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Abstract

Objectives: Develop high fidelity acoustic scattering models to facilitate the detection, local-
ization, and characterization of military munitions found in ponds, lakes, rivers, estuaries, and
coastal ocean areas. Use these models to design experiments, interpret collected data, identify
features that can be used in training classifiers.

Technical Approach: Most acoustic scattering models are well-equipped to compute scat-
tering from elastic objects in free space. However, unexploded ordnance (UXO) reside in
complex ocean environments, which have a profound effect on their acoustic response to sonar.
Thus, in trying to model the response of UXO to sonar, a high-fidelity model must account for
the interaction between the target and its surrounding environment. While the standard method
of solution for an arbitrary elastic target is the finite element method, the solution of the scatter-
ing problem in the surrounding medium is best handled by the boundary integral equation, as it
replaces the infinite domain problem by an integral over the surface of the target. Furthermore,
the boundary integral method has the advantage of reducing the dimensionality of the prob-
lem by one. In contrast, the finite element method is not well-suited for solving the scattering
problem in the surrounding environment due to difficulty in satisfying the radiation condition.
For these reasons, we solve the problem of scattering from an elastic target in a complex ocean
environment by a combination of finite element method and boundary integral method. We use
the finite element method to model the motion of the target by computing its impedance ma-
trix in vacuum, and the boundary integral method to model the acoustic field in its surrounding
medium. The two solutions are coupled by satisfying the required boundary conditions on the
surface of the target. This results in a model that treats the interaction between the target and
its surrounding environment exactly. We refer to our model as the Coupled Finite Element
/Boundary Element method or CFEBE.

Results: This project has been active since 2013. During its first three years, we provided
benchmark-quality solutions for various targets to researchers within SERDP who do simi-
lar type of modeling. While doing this, an important part of our work was to validate our
own models using analytical solutions when available and other well-tested solutions. We
validated our 3D and axially-symmetric models in free space using the analytic solution for
elastic spheres and spherical shells. We also validated our models for scattering from a proud,
half-buried and a fully-buried solid sphere by comparing our results with those of the T-matrix
method. We computed the acoustic color (backscattered target strength as function of fre-
quency and angle of incidence) for the aluminum replica of a UXO (henceforth aluminum
UXO), the Bullet-105 and the Howitzer shell in free space using both our 3D and axially-
symmetric versions of the CFEBE model. We computed the acoustic color for the fully proud
and the fully buried aluminum UXO and compared our results with measurements and those
produced by other models. Additionally, we computed the acoustic color for the partially
buried aluminum UXO and again compared our results with other finite element models since
measured results for this case was not yet available. The model results in all cases agreed with
each other and and with the measurements.

Since 2017 this project has been co-funded by ONR and SERDP. This report concerns achieve-
ments made during this phase of the project, but to make it self-contained, important results are
included in the appendix. The report is divided into two parts: In the first part, we list the work
that went into improving the CFEBE model and in the second part we describe new model
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applications. Our most significant accomplishment during this period is the development of a
new approach to compute the acoustic color in two half-spaces. This approach is based on us-
ing a multipole solution to represent the spectral Green’s functions, which results in significant
reduction in computation time. We also laid the groundwork for the implementation of the
method of H -Matrices. This method is a hierarchical method of matrix partitioning, which
promises to reduce both storage and computation time from O(n2) to O(n logn), where n is
the size of matrices involved. For a typical problem, the reduction in computation time could
be as much as a factor of two thousand without noticeable degradation in accuracy. We antici-
pate that full implementation of this method would be a game changer in modeling scattering
from UXOs. We also implemented the Burton-Miller method, which is a method that ensures
that the boundary element equations have unique solutions. So far, we have been using the
alternative Combined Helmholtz Integral Equation Formulation (CHIEF) method to do this,
but this method results in non-square matrices, which cannot be used by H -Matrices. In the
second part of the report, we describe new applications of the CFEBE model in computing
the acoustic color for UXOs in slightly more complex environments and for arbitrary burial.
We also describe the application of the model to compute scattering from multiple targets and
scattering from a non-axially symmetric mortar shell.

Benefits: The CFEBE method has several advantages over currently-used methods. The most
important ones are: 1) The method is inherently broadband since the stiffness and mass ma-
trices, which constitute the impedance matrix, are independent of frequency. Therefore, the
computation of these matrices, which makes up the most numerically intensive part of the
computation, is performed once for all frequencies. 2) This method is efficient because it re-
quires a matrix inversion for each frequency, but not each angle while computing the acoustic
color. This is not the case for currently-used methods, which must solve a full finite element
problem for each frequency and each angle of incidence. 3) Since this method computes the
target impedance matrix in vacuum, the same impedance matrix can be used in any environ-
ment, so changing the environment for the same target does not require a full finite element
solution of the problem. 4) By projecting the impedance matrix onto the surface nodes, this
method reduces a finite element problem to a boundary element problem with far fewer un-
knowns. This reduction in the number of unknowns enables the method to solve a 3D problem
with ease. 5) It provides a numerically exact solution since it self-consistently couples the
target with the surrounding environment. 6) Due its modular nature, the method easily lends
itself to parallel processing.

1 Objective

The objective of this work has been to develop high fidelity acoustic scattering models that can
quickly compute the acoustic color templates (backscattered target strength as a function of fre-
quency and aspect angle) for UXO targets. These models are used to design experiments, interpret
collected data and particularly identify features that can be used in classification.
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2 Background

Modeling the response of UXOs to a sonar signal in an ocean environment belongs to a large class
of problems referred to as the fluid-structure interaction, where the fluid in this case refers to the
ocean environment and the structure refers to the UXO. The problem of determining the interac-
tion between a submerged elastic structure and its surrounding fluid is of considerable interest,
particularly in underwater acoustics and aeronautics where it is required to determine the acoustic
field about an arbitrary three-dimensional structure. While the standard method of solution for an
arbitrary elastic structure is the finite element method, the solution of the reduced wave equation
in the surrounding medium is best handled by the boundary integral equation, as it replaces the
infinite domain problem by an integral over the surface of the submerged structure. Furthermore,
the boundary integral method has the advantage of reducing the dimensionality of the problem
by one. In contrast, the finite element method is not well-suited for solving the wave equation in
the surrounding fluid environment due to difficulty in satisfying the radiation condition as well as
demands on the mesh size and the difficulty in generating the fluid mesh.

For these reasons the problem of fluid-structure interaction is perhaps best treated by a combi-
nation of finite element method to model the motion of the structure and the boundary integral
method to model the acoustic field in its surrounding medium, where the coupling between the
two models is achieved by imposing the continuity of pressure and normal particle velocity at the
surface of the structure.

The coupled finite and boundary integral method has been used by several authors in recent years
[1]-[2] and (see Amini et al. [3] and the references therein). The main differences in these ap-
proaches are the particular finite element package and boundary integral formulation employed,
the numerical approximation used and the details of the method of coupling.

In this work [2], we use the CFEBE model to compute the scattered acoustic field from an arbi-
trary elastic structure in an arbitrary medium, characterized by a Green’s function. The formulation
(also known as the impedance formulation) results in a self-consistent, accurate, and numerically
efficient solution that is valid in any environment. In modeling the structure, we use hexahedral
eight-node elements to discretize the Galerkin weighted residual equation and in modeling the
acoustic environment, we discretize the Helmholtz-Kirchhoff equation by expanding pressure and
normal particle velocity in piecewise constant basis functions over quadrilateral elements on the
surface of the structure. The finite and boundary element solutions are coupled by imposing the
continuity of pressure and normal particle velocity on the surface nodes of the structure.

During the first phase of the project (2013-2017), the CFEBE model was developed, implemented
and validated. The CFEBE model is a 3D model, which means that it can be applied to targets of
arbitrary shape in arbitrary ocean environments. We also developed an axially-symmetric version
of it to compute scattering from axially-symmetric structures with non-axially-symmetric loading
that is significantly faster. We validated both models using analytic solutions for spheres in free
space and the T-matrix solution in two half spaces. A Final Report for this phase of the project was
submitted to SERDP in 2017.
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Model improvements and its new applications achieved during the current phase of the project
(2017-2020) are described below.

3 Model Improvements

3.1 Computation of scattering in two half-spaces
A complex environment is defined as one that is not free space. In most SERDP applications, the
ocean environment can be well-approximated by two isovelocity half spaces: a water half-space
with sound speed c1 and density ρ1 over a bottom half-space with sound speed c2, density ρ2, and
interface at z = 0. The Green’s function for this environment is given by

G(r,z;rs,zs) =
∫

∞

0
G̃(kr,z;zs)J0(kr|r− rs|)krdkr, (1)

where rs and zs are the source range and depth and r and z are the receiver range and depth, J0 is
the Bessel function of order zero and the spectral Green’s function G̃(kr,z;zs) for a source located
in the water is given by

G̃(kr,z;zs) =


iReikz1(z+zs)

4πkz1

+ g̃w(k1,r,kz;rs,zs) for z≥ 0,

iT12eikz1zse−ikz2z

4πkz1

for z < 0,

(2)

where kz1 =
√

k2
1− k2

r , kz2 =
√

k2
2− k2

r , ω is the circular frequency and the reflection and transmis-
sion coefficients are given by

R=
kz1ρ2− kz2ρ1

kz1ρ2 + kz2ρ1
, T12 =

2kz1ρ2

kz1ρ2 + kz2ρ1
, ki =

ω

ci
, i = 1,2,

and

g̃w(k,r,kz;rs,zs) =
i

4π

eikz|z−zr|

kz
,

is the spectral free space Green’s function. It is related to the free space Green’s function via the
Sommerfeld-Wyle integral

gw(k,r,z;rs,zs) =
∫

∞

0
g̃w(k,r,kz;rs,zs)J0(kr|r− rs)krdkr =

eik
√

(r−rs)2+(z−zs)2

4π
√
(r− rs)2 +(z− zs)2

. (3)

The above Green’s functions are used in Eqs. (A-2) and (A-15) to compute the scattered field at
the receiver.
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The matrices A and B in Eq. (A-2) account for the interaction between surface elements, where
one element plays the role of the source and the other the role of the receiver in the expressions
for the spectral Green’s functions. Similarly, in computing the scattered field, the surface elements
play the role of the sources. For this reason, if the entire target or any part of it is in the bottom
half space, we need a spectral Green’s function for a source in the bottom, which is given by

G̃(kr,z;zs) =


iT21eikz1ze−ikz2zs

4πkz2

for z≥ 0,

−iRe−ikz2(z+zs)

4πkz2

+ g̃w(k2,r,kz;rs,zs) for z < 0,

(4)

where now the reflection and transmission coefficients are given by

R=−kz1ρ2− kz2ρ1

kz1ρ2 + kz2ρ1
, T21 =

2kz2ρ1

kz1ρ2 + kz2ρ1
.

By substituting Eq. (2) and Eq. (4) in Eq. (1), we obtain for the source in the water

G(r,z;rs,zs) =



∫
∞

0

iReikz1(z+zs)

4πkz1

J0(kr|r− rs|)krdkr +gw(k1,r,z;rs,zs) for z≥ 0,

∫
∞

0

iT12eikz1 zse−ikz2z

4πkz1

J0(kr|r− rs|)krdkr for z < 0,

(5)

and for the source in the bottom

G(r,z;rs,zs) =



∫
∞

0

iT21eikz1ze−ikz2zs

4πkz2

J0(kr|r− rs|)krdkr for z≥ 0,

∫
∞

0

−iRe−ikz2(z+zs)

4πkz2

J0(kr|r− rs|)krdkr +gw(k2,r,z;rs,zs) for z < 0.

(6)

The computation of matrices A and B requires n2 evaluations of the Green’s functions, where n is
the number of surface elements. For a typical target, we have anywhere between 6 to 20 thousand
surface elements, which means that the computation of these matrices requires on the order of one
hundred million function evaluations. This becomes a daunting numerical task when the Green’s
functions are represented in terms of spectral integrals as in Eqs. (5) and (6). For a target located
entirely in the water, the Green’s function is given by the top equation in Eq. (5) and for one located
entirely in the bottom it is given by the bottom equation in Eq. (6). We note that in these two cases
the Green’s functions are a function of the sum of source and receiver depths, (z+ zs), and the
difference of their ranges, |r− rs|. So in these two cases, the Green’s functions are a function of
two parameters, which allows for the use of 2D interpolation. For the cases of fully proud and fully
buried targets, we computed the Green’s functions on a 200× 200 grid as a function of the sum
of source and receiver depths and the difference of their ranges around the target, and computed
their values at the surface elements using two-parameter interpolation. This essentially reduced
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the number of function evaluations from 108 to 104 and proved to be a crucial step in our ability to
compute the acoustic color for targets of interest.

For the case of a partially buried target, the situation is more complicated. Referring to the bottom
equation in Eq. (5) and the top equation in Eq. (6), we see that in this case the Green’s functions are
a function of source depth, zs, receiver depth, z, and the difference between their ranges, |r− rs|.
This would require a 3-parameter interpolation, which is an extremely expensive numerical pro-
cess. One way to deal with this numerical complexity is to divide the interaction matrix into four
submatrices: one containing those source elements and receiver elements that reside in the water,
the other containing those that reside in the bottom and two other submatrices where the source
elements are in the water and the receiver elements are in the bottom and vice versa. Again, since
both the source and the receiver elements are in the same medium, interpolation can be used for
the first two submatrices, but for the other two a direct computation would be necessary, albeit on
smaller matrices. But even that is a very expensive numerical process.

One of our most significant accomplishment during this project is to recast equations Eqs. (2-6)
in terms of multipole expansions, which significantly reduces numerical computation. For source
and receiver in the water, the Green’s function can be written as

G(r,z,ϕ;rs,zs,ϕs) =
∞

∑
n=0

εn

∫
∞

0

iReikz1zseikz1 z

4πkz1

Jn(krrs)Jn(krr)cos [n(ϕs−ϕ)]krdkr

+gw(k1,r,z;rs,zs), (z, zs > 0), (7)

and for source and receiver in the bottom it can be written as

G(r,z,ϕ;rs,zs,ϕs) =
∞

∑
n=0

εn

∫
∞

0

−iReikz2zseikz2z

4πkz1

Jn(krrs)Jn(krr)cos [n(ϕs−ϕ)]krdkr

+gw(k2,r,z;rs,zs), (z, zs < 0). (8)

The Green’s functions for the transmitted field from water to bottom is given by

G(r,z,ϕ;rs,zs,ϕs) =
∞

∑
n=0

εn

∫
∞

0

iT12eikz1 zse−ikz2z

4πkz1

Jn(krrs)Jn(krr)

× cos [n(ϕs−ϕ)]krdkr, zs ≥ z < 0, (9)

and from bottom to water is given by

G(r,z,ϕ;rs,zs,ϕs) =
∞

∑
n=0

εn

∫
∞

0

iT21eikz1ze−ikz2 zs

4πkz2

Jn(krrs)Jn(krr)

× cos [n(ϕs−ϕ)]krdkr, zs < 0 z≥ 0. (10)

Note that the cosine terms in the above equations can be written as cosnϕs cosnϕ + sinnϕs sinnϕ .
Equations (7-10) have a remarkable property that each term is either a function of the source
location or receiver location and there is no term that contains both. This allows these equations
to be written in terms of outer products, which require only 2Mn functions evaluations compared
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to n2 function evaluations had Eq. (5) and Eq. (6) been used. M is the maximum number of
terms in the sums in Eqs. (7-10) and it is on the order 50. Thus for n ∼ 10000, the previous
formulation requires 108 while the new formulation only requires 106 function evaluations. Actual
improvements in execution times for computing the acoustic color for a proud, partially buried
and fully buried aluminum replica of a UXO are shown in Fig. (1). Note that substantial speed
improvement can be seen across the board, but while this improvement is about 3.5 times for the
cases of a fully proud and a fully buried UXO (the left and right panels), it is about 8.5 times for
the case of a partially buried UXO (middle panel). The reason for this is that the former two cases
still benefit from interpolation and do not have much room for speed improvement, but, as was
discussed in the above, this is not the case for a partially buried target where there is little benefit
from interpolation.

Figure 1: Comparison of execution times for computing the acoustic color template for the alu-
minum replica of a UXO. The execution times in red are for the case when the spectral Green’s
function were represented by Eqs. (5-6) and those in black are for the case when the multipole
representations in Eqs. (7-10) are used. The scattering geometry is shown in the bottom figure.

3.2 Towards the implementation of H -Matrices
Solution of the boundary element problem requires solving the system of linear equation Mx = b,
where the matrix M can be a combination of matrices A and B, which are large, complex and
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dense. These matrices require O(n2) units of storage and that many function evaluations (assem-
bly), where n is the number of surface elements. The assembly and computation of these matrices
require an enormous amount computer processing and storage. It is assumed within the framework
of the method of H -Matrices [4]-[5], that all sub-blocks of a large dense matrix do not have the
same physical significance. For example, sub-blocks near the diagonal of a matrix are more im-
portant than those in its outer boundaries since they represent interaction between near elements.
H -Matrices is a method of using data-sparse matrices to approximate non-sparse matrices, where
a geometrical process is used to systematically partition a matrix into sub-blocks and perform a so-
called admissibility test using an adjustable parameter η . This test determines whether a sub-block
can be represented by low-rank matrices. If the answer is yes, it is deemed as admissible and the
partitioning stops, otherwise the partitioning continues. The parameter η determines the minimum
size of the sub-blocks where the partitioning stops regardless of whether the sub-block is low-rank
(admissible) or full rank. Larger values of η results in smaller sub-blocks. After the partitioning is
completed, the resulting matrix is referred to as an H -matrix. This method reduces both storage
and assembly to O(n logn), i.e. for a typical n ∼ 10000, both storage and assembly reduce from
∼ 108 to ∼ 104, an amazing factor of 10000! H -matrices are special type of matrices with their
own customized linear algebra for matrix operations that provide approximate variants of the usual
matrix operations such as addition, multiplication, and inversion with almost linear complexity.
Thus, in order to take full advantage of its power, one would need to use these customized routines
for matrix operations. These routines are available in a publicly-accessible library called H2Lib
(http://www.h2lib.org/).

Figure (2) shows the schematics of how an H -matrix is obtained by repeated partitioning.

Figure 2: Partitioning of a matrix using the method of H -matrices. Red blocks are filled with
the exact and green blocks are filled with the much cheaper, low-rank representation of the kernel,
resulting in much faster matrix assembly time and much smaller storage.

There is a direct relationship between the way a matrix is partitioned by the method of H -matrices
and the rank of its sub-blocks. The left two panels in Fig. (3) are partitioned using the routines in
H2Lib. They represent the H -matrices for the interaction matrix, Eq. (A-13), for an aluminum
replica of a UXO in free space, partitioned using two values of the parameter η . The right panel
shows the ranks of its sub-blocks. The matrix in the right panel is 5900×5900 and the sub-blocks
contain 59× 59 elements, so the full matrix is divided into 100× 100 sub-blocks and the rank of
each sub-block is computed. In the left two panels, the white color represents admissible (low
rank) and the red color represents full rank sub-blocks. In the right panel higher rank sub-blocks
are also represented by the red color. The resemblance between these figures confirms that the
hierarchy of the sub-blocks is based on their rank.
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Figure 3: The left two panels are partitioned using the routines in H2Lib. They are the H -matrices
representation of the interaction matrix for two values of the parameter η , which controls the
minimum size of sub-blocks. η determines the minimum size of the sub-blocks beyond which the
partitioning stops. In the right panel, the rank of the interaction matrix is computed for an array
of 100×100 sub-blocks, each containing 59×59 elements.

We applied H -matrices to the solution of Laplace equation (not shown) and demonstrated that
almost linear complexity of O(n logn) can be achieved. As an application of the method to the
Helmholtz equation, Fig. (4) shows the timing graph as a function of the size of the matrix (num-
ber of elements, n) for the solution of Eq. (A-12) for a 2:1-foot aluminum cylinder on the left and
for a rigid cylinder of the same size on the right using H -matrices. The red and black curves
in each figure show the O(n2) and the O(n logn) growth rate, respectively. We expect solutions
involving full matrices to have a growth rate close to O(n2) and those involving H -matrices to
have a growth rate close to O(n logn). It can be seen that this is achieved for the case of a rigid
cylinder, but for the solution of the aluminum cylinder the growth rate is still close to O(n2).

To understand the reason behind this, note that Eq. (A-12) for an elastic object can be written
as

p = (A− iωBΓ)−1 pinc, (11)

where

Γ≡ L
(
−ω

2M+K
)−1 LT. (12)

For a rigid object Eq. (11) reduces to

p = A−1pinc. (13)
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Figure 4: The growth rate for the solution of (A-12) using H -matrices for the for a 2:1-foot
aluminum cylinder on the left and for a rigid cylinder on the right. Note that a linear growth rate
of O(n logn) is achieved for the rigid cylinder, but for the case of the aluminum cylinder it is still
close to O(n2).

Since both matrices A and B can be converted to H -matrices, the solution of Eq. (13) for a rigid
object takes full advantage of the method and its growth rate is close to O(n logn), as can be seen
in the right panel of Fig. (4). The solution for an elastic object is obtained from Eq. (11). In this
case, the matrix Γ is a dense matrix, which does not lend itself to be converted to an H -matrix,
and since the product of an H -matrix, B, and a dense matrix, Γ, is still a dense matrix, Eq. (11)
cannot take full advantage of the benefits that the method offers and its growth rate remains close
to O(n2). Fortunately, this problem can be solved using a different formulation of the boundary
element equations, where instead of Eq. (11), the following equation is used

p =
(
A−1pinc− iωA−1BΣ

)
, (14)

where the derivation of Eq. (14) is given in Appendix A.

Figure (5) shows how the application of H2Lib to the new formulation, Eq. (14), results in a so-
lution that takes full advantage of the method of H -matrices and thus is numerically much more
efficient. In the figure, red squares represent full and green squares represent H -matrices. Note
that the inability to convert the matrix Γ to an H -matrix in the left column of Fig. (5) results in a
solution that still contains a full matrix in the bottom of the left column. In the new formulation,
Σ is a column vector and H2Lib is able to convert matrices A−1 and A−1B to H -matrices. The
result in the bottom of the right column involves an H -matrix, a full column vector and no need
to take an inverse!. This solution is much more efficient than the one obtained using the current
formulation. However, we have not been able to implement this method yet because H2Lib does
not yet have a provision to deal with the non-uniqueness issue that is inherent in all boundary ele-
ment formulations. This is a well-known problem and there are at least two methods that can fix it.
One of these methods is CHIEF [6] and the other is the Burton-Miller method [7]. Our boundary
element formulations currently use the CHIEF method, but that results in non-square matrices,
which cannot be used in H2Lib. The Burton-Miller method is more complicated, but it does result
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in square matrices. We have recently implemented the Burton-Miller method for the purpose of
using it with H2Lib. This implementation is discussed in the next section. We plan to provide our
implementation to the group that is responsible for maintaining H2Lib and hope that they make it
part of the package. At that point we will be able integrate H2Lib with our scattering computation
tools.

Figure 5: The applications of H2Lib to the current, Eq. (A-12), and the new, Eq. (14), formula-
tions. Green squares represent H -matrices, red squares represent full matrices and red rectangles
represent column vectors. The bottom equation in each column is the final solution for each for-
mulation.

3.3 The implementation of the Burton-Miller method
The Helmholtz integral equation is given by

pinc(x)+
∫

S′

{
p(x′)

∂Gk(x,x′)
∂n′

−Gk(x,x′)
∂ p(x′)

∂n′

}
dS′ =


p(x), x∈ E, (15a)
1
2

p(x), x∈ B, (15b)

0, x∈ D. (15c)

where Gk is the free space Green’s function for the Helmholtz equation, E denotes the exterior, B
the boundary surface and D the interior. A discretized version of the integral term in the above
equation is given by Eq. (A-17) in which ∂ p(x′)/∂n′ = −iωρv(x′) has been used, where v is the
normal surface velocity. Defining the integral operators

Lk[σ ] =
∫

S′
σ(x′)Gk(x,x′)dS′, (single layer)

Mk[σ ] =
∫

S′
σ(x′)

∂Gk(x,x′)
∂n′

dS′, (double layer).

(16)
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Equation (15b) can then be written

1
2

p+Lk

[
∂ p
∂n

]
−Mk [p] = pinc, (x ∈ B). (17)

For the Neumann boundary condition (∂ p/∂n|B = 0), Eq. (17) reduces to

1
2

p−Mk [p] = 0, (x ∈ B). (18)

For Dirichlet boundary condition, a unique solution of Eq. (15) requires that p ≡ 0, which is a
trivial solution of Eq. (18). Non-unique solutions occur when Eq. (18) has a non-trivial solution
and in what follows (non-unique) and (non-trivial) are used interchangeably. Since p is identically
zero in the interior and on the boundary, it implies that ∂ p/∂n|B = 0. But if k coincides with one
of eigenvalues of Eq. (18) there exists a non-trivial solution for which ∂ p/∂n|B 6= 0. The latter
statement can be verified as follows: first, write the normal derivative of Eq. (15b)

1
2

∂ p
∂n
− ∂

∂n
Lk

[
∂ p
∂n

]
+

∂

∂n
Mk [p] =

∂

∂n
pinc, (x ∈ B), (19)

Next, evaluate it in the interior

1
2

∂ p
∂n
− ∂

∂n
Lk

[
∂ p
∂n

]
+

∂

∂n
Mk [p] = 0, (x ∈ D), (20)

At the boundary where p = 0, the above equation is

1
2

∂ p
∂n
− ∂

∂n
Lk

[
∂ p
∂n

]
= 0, (x ∈ B). (21)

Equation (21) is referred to as the transpose of Eq. (18) and according to a well-known theorem
in the theory of Fredholm integral equations, in the event when Eq. (18) has non-unique solutions,
Eq. (21) will also have non-unique solutions and vice versa. According to this theorem when p has
non-trivial solutions at certain values of k corresponding to the eigenvalues of the interior Dirichlet
problem, its normal derivative, which satisfies Eq. (21) will also have non-trivial solutions.

If we make the same argument about Eq. (21) as we did about Eq. (18), a non-trivial solution
of the former corresponds to the eigenvalues of the interior Neumann problem, which again results
in a non-unique solution. In short, the solution of the exterior Helmholtz integral equation given by
Eq. (15) requires –according to Eq. (15c)– for p to be identically zero in the interior and for ∂ p/∂n
to be identically zero on the boundary. But the boundary values of ∂ p/∂n satisfy a complementary
equation (Eq. (21)), which can have discrete solutions (eigensolutions) for which ∂ p/∂n|B 6≡ 0,
resulting in non-unique solutions.

From the above arguments it is obvious that neither of the above formulations used by itself
can guarantee a unique solution. One way that this problem can be treated is to enforce the
surface boundary condition at all frequencies by simultaneously solving the exterior and the in-
terior Helmholtz integral equations (Eqs. (15b) and (15c)). This method is known as the CHIEF
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method [6]. The method is implemented by overdetermining the N×N exterior Helmholtz integral
equation (Eq. (15b)) with additional compatible equations based on the interior Helmholtz integral
equation (Eq. (15c)) for strategic interior points. The solution of this overdetermined system of
equations results in a unique solution. However, it is important to note that the number of interior
point must increase as a function of frequency to maintain the accuracy of the solution.

The Burton-Miller method [7] is a more general way of treating the non-uniqueness problem in
which a single boundary integral equation is constructed by a superposition of Eq. (17) and Eq. (19)
coupled by an adjustable parameter, α ,(

1
2
−Mk−αNk

)
[p] =−

(
α

2
+Lk +αMT

k

)[
∂ p
∂n

]
+ pinc +α

∂ pinc

∂n
, (22)

where

Nk[σ ] =
∫

S′
σ(x′)

∂ 2Gk(x,x′)
∂n∂n′

dS′,

MT
k [σ ] =

∫
S′

σ(x′)
∂Gk(x,x′)

∂n
dS′.

(23)

Burton and Miller proved that Eq. (22) is guaranteed to have a unique solution as long as α has a
non-zero imaginary part. The recommended value for α is ±i/k, where the plus sign is used for
e−iωt time convention and the minus sign is used for the eiωt time convention.

3.3.1 Implementation

All the integrals in Eq. (22), except Nk contain weakly singular kernels whose singularity is at
worst O(r−2), where r = |x−x′| and O is the order symbol. The kernel in Nk is hypersingular with
a singularity of O(r−3). While weakly singular integrals can be handled using a simple piecewise-
constant collocation method, hypersingular integrals require special treatment. In what follows, we
describe a regularization method based on the work of Chen and Harris [8], but specialized to flat
elements, followed by the use of a special kind of quadrature technique to treat the hypersinular
kernel that appears in Eq. (22). By substituting the integral operators defined in Eq. (16) and
Eq. (23) in Eq. (22), we obtain

1
2

p(x)−
∫

S′
p(x′)

(
∂Gk(x,x′)

∂n′
+α

∂ 2Gk(x,x′)
∂n∂n′

)
dS′

=−α

2
∂ p(x)

∂n
−
∫

S′

∂ p(x′)
∂n′

(
Gk(x,x′)+α

∂Gk(x,x′)
∂n

)
dS′+ finc,

(24)

where finc = pinc +α∂ pinc/∂n. Using the identity [9]∫
S′

∂ 2Gk(x,x′)
∂n∂n′

dS′ = k2
∫

S′
n ·n′Gk(x,x′)dS′, (25)
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one can write ∫
S′

p(x′)
∂ 2Gk(x,x′)

∂n∂n′
dS′ =

∫
S′

(
p(x′)− p(x)

) ∂ 2Gk(x,x′)
∂n∂n′

dS′

+k2
∫

S′
p(x)n ·n′Gk(x,x′)dS′.

(26)

Let us write ∫
S′

p(x′)
∂ 2Gk(x,x′)

∂n∂n′
dS′ =

∫
S′

p(x′)
[

∂ 2Gk(x,x′)
∂n∂n′

− ∂ 2G0(x,x′)
∂n∂n′

]
dS′

+
∫

S′
p(x′)

∂ 2G0(x,x′)
∂n∂n′

dS′,

(27)

where G0 is the Green’s function for the Laplace equation for which k = 0. Equation (26) for k = 0
is ∫

S′
p(x′)

∂ 2G0(x,x′)
∂n∂n′

dS′ =
∫

S′

(
p(x′)− p(x)

) ∂ 2G0(x,x′)
∂n∂n′

dS′. (28)

Substituting this into Eq. (27) gives∫
S′

p(x′)
∂ 2Gk(x,x′)

∂n∂n′
dS′ =

∫
S′

p(x′)
[

∂ 2Gk(x,x′)
∂n∂n′

− ∂ 2G0(x,x′)
∂n∂n′

]
dS′

+
∫

S′

[
p(x′)− p(x)

] ∂ 2G0(x,x′)
∂n∂n′

dS′.

(29)

Finally, by substituting Eq. (29) into Eq. (24) we obtain

1
2

p(x)−
∫

S′
p(x′)

∂Gk(x,x′)
∂n′

dS′−α

{∫
S′

p(x′)
[

∂ 2Gk(x,x′)
∂n∂n′

− ∂ 2G0(x,x′)
∂n∂n′

]
dS′

+
∫

S′

[
p(x′)− p(x)

] ∂ 2G0(x,x′)
∂n∂n′

dS′
}

=−α

2
∂ p(x)

∂n
−
∫

S′

∂ p(x′)
∂n′

(
Gk(x,x′)+α

∂Gk(x,x′)
∂n

)
dS′+ finc.

(30)

By performing regularization using the Green’s function for the Laplace equation, G0, Eq. (24)
is transformed into Eq. (30). While both ∂ 2G0/∂n∂n′ and ∂ 2Gk/∂n∂n′ have a singularity of
O(r−3), their difference in Eq. (30) has a singularity of O(r−2). Furthermore, the last term inside
the braces, which contains only ∂ 2G0/∂n∂n′ vanishes at the collocation point x = x′. Therefore,
the regularization has reduced the degree of the singularity in Eq. (30) by one to O(r−2).
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Using piecewise constant basis functions on flat elements, Eq. (30) can be discretized as

1
2

pi−
N

∑
j=0

p j

∫
S′j

∂Gk(xi,x′)
∂n′

dS′j−α

{ N

∑
j=0

p j

∫
S′j

[
∂ 2Gk(xi,x′)

∂n∂n′
− ∂ 2G0(xi,x′)

∂n∂n′

]
dS′j

+
N

∑
j=0

[
p j− pi

]∫
S′j

∂ 2G0(xi,x′)
∂n∂n′

dS′j

}

=−α

2
qi−

N

∑
j=0

q j

∫
S′j

(
Gk(xi,x′)+α

∂Gk(xi,x′)
∂n

)
dS′j + finc(xi),

(31)

where pi = p(xi) and qi = ∂ p(x)/∂n|x=xi . This equation can be written in matrix-vector form as
follows

(A+αC)p = (B+αD)q+ finc, (32)

where for the Dirichlet boundary condition p = 0 and for Neumann boundary condition q = 0. The
matrix elements in Eq. (32) are given by

Ai j =
1
2
−
∫

S′j

∂Gk(xi,x′)
∂n′

dS′j,

Ci j =


∫

S′j

∂ 2Gk(xi,x′)
∂n∂n′

dS′j, i 6= j,

−
∫

S′j

[
∂ 2Gk(xi,x′)

∂n∂n′
− ∂ 2G0(xi,x′)

∂n∂n′

]
dS′j +

N

∑
`=1,6=i

∫
S′`

∂ 2G0(xi,x′)
∂n∂n′

dS′`, i = j,

Bi j =
∫

S′j
Gk(xi,x′)dS′j, Di j =

∫
S′j

∂Gk(xi,x′)
∂n

dS′j.

(33)

As was mentioned earlier the highest singularity after regularization in Eq. (33) is O(r−2). This
type of singularity can be handled by a simple quadrature technique, but the use of a special
quadrature rule further improves the solution. This is discussed next.

3.3.2 Duffy’s quadrature rule

In applying the Duffy’s quadrature rule [10], a flat element is divided into triangles with a common
vertex, (x0,y0,z0), at the collocation point. This is shown for a triangular element in Fig. (6). This
rule is based on the transformation

x = (1− ε)x0 +(1−η)εx j +ηεxk,
y = (1− ε)y0 +(1−η)εy j +ηεyk,
z = (1− ε)z0 +(1−η)εz j +ηεzk,

(34)
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2

3

Figure 6: A triangular element divided into three triangles with a common vertex at the collocation
point, (x0,y0,z0).

where ε ≤ 1, η ≥ 0, j = 1,2,3 and k = 2,3,1 for triangles 1, 2 and 3, respectively. This transfor-
mation maps each triangle to a one-square in the positive quadrant of the ε-η plane. Note that the
collocation point is reached, i.e., (x,y,z) = (x0,y0,z0), only when ε = 0. Thus kernels that have a
singularity at the collocation point are non-singular with respect to η . Additionally, the Jacobian
determinant of this transformation is proportional to ε , which further reduces the strength of the
singularity.

3.3.3 Application

To demonstrate how non-uniqueness appears in the solution of Eq. (15) when neither CHIEF nor
the Burton-Miller methods are used, we computed the far-field backscattered amplitude for a 0.5 m
rigid sphere as a function of frequency. In this case, the boundary condition is ∂ p/∂n|a = 0, where
a is the radius of the sphere. But if the wavenumber, k, corresponds to the eigenvalues of Eq. (18),
which are the eigenvalues of the interior Dirichlet problem, ∂ p/∂n|a 6= 0 and the solution becomes
non-unique. The solution is shown in Fig. (7a), where spikes appear at those frequencies where
the solution becomes non-unique. The eigenvalues of the interior Dirichlet problem correspond to
the zeros of jn(kma) = 0, where jn is the spherical Bessel function of order n. For each n there are
m roots and as can be seen in Fig. (7a), the spikes almost exactly occur at the zeros of the spherical
Bessel function.
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(a) (b)

Figure 7: Figure (7a) shows the backscattered amplitude as a function of frequency for a rigid
sphere computed without the use of CHIEF or Burton-Miller method, necessary to guarantee a
unique solution. The solution becomes non-unique at the frequencies that correspond to the eigen-
values of the interior Dirichlet problem, jn(kma) = 0. The first 11 zeros of jn(kma) occur at 1500,
2145, 2752, 3000, 3336, 3688, 3906, 4342, 4467, 4500, 5019 Hz, which almost exactly coincide
with the frequencies where spikes are seen. Figure (7b) compares the boundary element solutions
for two cases, where the Burton-Miller is not used in aquamarine and when it is used in red.

The use of Burton-Miller (or CHIEF) results in a unique solution and the spikes seen in Fig. (7a)
can be eliminated. A comparison between the result in Fig. (7a) and one in which the Burton-
Miller has been used is shown in Fig. (7b). Note that non-uniqueness not only exhibits itself in the
form of spikes, but it also affects the accuracy of the solution at higher frequencies where spikes
proliferate. For this reason, results produced by boundary element methods without the means to
deal with non-uniqueness are of little value.

In Fig. (8a) we compare the boundary element solution using the Burton-Miller method in which
the Duffy’s quadrature rule is used with the exact partial wave solution for backscattering ampli-
tude level as a function ka from a 0.5-m rigid sphere. There is excellent agreement between the two
solutions. To study the role of Duffy’s quadrature rule, in Fig. (8b) we repeat the computation of
Fig. (8a) without using the Duffy’s method and note that the solution is not as accurate, particularly
at higher ka. Since in the Duffy’s method each triangular element is divided into three triangular
elements, one would think that by tripling the number of elements one should be able to recover
the accuracy of the Duffy’s method without using it. The green curve in Fig. (8a) shows the results
when the number of boundary elements is almost tripled and we see that even though the solution
is more accurate than in the case when one third as many elements are used, it is not as accurate
as when the Duffy’s method is used with a third fewer elements. From this it can be concluded
that it is the reduction of the degree of the singularity rather than the number of elements that is
responsible for the accuracy of the Duffy’s method.
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(a) (b)

Figure 8: Figure (8a) compares the backscattered amplitude level as a function of ka for a rigid
sphere–using the Burton-Miller method and the Duffy’s quadrature rule– with the exact partial
wave solution. In Fig. (8b) the same computation is repeated without the use of Duffy’s quadrature
rule for the same number of boundary elements as in Fig. (8a) in red and almost triple the number
of boundary elements in green.

4 New model applications

4.1 Computing bi-static scattering amplitudes
One of the objectives of this project has been to compute bi-static scattering amplitudes to support
the Target In the Environment Response (TIER) model for complex, non-axially symmetric targets.
The TIER model utilizes a fast ray model for propagation of sound to and from a target. The rays
are associated with image sources and receivers which account for the interactions with the water-
sediment interface. The target scattering piece is reduced to a convolution between the incident
acoustic field at the target location and the free-field scattering amplitude from the target. For
this purpose, the TIER model needs the far-field bi-static scattering amplitudes on a very dense
grid of azimuthal and polar angles. This computation is done in free space, but the information
that is provided to TIER enables it to approximately account for the presence of the interface.
An example of this type of computation is shown in Fig. (9) where bi-static scattering from a
1:2-foot solid aluminum cylinder is computed on the surface of 10-meter sphere for two incident
fields, φinc = 0 and 60◦. The scattering geometry is shown in the bottom right, where the target is
centered at the origin with its axis along the y-axis. For each incident angle, over 8000 bi-static
scattering amplitudes were computed per octant per frequency. The results shown in Fig. (9) are
for a frequency of 30 kHz. The top row in Fig. (9) shows three views of the surface of the sphere
in the x-y, x-z and y-z planes for φinc = 0◦, and the bottom row shows the same for φinc = 60◦. Note
that for the case of φinc = 0◦, the scattered field is symmetric with respect to both the x-y and the
x-z planes, i.e. in the ±z and ±y directions, as can be seen in the right and left panels in the top
row, respectively. For the case of φinc = 60◦, the field is only symmetric with respect to the x-y
plane, as can be seen in the bottom right panel in the bottom row.
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Figure 9: The bi-static scattering amplitudes from a 1:2-foot solid aluminum cylinder computed
on the surface of a 10-meter sphere for two incident fields of 0◦ and 60◦ at a frequency of 30 kHz.
The scattering geometry is shown in the bottom right figure.

4.2 Scattering in complex environments
The CFBE can compute scattering in any environment provided that the Green’s function describ-
ing the environment is given in Eq. (A-2). For each of the environment shown in the examples
in this section, the appropriate Green’s function is used, which is obtained from the exact spectral
solution of the wave equation.

Figure (10) shows a model/data comparison of the acoustic color for an aluminum replica of a
UXO. The two panels on the left are for the proud case and two the on the right are for the buried
case. The geometry of the problem is shown in Fig. (1). In these examples, the bottom is modeled
as a half-space with density of 2000 kg m−3, and sound speed of 1694 m s−1. The model/data
comparison shows good agreement, as the computed results contain all of the important features
seen in the measurement.

Figure (11) shows the acoustic color for an obliquely buried UXO on the left and a UXO buried
in a mud layer on the right. The geometry for each case is shown in the top two panels. The
example on the left shows that the model can compute scattering from targets in any burial state.
In the example on the right the mud layer is sandwiched between the water and sand half spaces
(sand is modeled as a heavy fluid, with density of 2000 kg m−3, and sound speed of 1694 m s−1).
This demonstrates that the model can also handle more complicated environments. The mud layer
in this simulation is approximately 13 cm thick with a density of 1260 kg m−3 and sound speed
of 1504 m s−1. This is the typical environment in St. Andrew’s Bay, where the BAYEX14 was
conducted and the mud parameters were those taken from measurements near the experiment site.
The middle panel in Fig. (11) shows the acoustic field in the vicinity of the partially buried UXO
at a frequency of 20 kHz.
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Figure 10: Comparison of the acoustic color computed by the CFEBE model with measurement
for an aluminum replica of a UXO.

Figure 11: The acoustic color computed by CFEBE method for a partially buried UXO on the
left and one buried in a mud layer on the right. The middle panel shows the acoustic field in the
vicinity of the partially buried UXO at a frequency of 20 kHz.

4.3 Scattering from multiple targets
In the framework of the boundary element method, scattering from a target can be computed using

Mp = pinc, (35)

20



where the above equation is just Eq. (A-12). This equation can be solved to obtain the surface
pressure, and the normal velocity is computed using Eq. (A-14). With the knowledge of these two
field quantities, the scattered field can be computed at the receiver.

The matrix M is called the interaction matrix, which accounts for the interaction between ev-
ery surface element with every other surface element. If there are n surface elements, M is a
(n× n) matrix. For instance if the surface of the target is made up of five elements, as shown
below, Eq. (35) looks like,

M11 M12 M13 M14 M15
M21 M22 M23 M24 M25
M31 M32 M33 M34 M35
M41 M42 M43 M44 M45
M51 M52 M53 M54 M55




p1
p2
p3
p4
p5

=


pinc1

pinc2

pinc3

pinc4

pinc5

 , (36)

where Mi j represents the interaction between surface elements i and j, pi is the surface pressure
and pinci is the incident pressure field on element i. In the case of two targets the elements interact
with each other and with the elements of the other target as shown below,

M11 M12 M13 M14 M15
M21 M22 M23 M24 M25
M31 M32 M33 M34 M35
M41 M42 M43 M44 M45
M51 M52 M53 M54 M55




p1
p2
p3
p4
p5

=


pinc1

pinc2

pinc3

pinc4

pinc5

 , (37)

where the matrix is now color-coded to show the interaction between the two targets. The colors
red and blue indicate self interaction for target 1 and 2, respectively, and the color green represents
interaction between the two targets, where the upper right sub-block in Eq. (37) represents the
interaction matrix between target 1 and 2 and the bottom left sub-block represents the interaction
between target 2 and 1. Equation (37) can be rewritten as[

M11 M12
M21 M22

] [
p1
p2

]
=

[
pinc1

pinc2

]
, (38)

where the off-diagonal sub-blocks represent the coupling between the two targets and if they are
set equal to zero, the targets will become uncoupled, meaning that they each scatter the incident
field as if the other were absent. The uncoupled solution, therefore, is the coherent sum of scat-
tering from each target computed separately. The way we solve scattering from multiple targets
is the opposite of how the equations are derived here: we first construct the sub-blocks and then
assemble the matrix, where the number of sub-blocks for n targets is n2.
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Figure (12) shows the acoustic color for two cylinders as a function of the polar angle. The geom-
etry of the problem is shown in the bottom of each figure. The targets consist of a solid aluminum
cylinder (length = 13.75 inch and radius = 2.75 inch diameter) and an open-ended aluminum cylin-
drical shell (length = 7.6 inch, outer radius = 2 and shell thickness = 1/8 inch ). The top row shows
the acoustic color for the case when the cylinders are parallel and the bottom row shows the case
when the cylindrical shell is tilted by 25◦. In the middle column the cylinders are uncoupled by
setting the off-diagonal sub-blocks in Eq. (38) to zero. In this case, the scattering accounts for the
presence of the two cylinders, but the interaction between them is ignored. The last column shows
the difference between the coupled and uncoupled cases, which shows the effects of the coupling
as a function of frequency and angle. The coupling is strongest at 90◦ and 270◦, corresponding to
broadside angles for both targets. In the bottom left panel where the cylindrical shell is tilted the
coupling seems to have weakened when the large cylinder is in the shadow of the cylindrical shell
at 90◦, but that does not seem to be the case when the opposite occurs at 270◦.

Figure 12: The acoustic color for two cylinders. In the top row the cylinders are parallel and in
the bottom row the cylindrical shell is tilted by 25◦. In the middle column the coupling between
the two targets is turned off by setting the off-diagonal sub-blocks in Eq. (38) to zero. The right
column is the difference between the left and the middle columns. It shows how the coupling varies
as a function of frequency and angle.

The work of Plotnick and Marston [11] in which they measured multiple scattering of an acoustic
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Figure 13: The cartoon on the left shows the experimental setup. The figure on the right is the
recorded data showing multiple arrivals of the scattered signal.

signal from two identical solid aluminum cylinders, provided a rare opportunity for us to verify
that the CFEBE model can correctly account for multiple scattering. The cartoon in the left in
Fig. (13) depicts the experimental setup where the track along which the collocated source and re-
ceiver (S/R) moved during data collection is illustrated by a straight line. The radii of the cylinders
were 1.27 cm and they were separated by 12.7 cm. The S/R were at a height 70 cm above the
cylinders and installed on a track, so they could move from left to right. The figure on the right
shows the received signal as a function of time, where the horizontal axis is the position of S/R
measured from the center of the cylinder on the right, and the vertical axis is time. The crossrange
corresponding to about -5 cm is the location where S/R is equidistant to the centers of the two
cylinders. The strong returns indicated by 1st are the direct scattered signal from the two cylin-
ders. The rest of the returns, indicated by 2nd, 3rd and 4th are those that are scattered 2, 3 and 4
times, respectively.

If we designate the location of S/R by 0, the right cylinder by 1 and the left cylinder by 2, based on
the times of arrival, the returns indicated by 1st in Fig. (13) are due to rays traveling the paths 010
and 020, which are scattered only once by each cylinder. The return indicated by 2nd is composed
of two paths one follows the ray path 0120, first scattered by cylinder 1 and then by cylinder 2; and
the other follows the ray path 0210, first scattered by cylinder 2 and then by cylinder 1. Similarly,
the two ray paths indicated by 3rd are 01210 and 02120, the first experiencing scattering three
times, twice by cylinder 1 and once by cylinder 2 and the other twice by cylinder 2 and once by
cylinder 1. Higher order returns can be accounted for in a similar way.

Figure(14) shows the acoustic color for this scenario as a function of S/R location along the track.
The left panel shows the case when the two cylinders are coupled, which means that not only the
scattering from the two cylinders is included, the interaction between them in the form of mul-
tiple scattering is also included. In the middle panel, the coupling is turned off by setting the
off-diagonal sub-blocks in Eq. (38) to zero. This removes the modulations that is seen in the case
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when the cylinders are coupled in the left panel. The right panel shows the difference between
the left and the middle panels, which only includes the effect of the coupling between the two
cylinders.

Figure 14: The acoustic color for the two cylinders shown in Fig. (13). The coupling is turned off in
the middle panel by the process described in the text, which results in the removal of modulations
seen in the left panel. The right panel shows the difference between the two cases.

Figure 15: Modeling results of simulating the experiment shown in Fig. (13). The figure on left
shows the full, coupled solution, the one in the middle is the uncoupled solution and the one on the
right is the difference between the two solutions, which only contains those returns that experience
multiple scattering.

Figure (15) is obtained by taking the inverse Fourier transform of the results shown in Fig. (14).
The figure on the left is the full, coupled solution, which produces the experimental results in
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Fig. (13) very closely. This confirms that the model correctly accounts for all physical effects (the
complex structure between arrivals in Fig. (13)), and geometrical effects in the form of multiply
scattered returns. The middle figure where the coupling is turned off only contains the direct re-
turns from each cylinder and does not contain any of the multiply scattered returns. The figure
on the right, shows the coherent difference of the full and the uncoupled solutions and it contains
only the multiply scattered returns. This figure, in which most of the elastic responses of the two
cylinders present in the left and middle figures is subtracted, also shows two higher-order returns
that cannot be seen in the measured data in Fig. (13).

The method described by Eq. (38) was also applied to compute scattering from two 1:2-foot solid
aluminum cylinders due to a 10 kHz source located at (xs,ys,zs) = (4m,0,4m). In this case the two
cylinders are separated by about two meters. The results are shown in Fig. (16) where the figure
on the left shows the field in free space and the one on the right shows when the two cylinders are
proud in two half-spaces composed of a water half space over a bottom half space with density
2000 kg m−3, and sound speed 1694 m s−1. This solution is an application of Eq. (38) to the case
where the two half-space Green’s function is used to model the environment.

Figure 16: The 3D field in the vicinity of two 1:2-foot solid aluminum cylinders in free space on
the left and proud in two half-spaces on the right.

Figure (17) shows the acoustic field in a plane perpendicular the axes of the two cylinders in
Fig. (16), where the top row is the cylinders in free space and the bottom row is when the cylinders
are proud. The left column shows the acoustic field when the coupling is included between the
two cylinders, the middle column shows the results when the coupling is turned off and the right
column shows the difference between the left and the middle columns, which shows the strength
of the coupling. As expected, the coupling is strongest in the vicinity of the line connecting the
centers of the two cylinders.
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Figure 17: The acoustic field in the plane perpendicular to the axes of the two cylinders shown in
Fig. (16).

For the case of the proud cylinders, the coupling is strongest between the two cylinders along the
interface.

5 Summary and Conclusions

During the first phase of this project (2013-2017), we developed numerical tools to compute scat-
tering from an arbitrary elastic target in an arbitrary ocean environment. These models are based
on the fluid-structure interaction method, which uses the finite element method to compute the
impedance matrix for the target and the boundary element method to compute the propagation in
the environment in which the target is embedded. The two solutions are coupled by imposing the
continuity of the pressure and normal particle velocity on the surface of the target. This method
produces a system of equations that is self-consistent and rigorously integrates propagation and
scattering. This means that it produces a rigorous solution for scattering from an elastic target in
any ocean environment that can be characterized by a Green’s function. We also developed an
axially-symmetric version of the model. This model can be applied to an axially-symmetric target
for an arbitrary (not necessarily axially-symmetric) incident field in free space. Since most of the
targets of interest are axially-symmetric, this model proves to be very useful. A Final Report for
this phase of the project was submitted to SERDP in 2017.

During this phase of the project (2017-2020) we developed a new approach to compute the acous-
tic color in two half-spaces. This approach is based on using a multipole solution to represent the
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spectral Green’s functions, which results in significant reduction in computation time. We also
laid the groundwork for the implementation of the method of H -Matrices. This method is a hi-
erarchical process of matrix partitioning, which promises to reduce both storage and computation
time from O(n2) to O(n logn), where n is the size of matrices involved. We anticipate that full
implementation of this method would be a game changer in modeling scattering from UXOs. We
also implemented the Burton-Miller method, which is a perquisite for the implementation of H -
Matrices. Furthermore, we developed new applications of the CFEBE model in computing the
acoustic color for UXOs in slightly more complex environments and for arbitrary burial. Finally,
we constructed a procedure for computing scattering from multiple targets and applied the model
to compute scattering from a non-axially symmetric mortar shell.

Appendix A: A new formulation of the fluid-structure prob-
lem

The fluid-structure interaction is governed by(−ω2M+K
)

L

iωBD−1LT A

  u

p

=

 0

pinc

 , (A-1)

which relates displacement to force and the surface pressure and normal displacement to the in-
cident pressure field. In the above matrix equation, M and D are the structure mass and stiffness
matrices and A and B are given by

Amn =
δmn

2
−
∫

sn

∂G(xn,xm)

∂n
ds′, Bmn =−iωρ

∫
sn

G(xn,xm)ds′, (A-2)

where G is the environment Green’s function. The fluid and structure equations are coupled by the
rectangular fluid-structure coupling matrix L, which projects the structure degrees of freedom to
the surface degrees of freedom according to

Li, j =
∫

s j

φi(q)Ψ j(q) ·nqdSq, (A-3)

where φi are the fluid and Ψi are the structure finite element basis functions and the diagonal matrix
D is given by

D j j =
∫

s j

dS j. (A-4)

The two equations in Eq. (A-1) can be combined to give(
−ω

2M− iωZrad +K
)

u = F , (A-5)

where the structure impedance matrix, Zrad = LA−1BD−1LT, and the force is F = −LA−1pinc.
The displacement vector can be written as u = [Φs]{um}, where [Φs] is a matrix whose columns
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contain the eigenvectors of the structure and um is the modal displacement vector. Substituting for
u in Eq. (A-5) and multiplying the resulting equation from the left by [Φs]

T gives(
−ω

2[Φs]
TM[Φs]− iω[Φs]

TZrad[Φs]+ [Φs]
TK[Φs]

)
{um}= [Φs]

TF . (A-6)

For a mass-normalized set of eigenvectors we have, [Φs]
TM[Φs] = [I], [Φs]

TZrad[Φs] = [Zradm]
and [Φs]

TK[Φs] = [Ω2
s I]. This leads to(
−ω

2[I]− iω[Zradm]+ [Ω2
s I]
)
{um}= {Fm}, (A-7)

where

{Fm}= [Φs]
TF =−[Φs]

TLA−1pinc. (A-8)

Combining the above two equations gives(
−ω

2[I]− iω[Zradm ]+ [Ω2
s I]
)
{um}=−[Φs]

TLA−1pinc. (A-9)

From the bottom equation in Eq. (A-1) we get the surface pressure

p = A−1 (pinc− iωBΣ) , (A-10)

and the normal surface velocity

v =−iωΣ, (A-11)

where Σ ≡ D−1LTu = D−1LT[Φs]{um} and {um} is computed using Eq. (A-9). If instead of
eliminating p, u is eliminated in Eq. (A-1), we get the more familiar representation of the boundary
element equations with the surface pressure given by

p =M−1pinc, (A-12)

where

M=
(

A− iωBL
(
−ω

2M+K
)−1 LT

)
, (A-13)

is called the interaction matrix. The normal surface velocity given by

v = iωL
(
−ω

2M+K
)−1 LTp. (A-14)

With the knowledge of surface pressure and normal velocity, the scattered field can be computed
at the receiver locations, xr, using

pscat = aTp+bTv, where an(xr) =
∫

sn

∂G(xr,x′)
∂n

ds′, bn(xr) = iωρ

∫
sn

G(xr,x′)ds′. (A-15)

Furthermore, since the continuity of normal displacement requires that the normal velocity in the
fluid should be related to the normal displacement in the structure as

v =−iωD−1LTu, (A-16)

the bottom equation in Eq. (A-1) can be written as

Ap−Bv = pinc. (A-17)
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