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1 SUMMARY

This report summarizes work performed within the DARPA Learning with Less Labels
(LwLL) program, specifically as part of technical area 2 (TA2), which focused on the
development of theoretical bounds on the performance of machine learning systems. In
particular, the goal of this project was to understand the fundamental limits of transfer
learning, where a classifier trained for a first (source) task is modified for a second
(target) task. Ultimately the performance of transfer learning depends on factors such as
(i) the accuracy of the source classifier, (ii) the similarity between source and target
tasks, (iii) the amount of labeled data available for the target task, and (iv) the transfer
learning method. In this context, a theoretical bound on performance would allow us to
determine what is the best possible performance on transfer learning given the amount
data (iii), as a function of factors such as (i) and (ii) and under conditions on the nature
of the transfer learning method. In this project, we developed empirical and theoretical
methods leading to bounds on transfer learning performance.

A summary of the primary accomplishments of the project is as follows:

Statistical minimax bounds for transfer learning: We have developed a variety of
mini-max statistical lower bounds for transfer learning. While there have been many
recent algorithmic advances in this domain, a fundamental understanding of when and
how much one can transfer knowledge from a related domain to reduce the amount of
labeled training data is far from understood. We provide a precise answer to this
question for classification and regression problems by deriving a novel lower bound on
the generalization error that can be achieved by any transfer learning algorithm
(regardless of its computational complexity) as a function of the amount of source and
target samples. Our lower bound depends on a natural notion of distance that can be
easily computed on real-world data sets. Other key features of our lower bound are that
it does not depend on the source/target data distributions and requires minimal
assumptions that enables its application to a broad range of problems. We also
consider a more general setting where there are more than one source domains for
knowledge transfer to the target task and develop new bounds on generalization error in
this setting. We also corroborate our theoretical findings on real image classification
from the LwLL benchmark datasets.

Geometry-based understanding and optimization of practical deep learning
systems: One of the main challenges in achieving a theoretical understanding of
practical machine learning systems is that analysis tools are often limited to simpler
systems (e.g., fewer layers, linearity assumptions, etc.) than those used in practice. In
our research, we have sought to understand complex systems by developing methods
to characterize datasets via graph constructions. Our proposed non-negative kernel
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regression (NNK) graphs connect data examples based on their similarity in any
embedded space (e.g., any layer of a deep network) while eliminating geometric
redundancy. We have used the NNK graph construction to address several problems: i)
we have shown that local graph-based label interpolation is better at estimating how
well a trained network will generalize, ii) clustering based on NNK leads to cluster
centers belong to the data space and can be used for outlier detection, and iii)
geometric metrics derive from NNK can help quantify network invariance and intrinsic
dimension, leading to improved understanding of self-supervised learning.

Analyzing the Performance of Popular Heuristics: We rigorously investigated the
performance of popular heuristics for data reduction, feature learning, and transfer
learning.

Federated Alternate Training for Global Semi-Supervised Federated Learning
(FL): Collaboration between data owners who have labeled data and those who do not
is an important consideration for machine learning tasks. However, most of the current
collaboration (or federated learning) based medical imaging research assumes that
each data silo has ground truth labels for training, which is often not feasible especially
in the medical field due to the high cost and time required to obtain accurate
annotations. To make use of unannotated data silos for model improvement, we
propose an alternative training-based framework called Federated Alternate Training
(FAT). This approach involves training on annotated data silos to learn a reasonable
global segmentation model, while unannotated data silos use the global segmentation
model to generate pseudo labels for self-supervised learning. We show via
experimental results on two naturally partitioned datasets, KiTS19 and FETS2021, that
our proposed approach can outperform the state-of-the-art method.

Statistical Query Lower Bounds and Beyond: We developed the first super-
polynomial Statistical Query (SQ) Lower Bounds for a wide range of fundamental
learning problems in the presence of noisy data. These include the basic problem of
learning a single neuron with adversarial or semi-random noise. Our SQ lower bounds
complement the aforementioned minimax lower bounds established. Additionally, we
established connections between SQ lower bounds and cryptographic hardness,
obtaining reduction-based computational hardness for several of our studied problems.
Finally, in some cases we obtained simple gradient-descent type algorithms nearly
matching our lower bounds.

Approved for Public Release; Distribution Unlimited.
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2 INTRODUCTION

In this section, we give an overview of the problems we tackle in this research project.

While there have been many recent algorithmic advances in the transfer learning
domain, a fundamental understanding of when and how much one can transfer
knowledge from a related domain to reduce the amount of labeled training data is far
from understood. In our research, we provide a precise answer to this question for
classification and regression problems by deriving a novel lower bound on the
generalization error that can be achieved by any transfer learning algorithm (regardless
of its computational complexity) as a function of the amount of source and target
samples.

One of the main challenges in achieving a theoretical understanding of practical
machine learning systems is that analysis tools are often limited to simpler systems
(e.g., fewer layers, linearity assumptions, etc.) than those used in practice. In our
research, we have sought to understand complex systems by developing methods to
characterize datasets via graph constructions. Our proposed non-negative kernel
regression (NNK) graphs connect data examples based on their similarity in any
embedded space (e.g., any layer of a deep network) while eliminating geometric
redundancy.

In this project, we also rigorously analyzed the performance of popular heuristics for
data reduction, feature learning, and transfer learning.

Collaboration between data owners who have labeled data and those who do not is an
important consideration for machine learning tasks. However, most of the current
collaboration (or federated learning) based medical imaging research assumes that
each data silo has ground truth labels for training, which is often not feasible especially
in the medical field due to the high cost and time required to obtain accurate
annotations. To make use of unannotated data silos for model improvement, we
propose an alternative training-based framework called Federated Alternate Training
(FAT).

We developed the first super-polynomial Statistical Query (SQ) Lower Bounds for a
wide range of fundamental learning problems in the presence of noisy data. These
include the basic problem of learning a single neuron with adversarial or semi-random
noise. Our SQ lower bounds complement the aforementioned minimax lower bounds
established.

Approved for Public Release; Distribution Unlimited.
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3 METHODS, ASSUMPTIONS, AND
PROCEDURES

3.1 Approach I: Statistical minimax bound analysis

3.1.1 Contribution I: Minimax lower bound for regression with one-hidden layer
neural networks

In [1], we develop statistical minimax lower bounds for transfer learning in regression
with one-hidden layer neural network models. In this setting, we use least squares loss
for the target error and derive minimax lower bounds for target generalization error over
the class of Gaussian distributions as a function of the number of source and target
samples as well as an appropriate notion of transfer distance.

We evaluate our lower bounds on LWLL challenge data, specifically DomainNet-Clipart
and DomainNet-Sketch as source and target tasks. The derived lower bounds consist of
some data-dependent parameters which need to be estimated.

The problem at hand is classification but the lower bounds are derived for regression
with least squares loss. In order to address the problem, we use one-hot encoded labels
and consider least squares loss.

3.1.2 Contribution II: Minimax lower bound for classification with linear models
and Gaussian distributions

In [2], we focus on transfer learning in binary classification with linear models and
Gaussian features and develop statistical minimax lower bounds in terms of the number
of source and target samples and an appropriate notion of similarity between source
and target tasks. We first define a transfer distance based on the geodesic distance of
the true parameters in the source and target, and then derive minimax lower bound over
Gaussian distributions within a distance.

Next, we evaluate the derived lower bounds on the DomainNet dataset. By plotting the
theoretical lower bounds as well as upper bounds obtained by weighted empirical risk
minimization we investigate the sharpness of the lower bounds. Furthermore, we
investigate that the defined semantic transfer distance conforms with the dataset.

Approved for Public Release; Distribution Unlimited.
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3.1.3 Contribution lll: Minimax lower bound for classification with a general
hypothesis class and general class of distributions

In this work, we study binary classification where the goal is to learn a classifier from an
arbitrary binary hypothesis class with finite VC dimension and also develop extensions
to multiclass classification. This covers most contemporary classification models
including training deep neural networks for classification tasks. In this setting, we first
define a natural notion of similarity between source and target tasks via the
performance of the best source hypothesis on the target task. Then equipped with this
notion of similarity, we derive a statistical minimax lower bound on the target
generalization error in terms of the number of labeled data from source and target tasks
as well as the VC dimension of the hypothesis class for binary classification and
Natarajan dimension for multiclass classification and the similarity between source and
target tasks. Furthermore, we extend this result to the case where there are multiple
sources with different similarity to the target. Our results demonstrate that sources with
high similarity to the target are more effective at reducing the target generalization error.
Indeed, a key feature of our result is that our lower bounds can be easily and efficiently
computed on real data sets and applied to a broad class of practical settings.

3.2 Approach Il: Geometry-based understanding and
optimization of practical deep learning systems

3.2.1 Contribution I: NNK Graph Construction

NNK graph constructions are initialized with conventional k nearest neighbor (KNN)
graphs based on a suitable similarity metric between nodes (data points). Thus, an
initial KNN graph can be built for any available data representation. The NNK procedure
essentially recomputes the edge weights obtained from KNN to eliminate “geometrically
redundant” connections. Our idea is based on framing the graph construction as a
signal representation problem, where enforcing orthogonality among the atoms used in
the approximation (the set of neighbors) is equivalent to removing connections.

3.2.2 Contribution Il: Local graph-based label interpolation and generalization

When applied to the penultimate layer of a neural network (before the fully connected
layer), NNK provides for each point a list of its closest non-redundant neighbors along
with their respective weights. We have proposed a local label interpolation along with its
theoretical analysis. The basic idea is to use the labels of the NNK neighbors of one
point to estimate the label of that point. Our theoretical model relates the performance
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of this technique to properties of the NNK neighborhood, e.g., the diameter of the NNK
polytope.

3.2.3 Contribution lll: NNK-Means clustering and outlier detection

A major challenge in understanding the performance of modern ML systems is the lack
of structure in the training of datasets used for training. These datasets are increasingly
large (millions of objects) and diverse (high-level semantic classes with high variation in
their content). Thus, while increasing the amount of training data continues to be a
sound design strategy, there may be underlying biases in the data that are hard to
detect. For example, in a pre-trained system exposed to real data, there can be drifts in
the real input that are hard to detect, other than by observing degradation in
classification performance. To address this problem, we have developed a clustering
method, NNK-Means [15], based on the NNK graph construction.

3.2.4 Contribution IV: Manifold Graph Metrics (MGM), intrinsic dimension and
invariance

We have developed a set of manifold graph metrics (MGMs) based on the NNK graph
construction. These are local measurements, such as number of neighbors or polytope
diameter, that vary depending on the intrinsic dimension of the embedded space [16].
By intrinsic dimension we mean the local dimension of the data manifold, which is
generally (much) lower than the dimension of the ambient space (the dimension of the
feature vectors).

We have applied these ideas to analyze self-supervised learning (SSL) systems [17]. In
an SSL system, a network is trained without labels, using instead data augmentations.

3.3 Approach lll: Analyzing the performance of popular
heuristics

In this project, we also rigorously analyzed the performance of popular heuristics for
data reduction, feature learning, and transfer learning.

3.3.1 Contribution I: Feature learning via gradient descent with applications to
transfer learning

Significant theoretical work has established that in specific regimes, neural networks
trained by gradient descent behave like kernel methods. However, in practice, it is

known that neural networks strongly outperform their associated kernels by learning
data-dependent features. In [18] we explain this gap by demonstrating that there is a
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large class of functions that cannot be efficiently learned by kernel methods but can be
easily learned with gradient descent on a two-layer neural network outside the kernel
regime by learning representations that are relevant to the target task. We also
demonstrate that these representations allow for efficient transfer learning, which is
impossible in the kernel regime.

3.3.2 Contribution II: Feature learning in transformers via prompt-tuning

Prompt-tuning is an emerging strategy to adapt large language models (LLM) to
downstream tasks by learning a (soft-)prompt parameter from data. Despite its success
in LLMs, there is limited theoretical understanding of the power of prompt-tuning and the
role of the attention mechanism in prompting. In [19], we explore prompt-tuning for one-
layer attention architectures and study contextual mixture models where each input
token belongs to a context-relevant or -irrelevant set. We isolate the role of prompt-
tuning through a self-contained prompt-attention model.

3.4 Approach IV: Collaboration between Annotated and
Unannotated Data Silos

In this project, we also studied the performance of transfer learning, and semi-
supervised learning in a data heterogeneous setting of Federated Learning (FL).

3.4.1 Contribution I: Transfer Learning in FL for non-lID data distribution

Pre-training is a well-explored technique for training machine learning models in
Centralized Learning (CL) settings [3]. Model initialization with a pre-trained model has
been shown to enhance the generalizability and accuracy of models in CL. In our recent
work [4], we consider it for the challenging setting of FL where data can be scarce and
non-lID across silos such as medical datasets. We evaluate the benefit of pre-trained
model initialization on two naturally partitioned medical datasets, KiTS19 [5] and
FETS2021 [6], and show that pre-training closes the accuracy gap between federated
Learning and its counterpart centralized learning by a significant margin.

3.4.2 Contribution lI: Federated Alternate training to leverage Unannotated Data
Silos in FL

In recent years, Federated Learning (FL) has been widely explored for medical
applications [7]. However, most current works focus on supervised federated learning
where all silos have pixel-wise annotations available. In practical scenarios, pixel-level
label acquisition for massive medical imaging datasets requires a radiologist expert and
therefore, can be time-consuming and expensive, so not all silos can afford it. Examples
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are silos from rural regions with limited expert resources. It has motivated us to study
the research question: How can a server leverage unannotated data silos, that have no
labeled data, along with a few labeled data silos in a realistic non-independent and
identical (non-1ID) data distribution-based FL regime to improve the global model
performance. Further, we focus on a more realistic scenario where the number of
unannotated data silos can be larger than the annotated data silos.

3.5 Approach V: Statistical Query Complexity and Beyond

In this project, we analyzed the Statistical Query complexity of a range of fundamental
learning problems, most notably in the presence of various types of noise. For some of
these problems, we also developed nearly matching efficient algorithms based on
gradient descent.

The family of Statistical Query (SQ) algorithms is a natural and well-studied class of
algorithms encompassing essentially all known techniques in machine learning. Lower
Bounds in the SQ model provide strong evidence of hardness, or more precisely the
existence of statistical-computational tradeoffs for the underlying learning problem. In a
sequence of works, we developed a unified set of techniques that led to the first super-
polynomial SQ lower bounds for several fundamental learning problems — most notably
in the presence of noise. Interestingly, some of these problems turn out to be easy in
the presence of clean data, but become significantly more challenging computationally
when the data is noisy. Different types of noise have been explored ranging from
random to adversarial.

While the main focus of this approach was to establish lower bounds in the SQ and
related models, in some cases we were able to obtain simple efficient algorithms that
nearly match our lower bounds.
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4 RESULTS AND DISCUSSION

4.1 Approach I: Statistical minimax bound analysis

Our specific contributions/results are described below.

4.1.1 Contribution I: Minimax lower bound for regression with one-hidden layer
neural networks:

In [1], we develop statistical minimax lower bounds for transfer learning in regression
with one-hidden layer neural network models. Based on the transfer distance between
source and target, the derived lower bounds consist of three different regimes, namely
high similarity, moderate similarity, and low similarity. In the low similarity regime, the
lower bound only depends on the number of samples available from the target which
means that the source samples are useful only up to a point, and beyond that point
increasing the number of source samples does not decrease the target generalization
error. On the other hand, in the high similarity regime, both source and target samples
play an important role in decreasing the target generalization error. The moderate
regime interpolates the two extreme regimes.

We evaluate our lower bounds on LWLL challenge data, specifically DomainNet-Clipart
and DomainNet-Sketch as source and target tasks. The derived lower bounds consist of
some data-dependent parameters which need to be estimated. The estimated
parameters on the data reveal that the source and target lie in the low similarity regime
and hence the lower bound is only a function of the number of target samples.

The problem at hand is classification but the lower bounds are derived for regression
with least squares loss. In order to address the problem, we use one-hot encoded labels
and consider least squares loss. Fig 1 plots the lower bound in terms of L2 target
generalization error as a function of the number of target samples. Since the source and
target are in the low similarity regime, the lower bound does not depend on the number
of source samples. Fig 2 plots an upper bound obtained by simply minimizing the
empirical risk over target samples.

Approved for Public Release; Distribution Unlimited.
9



0.6

¢, Target generalization error

0.55

0 0.5 1 1.5 2 2.5

Number of target samples 10*

Figure 1. Theoretical lower bound on target generalization error (measured in Euclidean distance
between the output of the algorithm and the one-hot encoded labels) as a function of the number of target
samples for DomainNet dataset.
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Figure 2. Upper bound on target generalization error (measured in Euclidean distance between

the output of the algorithm and the one-hot encoded labels) as a function of the number of target

samples for DomainNet dataset. The upper bound is obtained by simply minimizing the empirical
risk over target samples.

4.1.2 Contribution II: Minimax lower bound for classification with linear models
and Gaussian distributions

In [2], we focus on transfer learning in binary classification with linear models and
Gaussian features and develop statistical minimax lower bounds in terms of the number
of source and target samples and an appropriate notion of similarity between source
and target tasks. Similar to the previous result, lower bounds consist of different
regimes. When the distance of source and target tasks is high the corresponding lower
bound is only a function of the target samples indicating that the target error is
determined by the number of target samples and source samples are useful only up to a
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point. On the other hand, in the regime where the distance between the source and the
target is low the target error depends on both the number of source and target samples
which demonstrates that source samples are useful when source is similar to the target.

Next, we evaluate the derived lower bounds on the DomainNet dataset. By plotting the
theoretical lower bounds as well as upper bounds obtained by weighted empirical risk
minimization, we investigate the sharpness of the lower bounds. Furthermore, we
investigate that the defined semantic transfer distance conforms with the dataset.

We first pick three pairs of source and target tasks as described in Table 1. Then we
extract features of dimension 2048 by passing the raw images through a ResNet50
network pre-trained on Imagenet. Then we train linear networks separately for source
and target tasks. Using the estimated parameters, we calculate the semantic distance
for each pair as shown in Table 1. To find the corresponding upper bounds, we run
weighted empirical risk minimization.

Table 1. Three pairs of source and target tasks along with corresponding semantic distance

Tasks Transfer distance
Target: Clock vs. Ambulance (Clipart) -

Sourcel: Clock vs. Ambulance (Sketch) 0.35

Source2: Clock vs. apple (Sketch) 0.41
Source3:apple vs. animal-migration (Sketch) 0.48

As Table 1 shows, the pair (Source1, Target) has the lowest transfer distance among
other pairs since both the source and target share the same objects, namely Clock and
Ambulance. The semantic distance of pair 2 is less than that of pair 3 because in pair 2
the source and target share at least one common object which is Clock.

Fig 3 demonstrates that pairs with small semantic distance have lower target
generalization error when the number of target samples is small. Because source
samples would be more useful and compensate for the target samples.
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Figure 3. Theoretical lower bound along with upper bounds for three pairs of source and target obtained

by weighted empirical risk minimization.

4.1.3 Contribution lll: Minimax lower bound for classification with a general
hypothesis class and general class of distributions

In summary our key contributions are as follows:

We develop a novel statistical minimax lower bound on the generalization error that
can be achieved for binary classification by any transfer learning algorithm as a
function of the amount of source and target samples and a natural notion of similarity
between source and target tasks.

We also develop extensions of our result for multiclass classification problems based
on a generalization of the VC dimension called Natarajan dimension.

A key feature of our lower bound (including our notion of similarity) is that it can be
easily computed on real world data sets. Furthermore, our lower bounds hold for any
source/target distribution and apply with minimal assumptions to a wide variety of
contemporary learning models including deep neural networks.

We investigate the sharpness of our lower bounds and demonstrate their utility via
experiments on action recognition and image classification.

Experiments on LWLL challenge data in binary classification:

Plotting the lower bounds requires estimating some parameters such as the semantic
transfer distance, VC dimension, etc. By estimating the parameters for different pairs of
tasks, we first plot the lower bounds and then by running weighted empirical risk
minimization investigate the sharpness of the bounds. We also investigate the
effectiveness of different source tasks with different transfer distances on the target
generalization error.
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Binary Action Recognition. We first perform experiments on the UCF101 action
recognition data set. We pick CricketBowling and TableTennis videos from UCF101 as
the target task as well as three different pairs of classes as the source tasks: 1-
CricketBowling and BaseballPitch, 2- Cricketshot and Archery, 3- BasketballDunk and
Basketball. We pass the videos through an i3d network pre-trained on kinetics400 with
the fully connected top classifier removed and extract the corresponding features of
dimension 2048 from the raw videos. We then work with the extracted features instead
of the raw videos.

We then train a one hidden layer neural network with 15 hidden units and ReLU
activation functions for each pair of data sets. Table 2 consists of test accuracies on the
target task, i.e., CricketBowling vs. TableTennis, for three networks trained on source
tasks. We use these accuracies for deriving the corresponding lower bounds.
Furthermore, we run weighted empirical risk minimization as a simple transfer learning
approach to find some upper bounds on the target generalization error.

Table 2. Three pairs of source and target tasks from UCF101 data set on action recognition along with
corresponding transfer distances.

Task Target test accuracy for || p(Source, Target)
source network

Target: CricketBowling vs. TableTennis - -
Sourcel: CricketBowling vs. Baseball Pitch 0.946 0.054

Source2: Cricketshot vs. Archery 0.61 0.39
Source3: BasketballDunk vs. Basketball 0.52 0.48

Results on binary action recognition. As it can be observed in Table 2, the pair of
Source1 and Target has the lowest transfer distance among other pairs since both of
the source and target tasks share the same class which is CricketBowling. Furthermore,
this column determines which pairs are more suitable for transferring the source
knowledge to the target. Then in Figure 4b we plot the lower bounds along with the
upper bounds obtained via empirical risk minimization. Fig 4b shows that when the
distance of a source from the target is small it would be more effective in achieving
small target generalization error.

Approved for Public Release; Distribution Unlimited.
13



%1073

10 --LBnd (Sourcel-Target)
i b ~LBnd (Sourcel-Target) = 0.4 ~-LBnd (Source2-Target)
8 i ~LBnd (Source2-Target) I --LBnd (Source3-Target)
= ~LBnd (Source3-Target) L;j 0.3 A —UBnd (Sourcel-Target)
= e —UBnd (Source2-Target)
= 9 0.2 —UBnd (Source3-Target)
) oo v
80 & A UBnd (Target)
3 < Mo ow
= = 0.1 \-A Y \/f‘ \ A\ /‘\/\‘»/\/\ur\A
8 . 0
20 40 60 20 40 60
Number of Target Samples Number of Target Samples
(a) Theoretical lower bounds (b) Lower and upper bounds

Figure 4. (a) depicts the lower bounds for three pairs of source and target tasks on action
classification. (b) depicts the lower bounds along with the upper bounds obtained via weighted
empirical risk minimization.

Binary Image Classification. Here we focus on image classification tasks and
recognize appropriate pairs of tasks that are suitable for transfer learning. We choose
three pairs of source and target tasks based on Table 3 and then extract the features
using a ResNet50 network pre-trained on Imagenet. We train a one hidden layer neural
network with 15 hidden units and ReLU activation functions for each of pairs of the
tasks. Table 3 demonstrates the results. We also run weighted empirical risk
minimization for finding upper bounds for the pairs of the source and target.

Table 3. Three pairs of source and target tasks from DomainNet data set on image classification. The
second column consists of target test accuracies for source networks. The third column consists of
transfer distances for each pair of source/target.

Task Target Test Acc Transfer Distance
Target: Clock vs. Ambulance (Sketch) - -

Sourcel: Clock vs. Ambulance (Clipart) 0.916 0.084

Source2: Clock vs. Crow (Clipart) 0.7 0.3

Source3: Crow vs. House (Clipart) 0.65 0.35

Results on binary image classification. We plot the lower bounds in Fig 5a and the
corresponding upper bounds obtained by weighted empirical risk minimization in Fig 5b.
One can see that sources that are closer to the target according to our notion of
distance are more effective in achieving small target generalization error.
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Figure 5. (a) depicts the lower bounds for three pairs of source and target tasks on image
classification. (b) depicts the lower bounds along with the upper bounds obtained via weighted
empirical risk minimization.

4.2 Approach ll: Geometry-based understanding and
optimization of practical deep learning systems

4.2.1 Contribution I: NNK Graph Construction

Our idea is based on framing the graph construction as a signal representation problem,
where enforcing orthogonality among the atoms used in the approximation (the set of
neighbors) is equivalent to removing connections. This idea is illustrated in Figure 6,
where among the neighbors of a specific data point i, only those points that are closest
along the same direction are connected, i.e., the blue nodes remain connected, while
the orange nodes are disconnected.

Figure 6. Framing the graph construction as a signal representation problem, where
enforcing orthogonality among the atoms used in the approximation (the set of neighbors) is
equivalent to removing connections.

In our work, we use multiple representations for each data point, and, in particular, we
construct separate graphs corresponding to the same set of data points with their
representation at the outputs of each layer in a neural network. This allows us to
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compare how the relative positions of the points evolve during training (across epochs)
and as part of the feature extraction (across layers). The key benefit of the NNK
construction is its geometric interpretation, which allows us to compare graphs obtained
from the same data in different embedded spaces, while also providing insights into the
intrinsic dimensions of the dataset. Specifically, since redundant connections (see
Figure 6) are removed the number of NNK neighbors given a sufficiently large value k in
the KNN initialization is a function of the intrinsic dimension of the data (given large
enough k more NNK neighbors means higher intrinsic dimension). More details on the
NNK construction can be found in [12].

4.2.2 Contribution Il: Local graph-based label interpolation and generalization

When applied to the penultimate layer of a neural network (before the fully connected
layer), NNK provides for each point a list of its closest non-redundant neighbors along
with their respective weights. We have proposed a local label interpolation along with its
theoretical analysis. The basic idea is to use the labels of the NNK neighbors of one
point to estimate the label of that point. Our theoretical model relates the performance of
this technique to properties of the NNK neighborhood, e.g., the diameter of the NNK
polytope. As a practical application, we develop a leave-one-out performance estimator,
where we determine if the (known) label of the point at the center of a polytope can be
correctly interpolated from its neighbors’ labels. Our experimental results show that this
leave-one-out technique provides more reliable estimates of generalization performance
[13]. This result can be used to improve training and reduce overfitting. In particular,
when comparing the error resulting from using the fully connected layer for classification
to the error resulting from the leave-one-out local interpolation, we have observed that
the two errors are similar in general, but the estimated leave-one-out error is larger
under overfitting conditions. Thus, one can change training conditions or network
parameters when overfitting is detected using this method, without a need to use a
separate validation set. Additionally, local graph constructions can be applied channel-
wise to help understand whether channels in convolutional neural network capture
redundant information [14].

The key insight behind this result can be understood by noting that the fully connected
layers use many parameters to describe class boundaries. Thus, even if the data
embedding does not clearly separate data points from different labels (e.g., a node has
NNK neighbors corresponding to multiple different labels), a class boundary with a
sufficiently large number of parameters can achieve good performance on the training
set. In contrast, local interpolation can directly characterize the class separation
achieved with a given embedding since it has no additional parameters optimized for
classification. Instead, the estimated label is based on the relative position of a node
with respect to its neighbors and their respective labels. Thus, the labels obtained from
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local interpolation are more stable under perturbations of the input than those obtained
from a complex optimized boundary, and we may expect better estimates of
generalization performance from local interpolation.

4.2.3 Contribution lll: NNK-Means clustering and outlier detection

A major challenge in understanding the performance of modern ML systems is the lack
of structure in the training of datasets used for training. These datasets are increasingly
large (millions of objects) and diverse (high-level semantic classes with high variation in
their content). Thus, while increasing the amount of training data continues to be a
sound design strategy, there may be underlying biases in the data that are hard to
detect. For example, in a pre-trained system exposed to real data, there can be drifts in
the real input that are hard to detect, other than by observing degradation in
classification performance.

To address this problem, we have developed a clustering method, NNK-Means [15],
based on the NNK graph construction. In NNK-Means, given the current set of cluster
centers, an input is assigned to a subset of clusters using the NNK graph construction.
Because the NNK weights are non-negative and the selected clusters are not
geometrically redundant, the resulting clusters provide a better approximation than K-
Means clustering (each point assigned to more than one cluster center) while selecting
cluster centers that remain in the data space (unlike in the case of dictionary learning).
One concrete practical use of these clusters is in outlier detection for cases where data
may be experiencing drift. In this case, we assign new data received in real time to the
pre-design clusters. The resulting assignment weights can be interpreted as a
measurement of how well the new data fits the existing model, represented by the
cluster centers.

4.2.4 Contribution IV: Manifold Graph Metrics (MGM), intrinsic dimension and
invariance

We have developed a set of manifold graph metrics (MGMs) based on the NNK graph
construction. These are local measurements, such as number of neighbors or polytope
diameter, that vary depending on the intrinsic dimension of the embedded space [16].
By intrinsic dimension we mean the local dimension of the data manifold, which is
generally (much) lower than the dimension of the ambient space (the dimension of the
feature vectors).

We have applied these ideas to analyze self-supervised learning (SSL) systems [17]. In
an SSL system, a network is trained without labels, using instead data augmentations.
For example, for an image processing task, one can use images and rotated versions of
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the original images. The network is trained to discriminate among different images while
keeping the distance between an image and its augmentation as small as possible. This
type of training aims to ensure that the network has built-in invariance with respect to
the augmentation (e.g., rotation).

In the example in Figure 7 below, we show how the NNK construction can shed some
light on this process. We create NNK polytopes with an image and all its augmentations,
all of them represented in the embedded space obtained via SSL. The diameter of
these NNK polytopes captures the degree of invariance of the network (smaller
diameter implies more invariance or less equivariance). As can be seen in Figure 7, in
the few-shot object classification (where invariance to rotation is important) those SSL
networks with better invariance (lower equivariance) perform better. This is in contrast
with a surface normal estimation task, where rotation should affect the result and thus
better performance can be achieved with less invariance to rotation.
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Figure 7. Accuracy versus rotation equivariance in few-shot object classification and surface normal
estimation tasks.
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4.3 Approach lll: Analyzing the performance of popular
heuristics

In this project, we also rigorously analyzed the performance of popular heuristics for
data reduction, feature learning, and transfer learning. Our specific contributions/results
are described below.

4.3.1 Contribution I: Feature learning via gradient descent with applications to
transfer learning

Significant theoretical work has established that in specific regimes, neural networks
trained by gradient descent behave like kernel methods. However, in practice, it is
known that neural networks strongly outperform their associated kernels by learning
data-dependent features. In [18] we explain this gap by demonstrating that there is a
large class of functions that cannot be efficiently learned by kernel methods but can be
easily learned with gradient descent on a two-layer neural network outside the kernel
regime by learning representations that are relevant to the target task. We also
demonstrate that these representations allow for efficient transfer learning, which is
impossible in the kernel regime.

Specifically, we consider the problem of learning polynomials which depend on only a
few relevant directions, i.e., of the form f,(x) = g(Ux) where U: R » R" with d 2 7.
When the degree of f, is p, it is known that n « dp samples are necessary to learn f, in
the kernel regime. Our primary result is that gradient descent learns a representation of
the data which depends only on the directions relevant to f,. This results in an improved
sample complexity of n « dr? + drp. Furthermore, in a transfer learning setup where the
data distributions in the source and target domain share the same representation U but
have different polynomial heads, we show that a popular heuristic for transfer learning
has a target sample complexity independent of d.
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4.3.2 Contribution II: Feature learning in transformers via prompt-tuning

Prompt-tuning is an emerging strategy to adapt large language models (LLM) to
downstream tasks by learning a (soft-)prompt parameter from data. Despite its success
in LLMs, there is limited theoretical understanding of the power of prompt-tuning and the
role of the attention mechanism in prompting. In [19], we explore prompt-tuning for one-
layer attention architectures and study contextual mixture models where each input
token belongs to a context-relevant or -irrelevant set. We isolate the role of prompt-
tuning through a self-contained prompt-attention model. Our contributions are as
follows: (1) We show that softmax-prompt-attention is provably more expressive than
softmax-self-attention and linear-prompt-attention under our contextual data model. (2)
We analyze the initial trajectory of gradient descent and show that it learns the prompt
and prediction head with near-optimal sample complexity and demonstrate how the
prompt can provably attend to sparse context-relevant tokens. (3) Assuming a known
prompt but an unknown prediction head, we characterize the exact finite sample
performance of prompt-attention which reveals the fundamental performance limits and
the precise benefit of the context information. We also provide experiments that verify
our theoretical insights on real datasets and demonstrate how prompt-tuning enables
the model to attend to context-relevant information.

4.4 Approach IV: Collaboration between Annotated and
Unannotated Data Silos

In this project, we also studied the performance of transfer learning, and semi-
supervised learning in a data heterogeneous setting of Federated Learning (FL). Our
specific contributions/results are described below.

4.4.1 Contribution I: Transfer Learning in FL for non-lID data distribution

Pre-training is a well-explored technique for training machine learning models in
Centralized Learning (CL) settings [3]. Model initialization with a pre-trained model has
been shown to enhance the generalizability and accuracy of models in CL. In our recent
work [4], we consider it for the challenging setting of FL where data can be scarce and
non-lID across silos such as medical datasets. We evaluate the benefit of pre-trained
model initialization on two naturally partitioned medical datasets, KiTS19 [5] and
FETS2021 [6], and show that pre-training closes the accuracy gap between federated
Learning and its counterpart centralized learning by a significant margin.
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4.4.2 Contribution ll: Federated Alternate training to leverage Unannotated Data
Silos in FL

In recent years, Federated Learning (FL) has been widely explored for medical
applications [7]. However, most current works focus on supervised federated learning
where all silos have pixel-wise annotations available. In practical scenarios, pixel-level
label acquisition for massive medical imaging datasets requires a radiologist expert and
therefore, can be time-consuming and expensive, so not all silos can afford it. Examples
are silos from rural regions with limited expert resources. It has motivated us to study
the research question: How can a server leverage unannotated data silos, that have no
labeled data, along with a few labeled data silos in a realistic non-independent and
identical (non-1ID) data distribution-based FL regime to improve the global model
performance. Further, we focus on a more realistic scenario where the number of
unannotated data silos can be larger than the annotated data silos.

To leverage the unannotated data silos to improve modeling, most existing works [8]
use variants of federated averaging [9] where all silos participate at each training round.
Contrary to these approaches, we propose an alternate training-based framework,
Federated Alternate Training (FAT), that alters training between annotated data silos
and unannotated data silos. This idea is inspired by work [10], where they assume the
server has access to IID annotated data. However, in our work, we use a more realistic
and challenging scenario for medical imaging where the server does not have access to
any data, but a few silos may have labeled but non-IID data available. In FAT, as shown
in Figure 8, annotated data silos exploit high-quality annotations to learn a reasonable
global segmentation model. Once the server receives the model weights from the
annotated data silos {6, 92, ..., 85}, it aggregates the model weights obtained from the

supervised silos, Y3 _ (Hk) and send it to unannotated data silos. Meanwhile,

=1 Z
unannotated data silos use the global segmentation model as a target model to
generate pseudo labels for self-supervised learning. For self-supervised learning, we
leverage mixup data augmentation, x’ = Ax; + (1 — A) x, , to perturb the two input
images x;and x,, where 1 € (0,1) and is a hyperparameter. We use Dice and cross-
entropy loss as our consistency loss. To keep self-supervised learning stable, we also
leverage the exponential moving average where the global model (9) is updated via the
exponential moving average of the local student model (¢),6 = 70 + (1 — 17)¢& . After
the unannotated data silos send the model weights to the server, the server aggregates

the model weights, ¥ _ 5+12K (ek) and sends them to annotated data silos for

further training.
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Figure 8. The proposed Federated Alternate Training (FAT) framework, where we alternate training
between Annotated Data Silos and Unannotated Data Silos. The Annotated Data Silos follow a
supervised training module with ground truth labels available. The Unannotated Data Silos follow a
bootstrapping-based self-supervised training module where the target model generates pseudo labels,
y, for the self-supervised learning and uses exponential moving average (EMA) for the model updates.

Results. To evaluate our proposed framework, we used a federated version of KiTS19
dataset given in [7] work, where we used 6 silos as training silos and the rest of the silos
were used as test silos. To report transfer learning results, we compare random model
initialization versus pre-trained model initialization. We use a model pretrained on LiTS
dataset [11]. As shown in Figure 9a, we observe that the tumor dice score gap between
centralized learning and federated learning drops from 3.3% to 1.1% on the tumor
segmentation task. This highlights the significance of transfer learning in the data
heterogeneous setting of FL. Next, we evaluate our proposed framework FAT in a
setting where two silos have annotations available and four silos do not have
annotations. First, we compare our results to the setting where we only exploit the two
silos that have annotations available. As can be seen from Figure 9b, we achieve a gain
of 17.7% by leveraging unannotated data silos. Further, we compare our method to the
state-of-the-art algorithm [8] to leverage unannotated data silos. We outperform the
SOTA method [8] by achieving a 10.2% higher tumor dice score on the tumor
segmentation task. This shows the significance of alternate training in a label-
heterogeneous setting of FL.
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4.5 Approach V: Statistical Query Complexity and Beyond

Our specific contributions/results are described below.

4.5.1 Contribution I: Statistical Query Lower Bounds for Supervised Learning with
Noise

SQ Lower Bounds for Learning Simple Neural Networks

In [20], we studied the fundamental problem of learning one-hidden layer neural
networks (without noise), where the coefficients and the weight vectors are unknown.
We focused on the simple case where the distribution over features is well-behaved,
namely the features follow the Gaussian distribution. This is arguably the simplest
possible distributional assumption that appeared to be amenable to efficient algorithms.
This work established two main results. On the lower bound side, we gave an SQ lower
bound suggesting that any algorithm for this problem requires time at least d*, where d
is the dimension and k is the number of hidden units. On the positive side, we gave an

efficient algorithm that beats our lower bound if the coefficients in the linear combination
are assumed to be non-negative.
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SQ Lower Bounds for List-decodable Linear Regression

In [21], we showed near-optimal SQ lower bounds for the problem of list-decodable
linear regression. The setup is as follows: We are given a dataset of size nin d
dimensions a parameter 0< alpha<1/2 with the promise that alpha-fraction of these
points are i.i.d. samples from an unknown (target) linear regression model. No
assumptions are made on the remaining points, which could be selected even
adversarially. This setting models situations where the clean data is the minority of the
given dataset, and has been extensively studied recently due to its applications (e.g., to
data poisoning attacks in ML) and its connection to mixture models. In the list-
decodable setting, the goal is to output a small list of candidate solutions with the
guarantee that at least one of them is a good approximation to the target. Prior work
had developed algorithms for list-decodable linear regression with sample and time
complexity d"@Pha_QOn the other hand, d/alpha samples information-theoretically suffice
to solve the problem (ignoring runtime). We show that this sample-time tradeoff is
essentially optimal, but establishing a matching SQ lower bound for the problem.

SQ and Cryptographic Hardness for Learning with Adversarial Label Noise

In a sequence of works, we established optimal SQ lower bounds and related
cryptographic hardness for learning various simple supervised models with adversarial
label noise. Interestingly, the cryptographic hardness reductions were inspired by the
SQ-hard instances. In [22], we showed that the problems of learning linear threshold
functions and RelLUs to optimal accuracy of OPT+eps in the agnostic learning model
(i.e., with adversarial label noise) requires time d'é?s, even if the distribution on features
is Gaussian. These lower bounds qualitatively matched known algorithms for these
problems. Subsequently, in [23], we developed a convex duality framework that allows
us to show the following: for essentially {\em any} class of functions, polynomial
regression is optimal (within the class of SQ algorithms) for agnostic learning under the
Gaussian distribution. In [24], we developed super-polynomial SQ lower bounds for
agnostically learning a single neuron in the distribution-free setting. Importantly, these
lower bounds rule out even {\em approximate} learners. Inspired by these SQ lower
bound constructions, in [25] we showed that these problems are computationally hard
under the widely believed hardness of the Learning with Errors (LWE) problem.

SQ and Cryptographic Hardness for Learning with Semi-Random Label Noise

The preceding works established SQ hardness for basic learning problems under the
assumption that a small constant fraction of the labels has been corrupted adversarially.
This adversarial contamination may be too pessimistic in some scenarios. Hence, it is
natural to ask how the complexity of these problems changes in the presence of semi-
random noise. For example, suppose that the label of each example is perturbed
independently with some small instance-dependent probability. While this noise model
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may appear innocuous, it turns out that computational limits show up for a number of
basic problems. In [26], we give the first super-polynomial SQ lower bounds for learning
halfspaces in this semi-random noise model. Our lower bound essentially matches
previous algorithms established by the co-PI Diakonikolas and collaborators. More
recently, in [27], we leveraged this SQ-hard construction to obtain a computational
hardness result for this problem, under the assumed hardness of LWE. These two
works [26, 27] nearly characterize the complexity of learning halfspaces with semi-
random label noise, resolving a longstanding open problem in the theory of machine
learning. These ideas also led to qualitatively similar hardness results for more general
neurons, including ReLUs.

4.5.2 Contribution IlI: Efficient Gradient-descent-based Algorithms

In [28, 29], we gave a gradient-descent-based algorithm for agnostically learning ReLUs
within error O(OPT}+eps under all log-concave distributions. Recall that achieving error
OPT+\eps is computationally hard (as shown in our aforementioned work). Essentially
what we show here is that if we relax the desired error by a small constant factor,
efficient algorithms exist. Our approach leveraged a natural non-convex relaxation of
the problem. Finally, in [30] we gave an efficient algorithm ReLU regression with semi-
random noise in the distribution-free setting.
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5 CONCLUSIONS

In the Statistical Minimax Bound Analysis approach, we developed minimax lower
bounds for regression with one-hidden layer neural networks; for classification with
linear models and Gaussian distributions; and for classification with a general
hypothesis class and general class of distributions.

In the Geometry-based Understanding and Optimization of Practical Deep Learning
Systems approach, our contributions are NNK graph construction, local graph-based
label interpolation and generalization, NNK-Means clustering and outlier detection, and
developing manifold graph metrics (MGMs) based on the NNK graph construction.

In the Analyzing the Performance of Popular Heuristics approach, we rigorously
investigated the performance of popular heuristics for data reduction, feature learning,
and transfer learning.

In the Collaboration between Annotated and Unannotated Data Silos approach, we
studied the performance of transfer learning, and semi-supervised learning in a data
heterogeneous setting of Federated Learning (FL).

In the Statistical Query Complexity and Beyond approach, we analyzed the Statistical
Query complexity of a range of fundamental learning problems, most notably in the
presence of various types of noise. For some of these problems, we also developed
nearly matching efficient algorithms based on gradient descent.
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Lists of Symbols, Abbreviations and Acronyms

CL Centralized Learning
EMA Exponential Moving Average
FAT Federated Alternate Training
FETS2021 Federated Tumor Segmentation Challenge 2021
FL Federated Learning
1D Independent and Identically Distributed
KiTS19 Kidney Tumor Segmentation Challenge 2019
KNN k Nearest Neighbor
L2 Least Square Error Loss
LLM Large Language Model
LWE Learning with Errors
LWLL Learning with Less Labeling
MGM Manifold Graph Metrics
ML Machine Learning
NNK Non-Negative Kernel Regression
Pl Principle Investigator
RelLU Rectified Linear Unit
SOTA State-of-the-art
SQ Statistical Query
SSL Self-Supervised Learning
UCF101 Human Actions Dataset
VC Vapnik—Chervonenkis Dimension
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