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A Generalized Gamma Copula Model for High
Resolution Polarimetric SAR Change Detection

Stephen Herman

Department of Electrical Engineering
Wright State University
Dayton OH, USA

Abstract—In this paper, we describe a new approach to
non-coherent change detection for high resolution polarimetric
synthetic aperture radar (polSAR) exploitation. In the high reso-
lution setting, the reduced size of a resolution cell diminishes the
applicability of central limit theorem arguments that lead to the
traditional Gaussian backscatter models that underpin existing
polSAR change detection algorithms. To mitigate this, we intro-
duce a new model for polSAR data that combines generalized
Gamma (GT') distributed marginals within a copula framework
to capture the correlation dependency between multiple polSAR
channels. Using the GT'-copula model, a generalized likelihood
ratio test (GLRT) is derived for detecting changes within high
resolution polSAR imagery. Examples using measured data
demonstrate the non-Gaussian nature of high resolution polSAR
data and quantify significant performance improvement when
using the proposed GT'-copula change detection framework.

Index Terms—Synthetic aperture radar, polarimetry, change
detection, copulas

I. INTRODUCTION

In remote sensing, synthetic aperture radar (SAR) offers
numerous advantages over other imaging modalities, such as
electro-optical. SAR is capable of penetrating clouds and can
operate in both daytime and nighttime environments. This
makes it suitable for persistent surveillance in commercial
and military applications. SAR data has been exploited for
a variety of tasks, including terrain segmentation, classifica-
tion, and change detection. Many of these exploitation tasks
have been performed using coherent, partially-coherent, non-
coherent methodologies.

Recently, SAR sensors have become available that pro-
duce fully-polarimetric measurements [1[]. These polarimetric
SAR (polSAR) sensors transmit and receive in orthogonal
polarizations, producing horizontal-horizontal (HH), vertical-
vertical (VV), and cross-polarization horizontal-vertical (HV)
measurements. The correlation between the backscatter mea-
surements across the different polarization channels contains
important information about materials within the scene. Ac-
cordingly, effective exploitation of polSAR data requires an
accurate statistical model that captures both the per-channel
marginal distributions as well as inter-channel correlation.

Financial support for S. H. was provided through the U.S. Air Force Civilian
Academic Degree Program.

1

Joshua Ash
Department of Electrical Engineering
Wright State University
Dayton OH, USA

It is commonly assumed that the complex backscatter signal
in each polarization channel follows a complex Gaussian
distribution [2]. This is particularly true in low-resolution
settings where large numbers of individual scatterers con-
tribute to an aggregate response, and central limit theorem
arguments prescribe a Gaussian distribution. In the Gaus-
sian setting, existing polSAR change detection algorithms
have been developed, either based directly on the Gaussian
backscatter signal [3]], [4], or on the corresponding Wishart-
distributed polarimetric covariance matrix [S]. The Wishart
change detection methodology is popular in SAR applications
and represents a benchmark for change detection performance
in the polSAR domain.

An opportunity exists to examine improvements to polSAR
exploitation algorithms in high resolution scenarios where the
Gaussian assumption breaks down. In this paper, we introduce
a new model for polSAR data, combining generalized Gamma
(GT') marginals with a copula-based multivariate dependency
structure between polarization channels. The GI' distribution
captures as special cases many non-Gaussian distributions ap-
plicable to single-channel backscatter magnitude, including the
Weibull, Gamma, log-Normal, and Rayleigh distributions [6].
Therefore, the proposed copula-based multi-channel extension
provides a flexible modeling framework for polSAR data and
the change detection application considered in this paper.

In Section |lI, we present a brief motivation for polarization
channel dependence modeling in polSAR and describe existing
benchmark approaches. In Section we develop the GT'-
copula distribution and formulate an associated change detec-
tion algorithm based on the generalized likelihood ratio test.
Finally, in Section we present results from measured pol-
SAR data showing advantageous performance under various
scenarios against competing approaches.

II. BACKGROUND
A. Polarimetric SAR Background

Recent SAR platforms are capable of fully-polarized mea-
surements in which the radar system is able to transmit
signals from two orthogonal polarizations and receive from
orthogonal polarizations. These radars are able to measure
the backscattering cross section of targets as a function of
polarization. For a fully-polarimetric SAR system, after image
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formation, the target vector x for each pixel is a complex 3 x 1
vector representing the backscatter signal across each of the
polarization channels,

(D

Because significant information exists in the relative be-
havior between polSAR channels, the polarimetric covariance
matrix ¥ = E[zz] is frequently considered as a polSAR
data product from which exploitation can proceed. For exam-
ple, in terrain classification , , it is common to explore
decompositions of 32 based on either model-based approaches
derived from volumetric models of electromagnetic scattering,
or statistical approaches involving eigen-analysis of X.

From measured data, 3 may be estimated using the sample
covariance matrix,

T
= [zpH,THV,TVV]

2

where x1,...,xy is a collection of pixels from a region of
interest. As noted earlier, low-resolution environments typi-
cally contain many scatterers per resolution cell resulting in
an approximately Gaussian backscatter signal. In this case,
the sample covariance matrix (2) follows a complex Wishart
distribution. Specifically, when & ~ CN (0, X) is a multivariate
complex Gaussian distribution, then N S o~ W.(3,N, %),
where the complex Wishart probability density function (PDF)
is

1

Ip(N) %]

and T,(N) = 72@=D/2T[P_ T(N — j +1) [3].
The following section describes how this fact has been
utilized for change detection in polSAR.

1

Pow(C;p, N, ) = ——|CN et ETC (3

B. Polarimetric change detection

In imagery analysis, it is often necessary to locate changes
in images collected at two or more times. Performed manually
by humans, this task is tedious has has a high probability
of error. Automated algorithms can highlight these change
regions to cue a human analyst or automated processing,
such as classification. Seminal polSAR change detection work
considers sample covariance matrices 3, and 32, respectively
from Time-1 and Time-2, and treats change detection between
the measurement times as a hypothesis test; under the no-
change hypothesis Hy : 3, = 3, and under the change
hypothesis H; : 3 #+ 3.

The Wishart change detection algorithm [5] assumes
Gaussian-distributed backscatter pixel vectors and formulates
the hypothesis test as a generalized likelihood ratio test
(GLRT) using the complex Wishart distribution (3) and sample
covariance matrices. Assuming a region (or small block)
of interest with [N co-registered pixels at each observation
time, let Xy = [x1,...,xy] denote the pixels from Time-1;
X5 = [®n41,- .., 22n] denote the pixels from Time-2; and
the combined data be X5. Note that each column of X7,
Xo, and X5 corresponds to the backscattered signal given

2

FP_120 ROI (parking lot)

Parking lot chip
[ Data

GGamma model
~——— Rayleigh model
Weibull model

Xyl

Fig. 1. Comparison of distributions used in SAR data modeling. Top-left:
SAR map from which the chip was drawn. The parking lot region of interest
(ROI) is enclosed by a red box. Top-right: zoomed-in chip over the ROIL
Bottom-left: Data histogram over the | X g | channel along with maximum
likelihood fits for three distributions. Bottom-right: comparison |X grgr| and
| X gv| data with GI'C distribution and multivariate Rayleigh.

in . Then if matrix C7; = XleH, Cy, = XQXQI{, and
Cio = X2 X g the resulting GLRT detection statistic is

L(X;,X2)=—6Nlog2— Nlog|C|

— Nlog|C3| + 2N log |C2]. “4)

Note that Cy, Cs, and C12 must be positive definite, placing
a lower bound on the number of samples N used to estimate
them. It can be shown that the algorithm in (@) is identical to
the non-coherent polarimetric algorithm found in [3]]; another
commonly-referenced change detection approach.

The Wishart detector considers differences in cross-channel
correlation structure. However, it is predicated on the Gaus-
sian backscatter assumption. In Figure [I] we examine the
distribution of measured high resolution SAR data provided
by the AFRL Change Detection (CD) dataset from an X-
band system with 0.25m slant range resolution [§]. For the
outlined region of interest, the lower left subfigure illustrates
a histogram of pixel magnitudes from the HH channel (|z g |)
along with maximum likelihood fits to several distributions. If
vector  is complex Normal, then the magnitude |x| has a
Rayleigh distribution. Hence, assessing the goodness-of-fit of
the Rayleigh PDF to the magnitude histogram equivalently
assesses the Gaussianity of the complex backscatter signal.
However, the Rayleigh distribution shows clear limitations
relative to the Weibull and GI' distributions—with the later
qualitatively superior.

III. ALGORITHM DESCRIPTION

A. Rationale

The example in Figure [[] and numerous other proposed
statistical models for SAR data [T1]}, illustrate the in-
adequacy of the Gaussian distribution. Hence, to fully exploit
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polSAR data for change detection in a high resolution setting,
a new multidimensional statistical model is needed.
Motivated by its generality, the single variate GI' distri-
bution introduced by Stacy [12] was selected to model per-
channel marginals because it captures as special cases many
commonly used single-channel distributions for SAR data
modeling, including the Weibull, Gamma, log-Normal, and
Rayleigh, among others [[6]. It has been applied in numerous
settings, including single-channel and multi-channel SAR [[13]].
However, while the GI" distribution models the marginal dis-
tribution of individual polSAR channels more effectively than
the Normal distribution (e.g., Fig. E]) it lacks a multivariate
generalization required to jointly model multiple polarimetric
channels. In this paper we employ the copula framework to
create a multivariate extension of the GI' distribution and
subsequently use that distribution to perform change detection.

B. Statistical Model

The statistical model in this work is comprised of two com-
ponents: the per-channel GI' marginal and a copula function
modeling inter-channel correlation. For the magnitude |x| of
a particular polSAR channel, the GI' PDF is

v

ST(R) (|x>’“<>

where v, k, s > 0 are parameters. The corresponding cumula-
tive distribution function (CDF) is

Fz(k) _ v

where T', (k) is the lower incomplete Gamma function. The
one-dimensional GI' distribution plotted in Figure [I| comes
from (B) after a maximum likelihood fit of the (v,k,s)
parameters.

With marginals in hand, we now turn our attention to inter-
channel correlation, where we employ a copula framework.
According to Sklar’s theorem, any multivariate distribution
may be written as a product of its marginals and a copula
function [[14]]. Thus, using this framework, we are free to select
marginal distributions most appropriate for polSAR data while
separately capturing correlation with a copula function.

Formally, any CDF F(x,x2,...,2y) may be written
Q(Fi(x1), Fa(z2),...,Fn(zn)), where for continuous ran-
dom variables, Q() is a unique copula distribution, and each
F;(x;) is the marginal CDF for variate z;. The probability
density function corresponding to F'() may be written

pGF(|$|;U7k73): )

Fer(z|;v,k, 8) =

(6)

p(xl,xg,...,xN) =q (Fl (.’L‘l),FQ (1‘2) RPN .,FP (IN))
p1(z1) p2 (22), ..., py (Xn), @)

where p;() is the marginal PDF corresponding to F;( ), and
q() is known as the copula density, obtained by differentiation
of Q() [[14].

Just as there are many choices for marginal distributions,
there are many choices for copulas for modeling the depen-
dence between marginals. In this work, we utilize the Gaussian
copula density given as

3

_ 1
- ‘A‘1/2

where Yy = [qsil (ul) 7¢71 (UZ) )ty ¢71 (uN)}’ (b() is the
scalar standard Normal CDF, I is the N x N identity matrix,
and A is a correlation matrix among the N variates.

Letting C = {HH, HV,VV} represent the set of channels
in a fully polarmetric SAR system, we utilize to form an
N = |C| = 3 dimensional density over pixel magnitudes

q(u1,ug, ..., un) exp (—y (A71 —IN) yT), (8)

Porc(|2];0) = [ [ por (el ve, ke se)a(uma, wrv, uvy),
ceC
)

where u. = For(|x.|; ve, ke, sc) for each channel ¢ € C, and
the magnitude |x| is taken element-wise. In (9), we refer to
the copula-based multivariate extension of the GI" distribution
as GI'C. The distribution requires three parameters for the
marginal of each channel, and three inter-channel correlation
parameters, 6, = {puw uv,Punvv:Puv.vv) that make up
A. All 12 parameters are collected into a parameter set
0 = {(ve, keys0) :c€e CHUD,.

In the lower right of Figure |I} we present example mul-
tichannel data from the X-band AFRL CD dataset [8] that
bolsters support for the GI'C' distribution over the typical
Gaussian model for polSAR data. To highlight correlation
between channels, the figure presents a |xpy| vs. |2y
scatter plot of pixel magnitudes for a region of interest in the
measured scene. Additionally, -1.5 dB and -3.0 dB probability
density contours are shown for optimally fitted GI'C' and
Rayleigh distributions. The 2D Rayleigh distribution is chosen
for comparison because the magnitudes of complex Gaussian
random variables are Rayleigh distributed. Compared to the
multivariate Rayleigh, we qualitatively observe that the GI'C
model better captures the shape of the empirical multichannel
data. In the following sections, we quantify the difference
through improvement in change detection performance when
the GI'C' model is applied.

C. Change Detection

The change detection algorithm is implemented as a hy-
pothesis test, where under the no-change hypothesis, all pixel
magnitudes are assumed to have the same distribution H :
Xi2 ~ pi12, and under the change hypothesis, Time-1 and
Time-2 pixel magnitudes are drawn from unique distributions
Hq: X1 ~ p1,and Xs ~ po. Using the pixel set definitions of
X1, X5, and X5 defined in Section and the previously
developed GT'C distribution (9), the likelihood ratio is formed
as

p(Xi2|H1)
L(X,, X,) = B2t
X1 %) = U R alo)
_ Hfi1pcrc(|wi|§01)H?5N+1pcrc(‘wi|502)
1Y) pere (|2il; 012)
(10)
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For a given threshold 7, we choose H; when L(X, X5) > T,
and H, otherwise.

In (10), the parameters of the GI'C' distributions are
unknown. Consequently is treated as a GLRT where
maximum likelihood estimates (MLEs) of the parameters are
used in place of unknown true values [9]. Time-1 data X is
used to produce estimate él of 01, and similarly estimates ég
and 912 are computed from sets X- and X9, respectively. In
this work, numerical optimization was used to maximize @])
when computing the MLEs.

Similar to other SAR CD algorithms, when performing CD
over an entire image, an M x M block of pixels is taken
around a particular pixel of test. The pixels in the block make
up X; and Xo, and change detection is performed via (10).
The process is repeated for all pixels of interest in the scene.

IV. RESULTS

To demonstrate the real-world performance of our GI'C
algorithm, we evaluated changes within an image chip of the
AFRL CD dataset. For overall scene context, refer to FigureE],
where we have identified the region of interest as a parking lot.
For this demonstration we focused on the FP_120 and FP_121
images. Unfortunately, ground-truth changes are not available
for our dataset. To facilitate quantitative comparisons between
the benchmark CD algorithms and the GT'C' algorithm, known
changes are introduced to small sections of the image that
are otherwise unchanging. In the analyses to follow, we will
compare the new GI'C' change detection algorithm, denoted
“copula”, with the Wishart benchmark (Equation H). We
also make a second benchmark comparison using the single-
channel non-coherent change detection algorithm from [3]],
denoted as “NCCD”. For all complex vector pixels  given
by (1), let y = |zp |+ |€mv| + |2y v| be the non-coherent
combination of channels. The resulting scalar image is used
in the NCCD algorithm given by

vil?)

voen 1 (BEL ) (352 |
(Bl + 25 )
(1T)

We selected a 62x 110 pixel area, shown in Figure [2] and
then manipulated the images producing changes with high,
medium, and low visual contrast. These cases are described
below.

A. Case 1: Moving a parked car into the road, high contrast

This case is shown in the left column of Figure [3] In
this case, we selected a 10x10 pixel chip from Time-1
corresponding to a parked car. This chip was swapped with
a 10x10 pixel chip from Time-2 corresponding to bare road
surface, as indicated by the boxes and arrows. The Time-1 and
Time-2 images confirm that this is a visually obvious change.
We expect that this is a fairly straightforward change detection
scenario. The ROC data in the bottom-left panel show that our
assumption was correct, and all three algorithms perform well.

4

B. Case 2: Moving a parked car into the road, medium
contrast

This case is a variation on Case 1 with a parked car with
a backscattered signal that appears less intense in magnitude
with lower contrast in the measured SAR image. The Time-1
and Time-2 imagery, along with the ROC curve, are shown on
the right column in figure 3] While the benchmark algorithms
show a reduction in detection performance as a function of
Dfq the GI'C algorithm maintains approximately the same
performance in Case 2 as Case 1.

C. Case 3: Swapping bare roadway sections, low contrast

We wanted to experimentally establish a lower-bound on
detection performance for all of the CD algorithms, including
the GI'C. So for Case 3, we selected a small section of
bare road surface from Time-1 and swapped it with a section
of bare road surface from Time-2. Note that the scattering
phenomenology is very different in Case 3 than Case 1 and
2, as the road surface is homogeneous with no dominant
scattering centers within the SAR resolution cell. This change
has very low contrast. In such a case, the complex Gaussian
model is representative of the scattering. The images and
results for this case are found in the left column of figure
The Time-1 and Time-2 images highlight that this is a very
difficult case, and one that cannot be performed visually. All
three algorithms struggle with Case 3. Interestingly, the GI'C
model is comparable with the Wishart model, whose physical
interpretation is consistent with the scattering phenomenology.

D. Case 4: Polarization shifting

In Case 4 we examine a change detection modality that
is unique to polarimetric models. In this case, we circularly-
shifted the polarization channel data for a single, car-sized
chip from the parking lot image. In the Time-2 image,
Xgg — Xgv, Xgy — Xyvy, and Xyy — Xgpg. No
changes were made to the Time-1 image. This type of change
has physical meaning, as it may represent the rotation of a
dominant, linearly-polarized scattering center relative to the
SAR collection system. Images and ROC curve results are
shown in the right column of Figure ] The NCCD detector,
which relies on the incoherent sum of polarization marginals,
is blind to this type of change, while the Wishart and GI'C
detectors are able to discern them. Among the polarimetric
algorithms, GI'C' appears to have superior detection perfor-
mance.

V. CONCLUSIONS

In this work, we show advantageous performance of a
GT'C model for non-coherent change detection in polarimetric
SAR. In particular, ROC analysis confirms that the GI'C'
model displays an ability to discriminate changes that is
comparable or better than the benchmark NCCD and Wishart
models. In the measured data analysis, for a py, = 0.001,
GI'C' detector has a pg that is 1.13 times higher than the
Wishart detector in high contrast cases where the changes
are visually discernible to 4.64 times higher in cases where
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Non-changing region, Time 1

Parking lot, time 1

Bare road

Non-changing
region

Fig. 2. Image chip from the AFRL CD dataset used in the demonstration. For
display the image chips are incoherently summed across polarization channels.
Left: full parking lot region of interest at Time-1 from FP_120. The non-
changing section of the parking lot is highlighted with a red box. Right: non-
changing region used in the induced changes study, a subset of the Time-1
data. Parked cars and bare road surface are highlighted in cyan and magenta,
respectively.

Case 1 (measured), Time 1 Case 2 (measured), Time 1

Time 2 bare Time 2 bare

Time 1
parked

10°

Py

— = Copula
NCCD
Wishart

= == Copula
NCCD
Wishart

107"

10° 10°

Pra

Fig. 3. Algorithm comparison using measured data from the AFRL CD
challenge dataset. Ground-truth changes were created by translating image
chips between the Time-1 and Time-2 images. Left column corresponds to
Case 1 and right column corresponds to Case 2. Top row: Time-1 images.
Second row: Time-2 images. While Case 1 shows visually apparent changes,
the changes in Case 2 are more difficult to discern visually. Changes are
indicated by the red boxes. Bottom row: ROC results. Analysis of these
measured data shows that the GI'C' model offers comparable or superior
detection performance against the benchmarks in both visually obvious and
visually challenging scenarios.
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Case 3 (measured), Time 1

Case 4 (measured), Time 1

Time 2 bare road
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circshift

ROC, Case 3 (measured) ROC, Case 4 (measured)
T R LT e Y
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Fig. 4. Algorithm comparison using measured data from the AFRL CD
challenge dataset. Ground-truth changes were created by translating image
chips between the Time-1 and Time-2 images. Left column corresponds to
Case 3 and right column corresponds to Case 4. Top row: Time-1 images.
Second row: Time-2 images. Case 3 changes are impossible to discern
visually, while the Case 4 changes are only visible through analysis of the
polarization channel data. Changes are indicated by the red boxes. Bottom
row: ROC results. Analysis of these measured data shows that the GT'C model
offers comparable or superior detection performance against the benchmarks
in both of these challenging scenarios.

changes are visually imperceptible. Using accurate marginals
along with a capability to model cross-channel dependence, the
GI'C' model more efficiently exploits the data than existing
benchmarks. The penalty of a more representative model is
computational, as we need to resort to numerical methods to
estimate the parameters of the GI distribution. However, direct
estimators for non-standard variations of the GI' distribution
have been reported in the literature , and these will be
explored for integration into the proposed CD framework.

While we have chosen the Gaussian copula there are many
other choices of copula functions available. Each are likely
to have different characteristics when applied to the real
poISAR data [[I4]. For example, the Gaussian copula is limited
to supporting linear dependence, whereas real polSAR data
may include non-linear dependence. Other copula function
are suitable for non-linear dependence. We plan to evaluate
additional copula functions to understand the trade-space, as
well as improve our parameter estimation procedure, in follow-
on research.

DISCLAIMER

The views and conclusions contained herein are those of
the authors and should not be interpreted as necessarily repre-
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senting the official policies or endorsements, either expressed
or implied, of Air Force Research Laboratory (AFRL) or the
U.S. Government.
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