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AAS 23-188

APPLICATIONS OF SLIDING MODE CONTROL TO ORBITAL
RENDEZVOUS WITH TUMBLING OR MANEUVERING CLIENTS

Bryan P. Hoskins∗

The capabilities of autonomous inspection vehicles that operate near malfunctioning clients
have developed significantly over the last decade due to their rapidly evolving mission set.
On-orbit inspection serves as a necessary catalyst to gain vital information of a prospective
client vehicle prior to executing a servicing operation. The associated challenges are aug-
mented when the client is deemed inoperable or malfunctioning, such that the inspector is
incapable of actively assisting in a coordinated rendezvous maneuver. The nature of a client,
deemed either inoperable or malfunctioning, suggest that the client could be uncontrollably
tumbling, or translationally maneuvering, due to a damaged propulsion system. Therefore,
the focus of this study is to investigate the satellite relative position control problem, which
enables an autonomous inspection vehicle to approach, and operate around, a malfunctioning
client capable of producing uncertain maneuvering. The line-of-sight based relative motion
model is first introduced, being formulated in a coordinate frame attached to the inspector,
not client, which leverages the navigation information directly. The state of the client could
be partially or completely unknown, and therefore, it’s more convenient to formulate the
dynamic model in a frame attached to the inspecting vehicle. This investigation then syn-
thesizes adaptive and robust control into a single, continuous framework without bounding
knowledge of unknown perturbation and uncertainties in the form of an adaptive second-
order fast non-singular terminal sliding mode control law. The proposed control scheme is
designed to deliver an inspection vehicle into proximity of a freely tumbling, or maneuvering
client, while ensuring finite-time convergence of the sliding variables to the design manifold,
in spite of these system uncertainties and perturbations. The proposed control scheme is then
proven stable in the Lyapunov regime, achieving convergence when the upper bounds of
the bounded uncertainties are unknown a priori. Finally, several numerical simulations are
presented to demonstrate the effectiveness of the proposed adaptive second-order fast non-
singular terminal sliding mode controller and its application to future on-orbit inspection
missions with malfunctioning or inoperable clients.

1

INTRODUCTION

With an increased dependency on the space domain, the number of spacecraft deemed inoperable or mal-
functioning will undoubtedly increase, leading to new operational requirements for more complex inspection 
and servicing sorties. Satisfying these mission requirements will be vital to the future of spaceflight, as ma-
neuvering to inoperable or malfunctioning client vehicles unprepared for on-orbit servicing presents unique 
challenges to operating servicing vehicles. These challenges manifest from the assumption that the client is 
unprepared for on-obit servicing, and therefore, incapable of actively assisting in a coordinated maneuver. 
Spacecraft are designed to be lightweight and are often built without considerations for future maintenance, 
and therefore would be lacking the necessary hard points to facilitate on-orbit servicing subsequent to an 
operational anomaly resulting in a damaged asset, rendering it malfunctioning or entirely inoperable. More-
over, potentially damaged assets could feasibly exhibit uncertain, and therefore hazardous behaviors such as 
uncontrolled tumbling or translational maneuvering.

The unprepared nature of the client coupled with its uncertain behavior prompts a need for on-orbit in-
spection prior to any servicing operations. However, the area of research related to autonomous operations
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with malfunctioning clients is still facing many technical challenges which include dynamic modeling, guid-
ance, navigation and control, sensing and actuator limitations as well as simulation and validation.1 Recent
interests have been motivated by the understanding that inspection and servicing vehicles must engage with
unprepared clients. This realization opens a relatively new and untouched regime of research, and under-
standing how the absence of client cooperation influences the overall mission design, and how such a mission
design is augmented when it is understood that the client can produce uncertain maneuvering, is an important
question that must be answered. These scenario are challenging, and the enabling technologies are under-
developed, when compared to the autonomous capabilities of spacecraft executing on-orbit inspection and
servicing with fully operational and prepared clients, capable of assisting an approaching space vehicle.

Operational clients prepared for orbital rendezvous are typically capable of communicating helpful teleme-
try data and would nominally be equipped with distinguishing fiducials for an approaching spacecraft to per-
ceive with an appropriate sensor suite, e.g., antennas, retroreflectors, reflective tape, LEDs, and visual and
infrared features; on the contrary, a spacecraft approaching unprepared, potentially malfunctioning clients
would be limited to silhouettes, edges, corners and points as visual aids and of course, would not be able
to transmit helpful telemetry data.2 This challenge is exacerbated if there is no a priori state information
of a prospective client, due to either significant uncertainty in ground station observations or unplanned or
uncontrolled maneuvers imparted on the client, moving it off its nominal trajectory. In such a case, the orbital
state of the client vehicle may only be known to an accuracy of several kilometers.3

SATELLITE DYNAMIC MODELING AND PROBLEM FORMULATION

This analysis assumes that the inspection vehicle has been positioned in proximity of a designated client,
whose absolute orbital state is either partially or entirely unknown due to its malfunctioning nature. The
nature of the client also suggests the potential for uncertain maneuvering, both translational maneuvering or
uncontrolled tumbling. In this section, the line-of-sight (LOS)-based coordinate system will first be intro-
duced and the significance of this approach and its relevance to the satellite relative position control problem
with malfunctioning clients will also be discussed. Then the LOS-based relative motion dynamics will be
derived, formulated in a general second order form with considerations for uncertain client maneuvering.

Coordinate Frames and Client’s Attitude Dynamics

It is more appropriate to build the dynamic equations of relative motion in a frame attached to the inspection
vehicle as opposed to the client, due to the uncertain and malfunctioning nature of the client whose absolute
orbital state is likely unknown. Moreover, this approach utilizes the relative navigation information directly
within the dynamic equations of relative motion, avoiding the computational overhead of converting the
navigation information to an equivalent Cartesian frame.4, 5 To appropriately define the LOS-based coordinate
system, several intermediate frames must be established first; these coordinate frames are also depicted in
Figure 1.

1. The Earth Centered Inertial (ECI) reference frame is defined as a coordinate frame attached to the
Earth’s center of mass, written as I = (xI , yI , zI) and defined with respect to the Earth Mean Equinox
(EME2000). The xI − yI plane defines the equatorial plane, with xI pointing through the vernal
equinox and zI pointing through the North Pole.6, 7

2. The client’s body-fixed frame is defined as the coordinate frame fixed to the client’s center of mass,
written as B = (xB, yB, zB). The client’s attitude quaternion is defined as (qc, qc0) ∈ R3 × R, which
defines the relationship between the client’s body-fixed frame and the defined Earth Centered Inertial
frame.

With these frames in mind, the relative state of the client can now be written using the navigation information
directly, i.e, using the range (ρ), and two LOS angles, azimuth and elevation (θ, ε), to form the LOS-based
state vector x = (ρ, θ, ε), defined in the LOS-based coordinate system. Written as L = (xL, yL, zL), and
defined along the LOS range vector, the LOS-based coordinate frame is related to the client’s body frame
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Figure 1: Line-Of-Sight Coordinate Frame

through two rotations, an initial rotation about zB by θ, followed by a second rotation about yint of the
intermediate frame by -ε, where θ ∈ (−π, π) and ε ∈ (−π/2, π/2), with the final degree of rotation being
fixed, as described in Eq. (7).

The LOS-based coordinate frame transformation from the inertial ECI frame is defined by two transforma-
tions. That being an initial transformation from the I (inertial ECI) frame to the client’s B (body-fixed) frame,
followed by a second transformation from the client’s B (body-fixed) frame to the inspector’s L (LOS-based)
frame. This transformation is written as

I
LR = B

LR IBR. (1)

The transformation from the inertial ECI frame to the client’s body-fixed frame (IBR), otherwise known as
the direction cosine matrix (DCM), can be defined as a function of the client’s attitude quaternion, and can
be written as

I
BR = (q2c0 − q′cqc)I3×3 + 2q′cqc − qc0q×c . (2)

The client’s attitude dynamics are described as (see Reference 8):

JcIω̇Bc = −IωB×c Jc IωBc +B τ c +B Tdc , (3)

q̇c =
1

2
(q×c + qc0I3×3) IωBc , (4)

q̇c0 =
1

2
qTc
IωBc , (5)

where IωBc ∈ R3 denotes the angular velocity of the client, expressed in the client’s body-fixed frame, being
read as the angular velocity of the body-fixed frame of the client about the inertial ECI frame. The client’s
inertia matrix is defined as Jc ∈ R3×3. The quantities q×c and IωB×c define skew-symmetric matrices, whose
off diagonal elements are defined by their respective vectors. With that being said, recall the skew symmetric
property is defined as

ω× =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 , (6)
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whose off diagonal elements are defined by an arbitrary vectorω = [ω1, ω2, ω3]T . The client’s control torque
and external disturbances expressed in the client’s body-fixed frame are defined as Bτ c = [Bτc1 ,

Bτc2 ,
Bτc3 ]T

and BTdc = [BTdc1 ,
BTdc2 ,

BTdc3 ]T respectively, where the left superscript notation indicates the relevant
frame for force and torque terms. The client’s control torque and external disturbances are bounded by the
following assumption:

Assumption 1. There exist unknown positive constants b0 and b1 which define the upper bounds of the client’s
control torque and external disturbance terms such that the inequalities ‖Bτ c‖ ≤ b0 and ‖BTdc‖ ≤ b1 are
satisfied.

Finally, the transformation matrix which relates the LOS coordinate frame to the client’s body-fixed coordi-
nate frame (BLR), is written as

B
LR =

cos(−ε) 0 sin(−ε)
0 1 0

sin(−ε) 0 cos(−ε)

 cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1


=

 cos(ε) cos(θ) cos(ε) sin(θ) sin(ε)
− sin(θ) cos(θ) 0

− sin(ε) cos(θ) − sin(ε) sin(θ) cos(ε)

 ,
(7)

where the following assumption is assumed satisfied:

Assumption 2. To theoretically guarantee the existence of BLR, the inequalities ‖BLR‖ ≤ b2 and ‖BLṘ‖ ≤ b3
are assumed satisfied by some unknown positive constants b2 and b3, with BLR being defined by two rotations
that satisfy θ ∈ (−π, π) and ε ∈ (−π/2, π/2).

Dynamic Equations of Relative Motion and Problem Formulation

In this section, the client’s relative motion dynamics will be derived and discussed in the context of the
LOS-based coordinate system defined in the previous section. To derive the LOS-based equations of relative
motion, one must first apply the transport theorem, taking the second derivative of the position vector

rc/E = ri/E + rc/i, (8)

with respect to the inertial frame. As shown in Figure 1, the quantity ri/E denotes the inspector’s position
relative to the Earth. Similarly, the quantity rc/E denotes the client’s position relative to the Earth. Moreover,
the quantity rc/i denotes the position of the client with respect to the inspector, with the client’s range defined
as ||rc/i|| = ρ. Similar to prior works (see References 4 and 5), standard vector notation is used, where the
client, inspector and Earth are denoted by subscripts c, i and E respectively. Applying the transport theorm to
Eq. (8), one has

I r̈c/E = I r̈i/E + Lr̈c/i + Iω̇L × rc/i + 2IωL × Lṙc/i + IωL × (IωL × rc/i), (9)

with bolded text indicating vector notation. For completeness, reference frames are introduced into the nota-
tion when discussing velocity or acceleration quantities–e.g., velocity vector Lṙc/i is read as the velocity of
the client relative to the inspector with respect to the LOS frame. The client’s relative position, velocity and
acceleration quantities, written in the inspector’s LOS frame are described as

rc/i =

ρ0
0

 , Lṙc/i

ρ̇0
0

 , Lr̈c/i =

ρ̈0
0

 (10)

respectivly. The angular velocity and acceleration vectors of the LOS frame with respect to the inertial ECI
frame can be expressed within the LOS frame as

4



IωL =

θ̇ sin(ε)
−ε̇

θ̇ cos(ε)

 + B
LRIωBc ∈ R3, (11)

Iω̇L =

θ̈ sin(ε) + θ̇ε̇ cos(ε)
−ε̈

θ̈ cos(ε)− θ̇ε̇ sin(ε)

 + B
LṘIωBc + B

LRIω̇Bc ∈ R3, (12)

with

B
LṘ = − IωB× BLR. (13)

The motion of the client relative to inspector within the ECI frame can now be derived using the absolute
orbital dynamics of each spacecraft. The absolute relative motion dynamics are written as

I r̈c/i = I r̈c/E − I r̈i/E

= −
(

µ
‖rc/E‖3

rc/E − µ
‖ri/E‖3

ri/E
)

+
1

mi

(
mi

mc

IFc − (IFi + IFd)
)

= I∆g +
1

mi

(
mi

mc

IFc − (IFi + IFd)
)
,

(14)

where IFc = [IFc1 , IFc2 , IFc3 ]T and IFi = [IFi1 , IFi2 , IFi3 ]T define the unknown client ma-
neuver and the inspector’s control input respectively. The unknown external disturbance term which in-
cludes disturbances such as atmospheric drag, solar radiation pressure and plume impingement is written as
IFd = [IFd1 , IFd2 , IFd3 ]T . The relative gravity differential term I∆g = [I∆g1,

I∆g2,
I∆g3]T de-

scribes the gravity difference between the client and inspector within the inertial ECI frame, and is described
as

I∆g = −
(

µ
‖rc/E‖3

rc/E − µ
‖ri/E‖3

ri/E
)
, (15)

where µ defines Earth’s standard gravitational parameter. The client and inspector’s mass properties are
defined as mc and mi respectively. Moreover, it’s assumed that the position of the client, relative to the
inspector is assumed small, i.e., ‖rc/i‖ � ‖ri/E‖. Therefore, Eq. (15) can be written as

I∆g = − µ

‖ri/E‖3
(

‖ri/E‖3

‖ri/E+rc/i‖3
(ri/E + rc/i)− ri/E

)
= − µ

‖ri/E‖3

[(
1 +

2ri/Erc/i
‖ri/E‖2

+
‖ rc/i‖2

‖(ri/E‖2

)− 3
2

(ri/E + rc/i)− ri/E

]
≈ − µ

‖ri/E‖3
[(

1 + 2
ri/E ·rc/i
‖ri/E‖2

)
(ri/E + rc/i)− ri/E

]
,

(16)

which can then be approximated using the Maclaurin expansion (1 + x)−
3
2 = 1− 3x

2 + 15x2

8 − ... as

I∆g ≈ − µ

‖ri/E‖3
(

rc/i − 3
ri/E ·rc/i
‖ri/E‖2

ri/E
)
. (17)

It is reasonable to assume these uncertain terms are bounded, and to that end, the following Assumption is
introduced.
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Assumption 3. It is assumed that the bounding information on the uncertain, and time-varying, client ma-
neuver, external disturbance and gravity differential are all unknown, but known to exist, i.e., there exists
some unknown positive constants, such that IFc ≤ b4, IFd ≤ b5 and I∆g ≤ b6||x||.

Finally, by substituting Eq. (10) - Eq. (12), and the absolute orbit dynamics from Eq. (14) into Eq. (9), and
applying the necessary frame transformations using Eq. (2) and Eq. (7), the LOS-based dynamic equations
of relative motion can be stated in its general second-order form as

M(x)ẍ + F(x, ẋ) = ψd − u(t), (18)

with the inertia matrix defined as M(x) = (M0(x)+∆M(x)) ∈ R3×3 and the lumped Coriolis and centripetal
forcing terms defined as F(x, ẋ) = (F0(x, ẋ) + ∆F(x, ẋ)) ∈ R3; the terms M0(x) and F0(x, ẋ) define
the nominal terms, and ∆M(x) and ∆F(x, ẋ) define uncertain terms. The following assumptions are made
regarding the relative motion dynamic model

Assumption 4. The model parameters M(x) and F(x, ẋ) are bounded such that the following inequalities
hold:

M(x) ≤ b7
F(x, ẋ) ≤ b8 + b9||x||+ b10||ẋ||2.

(19)

The quantity ψd, is a lumped uncertain term, containing the gravitational differential (L∆g), client thrusting
(LFc), external disturbance quantities (LFd and BTdc) and client control torque (Bτ c). The quantities M(x),
F(x, ẋ) and ψd are defined as

M(x) = mi

1 0 0
0 ρ cos ε 0
0 0 ρ

 , (20)

F(x, ẋ) = mi

 0

−ρθ̇ε̇sinε
0

+mi

(
B
LṘ IωBc −BL R J−1c IωB×c Jc IωBc

)
× rc/i

+ 2mi
IωL × Lṙc/i +mi

IωL × (IωL × rc/i),

(21)

and

ψd = mi
L∆g +

mi

mc

LFc − LFd −mi
B
LR J−1c (BTdc × rc/i)

−mi
B
LR J−1c (Bτ c × rc/i)

(22)

respectively. Recall that the client’s relative position can be expressed using the spherical based LOS coor-
dinates, by denoting the relative position vector x = [ρ, θ, ε]T . Moreover, the inspector’s thrust vector in
the LOS-based frame, previously written as LFi, is denoted as u(t) = [u1, u2, u3]T . Now, the second order
dynamic expression from Eq. (18) can be written as

M0(x)ẍ + F0(x, ẋ) = ψD − u(t), (23)

with the new lumped uncertain term ψD written as

ψD = −∆M(x)ẍ−∆F(x, ẋ) +ψd, (24)

which now contains the system uncertain terms ∆M(x) and ∆F(x, ẋ). Based on Assumptions 1 - 4 the
following assumption holds:

6



Assumption 5. The lumped uncertain term ψD can be bounded by the following inequality:

||ψD|| ≤ a0 + a1||x||+ a2||ẋ||2, (25)

where aj (j = 0, 1, 2) are unknown positive constants.

CONTROL SCHEME

In this section, a robust adaptive second-order fast non-singular terminal sliding mode control (ASOFNTSMC)
scheme is proposed to compensate for system uncertainties and disturbances without prior bounding knowl-
edge. The proposed control scheme avoids the singularity problem inherent to terminal sliding mode control
(TSMC) and ensures the control profile is tractable; fast, finite-time convergence is also guaranteed, ensuing
the error states converge to zero while simultaneously reducing detrimental chattering effects.

Preliminaries

Throughout this paper, when discussing the designed sliding manifolds the following notation is proposed
for simplicity:

sigλ(v) = (|v1|λsign(v1), . . . , |vn|λsign(vn))T , (26)

where v = [v1, v2, ..., vn]T ∈ Rn and |v|λ = [|v1|λ, |v2|λ, ..., |vn|λ]T ∈ Rn for some positive constant λ. An
important lemma can also introduced.

Lemma 1. The zero solution of the nonlinear dynamics is finite-time stable if it is both stable in the sense
of Lyapunov, and finite-time convergent.9 With this understanding, a Lyapunov description of finite-time
stability is proposed. Suppose there exists a function V (x) that is positive-definite on Û and defined in the
neighborhood Û ⊂ Rn such that

V̇ (x) = −αV (x)− βV φ(x), 0 < φ < 1 (27)

is negative semi-definite on Û for some positive constants α and β. Then the nonlinear system is said to be
finite-time stable with a settling time given by

Ts ≤
1

α(1− φ)
ln
αV 1−φ(x(0)) + β

β
, (28)

for any given initial condition V (x(0)). However, if Û ⊂ Rn and V (x) are radially unbounded then the
origin is said to be globally finite-time stable.10

Sliding Manifold Design

Conventional sliding mode control (SMC) benefits from a  relatively simple implementation compared to 
other nonlinear control techniques, and benefits f rom s trong r obustness p roperties w ith r espect t o model 
uncertainties and external disturbances. SMC is two phase process to drive the trajectories of the sliding 
variables to a predefined m anifold, known as t he s liding manifold where t he behavior on t his manifold is 
entirely independent of matched uncertainties. The two phases of SMC involve a reaching phase and a 
sliding phase. During the reaching phase the control law drives the trajectories of the sliding variables to the 
sliding manifold, after arriving, the sliding phase begins, constraining the trajectories of the system to the 
designed manifold where the original dynamics are well behaved. Once the sliding variables converge to the 
defined manifold the error states will converge to zero exponentially, this process is depicted in Figure 2.

However, SMC inherently suffers from chattering effects, due to the discontinuous nature of conventional 
SMC. In practical applications, SMC will only drive the trajectories of the system to the real sliding mode,
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Figure 2: Phase Portrait: Sliding Manifold s =
0 (black) and System Trajectories (red)

Figure 3: Behavior of the Sliding Variables Near
the Designed Manifold

which is a region around the sliding manifold and because of this, rapid switching above and below the
sliding manifold occurs. This phenomenon is caused by time delays between when the control signal is
produced, and when the control signal is felt by the system. This causes high heat loss in electronic power
circuits and degrades system hardware, which in turn causes reduced control accuracy and degrades system
performance.11 The chattering behaves as shown in Figure 3, depicting the trajectories of the sliding variables
bouncing above and below the sliding manifold. This phenomenon can be mitigated or practically eliminated
through various techniques, a popular method is to approximate the discontinuous signum function via a
high slope saturation function or hyperbolic tangent function. Other techniques include designing mitigating
characteristics into the sliding manifold itself or developing adaptive procedures to dynamically tune the
system’s control input.

With that in mind, the proposed manifold design is comprised of a proportional-derivative sliding mode
(PDSM) manifold and a fast nonsingular terminal sliding mode (FNTSM) manifold to achieve faster con-
vergence of the tracking errors and help mitigate adverse chattering effects; together, these manifolds form a
SOFNTSM manifold. The proposed PDSM manifold s1 and FNTSM manifold s2 are defined as

s1 = ė + K1e (29)

and

s2 = s1 + K2sigγ2(s1) + K3sigγ1(ṡ1) (30)

respectively, where the tracking error e ∈ R3, is defined as e = x− xd with the desired state vector xd ∈ R3

defined as xd =
[
ρd, θd, εd

]T
. The parameters K1, K2 and K3 are positive-definite design matrices written

as K1 = diag(k11, k12, k13) for k1j > 0 (j = 1, 2, 3), K2 = diag(k21, k22, k23) for k2j > 0 (j = 1, 2, 3)
and K3 = diag(k31, k32, k33) for k3j > 0 (j = 1, 2, 3) respectively. The design constants γ1 and γ2 are
positive constants satisfying 1 < γ1 < 2 such that the inequality γ2 > γ1 is satisfied. The design parameters
expressed in Eq. (29) and Eq. (30) can be used to adjust the reaching time to the SOFNTSM manifold s2 = 0,
such that

s1 + K2sigγ2(s1) + K3sigγ1(ṡ1) = 0. (31)

8



When the trajectories of sliding variable s1 are far from the designed PDSM manifold, the higher order
terms of Eq. (31) will dominate and dictate the convergence rate of s1. Conversely, when the trajectories of
sliding variable s1 are close to the designed PDSM manifold the first-order terms of Eq. (31) will primarily
influence the convergence rate of s1.12 The first derivative of FNTSM manifold can be expressed as

ṡ2 = ṡ1 + γ2K2diag(|s1|γ2−1)ṡ1 + γ1K3diag(|ṡ1|γ1−1)s̈1

= ṡ1 + γ2K2diag(|s1|γ2−1)ṡ1 + γ1K3diag(|ṡ1|γ1−1)(−Ṁ
−1
0 (x)F0(x, ẋ)

−M−10 (x)Ḟ0(x, ẋ)− Ṁ
−1
0 (x)u(t)−M−10 (x)u̇(t)− ...qd

−K1M−10 (x)F0(x, ẋ)−K1M−10 (x)u(t)−K1q̈d +ψD),

(32)

where

ψD = (Ṁ
−1
0 (x) + K1M−10 (x))ψD + M−10 (x)ψ̇D. (33)

Based on Assumptions 1 - 5 the following assumption holds:

Assumption 6. The lumped uncertain term ψD can be bounded by the following inequality:

||ψD|| ≤ κ0 + κ1||x||+ κ2||ẋ||2, (34)

where κj (j = 0, 1, 2) are unknown positive constants.

Adaptive Second-Order Fast Nonsingular Terminal Sliding Mode Control

Using the defined manifolds, both the PDSM and FNTSM manifolds from Eq. (29) and Eq. (30) re-
spectively, as well as the derived second order LOS-based dynamic model from Eq. (18), the proposed
ASOFNTSMC scheme can be introduced as

u̇(t) =M0(x)(−Ṁ
−1
0 (x)F0(x, ẋ)−M−10 (x)Ḟ0(x, ẋ)− Ṁ

−1
0 (x)u(t)− ...qd −K1M−10 (x)F0(x, ẋ)

−K1M−10 (x)u(t)−K1q̈d +
γ2
γ1

K−13 K2diag(|s1|γ2−1)diag(|ṡ1|2−γ1)sign(ṡ1)

+
1

γ1
K−13 diag(|ṡ1|2−γ1)sign(ṡ1) + K4s2 + (κ̂0 + κ̂1||x||+ κ̂2||ẋ||2)sign(s2)),

(35)

where κ̂j (j = 0, 1, 2) denotes the estimations of the bounding parameters in Eq. (34). A constant plus
proportional rate reaching strategy is proposed, defined by K4 where K4 = diag(k41, k42, k43), with k4j >
0 (j = 1, 2, 3). This strategy forces the trajectories of the system onto the sliding manifold quicker when the
sliding variables are far from the defined manifold.13 The plus proportional rate reaching law encourages the
trajectories of the sliding variables to approach the designed manifold for larger values K4. It is important to
mention that Eq. (35) contains both the equivalent (u̇eq(t)) and switching (u̇sw(t)) control terms written as

u̇(t) = u̇eq(t) + u̇sw(t); (36)

the ASOFNTSMC scheme can now be formalized as

u(t) = ueq(t) + usw(t) =

∫ t

0

(u̇eq(t) + u̇sw(t)) dt. (37)

The proposed ASOFNTSMC scheme is depicted in Figure 4. Contrary to conventional SMC, the discontin-
uous switching function is masked behind the control input’s time derivative, which allows the control input
to be continuous, while having chattering effectively eliminated without reducing the tracking precision.14
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Figure 4: Control Diagram of the Proposed ASOFNTMC Scheme

In practice, the bounding information on system uncertainties and perturbations are hard to determine in
advance. Therefore, an adaptive approach is necessary to enable the control to be properly attenuated through-
out the simulation and to ensure the control scheme isn’t overcompensating for the system uncertainties and
perturbations as gain overestimation adversely effects system performance, degrading tracking error and am-
plifying system chattering. Moreover, without a priori knowledge of system uncertainties and perturbations
the region of convergence is hard to determine beforehand.15

Recall that in practice SMC drives the trajectories of the sliding variables to a region around the sliding
mode, called the real sliding mode. With this behavior in mind, as the designed control forces the trajectories
of the sliding variables to the real sliding mode, it is possible for a potentially boundless increases in the
adaptive parameters.16 Therefore, the adaptive framework is proposed in the context of the real sliding mode,
defined by ε, which defines the region around the sliding mode (s2 = 0). With this in mind, and based on
Assumption 6, the adaptive framework is proposed as

˙̂κ0 =

{
γ1κ̄0‖sT2 K3diag(|ṡ1|γ1−1)‖, ‖s2‖ ≥ ε

0, ‖s2‖ < ε

}
(38)

˙̂κ1 =

{
γ1κ̄1‖sT2 K3diag(|ṡ1|γ1−1)‖‖x‖, ‖s2‖ ≥ ε

0, ‖s2‖ < ε

}
(39)

˙̂κ2 =

{
γ1κ̄2‖sT2 K3diag(|ṡ1|γ1−1)‖‖ẋ‖2, ‖s2‖ ≥ ε

0, ‖s2‖ < ε

}
, (40)

with the positive constants κ̄0, κ̄1, κ̄2 defining the adaptive rates. The proposed ASOFNTSMC law can be
supplemented with a high slope saturation function, in the form of a hyperbolic tangent function to improve
control performance and eliminate residual chattering effects during the real sliding mode. Therefore, to
eliminate residual chattering in Eq. (35), the discontinuous switching function sign(s2) can be replaced with
the continuous tanh( s2

δ ) function, where δ > 0 is a sufficiently small constant that defines the inflection point
of the hyperbolic tangent function; a larger value of δ > 0 attenuates chattering effects, but at the expense of 
steady state error.5, 17

The validity of the proposed ASOFNTSMC algorithm can now be presented in the context of Lyapunov 
stability

Theorem 2. Considering the LOS-based dynamic model (Eq. (23)), the PDSM and FNTSM manifolds 
(Eq. (29) and Eq. (30)), proposed ASOFNTSMC scheme (Eq. (35)) and the adaptation process defined in 
Eq. (38) - Eq. (40), it can be proven that the sliding modes are established in finite-time and that the error 
states are bounded and converge to a region around their desired states exponentially.

10



Proof. Consider the following positive definite Lyapunov candidate function, written as

V =
1

2
sT2 s2 +

1

2

2∑
j=0

κ̄−1j κ̃2j , (41)

with κ̃j = κ̂j − κj (j = 0, 1, 2) defining the adaptive errors. Recall from Eq. (34), κj (j = 0, 1, 2) denote
the unknown positive constants defining the upper bound of the system uncertainties, with κ̂j (j = 0, 1, 2)
denoting their estimations using Eq. (38) - Eq. (40). Taking the time derivative of Eq. (41), one has

V̇ = sT2 ṡ2 +
2∑
j=0

κ̄−1j κ̃j ˙̂κj . (42)

Making the necessary substitutions using Eq. (32) and Eq. (35) one has

V̇ = sT2 (ṡ1 + γ2K2diag(|s1|γ2−1)ṡ1 + γ1K3diag(|ṡ1|γ1−1)(−Ṁ
−1
0 (x)F0(x, ẋ)

−M−10 (x)Ḟ0(x, ẋ)− Ṁ
−1
0 (x)u(t)−M−10 (x)u̇(t)− ...qd

−K1M−10 (x)F0(x, ẋ)−K1M−10 (x)u(t)−K1q̈d +ψD)) +

2∑
j=0

κ̄−1j κ̃j ˙̂κj

V̇ = γ1sT2 K3diag(|ṡ1|γ1−1)ψD − γ1sT2 K3K4diag(|ṡ1|γ1−1)s2

−γ1(κ̂0 + κ̂1||x||+ κ̂2||ẋ||2)sT2 K3diag(|ṡ1|γ1−1)sign(s2) +
2∑
j=0

κ̄−1j κ̃j ˙̂κj .

(43)

Recalling the adaptive process is governed by Eq. (38) - Eq. (40) and the bounding inequality from Assump-
tion 6, one then has

V̇ ≤ γ1‖ψD‖‖sT2 K3diag(|ṡ1|γ1−1)‖ − γ1sT2 K3K4diag(|ṡ1|γ1−1)s2
− γ1(κ̂0 + κ̂1||x||+ κ̂2||ẋ||2)sT2 K3diag(|ṡ1|γ1−1)sign(s2)

+ γ1κ̃0‖sT2 K3diag(|ṡ1|γ1−1)‖+ γ1κ̃1‖sT2 K3diag(|ṡ1|γ1−1)‖‖x‖
+ γ1κ̃2‖sT2 K3diag(|ṡ1|γ1−1)‖‖ẋ‖2

V̇ ≤ γ1(κ0 + κ1||x||+ κ2||ẋ||2)‖sT2 K3diag(|ṡ1|γ1−1)‖ − γ1sT2 K3K4diag(|ṡ1|γ1−1)s2
− γ1(κ̂0 + κ̂1||x||+ κ̂2||ẋ||2)‖sT2 K3diag(|ṡ1|γ1−1)‖
+ γ1(κ̃0 + κ̃1‖x‖+ κ̃2‖ẋ‖2)‖sT2 K3diag(|ṡ1|γ1−1)‖,

(44)

which can be approximated as

V̇ = −c0
2

sT2 s2 −
c1√

2
‖s2‖, (45)

with c0 and c1 written as

c0 = 2γ1λmin(K3K4diag(|ṡ1|γ1−1)), (46)

and
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c1 =
√

2γ1((κ0 − κ̂0 + κ̃0) + (κ1 − κ̂1 + κ̃1)||x||
+ (κ2 − κ̂2 + κ̃2)||ẋ||2)λmin(K3K4diag(|ṡ1|γ1−1))

(47)

respectively. Eq. (45) can now be written as

V̇ = −c0V − c1V
1
2 , (48)

and from Lemma 1, one can conclude that the system is finite-time stable, completing the proof. For similar
detailed derivations see References 12 and 14.

NUMERICAL RESULTS

To evaluate the utility and performance of the proposed ASOFNTSMC scheme for on-orbit servicing
and inspection applications, three numerical simulations are performed using MATLAB/Simulink. For each
Scenario it’s assumed the client is malfunctioning, and therefore, incapable of actively aiding in a coordinated
rendezvous maneuver. In Scenario 1, it’s assumed the client is incapable of producing controlled maneuvers,
however, it’s assumed to be freely tumbling. In Scenario 2, the client is both freely tumbling and capable of
producing uncertain maneuvering. Finally Scenario 3 demonstrates a phased approach to a freely tumbling
non-maneuvering client.

In the context of each numerical simulation the inspection vehicle is assumed to be small (mi ≈ 50 kg),
modeled as a point mass. Ideal thrusting is assumed, saturated at ±5 N, without any thruster misalignments.
Additionally, the client’s inertia properties are defined as

Jc =

20.31 0 0
0 39.06 0
0 0 31.25

 kg ·m2, (49)

with the client spacecraft’s initial angular rate and initial attitude quaternion for the first two scenarios being
defined as

ωc(0) =
[
0.3 −0.1 −0.5

]T
(50)

and

qc(0) =
[
0 −0.253 0

]T qc0(0) =
√

1− q′c(0)qc(0) (51)

respectively. The initial angular rate and initial attitude quaternion for the third and final scenario is located
in the respective section.

Moreover, for each Scenario the inspector is assumed to be positioned within close proximity of the client.
With that being said, the initial states written in the LOS-based coordinate frame are defined as

x(0) =

 100 m

−1.260 rad

0.163 rad

 (52)

and
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ẋ(0) =


−1.640× 10−2

m

s

−0.484× 10−3
rad

s

0.253× 10−3
rad

s

 . (53)

respectively.

The client and inspector’s orbital elements for these Scenarios are shown in Table 1, where a is the semi-
major axis, e is the eccentricity, i is the inclination, ω is the argument of periapsis, Ω is the right ascension of
the ascending node (RAAN) and ν is the true anomaly.

Table 1: Client and Inspector’s Orbital Elements

a (km) e i (◦) Ω (◦) ω (◦) ν (◦)

Inspector 7378.1 0.05 4.99976 45 10.0001 45

Client 7378 0.05 5 45 10 45

External perturbations are also considered, which are assumed small, but time varying. The external pert-
erbations are modeled as

LFd = 0.05×

0.5− 0.2 sin (0.05t) + 0.8 cos (0.05t)
0.8 + 0.9 sin (0.05t) + 0.5 cos (0.05t)
0.7 + 0.4 sin (0.05t)− 0.6 cos (0.05t)

N. (54)

Scenario 1

The first scenario involves a short-range rendezvous maneuver where the inspector is instructed to maneu-
ver to an identified face of a malfunctioning client experiencing an uncontrolled tumble. The desired terminal
states are written as

xd =

 5 m
0 rad
0 rad

 and ẋd =

 0 m
s

0 rad
s

0 rad
s

 . (55)

The rendezvous maneuver is propagated for 1 hour, long enough to demonstrate that the desired terminal 
conditions can be met and maintained. This is shown in Figure 5, where the tracking errors are driven to 
region around the origin using the proposed ASOFNTSMC. This tracking performance is maintained and 
chattering effects eliminated despite the inspector’s thrusting limitations and the uncertain tumbling nature 
of the client. The performance of the proposed ASOFNTSMC scheme is tuned using the control parameters 
written in Table 4. The chattering elimination behavior is shown through the inspector’s control profile in 
Figure 6, which is initially saturated as the controller works to reduce the system’s tracking error and force the 
system trajectories on to the sliding manifold before being attenuated across the remainder of the Simulation. 
The complete rendezvous trajectory is shown in Figure 7, which depicts the inspector maneuvering into a 
proximity orbit about a tumbling client. Figure 8 depicts a proximity view with the red surface of the client 
indicating the selected face for inspection.
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Table 2: Scenario 1 Parameters

Parameter Value

γ1 1.667

γ2 3.667

K1 diag([0.007, 0.01, 0.009])

K2 diag([0.7, 0.7, 0.7])

K3 diag([0.4, 0.4, 0.4])

K4 diag([5, 5, 5])

δ 0.1

κ̄1 10

κ̄2 1 × 10−4

κ̄3 5

0 10 20 30 40 50 60
0

50

100

R
an

g
e 

(m
)

Range

0 10 20 30 40 50 60

-1

-0.5

0

A
zi

m
u

th
 (

ra
d

) Azimuth

0 10 20 30 40 50 60
Time (minutes)

0

0.1

E
le

va
ti

o
n

 (
ra

d
) Elevation

Figure 5: Inspector’s State Errors
(Scenario 1)
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Figure 6: Inspector’s Thrust Profile
(Scenario 1)

Figure 7: Inspector’s Rendezvous
Trajectory (Scenario 1)

Figure 8: Inspector’s Rendezvous
Trajectory - Proximity View

(Scenario 1)
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Scenario 2

The next scenario assumes the malfunctioning client is no longer stationary as it tumbles uncontrollably
relative to the inspection vehicle, meaning that client can now produce small translational maneuvers, relative
to an inspector, in addition to an uncontrolled tumble. The desired terminal states are written as

xd =

20 m
0 rad
0 rad

 and ẋd =

 0 m
s

0 rad
s

0 rad
s

 . (56)

The control parameters used for this scenario are written as

Table 3: Scenario 2 Parameters

Parameter Value

γ1 1.667

γ2 3.667

K1 diag([0.005, 0.009, 0.009])

K2 diag([0.5, 0.8, 0.8])

K3 diag([0.3, 0.4, 0.4])

K4 diag([3, 3, 3])

δ 0.1

κ̄1 25

κ̄2 4 × 10−3

κ̄3 7

For this scenario, the unknown client maneuver is described as

IFc =

 1 sin (0.005t)
1.5 sin (0.005t)
2 sin (0.005t)

N. (57)
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Figure 9: Inspector’s State Errors
(Scenario 2)
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Figure 10: Inspector’s Thrust Profile
(Scenario 2)

The rendezvous simulation is again propagated for 1 hour with the error state trajectories and the inspector’s
thrust profile being shown in Figure 9 and Figure 10 respectively. The inspector’s simulated rendezvous
trajectory is shown in Figure 11, with the proximity view depicted in Figure 12. Despite the unknown and
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malfunctioning nature of the client, including both tumbling and uncertain maneuvering, as well as external
disturbances and the inspector’s thrust saturation, the proposed ASOFNTSMC law quickly converges the
error states to a region around the origin. It is also observed that the imposed adaptive laws help ensure the
inspector’s thrusting remains both tractable and reasonable, despite any uncertainties in the client’s thrusting
capabilities. The trajectory of the inspector-client formation is shown in Figure 13, depicted in the ECI frame.

Figure 11: Inspector’s Rendezvous
Trajectory (Scenario 2)

Figure 12: Inspector’s Rendezvous
Trajectory - Proximity View

(Scenario 2)

Figure 13: Inspector’s Close Range Proximity Maneuver Within The Client’s ECI Frame
(Scenario 2)
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Scenario 3

The final scenario assumes a phased approach to a freely tumbling malfunctioning client. The phased
approach is defined as

xd(T=0) =

60 m
0 rad
0 rad

 , xd(T=1500) =

30 m
0 rad
0 rad

 xd(T=4000) =

10 m
0 rad
0 rad

 (58)

and

ẋd(T=0) =

 0 m
s

0 rad
s

0 rad
s

 , ẋd(T=1500) =

 0 m
s

0 rad
s

0 rad
s

 ẋd(T=4000) =

 0 m
s

0 rad
s

0 rad
s

 . (59)

For this final scenario the client spacecraft’s initial angular rate and initial attitude quaternion are defined as

ωc(0) =
[
0.0 0.0 0.145

]T
(60)

and

qc(0) =
[
0 −0.253 0

]T qc0(0) =
√

1− q′c(0)qc(0) (61)

respectively, with the control parameters used for this scenario written as

Table 4: Scenario 3 Parameters

Parameter Value

γ1 1.667

γ2 3.667

K1 diag([0.005, 0.01, 0.07])

K2 diag([0.7, 0.9, 0.9])

K3 diag([0.4, 0.7, 0.7])

K4 diag([10, 10, 10])

δ 0.1

κ̄1 0.1

κ̄2 1 × 10−4

κ̄3 5

The rendezvous simulation is propagated for 2.5 hours with the error state trajectories and the inspector’s
thrust profile being shown in Figure 14 and Figure 15 respectively. The simulated rendezvous trajectory is
shown in Figure 16, with the proximity view depicted in Figure 17.
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Figure 14: Inspector’s State Errors
(Scenario 3)
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Figure 15: Inspector’s Thrust Profile
(Scenario 3)

Figure 16: Inspector’s Rendezvous
Trajectory (Scenario 3)

Figure 17: Inspector’s Rendezvous
Trajectory - Proximity View

(Scenario 3)

CONCLUSION

This analysis applied a new adaptive second-order fast non-singular terminal sliding mode control scheme
to the problem of satellite relative motion. When used in tandem with a LOS-based relative motion model
and adequately designed adaptive framework, the suggested control scheme enables an inspection vehicle
to approach an uncontrolled client vehicle. This approach was applied to several different scenarios which
simulated tumbling and maneuvering aspects of a prospective client, demonstrating the application of the
proposed approach to orbital rendezvous sorties with malfunctioning, inoperable, or out of control client
vehicles. The suggested control scheme achieved high precession and finite-time reachability to the real
sliding mode despite the malfunctioning nature of the client vehicle; steps were taken to alleviate adverse
chattering effects to improve control performance.
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