification, the single stage lower K-
factor frequency, le’ being defined by

Wf) = K =0.5 for N =1 (22)

and with the low frequency time constant, so determined, being the same for each curve. The
addition of successive stages results in a modification of such an arbitrarily defined cut-off
frequency.

By combining equations (15) and (11) with @ =K = 0.5 at f = fL the following expressions
are obtained:

—

i ,/ y /Z¢
A A7
C:L:__ i _7/ / _)é :__--K-FAGTG! VALUE
/ 7

(=]
ol
»
®»
"4
[
©
=}

-hI-uu
-

Figure 4 - Effect of N on O < for constant 17
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P W e e . =RC 3
L VT i T 5

Bm,_ 4 -1

> (23)
1/N

£ 4 -1 v CB
H T e— " TE 1

21Ty .

In Figure 5, 21T f, is plotted as a function of N with K =0.5. This curve shows the variation
of f, with N for constant T, and also the adjustment of T necessary to maintain the same f
for various N's. Since 27T f, = 1/210f, , the relation between Ty, fy,and N may also be in-
ferred from the curve of Figure 5. .

In general, f; and f,; will be determined by the particular amplifier application, and the
pecessary time constants appropriately adjusted for the particular number of stages in the am-
plifier. The curve in Figure 5 may be used for this purpose if f, and f, are defined by

o(f,) =0.5, p(g) =0.5 .

In the following, unless otherwise stated, it will be assumed that this adjustment of Twill be
made wheneverN is varied. Thus f and f; will be invariant with respect to N.

3

K= 0.5 /""

: ,/
B

2 TT YL - RADIANS

|2

1 2 3 4 5 6 T B 9 10
NUMBER OF STAGES

Figure 5 - Curve of 2T f; as a function of N
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When o is plotted as a function of f for N =1, 2, 3, . .., (Figure 6), it is seen that the
variation in @ with N decreases rapidly with increasing N, and it is natural to investigate the
limit of Cf(f} as N—®, By equation (16)

T

I_ 2
&)

2

a (B

[}

osfy 10

o
>
()
o
@
o

VALUES FOR < AND 2
(o]
(1]

(]
.

VALUES FORe<" f

o
o
)
(o))

=]
[
b

ouf? o2

s I
fL

Figure 6 - Curves of &(f), @°(f) andy@"()) [~ for N =1,2,4, and N~
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Considering N as a continuous variable,

1

-?%I- Eoge(ﬁ,)_’ (x—""l/"—l)? 1}

_ _r'i)
3 |
2 (%

1im a2(f) = 1im €

N—=w» N—o

o e e T [

iim €
N—o

2
zcri) logeK J

= &

Therefore

2 "
T
2(._'-\
2 f/
#fg (f) =K
S (25)
2
(_i
o
lim g(f) = K
N—w -

DECLASSIFIED iy
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and by equation (18)

2 W
2(ff)
Jimp () =K H

N—o

| - (26)

(_r_)
f

1im p(f) =k
N—w

@’ (f) for N—=®is plotted in Figure 6 and it is seen that thigs %imiting function is approached very
rapidly as the number of stages is increased. Curves of o £ are also plotted in Figure 6 and it
is further seen that this product function also converges rapidly to a limiting function with in-
creasing N. The rapid convergence to the limiting functions suggests that, when several stages
of amplification are used, the exact expression for ®(f) may be approximated by lim a(f). The
curves in Figure 6 show this approximation to be good when f/f > 1.

To evaluate the effect of this approximation on the inverse frequency noise contribution in the
region f/f <1, it is necessary to investigate the behavior of the integral

L
f a’rZar
(4]

with increasing N.

Making use of equation (13),

N
fL Do fL L2f2 .
g ar=1 = £~ oar 27
o 0 LT +1

w
=L i = (28)
2
Le, (1+v )
where v =i
Lf

and L = for finite values of N.
g /"1

DECLASSIFIED
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For N —®, equation (25) gives

J o’ ‘ar L (+) r2ar, (29)

f 2
J © 2 - - -# (30)
o

where

f ‘f 1

L
m==—1/log, —

f = 2

In Table 1 values off “a = df with K = 0.5, are given for N =1, 2, 3, 4 and N—=,
Values of

{)man"“df

are given for comparison and it is seen that both integrals rapidly approach a limit with in-
creasing N.

It may similarly be shown that the integrals

© ©
{ pzf'zdf and f pQFQdf
H o

rapidly approach a limiting value for increasing N. A qualitative evaluation may now be made

of the effect, on the total output noise and its general frequency distribution, of using lim &

N—m

DECLASSIFIED
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TABLE 1

f
L (03]
Values” of [ o £“df and of [ a’f~df

forN =1, 2, 3, 4, and N—®
—_—

f
B @
N | [ o [ o't
i 4 =1
1 0.302f 0.907f
o 1
2 0.143f, 0.785¢,
=% =X
3 0.113f, 0.769%,
ol =
4 0.098f 0.762f
ks e
m 0.073¢, 0.752¢

4 ;
Values computed by integration and
checked graphically. o

and ll\lim p in place of the expressions derived for dand p with finite N. It will be convenient
—®

to classify and consider separately the high-pass, the broad-band-pass, and the narrow-band-
pass amplifier. The high-pass amplifier frequency response is given by equation (4) with
p(f) = 1; the broad-band-pass and narrow-band-pass amplifiers are defined by the response of
equation (4) with

£, 246, and 4 > f

respectively. The distinction between the broad-band-pass and narrow-band-pass amplifier is
arbitrary but convenient.

The High-Pass Amplifier

In the case of the high-pass amplifier, the frequency response is characterized by a(f)
alone so that the lower K-value frequency becomes the nominal amplifier cut-off frequency, f_,

F
¢

DECLASSIFIED
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here defined by @ (fc) =0.5. It has been shown that ng{ﬂ may be used to approximate
o (f) in the multistage amplifier and that total noise output,

w
AL «®h s,

i

is little affected by the approximation when four or mare interstage couplings are used. Even
in the region below cut-off where the deviation of!lqimma from Qis greatest, the integrated out-

put noise,

T
Al/LC a® o a,

is within 15 percent of its value with only four stages.

The Broad-Band-Pass Amplifier

The broad-band-pass amplifier is characterized by the fact that, for f >f ,, dis in the
neighborhood of unity and the percentage change of @ with f is much less than that of p with
f, and that, for f <f , p is in the neighborhood of unity and the percentage change of p with
f is much less than that of ¢ with f. The lower and upper K-value frequencies will approximate
the nominal lower and upper amplifier cut-off frequencies defined by R(fc) = cf.(fc)p(fc) =
U.SRH,
maximum occurs. Below lower cut-off, response will be chiefly determined by @, and above upper

where R, = R(f,)) is the maximum value of R(f), and f, is the frequency at which this

cut-off by p. Below lower cut-off, the discussion of the last paragraph ia regard to inverse fre-
quency noise applies, and the change in integrated noise output in this region, resulting from
replacing @ for N =4 by ﬁiT-ma , will be about 15 percent. In the region above upper cut-off,
relatively unimportant from the standpoint of contribution to total noise, the effect of replacing
p by ﬁl@.cg will be of the same order of magnitude. Within the pass band, the region of greatest
noise contribution, the percentage difference of éil_ﬂ.g- and H:E.%from Cand p, for N =4, is seen
to be small, less than 3 percent (Figure 6). The amplifier response in this region, p, will thus
be approximated by inEm(I LEIin-]-cE' It is to be noted thaté@-mafqiﬁ'.cﬁ’ > Op within the pass band,
while l{‘iewa’. < dbelow £, and 1{.”—“-::? <.pabove f,. Thus che chnznges in the contributions to total
integrated noise tend to cancel. The result is that éin_%ma li[_n.tg £ makes a good approximation
to the flzpzf'2 of a multistage amplifier. In the remainder of this report ¢ and p will, unless other-
wise stated, refer mﬁﬂw‘l and#ﬂg. Similarly R = dp will refer to&;rgﬂgi.

Since R, = R(EM) <1, it is desireable to normalize R so that its maximum value is unity

(Figure 7). This will be done by defining the amplifier response by

1
R* =R ap(D), 31)

DECLASSIFIED _
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where R, is the maximum value of R =

1.0

o W o L—Z (1) o(f) p (f). The difference between 1&11[5»01}“
/ \( \ and R, for N > 4, is not great enough
o \ to affect substantially the results, discussed
oF / \\ \, above, of usmg lim R in place of R for N> 4,
08 Rif} There is some dcter.loratlon of the response
0.5 V fit outside the pass band but an improvement
s A/ \\ of the fit within the pass band (Figure 8).
Rm \
0.3 \
/ The Narrow-Band Amplifier
0.2 I o
o1 o fou - In the case of the narrow-band ampli-
: | fier, the K-value frequencies cannot, in
0.21y 03404105ty fm 20w 3fm 4 ST general, be considered as approximating
f the cut-off frequencies defined by
Figure 7 - Curves illustrating relationship R(fc) = o(f )P{fc) =0.5 RM‘ (32)
between A(f), p (f), R(f), and R*(f)
when fy = 4ff This is due to the small value of R for

the narrow-band amplifier. Normalization
will be assumed and the response of the
N-stage amplifier written

1
R* =-'R—‘;' a(f)p (D (33)

where, unless ol:herwxse stated, the limits for N—® will be implied. Curves are gwcn m Figure
8 of R* and R* % for f, = 4f and N = 4 and compared with the plots of R* and R**f“for N—o,
The same functions are plotted in Figure 9 for f; = f . These examples indicate that R* for
N—o makes a good approximation to R*, for N = 4, within the pass band and that the total in-
tegrated noise for N = @ is nearly the same as that for N = 4. Total mtgegtar.ed noise voltagc for
N—® and for N = 4 is given by the square root of the area under R* f7, N—=, and R* f' =15
respectively.

It may be noted that no lower limit has been placed on £,/ f and the relations to be derived
in the next two sections will indicate that, for a given frequency of maximum response, the
bandwidth may be decreased indefinitely by making £,/f sufficiently small. However, as £, /8
decreases below unity, R, decreases so rapidly that it is not ordinarily practical to use values
of fu/fL much less than umty For example, when f,/f = 1, bandwiddh is equal to the frequency
of maximum response and R}l = 1/4. To halve this bandwidth requires that f /f = 1/4, and
under this condition R = 1/256. In this case, the bandwidth reduction of one half is
accompanied by a sixty-four fold reduction in the over-all stage gain.
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Figure 8 - Comparison of R*(f) and R'Qm )"2 Figure 9 - Comparison of R*(f) and
for N = 4 with R*(f) and R*(f) f** RN for N = 4 with R*(f) and
for N *Quwben fy = 4f R‘Q(f) f'2 for N =% when fy =[]

In the last three sections, the effects of replacing @ and p for N > 4 by ¢ and p for N—
were examined and the normalized response function R* defined by

1
R*(f) = g—aDp(D) - (34)
M

This definition is seen to apply equally well to the three amplifier classes considered; thus
for the high-pass amplifier, f , —® and R, = 1. The important conclusions reached may be

summarized:

(1) R*(f) for N —» closely approximates the R*(f), N > 4 of the multistage amplifier in
the amplifier pass region.

(2) With inverse-frequency-noise input, the total noise output is not much affected by
using R*(f), N—® in place of R*(f), N > 4 for the multistage amplifier.

(3) For the high-pass and broad-band-pass amplifiers, the cut-off frequencies are approxi-
mated by the K-value frequencies.

It should be noted that, while statement (2) refers to inverse-frequency noise, it is not
true because of any fortunate property of inverse-frequency noise, but is true despite the rise
of input noise in the region below cut-off where response representation is relatively poor.
Statement (1) indicates that, for less-frequency-dependent types of noise, the total output
noise would be even less affected by the proposed response representation.

In the remainder of this report R*, N—® will in general be used to characterize the response
of the multistage R-C coupled amplifier. The properties of the representation are suitable for
the purposes of this report and even where there is an appreciable deviation on an absolute
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basis, it may be seen that for many purposes, the relative deviation in results is a second-
order effect and therefore negligible. An example of this situation would be where an investi-
gation is made of the variation with center frequency of the noise output of a fixed bandwidth
amplifier. Here the exact shape of the response curve would be secondary in importance to the
bandwidth and center frequency.

Normalization of the Response Function

It order to normalize the response function to unity it is necessary to determine its maxi-

mum value, R, .

From equations (25) and (26), it is seen that

2 2
. 4 _f.L;. + £,
2 2 2
N A
R=ap=K K S . (35)
Differentiating with respect to {,
2
_‘..!;.Jrif.
2 2
aw iy LT (36)
E‘=K (log K) (-2 fs + Jlf2 =
b

Solving dR/df =0 for f, it is seen that the function is properly asymptotic at f =0 and
f—® and that

f =]/
m =Y L (37)
where f is the frequency of maximum response.

Substituting in equation (35) and solving for Ru’

-_ry

L
2—=
fl’-l

R: =K (38)
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Normalizing in accordance with equation (34), ‘ ' 3

2 2 =
2f1. fl.. - f (f:.. f)
! mm— —2 T i e —
fH. fH f EH
R* = K K = K
-~ (39)
or letting GRS )
2
(fL f )
f f
H
R* = [0.5] g

Relations Between Parameters

The cut-off frequencies, f_, of R* may be determined by placing R* = K in equation (38).

Thus,
(2
(&. ) ie_)
fo fy
K=K

(40)

£ f
(._L 2 _f-‘_) =1, (41)
B i

and solving for the positive roots,

[ ~
fu fL
fcu T ‘ e +1
b H
> (42)
f !/ 3
fcr.. =2_H 3+ 4{_1. =1
L H 4
DECLASSIFIED



DECLASSIFIED
NAVAI. RESEARCH LABORATORY 21

where f_ and f _ are the upper and lower cut-off frequencies (Figure 7). Expanding the
radicals in equation (42),

5
2 9
) )
fy £, by i -
& (43)
f £ ' T
1 (_r.-.);+2(.z-_) E
L fH fH
.
f £ f
it is seen that ~land <<¥—1as -—l-'-—°0
H fL H
Bandwidth, F, is seen by equation (42) to be
F = bo —hor n (44)
or by equation (37)
ol fH f
BENE : (45)
fu =¥ Tufy

, is given by equation (42) as

L. 1+ L (46)
eenter 2 2 f E

Center frequency, f

center

L]
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which by equation (37) may be written

NAVAL RESEARCH LABORATORY

O g (47)
center fL
It is often desirable to have f,, f; , and R* expressed in terms of e and F, f“m" and
F, or ch and fcr..' From equations (44), (45), and (46) it is seen that
IH =F
2 2
£ = f_ll 3 4fcemu - (48)
i 4F
2
L
H F°
and substituting in equation (39)
2
G
fF
R® = [K]
2
Cfcenter‘ B “
4Ff
R®* = [K]
or letting K =0.5, (49)

|
—
(=]
»
A
—d

Rt=

R.

"
=)
A
e
A
[
N
|8,
¥
a;lﬂ
\-—/
(=]
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From equations (42) and (48)

2 /2 2
1k —;[”F TaE, * F:|
= (50)
i 8 e 2
il —-2-[VF + 46, - F]
and another expression for center frequency is seen to be
F2
{f 2
fcenter - fM +T : (51)
Solving (50) for f,, and F,
Fo=tfey-foL
, (52)
2 _
fu = foufe
so that by equations (48) and (49)
g = feu- for
& 5 (53)
fCUfCL
.=
fou - for

and
{fcufcx.'f £ (54)
if SN
R* = K]V )
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or letting K = 0.5, 2

{f £ oif®
R
R* = [0.5]%cu ‘cL 9. (55)

Inverse Frequency Noise Output

2
Let i;werse frequency noise input be represented by cf = A% (volts) /cycle bandwidth
where A” = the volts squared per cycle bandwidth at a frequency of 1 cps. The resultant

noise output, E_, from the multistage amplifier, normalized for unity gain, will then be

2 2
E, = VL ®Ree)is, (56)

and from equations (55) and (39)

-4r—'f‘- 25‘- 2
fz 2
= ) H o fH 2
E, =4% [ K K -k . (57)
With the variable transformation
1
log . —
_WfL €X -
K : » )
2
_ 4'f_L. b 4 T =
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€5

& A ‘/{;ﬁrF

2
2 log —
f = ¥
-4k v ae f =
B s H L
A .
2w d
Fa ° log-l— o g
2t K
Performing the indicated integration,
f
-.4__1' fL '_1_
E -4 108,
2 A (K) ¥ € H
Rl = .
n 1 3
11:»3EE
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Equation (69) shows that the lower K-value frequency is sufficient to determine the S/N
ratio but, as equation (70) indicates, a constant value for f Limplies a proportional relation
between f_ and F. Equation (70) is particularly sngmhcant in showing that for constant band-
width, S/ N ratio varies directly with the operating frequency (f,, assumed always made equal
to the operating frequency), and also in showing that for any partlcular operating frequency,
S/N ratio varies inversely with the square root of the bandwidth.

Noise Output and S/N Ratio with White Noise Input

Let white noise input be represented by

e;=B” (volts)?/ cycle bandwidth (72)

where B is independent of frequency. Then, output noise voltage will be given by

z
‘:L 5 f2 2 fl..
A S e
3 fH o fH £
B B K K K df . (73)
o
Let
O |
1 - S
u = v2 BeX T
Then
2 1
U-? 4fLI°g£-]-(-
~4T™ (® fog R e
o 2 EH o K fl'l K l‘1‘[ (74)
E, =B'K K K dp,
18] 2105-1_.
K
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_4f_1- Zf ln::gE
B, K fn J“”(J_)logex

I
m
=%
=

il
NI
5 [l
o |
1 [
s
o
m
[}
:"h
L}

By (VE) | (74)

so that

B T
L d (75)
__8-log€_i ]
Y4
m
E R : (0
8 logs-f

(e} L —

UUnj"aEﬁ
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and, on letting K = 0.5 in accordance with the K-value and cut-off convention,

E, =0.8675 Byf, - 77
or by using equation (42),
E, =0.8675 B J/F , | (78)

E, =0.8675BY -, . (79)

Recalling the discussion on S/N ratio in the previous section, equation (68) may be com-

bined with equations (77), (78), and (79) to give these expressions for S/N output ratio with
white noise input: -

Egm s €sm L

= . 80
E, B Vi, (80)
Egu _ Csm ,1_
== =g = 2 ls (81)

n

= 1152 s .

=1 = : 82)
E, B Vicy-fa (

It is seen that the S/N ratio is a function only of the bandwidth of the amplifier and the

RMS values of the input signal and noise. The S/N ratio is seen to vary inversely as the square
root of the amplifier bandwidth.

Output and S/N Ratio with Both Inverse Frequency and White Noise Input

Let the input noise be represented by

2
e =B” + A’ (volts) / cycle bandwidth . (83)

pecLassien <R
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Output noise will then be represented by the sum of the expressions given in equations
(62) and (75). Letting E be the resultant output noise voltage,

1 1
- AQ T 2 5 T &
B4 e 1 B f 1 (84)
n f 81 S H|8 1 — ’
Ly ey %8k

and, on letting K = 0.5 in accordance with the K-value and cut-off convention,

E_ =0.86 %+ a1
o -8675 at 4 E (85)

which, by equations (48) and (53), may also be written

ane s : 47"
En = (0.8675 VF(B +_f-§_ =0.8675 VF(B + EE“__'; (86)
M

center

and

2
A
E, = 0.8675 ‘/@U - fm)( B + fwfa). (87)

For 2 given response function, expressions for maximum signal-to-noise ratio will be given

by combining equation (68) with equations (85), (86), and (87). Thus,

M
- L1152 : (88)
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= 1152 1.152 » (89)
‘ / A2
e + _..._.._.
(B . ) V(B center F)

0)

NE=)

Amplifier Phase Characteristic

For considerations of harmonic steady state signals and randomly phased noise spectra,
only the amplitude of the response function is significant. Even where phase distortion affects
results, the influence of phase distortion is generally secondary to that of amplitude distortion
and may often be neglected.

The phase factor has been omitted in the expressions derived for @ (f), p(f), and R(f). In
the following, certain of these expressions will be written in complex form and the arguments
will represent the phase factors. The detailed development is analagous to that already given
and will not be repeated.

Corresponding to équstion (9) and equation (10),

5 -
MCRg j tan '{:JCI—R . -jtan  WC_ R,
e =g R ]/222 € Lk Z 2,2 € ei,(S'l)
o SR Mee R, 41 W CyRy +1

DECLASSIFIED



DECLASSIFIED

G # ngB
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j tan et B
i 2:fccaﬁg e] 21fC R
- 2 Doy
Var's € R+
St | 2MC.R
il =] tan 1
p(f) = 2.2 2 2 € s

2nf = W

and to equation (13)
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where as in equation (15),

L= 3 H = T . (94}

Unfortunately the function,

N - 1),

does not converge to a finite limiting function with increasing N and must therefore be considered
as a function of both N and f. From a strict point of view, the compatability relations ® between
phase and amplitude characteristics would indicate that the phase factor should be associated
with the amplitude characteristic corresponding to the same N. The approximations made in the
derivation of both represent physically realizable, though not actual, situations. For instance,
the independence of 0 and p might be achieved by using an isolating stage between the low-
frequency and high-frequency time constant circuits. In practice it will be found that a fairly
accurate representation may be made by the hybrid association of the phase factor function for
actual finite N with the amplitude response function for infinite N. Thus, the normalized complex
response function can be written

£ :
R* = H 5 . (95)
or
=
f2 _ fQ f2
(———" ) -jN (r.an' 1% K-*¥_1 . tan-t % =N _y
R* =k \ fF € (96)

= Gullemin, E. A., "Communication Networks,” pp. 501-2, J. Wiley & Sons, New York, 1931-35
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The behavior of the phase function may be more clearly seen bv writing equation (96) as

~
2 2
fo-f
(" ) -chan“M-—f-—f—“-
R* = K fF € Mf
S (CX))
_F_ 41/N_1
5 M
T
F
Py
£y .

The total phase lag in radians is given by

f
f M
_ gt o P
6 = Ntan M(f“ f) ) (98)

Phase lag per stage, 6/N, is plotted in Figure 10 as a function of f/f,, for several values of
M. The nominal cut-off points for the case whenF = f are indicated, and it is seen that, in
this case, the departure from linearity of the phase characteristic is not severe within the
pass band. i

]
18
g /_..—'I-D-E
E " //"/u-as
= L L -
e /
f, et M= 0]
2 o W L ‘
P
bodlogf |
0. ///‘!
-0
FARE: [ 2 3

2
T

Figure 10 - Variation of phase angle
with frequency for several valuesof
the parameter M
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Amplifier Build-Up Time

The complex form of the response functicn theoretically may be used to determine output
voltage of the amplifier when the complex frequency spectrum, g(f) et , of the input signal
voltage is known. Thus,

oo

e (©) =J g(fHe) YTR(f)df (99)
(o]

where R*(f) is the complex response function as given above.

A detailed discussion of the relative effects of the amplitude and phase factor functions on
the output voltage function is beyond the scope of this report. It will only be said and illustra-
ted in the Appendix. that the build-up time or time constant of this type of tuned amplifier is
mainly determined by the bandwidth, F, and is not greatly affected by the phase function. Here,
build-up time is defined as the time required for the voltage output to rise from zero to its
steady-state value when a barmonic signal of center frequency is suddenly applied. This time,
T, is roughly given by the relation

1
T =7 (100)

where F is the bandwidth. The time, T, is also approximately the time required for the output
of the amplifier to reach its maximum value when a harmonic signal outside of the pass band
(the d-c signal is a special case of this) is suddenly applied.

The great difficulty in evaluating definite integrals of the type encountered in equation
(99) limits the usefulness of the Fourier integral method for a study of the wansient behavior
of the R-C coupled amplifier. The response functions that may be conveniently handled by this
method are highly idealized and are not usually derived from the physical constants of the
amplifier. Transient behavior in terms of these physical constants may be derived by applica-
tion of classical or operational methods of analysis, although the general formulae so obtained
are usually too complicated to be of much utility in a general investigation of the dependence
of the transient-signal to noise ratio on the parameters of the amplifier. Fortunately the partic-
ular application (such as the type of driving voltage) will often allow suitable approximate
representations and also restrict the range of the pertinent parameters so that graphical or
trial numerical methods may be employed.

Although this report is not primarily concerned with the transient response of amplifiers, an
example will be given of the application of an operational method to the determination of the
amplifier parameters for optimum peak-signal to noise ratio with a particularly simple type of
signal and only one R-C coupled stage.

The trivial results are a consequence of the idealized zero rise time assumed for the signal
voltage. Significant results may be obtained if the assumed signal approximates the actual
signal in its rise and decay characseristics. However, any useful representation generally re-
sults in equations which are difficult to solve except by numerical methods.
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Example of Transient S/N Ratio Analysis

Here the transient-signal to noise ratio is defined as the ratio of the peak output signal
voltage in the absence of noise to the RMS noise voltage output caused by inverse frequency
noise input. A step function will be assumed for signal input and, as will be evident, the results
may be extended to a rectangular pulse of any width. Considering a single amplifier stage and
referring to Figure 11,

fo™ (G iNig (E) Cc

P . — { =

! |

: I

: ..

1 e S

\r'{ﬂ R, e Rg 3 vo (t)

I b3 |

i ' 1

I i

1 |

| 1
>! e

Figure 11 - Equivalent diagram of single R-C stage
for transient analysis
dv'(v) 1 i
Ce—o TRV T gV, (101)
1 v, (¢) dv_(t)
L R SR (102)
de Rgcc dt

where equation 102 represents an approximation permissable because Rg is generally several

times greater than R;.

Taking Laplace transforms of (101) and (102),

1
(cgs +-f;1-)v’(s) = 8 V(S (103)
SV(S) = = S) + SV _(S) (104)
R,Cc V(S) o
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where capital letters are used to represent the transforms of the functions designated by the
corresponding lower case letters. Solving equations (103) and(104) for Vo(S),

Em S

V() =€ 7 1 VS - (105)
. €+RC) (S+RC)
g-c i~g

Now, letting

vg(t)=0, st

(106)
vg(t) =E; =20,
and defining T1, To, and ¢ by
% *RyC. i
To
r= T J
and noting that the wansform of vg(t) as defined by equation (107) is given by
BnR1
Vg(S} R, : (108)

it is seen that

gmR1

E
V9= : — (109)
6+%) (=)
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Now making the inverse transformation,

£ 158
8 R1 £- Ty . e- T2
Vi) =~ E —T ; (110)
T

Equation (110) describes the time response of the amplifier stage to the step function,
vg(t). The response to a rectangular pulse is, by the principle of superposition, given by

Vo{t) 3 oI
(111)
Vo(t) - Vo(t-T) . 12T
where T is the duration of the signal pulse.
Equating the time derivative of V(1) to zero gives
&)
® T ]t
BoeE W, (112)
T2
and the time of peak response as
. Tl L log  r
P - T 103€T—1 T2 Tr-1 (113)
Substituting this expression for ® in equation (108) gives the peak output voltage as
T,
T L
To l-¢
(Volp = 8nERa\T =gy ER1(0) . (114)
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The range of variation of (V_)p with r is seen to be from 0 to g ER, as r varies from 0 to ©.

It is evident that a lower limit must be placed upon r ifia lower limit is to be placed on the gain
of the stage. If, for example, the peak gain is to be £ of the maximum possible gain, then r
must be > 1.

For calculating the absolute noise output in terms of the circuit parameters, the unnormalized
response function must be used. Equation (61), when adjusted by the normalization factor, becomes

£

L
= fH 1
E_ = 0.8675 (4) Yﬂ,‘ ) (115)
but
S i B R
£ s znﬁRch T 2NY3T,
. (116)
M . W ERIRE
£ 2TR,Cy N
so that 1 Ei_
3T
E_ =0.8675A(4) ~ - ¥2nydt, , (117)
or
1
E, = 2.864 ¥, (1.59) T (118)

The ratio of peak-signal output to RMS noise voltage output is now seen to be given by

1
(gl 4 BRI | fimpip wing
E, ~ 2.864 4T, () (1.59) . (119)

Maximizing this expression with respect to r gives a maximum ratio for r = 1. With constant r,

N | il o | wed
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1
the ratio is seen to increase with o Substituting r = 1 in equations (113), (114), and (117)

gives 5
£ = Ta (120)
(Vody 7 BERAE7, (121
and
(VO)P " ngR1 -
£ - zeGav € (L59). (122)

It appears that any desired peak-signal to noise ratio might be attained if T, were made
sufficiently small. The peak output is independent of T, (for constant r), but inverse frequency
noise naturally decreases with decreasing T,. Since t_ decreases with decreasing T,, a finite
rectangular. pulse of any width will offer the same possibility of indefinitely increasing the
peak-signal to RMS noise ratio. These results are a consequence of having assumed a zero
rise time function for the grid signal. If we assume that equations (120), (121), and (122) are
approximately true for steep fronted pulses, with finite rise time, T, it is seen from equation
(120) that a lower limit must be placed on T,. It is easily shown, by considering input signal
functions of the form v _(t) = ct, that the signal output voltage at time, t_, will be roughly two-
thirds of (Vo)P (as given by equation (121)) if tp is made equal to the input pulse rise time, T'.
Where the rate of rise is a function of time, an equivalent rise time may be defined as the time
required for the input signal to reach some fraction (appropriate to the shape of the rise curve)
of its maximum value. In this example a practical lower limit on T, would seem to be given by

Tt =, (123}

and sincer = 1
Ta = E (124)

Equations (107), (123), and (124) may then be used to determine approximately the amplifier
parameters for optimum peak-signal to RMS noise ratio when the noise input is inverse fre-
quency noise, and the other appropriate equations used to predict amplifier behavior. The
example given is artificizl in that a generalized response function has been used for a single
stage of amplification, and is approximate also because formulae based upon an idealized
situation have been assumed useful under modified conditions.

Example of Steady-State S/N Ratio Analysis

The bandwidth of an amplifier designed to amplify steady-state signals is often determined
by considerations of time constant; thus, the band must be wide enough so that changes in the
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amplitude of the signal will be followed with the desired fidelity. Then, equation (100) places
a lower limit on F in terms of build-up time. Since noise decreases as V'F, this lower limit is
the value of F that should be chosen (unless other considerations are invelved). With F thus
determined, f, may then be chosen for maximum S/N ratio.

Let fg be signal frequency, and let the noise, E_, be inverse frequency noise. From equa-
tions (49) and (65), S/N ratio may be written as a function of 5

£
5 ¥id 77 B (125)

where E; is the input signal in volts,

A is the RMS noise voltage per square root cycle at one cps.

Now

2 2 2 i
i f f
E; fF aty (it (s
3ty \E,/)” 0sesavE |

(0 5) =log . 0.5
f F?

(126)

Maximizing with respect to f

iy ()

8 _23""""'_193E Y e

fg 2
W T .
fM~2+2 ' +fs _—0.693 .
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and 3
2 _ 211 1 3 F
£-=f |= + = V1 + 1.442 [— I 127
" . - 2 (fs ) ( )

As a rather extreme numerical example, if F = 5.77f_ then f, = 2f_ for optimum S/N ratio.

Some Applications to the Passive Bearing Finder

Passive bearing finder amplifiers may be divided into two classes, those which must respond
to an isolated signal pulse, and those which amplify a periodic signal. In either case, if the
amplifier employed is of the type considered in this report, the equations derived for RMS noise
output, in terms of the amplifier parameters or operating characteristics, will apply. It is
necessary, of course, to determine or assume the magnitude and nature of the equivalent ampli-
fier input noise.

The situations with respect to signal output are, however, quite different for the two classes
of amplifiers. The response to a steady-state signal is simply given by the response function
while the response to a transient pulse is a function not only of the amplifier stage parameters,
but also of the number of stages and of the shape and time spread of the signal pulse.

In the case of the PBF pulse amplifier, the characteristics of the signal to be amplified are
known or may be determined. Conventional methods of transient analysis will then give the out-
put signal as a time function involving N and the two stage parameters. Peak-to-peak output
may then be plotted as a function of one of these three parameters for various assigned values
of the other two. These curves may then be compared to the appropriate noise output curves,
plotted from the equations derived in this report, to determine by inspection the parameters for
optimum peak-signal to noise ratio. No attempt is made here to determine the parameters for
optimum S/N ratio in the PBF transient amplifier, for considerable labor is required to calculate
peak-to-peak signal response for the various possible values of the parameters, and such an
investigation is beyond the scope of this report.

The periodic or harmonic P BF amplifier is very simply treated analytically, and the results
derived in the example of a steady state S/N ratio analysis may be immediately applied to it.
Signal frequency, f, is 5 cps and the desired time constant of 0.2 second dictates a bandwidth,
F, of 5 cps. The other parameter, F, should then be adjusted for maximum S/N ratio. Noise is
predominately inverse frequency noise. By equation (127),

I~

=
£ 25[

+-%— 1% +1.442] .

L]

25 x 1.281 = 32.05,

S 00 .,
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so that

by 5.66 CPS.

By equation (44),

ty =F =3CES
By equation (48),
2
Hwo, 32850
TSt T 6.4 CPS.

The number of stages, N, is arbitrary so far as S/N ratio is concemed. Having decided on
the N to be used, T and T, may be determined from the curves in Figure 5, and C , Rg’ Co.

R ; chosen in compliance with (11). Plate resistance, r
the relation

P

By equation (125),

(32.05 = 25)

25

Es _ b9 (;’1)

E, 0.8675 V% Al >
5.66

i

Were f,, simply made equal to f , the S/N ratio would be given by

BEC' F.QE?‘:TEB

Wil UL §

E; E
5.66 x .0.946 (0.515){7 =2.76 o .

, is known and R, is then given by

i
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n

and it is seen that the optimum S/N ratio is 7 percent greater than would be obtained by merely
setting f equalto f. :

SUMMARY AND CONCLUSIONS

General

The frequency response of the multistage R-C coupled band pass amplifier, normalized for
unity gain at the frequency of maximum response, may be very closely approximated by a simple
function completely determined by the specification of but two frequency parameters (equation
(39)). The response function is thus independentof the number of amplifier stages when the two
frequency parameters are specified.

These frequency parameters are determined by the two nominal cut-off frequencies, by band-
width and frequency of maximum response, or by bandwidth and center frequency (equations (48)
and (53)). Any of these significant pairs of operating characteristics may therefore be considered
as the specifying frequency parameters for the response function and it is simply expressed in
terms of them (equations (49) and (54)).

The two frequency parameters may be derived from three circuit constants, i.e., the two
stage-time-constants and the number of stages (equation 23 and Figure 5). Conversely, if the
frequency parameters and the number of stages are specified, the amplifier time constants are
determined.

Analytical expressions for integrated noise output and steady-state signal-to-noise ratio in
terms of the noise and signal input, and the two defining parameters of the response function
show that:

(1) For inverse frequency noise, the output noise voltage is inversely proportional to the

frequency of maximum response and directly proportional to the noise input and the square
root of the bandwidth (equations (64), (65), (66)).

(2) For white noise, the noise output is independent of the frequency of maximum response
and proportional to the noise input and the square root of the bandwidth (equations (77), (78),
(79))-

(3) For inverse frequency and white noise, the output noise voltage is given by an expression
involving the inverse frequency and the white noise input, the frequency of maximum response,
and the bandwidth (equations (85), (86), (87)).
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(4) Signal-to-noise ratio for a given amplifier is in each case simply given by the signal
input at maximum response divided by the appropriate expression for the noise output

(equations (69-71), (80-82), (88- 90)).

The complex response functibn involves an additional parameter, the number of stages in
the amplifier (equation (97)).

The difficulty of evaluating Fourier transforms involving the complex response function is
so great that the use of the response function in a transient analysis is not recommended.
However, the results of a transient analysis may well be combined with the equations for inte-
grated noise output obtained by using the amplitude frequency response function.

Conclusions with Regard to the PBF

A quantitative conclusion with regard to the optimum peak-to-peak signal-to-RMS noise
ratio that the simple R-C amplifier might yield when the signal consists of isolated pulses,
requires detailed information regarding the transient response of the amplifier to such signal
pulses for different numbers of stages and for various values of the two stage parameters.
Transient analysis would furnish this information and make it possible to design for peak
performance.

The circuit constants of present periodic PBF amplifiers are sufficiently close to the opti-
mum values so that only a small percentage improvement in S/N ratio could be achieved by
adjustment of the circuit constants.

Only the simple R-C amplifier has been considered in this report. More elaborate amplifiers,
perhaps employing feedback circuits degenerative for signals below signal frequency, might be
designed with a much sharper low frequency cut-off, and such amplifiers should give a somewhat
greater signal-to-noise ratio. However, it appears that unless inverse frequency noise can be re-
duced, substaatial improvemeat in S/N ratio will require a higher signal frequency.

Signal-to-noise ratio should increase directly with signal frequency, that is so long as
inverse frequency noise predominates over white noise. Signal frequency might be increased by:
(1) Using a higher scan rate or some form of optical chopping, either of which would re-

quire faster sensitive elements.

(2) Frequency conversion by chopping the electrical signal or by some other form of modu -
lation.

B 1= 1 L ™ =g
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APPENDIX

Method Used to Estimate Relative Influence of Amplitude
and Phase Characteristics on Amplifier Response Time

Let ﬂie(t) represent the contribution to the time response of the band, Aw, of the amplifier
output spectrum with center angular frequency, ;.

Then

, lQw
B2 i [we- 8(w) ]
A e(e) = Aw)dw € h (128)
Aw
a2

where A(w) is the product of the original amplitude spectrum and the amplitude response func-
tion; 9(w) is the amplifier phase lag as a function of the angular frequency, w; and where, for
convenience, the components of the input signal are assumed to have zero phase at time zero.
Now, if Awis sufficiently small, A(w) may be considered constant and 6(w) represented by

&; i+ t; W, where o is the Bintercept and L the slope of the tangent to the B(w) curve at .
Therefore,

&ie(t) = Re A(w;) €

( A (J aw)
i 63 bl T B

= Re A(w;) €
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or

. A,
m sm-i-%(t-ti} j["“i(t"‘i)' ai]
Biekty =Re M) 5 Fo~ € : (130)
‘_z(t'ti)

Now assume for the moment that the input spectrum has zero phase at t = 0 and constant
amplitude, A du (such would be the case for a pulse much shorter than 1/F and symmetrical
about t = 0), and further that the response function has amplitude unity within the pass band,
zero amplitude elsewhere, and a phase characteristic representable in the pass band by

o + t'B. Itis then seen that the integration indicated in equation (128) may be extended over
the entire pass band to give

sintF(t-t")  j [{do(t—t') - o
e(t) =Re TFA, “7F—ch € (13D)

where W is the center frequency of the pass band. It is seen that with such an idealized
amplitude characteristic and no phase distortion, the envelope rise time is

" Fc' 1
T T T (132)

The effect of phase distortion on the arrival time of the component wave groups is indicated
by equation (130). The time of arrival of the wave group around w; is thus L. The influence on
build-up time of phase distortion may be considered as being roughly the difference in time of
arrival of the most essential frequencies and the first to arrive. Letting T represent this difference,

Teg= el (133)

min

If T > 7, it may be said that response time is determined mainly by bandwidth.

Because of the actual shape of the response function for the R-C amplifier, T was compu-
ted by assuming

T e —t (134)
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where the m subscripts refer to frequency of maximum response and the cU subscripts refer
to the upper cut-off frequency.

As an example of the computation, let F = f  and N = 4. Then, by equation (97), M & 0.5
and t  and t_, may be obtained from the curve in Figure 11. In this case, remembering that
N = 4

4.2 2.2
= — 2 T —

tm nF cu 27F

and

L2
T=%F

Since T = TT, it is proper to say that, in this case, F determines the response time of the

amplifier.
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