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1 SUMMARY

Autonomous operations in space, such as In-Space Servicing, Assembly, and Manufacture 
(ISAM) require spacecraft being able to navigate autonomously with respect to other vehi-
cles and in unknown environments. An important step in this direction is for vehicles to be
able to Simultaneously Localize and Map (SLAM) themselves in their surroundings, which
is for them to be able to save the location of important features observed by the sensors on
the vehicle while also estimating the position of the vehicle with respect to some frame of
reference. While the sensing and feature extraction part of the SLAM pipeline change with
sensing modalities and computational capabilities onboard, the estimation of the features
and vehicle position is usually performed using a form of the Kalman filter recursively or
batch based optimization. The Extended Kalman Filter (EKF) has been traditionally used
for this application but has been shown to have divergence issues. A robocentric modifica-
tion to EKF-SLAM was proposed which transforms the feature map to a reference frame
with the vehicle position as the origin. This modification however, does not propagate the
filter state before every update and the first order EKF propagation fails to keep the filter
consistent in challenging situations like quick rotations or long time period runs. This report
presents a novel modified method of Robocentric EKF-SLAM which includes a second order
propagation before every update and maintains filter consistency across challenging scenar-
ios. The filter was tested in simulation, a real world dataset as well as through experiments
on a vehicle in the lab to demonstrate the efficacy of this SLAM method. This contribution
could help make ISAM using an autonomous spacecraft safer and more robust in the future.

2 INTRODUCTION

In-space servicing, Assembly, and manufacture (ISAM) will greatly benefit from spacecraft
that can navigate themselves in unknown environments. The problem of Simultaneous Lo-
calization and Mapping (SLAM) for robotic systems has been extensively studied for spatial
exploration [4], [5], [6]. The idea of using a robotic agent that combines the problem of build-
ing a map of its surroundings along with locating itself in the map being built is crucial for
many autonomy applications, including ISAM. The robot/spacecraft performing the explo-
ration task is usually equipped with some form of sensor, often visual, that helps it observe
its surroundings as well as some form of odometry or inertial sensor that helps the vehicle
measure its own motion. Map building is often done in the form of features extracted from
sensor measurements of the surroundings, stored along with their locations in a known frame
of reference. Knowledge of the position of the vehicle at the time of observation is required
to place new features on the map or refine their estimated location. The interlink between
vehicle and feature positions leads to correlations between their estimates; having both the
position of the vehicle and features in the filter’s state accounts for these correlations and
helps reduce errors in both. Planning of the vehicle’s path by the motion controller requires
the vehicles current location relative to the environment. The SLAM objective is to provide

1
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the motion controller with the position of the vehicle and the map of features as needed.

The nonlinear SLAM problem is usually formulated as either a recursive filter or via sparse
optimization. Keyframe-based Bundle Adjustment (BA) techniques [7], [8] aggregate mea-
surements at different times and use a numerical optimizer to compute the SLAM solution.
Alternatively, recursive implementations only process the latest measurement and are typi-
cally based on either the Extended Kalman Filter (EKF) or the particle filter. Particle filters
(unlike the EKF) are nonlinear estimators, and their implementations for SLAM applications,
such as FAST-SLAM [9], have their own strengths and limitations in terms of complexity
and consistency. In this work we focus on the EKF-SLAM approach and represent the state
and the uncertainty with an estimated mean and a covariance matrix. EKF-SLAM employs
linearization to apply the Kalman filter algorithm to the nonlinear propagation and measure-
ment functions. Linearization can affect the consistency of the filter as situations arise when
the linear approximation of the function is not sufficiently accurate. This is particularly prob-
lematic because the SLAM system is inherently nonlinear and unobservable, a combination
known to cause divergence in the EKF. This phenomenon led to extensive work to study the
consistency of the EKF-SLAM showing that the algorithm is eventually bound to be inconsis-
tent [10], [11], [12], [1]. Divergence of the SLAM algorithm can be detrimental to any explo-
ration task since it can lead to loss of localization feedback for controlling the vehicle as well
as map feature locations becoming inconsistent since they are interlinked with the position.

The SLAM linearization approximation introduces apparent observability to the unobserv-
able subspace [13]. As a result, the covariance estimates of the EKF undergo reduction in
directions of the state-space where no information is actually available, making the filter
more confident than it should, thus creating inconsistency and even divergence. A classic
example to demonstrate the divergence problems of EKF-SLAM is given in Ref.[1], where
a stationary vehicle with no process noise, observing a single stationary feature, eventually
diverges. A relative measurement between the vehicle and the features (for example a LI-
DAR returning range and bearing angles) is the only sensor available, and hence the absolute
positions in the global frame are not observable, and neither is the global heading angle.

A source of inconsistency is given by the linearization of the vehicle’s heading error which
affects the rotation transformation of the odometry; small errors in heading can lead to large
errors in position. In the robocentric approach [11], [2], the global position of the vehicle is
kept as a state in the EKF together with position of the features relative to it. The robo-
centric features positions are fully observable and the measurement model can be linearized
more accurately providing much better consistency characteristics for the EKF algorithm.
Ref.[2], in order to reduce the complexity of the propagation step, does not propagate the
change in robocentric position of the features due to the vehicle’s motion; rather, it appends
all odometry values starting from the latest measurement update step as components of the
state vector. When a new measurement is available from the LIDAR, the global vehicle po-
sition is updated followed by the features positions, while the odometry states are discarded.
The robocentric mapping idea presented in Ref.[2] has much better consistency properties
as compared to the traditional EKF because the odometry states have small uncertainty

2
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as they get reset often, but some of the underlying observability issues are still present.
Ref.[14] modifies this approach for visual-inertial odometry and reduces the computational
complexity by not mapping the features and thus reducing the size of the state-space, an
approach similar to Ref.[15] but including the robocentric idea. The robocentric approach is
readily applicable and an excellent choice of SLAM for relative navigation problems where
the objective is to navigate a vehicle to one or more of the features being observed.

In this work, we propose two key modifications to the robocentric mapping idea. First, the
odometry measurements are used to propagate both the vehicle’s position and the robocen-
tric features’ positions, with all relevant correlation terms accounted for. Second, we include
second order terms of the Taylor series expansion of the heading error during the propagation
step to greatly improving the consistency of the filter over time. The only minor disadvantage
to this method is the increased computational complexity in roto-translating the map features
positions during the propagation step whereas they are stationary in the classic EKF-SLAM
formulation. In the counter example proposed by Julier and Uhlmann [1], with a stationary
vehicle and no process noise, our proposed algorithm never diverges, but neither does the orig-
inal robocentric approach [[2]]. However, when we make a slight modification to the counter
example in Ref.[1] and add process noise to the propagation step, the algorithm in Ref.[2] di-
verges, while the method proposed in this work does not. Moreover, the proposed algorithm
is more consistent than existing methods in the presented simulated scenarios involving a
moving vehicle observing features using a Lidar. The effectiveness of the method is tested in
a 2D simulation as well as in experiments on a ground vehicle and compared against Ref.[2].

The contributions of this work are: analysis of the observability of the states of the EKF
in the global and robocentric frame for a better understanding of how the transformation
impacts the filter, and introduction of the above-mentioned modifications to the existing
robocentric SLAM algorithm to improve its consistency and robustness. This work ex-
pands our 2D SLAM solution developed for terrestrial robotics applications to 3D SLAM
for spacecraft application. The initial development in this report is done in 2D as the hard-
ware experimental setup employs our 2D algorithm. Section 6 of this report contains the
3D extension and numerical results of its application.

3 RELATED WORK - EKF-SLAM

Consider a vehicle navigating in a 2D environment, equipped with odometry and a LIDAR.
The path taken by the vehicle is assumed prescribed and the localization and mapping
module does not receive feedback inputs from the motion controller. We assume a feature
detection technique identifies and extracts points of interest in the planetary environment
from the LIDAR measurement data. The data used by EKF-SLAM are the range and angle
measurements from the vehicle to these features. The odometer is providing measurements
of linear translational and rotational velocity, which can be integrated over time to obtain
the distance moved and change in heading of the vehicle since the last odometer reading.

3
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We also assume Gaussian random noise with known covariance matrices Q and R corrupting
the odometry and LIDAR measurements respectively.

3.1 Classical EKF-SLAM

Standard SLAM applications use the position of the vehicle rGr =
[
xGr , y

G
r , θ

R
G

]T
and the

landmark features rGfi = [xGfi , y
G
fi

]T , where i = 1, 2, .... uniquely identify the features. The
superscript G indicates the quantity is expressed in a fixed global frame of reference {G}
and the quantity θRG is the angle from the global to a robot-fixed robot-centered frame
{R}. We will adhere to traditional SLAM nomenclature and call the vehicle’s body-fixed
frame “robocentric”. Since the center and orientation of the global reference frame is un-
observable, it is typically chosen to be the initial location of the vehicle setting the initial
uncertainty to zero, which was shown to produce better filter consistency than choosing
any other fixed global frame with non-zero initial uncertainty in the vehicle position [2].
The state estimates at any time tk are given by

x̂Gk =
[
r̂Gr (k)T , r̂Gf1(k)T , r̂Gf2(k)T ...

]T
(1)

The propagation step for the classical EKF-SLAM algorithm adds the odometry uRk =
[δxRk , δy

R
k , δθ

R
k ]T to the vehicle position states. The odometry measurement is obtained

in a robocentric frame of reference {R}.x̄Gr (k + 1)
ȳGr (k + 1)
θ̄G(k + 1)

 =

x̂Gr (k)
ŷGr (k)

θ̂G(k)

+

 T
(
θ̂RG(k)

)T 0
0

0 0 1

uRk (2)

where

T
(
α
)

=

[
cosα sinα
− sinα cosα

]
so that T

(
θ̂RG(k)

)
is the Direction Cosines Matrix to change coordinates from the

global frame to the robocentric frame. The features’ positions remain the same across
the time propagation phase of the filter.

PG is the covariance of the state xGk given by:

PG =

[
PG
rr PG

rf

PG
fr PG

ff

]
(3)

where we have divided the state covariance into the cross covariance of the vehicle position
and feature positions and their auto-covariances. The propagation of the covariance is given

4
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by

P̄G
rr(k + 1) =

[
∂r̄Gr (k + 1)

∂r̂Gr (k)

]T
P̂G
rr(k)

[
∂r̄Gr (k + 1)

∂r̂Gr (k)

]
+

[
∂r̄Gr (k + 1)

∂u

]T
Q

[
∂r̄Gr (k + 1)

∂u

]
(4)

P̄G
rf (k + 1) =

[
∂r̄Gr (k + 1)

∂r̂Gr (k)

]T
P̂G
rf (k) (5)

P̄G
ff (k + 1) = P̂G

ff (k) (6)

The noisy measurement from the LIDAR at true vehicle position [xGr , y
G
r , θ

R
G]T to the n-th

landmark feature at true global position [xGf,n, y
G
f,n]T in the global frame is given by

z̃n = zn +

[
wr
wφ

]
(7)

where [wr, wφ] are the noise corrupting the range and bearing respectively, with covariance
matrix R, and

zn =

[
rn
φn

]
=

[ √
(xGf,n − xGr )2 + (yGf,n − yGr )2

tan−1
(
(yGf,n − yGr )/(xGf,n − xGr )

)
− θRG

]
(8)

The filter’s predicted measurement is given by

z̄n =

[
r̄n
φ̄n

]
=

[ √
(x̄Gf,n − x̄Gr )2 + (ȳGf,n − ȳGr )2

tan−1
(
(ȳGf,n − ȳGr )/(x̄Gf,n − x̄Gr )

)
− θ̄RG

]
(9)

The Jacobian of the measurement equation is

HG
n =

[
HG
r,n HG

f1,n
HG
f2,n

. . .
]

(10)

where

HG
r,n =

∂zn
∂rGr

(11)

and

HG
fj ,n

=

{
∂zn
∂rGfj

if n = j

0 if n 6= j
(12)

The measurement residual is given by

yn = z̃n − z̄n (13)

and the innovation covariance matrix is

S = HG
n P̄

G(HG
n )T +R (14)

5
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The Kalman gain is given by

K = P̄G(HG
n )TS−1 (15)

The updated state and covariance matrix are

x̂ = x̄+Kyn (16)

P̂ = P̄ −KHnP̄ (17)

3.2 Robocentric EKF-SLAM

To handle the well-documented inconsistencies in the above described classic EKF-SLAM,
Ref.[2] proposes the use of a robocentric frame of reference in which the features locations
are stored with respect to a moving frame attached to the vehicle. Often times the rel-
ative position of the vehicle with respect to specific features and locations is all that is
needed to accomplish mission objectives; for example obstacle avoidance, rendezvous with
another vehicle, searching for a specific location on the planet, or close proximity opera-
tions for in-orbit satellite repair. In those scenarios the global position of neither the vehicle
nor features is of importance. Thus, in these applications, robocentric SLAM algorithms
provide a more stable method to calculate the needed information. The state vector of
the robocentric EKF includes the position of the vehicle in the global frame {G} (which

can also be removed when purely relative information is needed) rGr =
[
xGr , y

G
r , θ

R
G

]T
, and

the positions of the features rRfi = [xRfi, yRf,i]
T expressed in the robocentric frame {R}.

The state estimate at any time tk is given by

x̂Rk =
[
r̂Gr (k)T , r̂Rf1(k)T , r̂Rf2(k)T ...

]T
(18)

The global position of the features can be retrieved as needed.

In Ref.[2] the odometry data are added to the state vector during the time propa-
gation step, increasing the state dimension. The measurement update step uses this
augmented state to correct for the global position of the vehicle, the vehicle-relative
positions of the features, and the odometry measurement added to the state. A third
filter step is then introduced, the composition step, which transforms the feature po-
sitions to the current robocentric frame using the updated odometry data and then
discards the odometry components of the state estimate.

In the classic EKF-SLAM approach, the global positions of the vehicle and of the features are
individually not observable, but their difference is. Therefore neither uncertainty collapses
but relative measurements build correlation between the two. The filter updates the different
state components based on the relative uncertainty between the vehicle’s position and the
feature’s. If the vehicle’s position was known exactly, for example, its estimate would not
change when a LIDAR measurement is processed but only the estimate of the feature’s

6
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position would change. Larger uncertainty also results in the measurement Jacobian being
potentially evaluated at an estimated state value far from the truth.

Ref.[2] effectively introduces a new global frame after each measurement update, so that
the odometry states and the features are individually unobservable, but their difference is.
This method performs better than the classic EKF-SLAM in terms of consistency because
the uncertainty associated with the odometry states is much smaller than the typical un-
certainty associated with the vehicle’s position, hence the filter “knows” where to apply
the measurement update. Yet, under challenging scenarios (for example a long measure-
ment drop-off or very noisy odometry) the original robocentric EKF-SLAM can still diverge.
The stationary vehicle observing a stationary feature counter example [1] is an example
where EKF-SLAM diverges and switching to a robocentric frame helps with filter consis-
tency. However, if process noise is added to this same example scenario, the robocentric
approach in Ref.[2] does diverge after extended periods of time. To mitigate this behavior,
we introduce a new robocentric EKF-SLAM formulation.

4 MODIFIED ROBOCENTRIC EKF-SLAM

In the proposed algorithm, we recommend the use of the robocentric frame but eliminate
the process of appending the odometry data to the state. Instead, we use odometry in
the time propagation step to move the estimated position of the vehicle and at the same
time transform the estimated feature positions to the new robocentric frame, removing
the need for the composition step of Refs.[2], [14]. Additionally we introduce a second
order correction in the propagation to enhance robustness of the algorithm. The propa-
gation and update steps are described next.

4.1 Propagation

Like before, the true position of the vehicle is rGr =
[
xGr , y

G
r , θ

R
G

]T
and the odometry measure-

ment is modeled as

uRk =

 T
(
θRG(k)

) [xGr (k + 1)− xGr (k)
yGr (k + 1)− yGr (k)

]
θRG(k + 1)− θRG(k)

+ vk (19)

the heading angle θRG is counted positive from G to R so that T
(
θRG(k)

)
is the DCM

to transform coordinates from G to R. The odometry noise vk is assumed white,
zero-mean, with covariance matrix Q.

The odometry measurements uRk = [δrRr (k)T , δθRk ]T = [δxRk , δy
R
k , δθ

R
k ]T are used to propagate
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the estimated state as:

r̄Gr (k + 1) = r̂Gr (k) +

[
T
(
θ̂RG(k)

)T
δrRr (k)

δθRk

]
(20)

This equation is obtained linearizing all the errors and then taking the expected value. Start-
ing from

T
(
θRG(k)

)
= T

(
eθ(k)

)
T
(
θ̂RG(k)

)
(21)

where the heading angle estimation error is given by eθ(k) = θRG(k) − θ̂RG(k) and taking the
expected value of the right-hand side of Eq. (21) we obtain

E
{
T
(
eθ(k)

)
T
(
θ̂RG(k)

)}
= E

{
T
(
eθ(k)

)}
T
(
θ̂RG(k)

)
(22)

E
{
T
(
eθ(k)

)}
= E

{[
cos(eθ(k)) sin(eθ(k))
− sin(eθ(k)) cos(eθ(k))

]}
≈ E

{[
1 eθ(k)

−eθ(k) 1

]}
=

[
1 0
0 1

]
this approximation leads to equation (20); so long as both eθ(k) and δrRr (k) are small it pro-
duces satisfactory results.

Since the rover roto-translates, the robocentric coordinates of the j-th landmark fea-
ture roto-translate in the opposite direction

r̄Rfj(k + 1) = T (δθRk )
(
r̂Rfj(k)− δrRr (k)

)
(23)

Similar to the discussion above, Eq. (23) is accurate so long as the uncertainty asso-
ciated with eθ(k) and the value rRfj(k) + δrRr (k) are small. In our analysis we found
this not to be always true which leads to filter divergence. Our proposed approach
is to include key second order terms:

E
{
T
(
eθ(k)

)}
≈ E

{[
1− eθ(k)2/2 eθ(k)
−eθ(k) 1− eθ(k)2/2

]}
=

[
1−Q(3, 3)/2 0

0 1−Q(3, 3)/2

]
whereQ(3, 3) is the variance of δθRk . By adding the second order terms, Eq. (23) is replaced by

r̄Rfj(k + 1) = T (δθRk )
(
r̂Rfj(k)− δrRr (k)

)
− 1

2
T (δθRk )

(
r̂Rfj(k)− δrRr (k)

)
Q(3, 3) (24)

For the covariance time propagation, we define the matrices

F =


Fxx 03×2 . . . 03×2

02×3 T
(
δθRk
)

. . . 02×2
...

. . .
...

...
. . . T

(
δθRk
)
 (25)
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where

Fxx =

[
I2×2 dT

(
θ̂RG(k)

)T
δrRr (k)

01×2 1

]
(26)

and

B =


T
(
θ̂RG(k)

)T 0
0

0 0 1
T (δθRk ) dT (δθRk )

(
r̂Rf1(k)− δrRr (k)

)
T (δθRk ) dT (δθRk )

(
r̂Rf2(k)− δrRr (k)

)
...

...
...


(27)

where

dT (α) =

[
− sin(α) cos(α)
− cos(α) − sin(α)

]
(28)

The classic EKF first order covariance propagation is given by

P̄k+1 = FPkF
T +BQBT (29)

The covariance of the landmark features is further increased to include the second order terms

P̄fi,fj(k + 1)⇐P̄fi,fj(k + 1) +
1

2
T (δθRk )AijT (δθRk )TQ(3, 3)2 (30)

for all i and j, where Pfi,fj are the 2×2 components of the covariance matrix whose row corre-
sponds to the i-th landmark and whose column corresponds to the j-th landmark, and where

Aij =
(
r̂Rfi(k)− δrRr (k)

)(
r̂Rfj(k)− δrRr (k)

)T
(31)

Two unique features about our algorithm are worth mentioning. First, this propagation
step converts the features coordinates from robocentric frame at time tk to the robocentric
frame at time tk+1 fully accounting for the common process noise terms corrupting the
propagation of both the vehicle position and the features positions. Second, we include
selected second order terms to aid the consistency of the filter. While the second order
terms we chose to include are sufficient to insure consistency in all of the tests performed,
it is possible that different scenarios might necessitate additional second order terms, or
perhaps even higher than second order terms. The extreme conditions that might require
the extra terms however, seem unlikely for practical situations.

In all examples and experiments performed, the second order components associated with

the term T
(
θRG(k)

)T
δrRr (k) in the vehicle’s position propagation were negligible because the

odometry term δrRr (k) is small. It is plausible, however, that long propagation steps due
to measurement blackouts would cause this term to be needed.
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4.2 Update

The predicted measurement for the ith landmark is given by

z̄i =

[√
(x̄Rfi)

2 + (ȳRfi)
2

tan−1
(
ȳRfi/x̄

R
fi

) ] (32)

while the measurement Jacobian is given by

HR =
[

02×3 . . . HR
fi

. . .
]

(33)

where

HR
fi

=

 x̄Rfi
z̄i(1)

ȳRfi
z̄i(1)

−ȳRfi
z̄i(1)2

x̄Rfi
z̄i(1)2

 (34)

Matrix HR above is linearized along the estimated relative position between the ve-
hicle and the features. The global position or heading of the vehicle are not used
in evaluating this derivative and hence their uncertainties do not contribute to errors
in the Jacobian’s evaluation. The update equations follow the conventional Kalman
filter approach shown in Eqs. 13 - 17.

4.3 New Features

When a feature that is not yet part of the state is detected by the LIDAR, the new measure-
ment is used to initialize the feature’s estimate rather than to update the state. Moreover,
the state covariance matrix is also augmented to include the uncertainty in the position of
the feature as seen by the vehicle’s current frame. If the measurements received for this new
feature are given by the range and heading [ri, φi]

T , the state is augmented as:

x̄k+1 ⇐
[
x̄Tk+1, ri cosφi, ri sinφi

]T
(35)

and covariance as:

P̄k+1 ⇐
[
P̄k+1 0

0 HziRH
T
zi

]
(36)

where R is the measurement noise covariance matrix and

Hzi =

[
cosφi −r sinφi
sinφi r cosφi

]
(37)

Once again, the global position of the vehicle does not play a role in the addition
of new features to the state, since all position estimates for the filter are stored
in the robocentric frame of reference.
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It is well known that the global frame and azimuth are unobservable for terrestrial SLAM
problems. The classical EKF-SLAM parameterizes the state with the global position of both
the vehicle and the features, and with this parameterization the difference between the two is
observable, while a global roto-translation of both is unobservable. With the proposed robo-
centric formulation, the state vector is naturally divided into its observable and unobservable
components: the robocentric features are observable and the global vehicle position is not.
That is to say, the initial global uncertainty of the vehicle’s location and heading cannot
be improved upon using odometry and lidar measurements only. This is one of the reasons
many SLAM algorithms define an arbitrary global frame to coincide with the vehicle’s initial
pose, hence the initial covariance associated with the vehicle’s state is set to zero.

Perfect odometry (or zero process noise) would keep the vehicle’s and the features’ un-
certainty completely uncorrelated. Under this hypothetical scenario the vehicle’s azimuth
uncertainty would remain constant, and it’s location uncertainty will grow linearly with slope
determined by the initial azimuth uncertainty. In the absence of process noise, the robocen-
tric feature’s uncertainty will monotonically decrease to zero while they are observed. The
counter example from Ref. [1] is a stationary vehicle problem observing a single feature and
showed that EKF-SLAM is inevitably doomed to diverge. The divergence is due to the com-
bined effect of the non-linearity of the system which is also unobservable. The robocentric ap-
proach however does not suffer from this divergence, because the observable and unobservable
states are separated and hence the filter “knows” where to apply the measurement update.

Adding process noise (odometry uncertainty) correlates the vehicle’s global position to the
features robocentric position. This allows for some of the uncertainty added to the vehicle’s
position from process noise to be scaled back with a lidar measurement update. The vehicle’s
pose is still unobservable (only uncertainty added during propagation can be removed with
measurement updates, the initial uncertainty of the global frame remains).

When adding process noise to the counter example in Ref. [1] the robocentric approach
diverges when the second order components are omitted. The proposed addition of the
second order components (Eqs. 23 and 30) compensates for the nonlinearities that cause this
divergence and the proposed solution is able to handle this very challenging scenario. The
process noise enters the system nonlinearly and causes the correlation between vehicle states
and landmark features. The feature’s uncertainty and this correlation are then “used” by
the filter to distribute the measurement update between the vehicle states and the feature.
Adding the second order contributions allows for correctly accounting for the uncertainty
and hence correctly distributing the measurement update and avoiding divergence.

5 2D RESULTS AND DISCUSSION

Since planetary exploration datasets or experiments are difficult to obtain, the performance
of the proposed algorithm is tested in simulation in a 2D SLAM environment as well as
on the dataset from Ref. [3]. A ground rover equipped with an odometer and a lidar is
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considered. We assume the odometry data provides distance moved by the robot in the 
forward direction (X axis in the robot frame) and the change in heading angle of the robot 
(angular velocity). The Lidar can recognize features in the environment at up to a distance 
of 100m from the robot and at an angle of within 15 degrees in either direction of the rover’s 
heading. The odometer measurement error has standard deviation of 2cm/sec in linear 
velocity and 0.1 deg/sec in angular velocity, uncorrelated with each other. The range and 
bearing measurement are assumed to also be uncorrelated, with an error standard deviation 
of 1cm in range and 0.05 degrees in bearing for each measurement.

The counterexample from Ref. [1] consists of a static robot (which knows it is static, hence 
odometry is not needed) observing a single feature. From Ref. [1] it is known that the 
classic EKF-SLAM diverges in this scenario while both our proposed approach and the 
robocentric SLAM from Ref. [2] perform well. The first test case shown is a variation of 
the counterexample from Ref. [1] in which the robot is stationary but it does not know 
it is. Hence, odometry is used by the robot and the odometry error corrupts the esti-
mate. Figs. 1 and 2 show the performance of both our proposed algorithm and the robo-
centric SLAM from Ref. [2]. It can be seen that while our algorithm performs correctly 
the robocentric approach from Ref. [2] diverges.

In the second test case the robot follows a typical exploration circular path surrounded 
by features, shown in Fig. 3. Fig. 4 shows the performance of the proposed algorithm 
while Fig. 5 shows the performance of the robocentric algorithm from Ref.[2]. The re-
sults show that our algorithm is able to estimate both the robot’s position and the fea-
tures locations, while the algorithm from Ref. [2] is only able to correctly estimate the 
features. Monte-Carlo simulation runs (zoomed in on the time scale for better visibility) 
for the second test case are shown in Figs. 6 and 7.

The third test case shown is the real-world data-set from Ref. [3]. The data-set was col-
lected using a set of robots equipped with wheel odometry which provides forward trans-
lational and angular velocity, a camera providing range and bearing measurements to fea-
tures which are barcodes in the environment and the true locations of the robot and the 
features using a motion capture system. The noise characteristics of the odometer and 
camera system are provided in Ref.[3]. Fig. 8 shows the performance of the proposed 
algorithm for this data-set which can be seen to perform correctly in estimating both 
the robot’s state and the features’ location.

The fourth and last test case is on a real 4-wheeled robot with linear and angular odom-
etry and a camera detecting QR codes for features (Fig. 9) providing range and bear-
ing measurements. The setup and robot are shown in Fig. 10. Fig. 12 shows the per-
formance of the proposed algorithm for the experimental setup with the robot follow-
ing the trajectory shown in Fig. 11. 
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Figure 1. Robot and Feature position from the proposed algorithm for the 
stationary robot case from Ref. [1]

The odometer error standard deviation is 2cm/sec in linear velocity and 0.01 deg/sec in 
angular velocity, while the LIDAR measurements have 5 cm in range and 5 degrees      
in bearing.
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Figure 2. Robot and Feature position from Ref. [2] for the stationary robot 
case from Ref. [1]
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Figure 3. Simulation test case 2
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Figure 4. Performance of the proposed algorithm in test case 2
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Figure 5. Performance of the robocentric algorithm from Ref. [2] in test case 2
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Figure 6. Monte Carlo Performance of the proposed algorithm in test case 2
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Figure 7. Monte Carlo Performance of the robocentric algorithm from Ref. [2] 
in test case 2

18

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION IS UNLIMITED.



0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time (sec)

-5

0

5

E
rr

o
r 

(m
)

x - Global

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time (sec)

-5

0

5

E
rr

o
r 

(m
)

y - Global

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time (sec)

-2

0

2

E
rr

o
r 

(d
e

g
re

e
s
) - Global

Robot Position

Figure 8. Performance of the proposed algorithm using the data-set from 
Ref [3]

Figure 9. Features used in the experiments
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Figure 10. Robot used for experiments
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Figure 11. Trajectory followed in the Experimental Setup
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Figure 12. Experimental performance of the proposed algorithm (test case 4)
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6 3D ALGORITHM

This section expands the prior results to the three dimensional case, which is of direct
applicability to ISAM. The state vector at time k is defined as

x̂(k) =
[
x̂Gr (k)T f̂R1 (k)T f̂R2 (k)T . . .

]T
(38)

where (xGr )T =
[
(pGr )T (vGr )T (qRG)T (bRa )T (bRg )T

]
, and pGr =

[
xGr yGr zGr

]T
, vGr =[

vGx,r vGy,r vGz,r
]T

, and qRG is a right-handed scalar-first quaternion that represents the ro-
tation from the global frame G to the vehicle frame R (inertial-to-body). The states
bRa and bRg are the accelerometer and gyroscope biases in the vehicle frame. The biases

are assumed constant. Each feature position vector (fRi )T =
[
xRfi yRfi zRfi

]T
represents

the position of feature i in the vehicle frame, i = 1 . . . N , where N is the number of
features that have been observed at time k.

6.1 Propagation

IMU Measurement

The IMU measures acceleration and angular rate and integrates them over a short time
step ∆t. The accelerometer measurement is

∆ṽR = ∆vR + bRa ∆t+ gR∆t+ η (39)

where ∆vR =
[
∆vRx ∆vRy ∆vRz

]T
are the true velocity changes in each dimension, bRa is

the true accelerometer bias, gR is the direction of the gravity vector in the vehicle frame,
and η ∼ N(03×1, Q∆v). The gravity vector gG points downward along the z-axis in the
global frame. The gyroscope measurement is

∆θ̃R = ∆θR + bRg ∆t+ ξ (40)

where ∆θR =
[
α β γ

]T
are the true changes in roll, pitch and yaw in the body frame,

bRg is the true gyroscope bias, and ξ ∼ N(03×1, Q∆θ).

State Propagation

The estimated global-frame change in velocity over time step ∆t is

∆v̂G = T̂GR
(
∆ṽR − b̂Ra ∆t

)
− gG∆t (41)

and the estimated body-frame change in velocity is

∆v̂R = ∆ṽR − b̂Ra ∆t− T̂RGgG∆t (42)
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where T̂GR = T (q̂GR) and q̂GR = (q̂RG)−1. The estimated vehicle-frame change in angle is

∆θ̂R = ∆θ̃R − b̂Rg ∆t (43)

The discrete-time propagation of the vehicle states is

p̄(k + 1) = p̂(k) + v̂(k)∆t+
1

2
∆v̂G∆t (44)

v̄(k + 1) = v̂(k) + ∆v̂G (45)

q̄RG(k + 1) =

[
cos(1

2
||∆θ̂R||)

∆θ̂R

||∆θ̂R|| sin(1
2
||∆θ̂R||)

]
⊗ q̂RG(k) (46)

b̄Ra (k + 1) = b̂Ra (k) (47)

b̄Rg (k + 1) = b̂Rg (k) (48)

Small angle assumption

The error in the attitude estimate, eRθ , is assumed to be small. The DCM of a small
axis-angle vector δφ can be approximated as

δT ≈ I − [δφ×]. (49)

The quaternion representation of a small axis-angle vector δφ is

q(δφ) ≈
[
1 1

2
δφ
]T

(50)

Error dynamics

The propagated position error is the difference between the true position p(k + 1)
and the propagated state estimate p̄(k + 1).

ēp(k + 1) = p(k + 1)− p̄(k + 1)

= p(k) + v(k)∆t+
1

2
∆vG(k)∆t

− p̂(k)− v̂(k)∆t− 1

2
∆v̂G(k)∆t

= p(k) + v(k)∆t+
1

2
TGR (∆ṽR(k)− ba(k)∆t− η)∆t− 1

2
gG∆t2

− p̂(k)− v̂(k)∆t− 1

2
T̂GR (∆ṽR(k)− b̂a∆t)∆t+

1

2
gG∆t2

= p(k) + v(k)∆t+
1

2
TGR (∆ṽR(k)− ba(k)∆t− η)∆t

− p̂(k)− v̂(k)∆t− 1

2
T̂GR (∆ṽR(k)− b̂a∆t)∆t

(51)
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The gravity terms 1
2
gG∆t2 cancel, and we are left with terms that appear in the state esti-

mate. In order to group error terms, we can approximate TGR ≈ T̂GR T (eθ)
T where T (eθ) rep-

resents the rotation from the estimated R-frame to the true R-frame: T (eθ) = TR
R̂

. Since eθ
is small, T (eθ) ≈ I − [eθ×]. Then, T (eθ)

T ≈ I + [eθ×] since [eθ×]T = −[eθ×]. Continuing,

. . . = p(k) + v(k)∆t+
1

2
T̂GR (I + [eθ×])

(
∆ṽR(k)− bRa (k)∆t− η . . .

− b̂Ra (k)∆t+ b̂Ra (k)∆t
)
∆t

− p̂(k)− v̂(k)∆t− 1

2
T̂GR (∆ṽR(k)− b̂a∆t)∆t

(52)

We also add and subtract b̂Ra (k)∆t. This way,

. . . = p(k) + v(k)∆t+
1

2
T̂GR (I + [eθ×])

(
∆ṽR(k)− b̂a(k)∆t− eba(k)∆t− η

)
∆t

− p̂(k)− v̂(k)∆t− 1

2
T̂GR (∆ṽR(k)− b̂a(k)∆t)∆t

= p(k)− p̂(k) +
(
v(k)− v̂(k)

)
∆t− 1

2
T̂GR eba(k)∆t2

− 1

2
T̂GR η∆t+

1

2
T̂GR [eθ×](∆ṽR(k)− b̂a(k)∆t)∆t

(53)

where we have ignored terms with cross products of error values, since they are O(e2).
The Jacobians with respect to the state errors are

∂[ēp(k + 1)]

∂[ep(k)]
= I (54)

∂[ēp(k + 1)]

∂[ev(k)]
= I∆t (55)

∂[ēp(k + 1)]

∂[eθ(k)]
= −1

2
T̂GR [(∆ṽR(k)− b̂a(k)∆t)×]∆t (56)

∂[ēp(k + 1)]

∂[eba(k)]
= −1

2
T̂GR ∆t2 (57)

The propagated velocity error is

ēv(k + 1) = v(k + 1)− v̄(k + 1)

= v(k) + ∆vG(k)− v̂(k)−∆v̂G(k)

= v(k) + TGR (∆ṽR(k)− ba(k)∆t− η)− gG∆t

− v̂(k)− T̂GR (∆ṽR(k)− b̂a(k)∆t) + gG∆t

= v(k) + T̂GR (I + [eθ×])
(
∆ṽR(k)− b̂a(k)∆t− eba(k)∆t− η

)
− v̂(k)− T̂GR (∆ṽR(k)− b̂a(k)∆t)

= v(k)− v̂(k)− T̂GR eba(k)∆t− T̂GR η
+ T̂GR [eθ×](∆ṽR(k)− b̂a(k)∆t)

(58)
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and the Jacobians are

∂[ēv(k + 1)]

∂[ev(k)]
= I (59)

∂[ēv(k + 1)]

∂[eθ(k)]
= −T̂GR [(∆ṽR(k)− b̂a(k)∆t)×] (60)

∂[ēv(k + 1)]

∂[eba(k)]
= −T̂GR ∆t (61)

The propagated rotation error is (see, e.g., Sola 2017 Eq. 261c):

ēθ(k + 1) = T (∆θ̂R)eθ(k)− ebg(k)∆t+ ξ (62)

and the Jacobians are

∂ēθ(k + 1)

∂eθ(k)
= T (∆θ̂R) (63)

∂ēθ(k + 1)

∂ebg(k)
= −I∆t (64)

The propagated accelerometer bias error is

ēba(k + 1) = bRa (k)− b̂Ra (k) (65)

and the Jacobian is

∂ēba(k + 1)

∂eba(k)
= I (66)

The propagated gyroscope bias error is

ēbg(k + 1) = bRg (k)− b̂Rg (k) (67)

and the Jacobian is

∂ēbg(k + 1)

∂ebg(k)
= I (68)

Second-order feature propagation

The features f̂Ri must also be roto-translated at each propagation step, since they are ex-
pressed in the vehicle frame. The first-order feature propagation is:

fRj (k + 1) = T (∆θR)(fRj (k)−∆pRr (k)) (69)

25

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION IS UNLIMITED.



where ∆pRr (k) = TRGv(k)∆t + 1
2
∆vR(k)∆t. The propagated feature position error is

ēfj(k + 1) = fRj (k + 1)− f̄Rj (k + 1)

= T (∆θR)(fRj (k)−∆pR(k))− T (∆θ̂R)(f̂Rj (k)−∆p̂R(k))
(70)

The direction cosine matrix T (∆θR) can be expressed as the product of two direction cosine
matrices:

T (∆θR) = T (ξ)T (∆θ̂R) (71)

where ∆θR is the true change in orientation between time k and time k + 1, and ξ =[
eα eβ eγ

]
is the noise in the gyroscope measurement. A gyroscope measures rotation rate

in axis-angle form (i.e., ∆θR = φu, where φ is a scalar rotation angle and u is a unit vector
that points along the axis of rotation in the vehicle frame). The expression for the DCM of
a rotation in axis-angle form is the exponential map (see, e.g., Sola 2017 Table 1):

T (ξ) = exp{−[ξ×]} (72)

The second-order approximation of T (ξ) can be found using the Taylor expansion (Sola 2017
Eq. 73):

T (ξ) ≈ I3×3 − [ξ×] +
1

2
[ξ×]2 (73)

This yields the expression

T (ξ) ≈ I3×3 −

 e2
β/2 + e2

γ/2 −eγ − eαeβ/2 eβ − eαeγ/2
eγ − eαeβ/2 e2

α/2 + e2
γ/2 −eα − eβeγ/2

−eβ − eαeγ/2 eα − eβeγ/2 e2
α/2 + e2

β/2

 (74)

Recall that ξ is a sample drawn from the distribution N(03×1, Q∆θ). The expected value of
T (e) is

E{T (ξ)} = I3×3 −

Q∆θ(2, 2)/2 +Q∆θ(3, 3)/2 −Q∆θ(1, 2)/2 −Q∆θ(1, 3)/2
−Q∆θ(1, 2)/2 Q∆θ(1, 1)/2 +Q∆θ(3, 3)/2 −Q∆θ(2, 3)/2
−Q∆θ(1, 3)/2 −Q∆θ(2, 3)/2 Q∆θ(1, 1)/2 +Q∆θ(2, 2)/2

 . (75)

If Q∆θ is a diagonal matrix, then the expected value reduces to

E{T (ξ)} = I3×3 −

Q∆θ(2, 2)/2 +Q∆θ(3, 3)/2 0 0
0 Q∆θ(1, 1)/2 +Q∆θ(3, 3)/2 0
0 0 Q∆θ(1, 1)/2 +Q∆θ(2, 2)/2

 . (76)

If Q∆θ = qI3×3, then the expected value reduces to

E{T (ξ)} = I3×3 − qI3×3. (77)

The second-order feature propagation is

fRj (k + 1) = E{T (ξ)}T (∆θ̂R)(fRj (k)−∆pRr (k)) (78)
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where E{T (ξ)} is chosen from the above equations based on the form of Q∆θ.

Since each expression for E{T (ξ)} is a sum of a 3 × 3 identity matrix and another term
computed from the values in Q, the feature propagation can be broken up into two terms:

fRj (k + 1) = T (∆θ̂R)(fRj (k)−∆pRr (k))−Q′T (∆θ̂R)(fRj (k)−∆pRr (k)) (79)

where Q′ is the appropriate matrix term chosen from the equations above.

Continuing from Eq. 70,

ēfj(k + 1) = fRj (k + 1)− f̄Rj (k + 1)

= T (∆θR)(fRj (k)−∆pR(k))− T (∆θ̂R)(f̂Rj (k)−∆p̂R(k))

= (I3×3 −Q′)T (∆θ̂R)(fRj (k)−∆pR(k))

− T (∆θ̂R)(f̂Rj (k)−∆p̂R(k))

= T (∆θ̂R)(fRj (k)−∆pR(k))

− T (∆θ̂R)(f̂Rj (k)−∆p̂R(k))

−Q′T (∆θ̂R)(fRj (k)−∆pR(k))

(80)

where we have separated out the second-order term Q′T (∆θ̂R)(fRj (k) − ∆pR(k)). We will
ignore this term for now and return to it when we compute the covariance propagation.

≈ T (∆θ̂R)(fRj (k)−∆pR(k))

− T (∆θ̂R)(f̂Rj (k)−∆p̂R(k))

= T (∆θ̂R)(fRj (k)− TRGv(k)∆t− 1

2
(∆ṽR − bRa ∆t− TRGgG∆t− η)∆t)

− T (∆θ̂R)(f̂Rj (k)− T̂RG v̂(k)∆t− 1

2
(∆ṽR(k)− b̂a(k)∆t− T̂RGgG∆t)∆t)

= T (∆θ̂R)
(
fRj (k)− (I − [eθ×])T̂RG (v̂(k) + ev(k))∆t . . .

− 1

2
(∆ṽR(k)− b̂a(k)∆t− eba(k)∆t− (I − [eθ×])T̂RGg

G∆t− η)∆t
)

− T (∆θ̂R)(f̂Rj (k)− T̂RG v̂(k)∆t− 1

2
(∆ṽR(k)− b̂a(k)∆t− T̂RGgG∆t)∆t)

(81)

Here, we have reused a few substitutions from the position error propagation and ev(k) =
v(k) − v̂(k). Finally,

ēfj(k + 1) = T (∆θ̂R)
(
efj(k)− T̂RGev(k)∆t+

1

2
eba(k)∆t2 . . .

+ [eθ×]T̂RG v̂(k)∆t+
1

2
η∆t− 1

2
[eθ×]T̂RGg

G∆t2
)
.

(82)

The Jacobians are

∂[ēfj(k + 1)]

∂[efj(k)]
= T (∆θ̂R) (83)
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∂[ēfj(k + 1)]

∂[ev(k)]
= −T (∆θ̂R)T̂RG∆t (84)

∂[ēfj(k + 1)]

∂[eθ(k)]
= −T (∆θ̂R)[(T̂RG v̂(k)∆t− 1

2
T̂RGg

G∆t2)×] (85)

∂[ēfj(k + 1)]

∂[eba(k)]
=

1

2
T (∆θ̂R)∆t2 (86)

Covariance propagation

For the covariance propagation, define

F =


Frr 015×3 . . . 015×3

Frf T (∆θ̂R(k)) . . . 03×3
...

...
. . .

...

Frf 03×3 . . . T (∆θ̂R(k))

 (87)

where
P̄k+1 = FPkF

T +BQBT (88)

and Q =

[
Q∆v 0

0 Q∆θ

]
.

The propagated covariance matrix is defined as

Prr(k) = E[(x(k)− x̄(k))(x(k)− x̄(k))]T (89)

where x(k) is the true state and x̄(k) is the expected value of the propagated state. The
attitude error is a 3 × 1 axis-angle vector eRθ which represents the error in roll, pitch, and
yaw in the vehicle frame. Using the Jacobians from Section 6.1,

Frr =


I3×3 I3×3∆t −1

2
T̂GR [(∆ṽR(k)− b̂a(k)∆t)×]∆t −1

2
T̂GR ∆t2 03×3

03×3 I3×3 −T̂GR [(∆ṽR(k)− b̂a(k)∆t)×] −T̂GR ∆t 03×3

03×3 03×3 T (∆θ̂R) 03×3 −I∆t
03×3 03×3 03×3 I3×3 03×3

03×3 03×3 03×3 03×3 I3×3

 (90)

Frf =
[
03×3 T (∆θ̂R)T̂RG∆t −[T̂RG v̂(k)×]∆t 1

2
T (∆θ̂R)∆t 03×3

]
(91)

and

B =



−1
2
T̂GR ∆t 03×3

−T̂GR 03×3

03×3 I3×3

03×3 03×3

03×3 03×3
1
2
T (∆θ̂R)∆t 03×3

...
...


(92)
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Next, the terms representing the feature covariance (i.e., the lower-right block of the covari-
ance matrix P̄ (k + 1)) are increased to include the second order terms

P̄fi,fj(k + 1) = P̄fi,fj(k + 1) + . . .

Q′T (∆θ̂R)
(
f̂Ri (k)−∆p̂R(k)

)(
f̂Rj (k)−∆p̂R(k)

)T
T (∆θ̂R)T (Q′)T

(93)

where Q′T (∆θ̂R)
(
f̂Ri (k) − ∆p̂R(k)

)
is an estimate of the value of the second-order

term in Eq. 80 corresponding to feature i.

6.2 Update

The predicted measurement for feature i is

z̄i =

 ρ
tan−1(ȳRfi/x̄

R
fi

)
sin−1(z̄Rfi/ρ)

 (94)

where ρ =
√

(x̄Rfi)
2 + (ȳRfi)

2 + (z̄Rfi)
2. The measurement Jacobian is

H =
[
03×3 . . . HR

fi
. . .
]

(95)

where

Hfi =

 x̄fi/ρ ȳfi/ρ z̄fi/ρ
−ȳfi/(x̄2

fi
+ ȳ2

fi
) x̄fi/(x̄

2
fi

+ ȳ2
fi

) 0
−z̄fi x̄fi

ρ3
√

1−(z/ρ)2

−z̄fi ȳfi
ρ3
√

1−(z/ρ)2
1√

1−(z̄fi/ρ)2

(
1
ρ
−

z̄2fi
ρ3

)
 (96)

6.3 New Features

When the vehicle encounters a new feature, the measurement is used to add the feature to the
state vector rather than update the state. The feature measurement contains a range value ρ,
azimuth α = tan−1(yfi/xfi), and elevation ε = sin−1(zfi/ρ). The vehicle-frame feature loca-
tion is appended to the end of the state vector and the covariance is augmented accordingly:

x̄(k + 1)←
[
x̄(k + 1)

f̂Ri

]
(97)

P̄ (k + 1)←
[
P̄ (k + 1) 015×3nf

03nf×15 HziRH
T
zi

]
(98)

where f̂Ri =
[
ρ cos(ε) cos(α) ρ cos(ε) sin(α) ρ sin(ε)

]T
, R is the measurement noise covari-

ance, and Hzi is the Jacobian of the new state terms with respect to the measurement values:

Hzi =
df̂Ri
dzi

=

cos(ε) cos(α) −ρ cos(ε) sin(α) −ρ sin(ε) sin(α)
cos(ε) sin(α) ρ cos(ε) cos(α) −ρ sin(ε) sin(α)

sin(ε) 0 ρ cos(ε)

 . (99)
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Figure 13. Trajectory. The sensor points along the vehicle’s x-axis (red). The 
features currently in view are shown in green

The measurement noise covariance is

R =

0.12 0 0
0 (1 ∗ π/180)2 0
0 0 (1 ∗ π/180)2

 . (100)

6.4 Results

A vehicle moves along a circular path, observing features in the environment as it goes.
The sensor points along the vehicle’s x-axis. It has a 60◦ field of view with a maximum
range of 5 m. The state estimate is propagated at a rate of 100 Hz, the IMU measure-
ment rate. The measurement update occurs every 2 s. In each simulation, the vehicle
completes 10 revolutions around the circle.
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(a) (b)

(c) (d)

(e)

Figure 14. Error plots for robocentric EKF-SLAM
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(a) (b)

(c) (d)

(e)

Figure 15. Error plots for robocentric EKF-SLAM with 2nd-order feature co-
variance propagation
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7 CONCLUSION AND FUTURE WORK

The problem of Simultaneous Localization and Mapping (SLAM) was considered. A novel
robocentric Extended Kalman Filter (EKF) based SLAM algorithm was proposed which uses
a second order approximation for the propagation function and transforms the full feature
state to a frame with its origin at the spacecraft position before every update step. This
idea improved upon existing robocentric EKF-SLAM algorithms in the literature and pre-
vents divergence in challenging scenarios where existing methodologies failed. The proposed
algorithm also performed consistently in the stationary vehicle with process noise scenario
which was previously not possible. The algorithm was tested in simulation, with a real
world data-set, and on a physical robot; and performed successfully in all the scenarios
including those where existing EKF-SLAM algorithms failed.
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