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Abstract

The first year of MR19-1234 saw progress on four tasks: (1) bistatic scattering, (2) multi-
ple scattering from targets in the free field, (3) frequency-dependent beam patterns, and (4)
reverberation from small-scale surface roughness. Each of these tasks required modifications
to or improvements in the implementation of the target-in-the-environment response (TIER)
model. As part of the work on the TIER model, the numerical implementation was refactored
to permit a straightforward integration of multiple scattering. These tasks are described in the
following document.
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1 Introduction

A brief overview of the target-in-the-environment response (TIER) model is given to provide
background for the progress to date. A detail description of the TIER model can be found
in [1]. When the wavelength of sound is much smaller than the depth of a waveguide, acoustic
scattering from a target within the waveguide may be approximated by an acoustic ray model
[2]. Currently, the waveguide is a homogeneous fluid layer bounded above by air and below
by a homogeneous sediment. (Relaxing the restriction of a homogeneous fluid is a task to
be investigated in the second year of this project.) The sediment is assumed to be either
a homogeneous attenuating fluid with a frequency-independent loss parameter [3] or a fluid
described by an effective density fluid model [4]. Figure Fig. 1(a) depicts the scattering problem
where the direct scattering ray path and ray paths that interact once with either the upper or
lower boundary are shown. The physical source, physical receiver, and target are denoted by S0,
R0, and T . By considering image sources and image receivers reflected through the boundaries,
one can trace acoustic ray paths to these images. Figure 1(b) shows image sources and images
receivers and their associated acoustic ray paths, and depicts the reduction of the waveguide
scattering problem to an equivalent superposition of many free-field scattering problems.

(b)
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Figure 1: (a) Diagram of paths that interact at-most once with the upper and/or lower bound-
aries of a waveguide. (b) Equivalent superposition of free-field scattering involving image sources
(S1 and S2) and image receivers (R1 and R2).

With ri, rj, and rt representing source, receiver, and target locations in a global coordinate
system, dti = |rt−ri| and djt = |rj−rt| are distances in a target-centered coordinate geometry.
The physical source corresponds to i = 0 and its images have i > 0; while j = 0 denotes the
actual receiver and its images have j > 0. For a fluid with sound speed c1, the time delay
associated with propagation from the ith source to the target is tti = dti/c1; and likewise, the
propagation time delay from the target to the jth receiver is tjt = djt/c1. The assumed time
convention is exp(−ıωt) with t and ω denoting time and angular frequency. The spectrum of
the total scattered pressure is then

P (ω) = r0Psrc(ω)
∑
j=0

∑
i=0

[
AjtBjt(d̂jt, ω)eıωtjt

]
s(d̂jt, d̂ti, ω)

[
AtiBti(d̂ti, ω)eıωtti

]
(1)

where r0 is a reference distance (typically 1 m), Psrc(ω) is the spectrum of the transmitted
signal, and time delays enter as positive phase shifts. The amplitudes Ajt = UnjLmj/djt and
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Ati = UniLmi/dti account for interactions with waveguide boundaries and geometric spreading.
Reflection coefficients at upper and lower boundaries are U(θg) and L(θg), where θg is a local
grazing angle given by either cos θi = Rti/dti or cos θj = Rjt/djt. Here, the horizontal distances
are Rti = |Rt −Ri| and Rjt = |Rj −Rt| with R = xx̂ + yŷ such that x̂ and ŷ are Cartesian
unit vectors in the global coordinate system. The mi, ni, mj, and nj exponents indicate the
number of interactions a ray has had with a given boundary. Source and receiver beam patterns
are Bti(d̂ti, ω) and Bjt(d̂jt, ω). In Eq. (1), the scattering process is encapsulated in the free-

field scattering amplitude s(d̂jt, d̂ti, ω). The scattering amplitude is expressed here in terms of
unit vectors for the source and receiver relative to the target location. These unit vectors are
d̂ti = (rt − ri)/dti and d̂jt = (rj − rt)/djt for the ith source and jth receiver.

Under typical operational conditions for a short-range synthetic aperture sonar (SAS) plat-
form, the air-water boundary can be ignored, because paths that interact with this boundary
are either removed by time-gating the received signals or suppressed by the beam patterns of
the source and receiver. In addition, the separation distance between the physical source and
physical receiver is much smaller than dti and djt, so the source and receiver can be considered
to be co-located. Under these conditions, only four ray paths associated with the actual source
and receiver and their images in the sediment contribute to the scattered pressure (i.e., i = 0, 1
and j = 0, 1) [5]. For simplicity, we set d0 = dt0 = d0t and d1 = dt1 = d1t, which gives the
spectrum for the scattered pressure as

P (ω) = r0Psrc(ω)

[
s1

exp(ıωt0)

d20
+ 2L(θg)s2

exp(ıωt1)

d0d1
+ L2(θg)s3

exp(ıωt2)

d21

]
(2)

with t0 = 2d0/c1, t1 = (d0 + d1)/c1, t2 = 2d1/c1, and grazing angle θg. The reflection coefficient
for a fluid-like sediment is

L(θg) =
ρ sin θg − (κ2 − cos2 θg)

1/2

ρ sin θg + (κ2 − cos2 θg)1/2
, (3)

where ρ = ρ2/ρ1, κ = k2/k1 = (1 + ıδ)/ν, and ν = c2/c1 is a real index of refraction. Here,
c2, ρ2, and δ are the sound speed, density, and loss parameter for the sediment, respectively.
The scattering amplitudes are s1 = s(d̂0,−d̂0, ω), s2 = s(d̂0,−d̂1, ω), and s3 = s(d̂1,−d̂1, ω),
which depend on polar and azimuthal angles for the source and receiver in the target-centered
coordinate system. An inverse Fourier transform of P (ω) then gives a generated sonar signal
that includes the four primary acoustic paths for a target near the seafloor. The first term within
the brackets of Eq. (2) is the direct path with ray diagram S0 → T → R0. This path corresponds
to scattering from an isolated target in the free field. The second term includes the two paths
that interact once with the bottom (i.e., S0 → T → R1 + S1 → T → R0). These paths are
reciprocal and are associated with bistatic scattering within a vertical plane perpendicular to the
seafloor. The last term is a backscattering path with two bottom interactions (S1 → T → R1).
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2 Bistatic Scattering Amplitude

The formulation of the TIER model reduced the scattering from an object in a waveguide to a
superposition of free-field scattering problems. A single contribution to the total spectrum of
the scattered pressure from Eq. (1) is

Pji =
[
AjtBjt(d̂jt, ω)eıωtjt

]
s(d̂jt, d̂ti, ω)

[
AtiBti(d̂ti, ω)eıωtti

]
. (4)

This section describes the current progress in generalizing the numerical implementation to
permit bistatic scattering from an object. Figure 2 depicts a target-centered, spherical, coordi-
nate system for a finite cylindrical object. Due to the symmetry of this object, the coordinate
system can be selected such that the axis of symmetry lies along the z-axis and the physical
source is constrained to the xz-plane. The polar angle for the physical source is θs and for a
physical receiver with an arbitrary location the polar and azimuthal angles are θr and ϕr. In

Figure 2: The target-centered coordinate system used in bistatic scattering from axisymmetric
objects.

much of the previous UXO research performed by APL-UW, the physical source and physical
receiver were assumed to be co-located and the object was near the water-sediment boundary
(e.g., sitting proud on the surface). Under these conditions, the physical source and physical
receiver have θr ≡ θs and ϕr ≡ 0, which yields s(θs, 0, ω). For a physical source and an image
receiver reflected through the water-sediment boundary, one has bistatic scattering restricted to
a vertical plane, which is perpendicular to the water-sediment boundary. This leads to θr ≈ θs
and ϕr 6= 0, which leads to s(θs, ϕr, ω). For objects other than spheres [6–8] and approxi-
mations for finite cylinders [9–11], the TIER model has utilized a table-driven approach with
sikl = s(i∆θ, k∆ϕ, l∆f) with i = 0, 1, · · · , I; k = 0, 1, · · · , K; and l = 0, 1, · · · , L. The tables
are constructed in terms of the actual frequency f instead of the angular frequency ω. Prior
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to SERDP MR19-1234, tables for a 2:1 aluminum cylinder (i.e., 1-ft diameter, 2-ft length), 2:1
aluminum pipe with 3/8-in wall thickness, air-filled and water-filled 105-mm artillery shell, air-
filled and water-filled 155-mm howitzer shells, a scuba tank, and aluminum and steel replicas of
a 100-mm projectile were constructed. These tables have ∆θ = ∆ϕ = 1◦ or 2◦, and ∆f = 100
or 200 Hz. Recently, downward-looking sonar platforms have been deployed by APL-UW and
the Applied Research Laboratory at Pennsylvania State University. There platforms can have
significant separation distances between sources and receivers, and hence, an assumption of
co-located source and receiver needs to be revisited. This then means θs 6= θr and the tab-
ulated scattering amplitude expands from a three-dimensional table to four dimensions, i.e.,
sijkl = s(i∆θs, j∆θr, k∆ϕ, l∆f) with j = 1, 2, · · · , J .

The generation of a table is a two-step process. First, the hybrid model [1], which combines
a finite-element model for an object’s elastic response and a Helmholtz propagation model,
is executed after selecting i∆θs and l∆f . The scattered pressure at some range, r, is then
predicted for all combinations of j∆θr and k∆ϕ. Second, the scattered pressure is converted to
a normalized scattering amplitude by removing spherical spreading and compensating for the
phase associated with range r:

sijkl =
2r

a

pijkl
p0

exp[−ı2π(l∆f/c1)r]. (5)

Here, a is a characteristic dimension of the object; pijkl is the scattered pressure from the
hybrid model; and, p0 is the amplitude of the incident pressure set during the hybrid model
simulation. The top line of Table 1 shows the dimensions and size of the table created for
the 2:1 aluminum cylinder when the source and receiver are co-located. Each entry in the
table is a 64-bit complex value, which occupies 8 bytes. The polar angle of the source satisfies
0◦ ≤ θs ≤ 180◦ and an image receiver’s azimuthal angle satisfies −180◦ ≤ ϕ ≤ 180◦. The
frequencies are within 1 ≤ f ≤ 30 kHz, which covers the range of frequency of the LFM signal
used in APL-UW experiments.

I J K L Size (MB) Comment

181 c-l 361 291 145 full simulation

181 c-l 361 291 57 full simulation, scaling, compression

91 91† 361† 291 73 up-down symmetry

91 91† 361† 291 27 up-down symmetry, scaling, compression

Table 1: Dimensions for various generated tables for a 2:1 aluminum cylinder are shown. The
fifth column is the nominal file size in megabytes (MB). Here, c-l indicates a co-located receiver.
†The table dimensions do not reflect an underlying coordinate transform from the hybrid model
to the TIER model, but cylindrical symmetry is implied.

A move from co-located source and receiver with a 3-dimensional table to an arbitrary
receiver location leads to a 4-dimensional table, which would be a significant increase in file
size and memory requirements during a simulation. The second line in Table 1 shows the
dimensions and file size when the real and imaginary parts of the complex-valued sijkl (8 bytes)
is scaled and converted to two 16-bit signed integers (4 bytes). This provides an immediate
reduction from 145 MB to 72.5 MB. The final file size of 57 MB is obtained from applying
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a compression algorithm to the table. It is noted that the scaling and conversion to integers
reduces the relative dynamic range of simulated data from 144 dB to approximately 90 dB.

The third and fourth lines in Table 1 are the results when bistatic scattering is allowed.
To ensure adequate computational resources are available, tables are not expanded to four
dimensions. Rather, individual 3-dimensional tables for each of the θs values are constructed
(e.g., 91 tables for the example here). In addition to the cylindrical symmetry, inspection of
Fig. 2 reveals an up-down symmetry along the z-axis. For example, when θs = 92◦, a simulation
uses the table for θs = 88◦, where the indexing into the ϕ dimension is flipped. Using up-down
symmetry, scaling into a signed integer representation, and compressing the table results in
a 81% reduction in file size (i.e., 27 MB compared to 145 MB), and with 91 files, these files
occupy approximately 2.4 GB of disk space compared to 12.9 GB.

During a TIER model simulation with a given source-receiver pair, θs is determined and
it rarely matches a tabulated i∆θ value, so two tables are loaded into memory. The loading
process, decompresses the data and converts the scaled, signed-integer representation back to a
complex-valued scattering amplitude. For example, if θs = 23.2◦, then the tables for 23◦ and 24◦

are loaded. Interpolation methods are then used to evaluate the required s(θs = 23.2◦, θr, ϕ, ω).
In the original implementation, pairs of tables were loaded on an as-needed basis. In the
second-order multiple scattering example involving two 2:1 aluminum cylinders discussed in
Sec. 3, moving from the first source-receiver pair to the second pair, the tables are used in
the following order: (23◦, 24◦), (23◦, 24◦), (45◦, 46◦), (22◦, 23◦), (22◦, 23◦), (45◦, 46◦), (15◦, 16◦),
(15◦, 16◦), (89◦, 90◦), (15◦, 16◦), (15◦, 16◦), and (89◦, 90◦). The tables, associated with the red
angles, are already loaded in memory, and so new tables are not needed and therefore not
re-read from disk. The blue angles cause the tables for the preceding red angles to be flushed
from memory, and then the tables for the blue angles are loaded. Finally, the tables for the blue
angles are flushed from memory when the following black angles are loaded into memory. In
summary, several tables are re-read from disk and converted to the complex-valued scattering
amplitudes multiple times in simply moving from one source-receiver pair to the next in a SAS
simulation.

A least-recently-used (LRU) caching scheme has been implemented where up to ten tables
are saved. When a pair of angles has been determined, if the tables are already in memory,
those tables are used. If a table is not currently in the cache and a cache slot is available, then a
cache slot is allocated and the table is loaded from disk. During the loading process a reference
count for each cache entry is incremented. If a table is not currently in cache and no cache slots
are available, then the reference counts are checked and the LRU entry is removed from the
cache and a new table is loaded. For the angles listed in the example of the previous paragraph,
under this caching scheme, the corresponding tables are loaded once. For the multiple scattering
examples in Sec. 3 for two 2:1 aluminum cylinders, the file loading is summarized in Table 2.
The reduction in file loads represents a significant decrease in computation time.

Circular SAS simulations have been performed as an initial test for the new indexing scheme
into the set of tables for a bistatic scattering amplitude. A 2:1 aluminum cylinder is placed
at the center of a 15-m circular path with its center located at (15,0,0.1524) m. Co-locate,
omnidirectional source and receiver are scanned with an elevation of z = 4 m. The density and
sound speed in water are ρ1 = 1000 kg/m3 and c1 = 1530 m/s. For the half-space simulation,
where the cylinder is proud on a medium-sand sediment, the sediment’s density, sound speed,
and loss parameters are ρ2 = 1800 kg/m3, c2 = 1694 m/s, and δ = 0.008. Comparisons
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Order Uncached Cached

First 214 106

Second 3208 156

Third 8006 207

Fourth 14442 207

Table 2: The number of tables loaded from disk are shown. Under the original scheme, only
previously loaded tables were re-used if the next θs could utilized the already loaded table.
Under the new caching scheme and with a multiple scattering test from Sec. 3, the number of
file loads is significantly reduced.

of individual pings from the simulations are shown in Fig. 3. The black line results from a
simulation using the original scattering amplitude for a monostatic configuration. The red
line is obtained from a simulation that utilizes the new bistatic scattering amplitudes, where
the source and receiver are co-located. The minor deviation of the red line from the black is
attributed to the interpolation schemes used with the various tables, and possibly the discrete
resolution of the tables. Figure 4 shows SAS images for free-field and half-space circular SAS
simulations. For Figs. 4(a) and 4(b) only a single contribution in Eq. (1) is computed at each
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(b) Free-field scattering, 45◦ pose angle
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(c) Half-space scattering, 0◦ pose angle
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Figure 3: The axis of symmetry of the cylinder is aligned with the y-axis of the global
coordinate system with a 0◦ pose angle. A 45◦ pose angle is a rotation of the target such that
it has a 45◦ orientation with respect to the y-axis.
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Figure 4: (a) and (c) use the original monostatic scattering amplitude in the TIER model.
(b) and (d) use the tables for bistatic scattering amplitudes.

of the 360 source/receiver locations along the circular path. For Figs. 4(c) and 4(d), an image
source and image receiver reside within the sediment, which leads to four contributions.

In Figs. 3 and 4, the source and receiver were co-located. The results indicate, that at least
in this special case, the original table for the scattering amplitude and the new tables for the
bistatic scattering amplitudes give essentially the same target response. Figure 5 depicts the
circular SAS images when the receiver leads the source by a 20◦ angular separation. Although
circular SAS simulations from an independent model are unavailable for comparisons, the gen-
eral dimensions of the imaged cylinder agree with those the 2:1 aluminum cylinder. In addition,
Fig. 5 compares favorably with Fig. 4.
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Figure 5: The source and receiver are not co-located for the simulations. (a) The free-
field result includes a single contribution in Eq. (1). (b) The half-space result includes four
contributions, which arise from an image source and image receiver.

9



3 Multiple Scattering

The development of the TIER model assumed that objects are sufficiently isolated from nearby
objects that multiple scattering effects can be ignored. During CLUTTEREX17, data were
collected from collections of objects, which were randomly distributed on a small area of the
seafloor. The minimum separation distances between objects approached approximately 1 m
for some measurements. Comparison of SAS images with diver-recorded video surveys of these
random target fields found features in SAS images where no objects could be found. Hence,
the assumption of isolated objects no longer holds.

An initial investigation into multiple scattering from the deployed objects requires modi-
fication to the TIER model. Recall that Eq. (1) casts the scattering from an isolated object
in a waveguide into a superposition of free-field scattering from an isolated object, where one
has not only the physical source and physical receiver but possibly image sources and image
receivers. A single contribution to the total spectrum from Eq. (1) for the ith source and jth
receiver is

Pji =
[
AjtBjt(d̂jt, ω)eıωtjt

]
s(d̂jt, d̂ti, ω)

[
AtiBti(d̂ti, ω)eıωtti

]
. (6)

The quantity in the right-hand square bracket represents the propagation from a source to an
object and the left-hand square bracket accounts for propagation from an object to a receiver.
For an isolated object, s(d̂jt, d̂ti, ω) is the scattering amplitude, which contains all information
about an object and the directionality of the scattered pressure. To account for possible multiple
scattering effects, the scattering amplitude is replaced by an effective scattering amplitude such
that Eq. (6) becomes

P
(n)
ji =

[
AjtBjt(d̂jt, ω)eıωtjt

]
s(n)(ω)

[
AtiBti(d̂ti, ω)eıωtti

]
(7)

where the superscript (n) with n > 0 denotes the order of multiple scattering. If the objects
are sufficiently isolated from each other, then n = 1 and the spectrum of the scattered pressure
reduces to Eq. (1). A ray diagram for an isolated object has been discussion in Sec. 1, and can
be expressed here as Si → Tk → Rj for ith source and jth receiver, and the subscript k denotes
the kth object in the collection of objects. Second-order multiple scattering has n = 2 and
involves two objects. The ray diagram is then modified to include the propagation from the
kth target to lth target such that one has Si → Tk → Tl → Rj. It is assumed that the pressure
scattered by a portion of the kth target does not interact with any other portion of the kth
object. Or, if there is a self interaction, it is incorporated within the scattering amplitude of
an object in isolation. This then implies the condition k 6= l when summing all contributions
to the total pressure. For second-order multiple scattering, Eq. (7) becomes

P
(2)
ji =

[
AjlBjl(d̂jl, ω)eıωtjl

]
s(2)(ω)

[
AkiBki(d̂ki, ω)eıωtki

]
, (8)

=
[
AjlBjl(d̂jl, ω)eıωtjl

]
s(d̂jl, d̂lk, ω)

exp(ıωtlk)

|rl − rk|
s(d̂lk, d̂ki, ω)

[
AkiBki(d̂ki, ω)eıωtki

]
, (9)

where the subscript t in Eq. (7), which represents a generic object, is replaced by an object’s
subscript k or l. The unit vectors point long the direction of propagation. For example,
propagating from the ith source to the kth object has d̂ki = (rk − ri)/dki. The scattering
amplitude, s(d̂lk, d̂ki, ω), is for sound from the ith source being incident on the kth object with
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scattering from the kth object towards the lth object. The propagation time delay between the
kth and lth objects is tlk = dlk/c1. The scattering amplitude, s(d̂jl, d̂lk, ω), is for sound from
the kth object being incident on the lth object with scattering from the lth object towards the
jth receiver. It is note that the geometric spreading factor |rl − rk|−1 is only included in Eq.
(9) if it exceeds 1 m. Finally, in Eq. (9), there is an implicit double summation over all objects
(i.e.,

∑
k

∑
l 6=k).

The TIER model traces the time-of-flight of a wave packet along ray paths from a source
to a receiver. The ray diagrams for the 4 lowest orders of multiple scattering are

Si → Tk → Rj 1st order (10)

Si → Tk → Tl → Rj k 6= l 2nd order (11)

Si → Tk → Tl → Tm → Rj k 6= l, l 6= m 3rd order (12)

Si → Tk → Tl → Tm → Tn → Rj k 6= l, l 6= m,m 6= n 4th order (13)

where each subscript is associated with summation over the collection of targets with the noted
restrictions. These orders have been included in the TIER model. Additional orders could
be added, but the accumulation of propagation time delay places the higher-order multiple
scattering contributions later in time, which means the contribution may be time-gated out.

For a simple test, which eliminates any possible elastic response for an object, three unit-
amplitude, rigid, point scatterers are placed at (10,4,0) m, (10,5,0) m, and (10,5.5,0) m (denote
these by T1, T2, and T3, respectively). The source and receiver apertures are scanned along the
y-axis where the apertures are 20 × 20 cm2 rectangular, frequency-dependent apertures (see
Sec. 4). The apertures are scanned from (0,0,0) m to (0,10,0) m with ∆y = 0.025 m. The
sound speed in the water is c1 = 1530 m/s. Figure 6 shows the results of including the different
orders of multiple scattering. Figures 6(a) and 6(b) are those that one expects from treating
the scatterers as being isolated (i.e.. using Eq. (1)). Weak observables are seen between T2 and
T3, which is simply a result of constructive (and/or destructive) interference of the scattered
pressure from the isolated targets. The second row of Fig. 6 depicts second-order multiple
scattering, where 6 target arcs are seen in the magnitude of the pulse-compressed signals, and
6 prominent observables are seen in the SAS image. The point scatterers are omnidirectional,
and by construction certain multiple scattering paths overlap. The observables near (10.25,5.2),
(10.5,4.4), and (10.7,4.7) are associated with (S → T2 → T3 → R) + (S → T3 → T2 → R),
(S → T1 → T2 → R) + (S → T2 → T1 → R), and (S → T1 → T3 → R) + (S → T3 → T1 → R),
respectively. It is noted that at the level of approximation made, T2 does not obstruct the
paths between T1 and T3. The final two rows of Fig. 6 depict third- and fourth-order multiple
scattering. While it is possible to associate particular ray paths with specific observables in
Figs. 6(e) and 6(h), it is not pursued here. Finally, the SAS images indicate that as the order of
multiple scattering increases the observables appear further from the true location of an object
and the observable is spread out in cross range. This is due to the increased time delay, which
when processed by a SAS algorithm, appears as a phase shift and hence is attributed to a more
removed object.
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Figure 6: (a,c,e,g) Magnitude of the pulse-compressed time signatures are depicted. (b,d,f,h) SAS
images created from the time signature at left.
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The point scatterers considered in Fig. 6 do not include elastic responses. For elastic ob-
jects, multiple scattering requires bistatic scattering amplitudes (see Sec. 2). Tabulated bistatic
scattering amplitudes are available for a 2:1 solid aluminum cylinder. Simulations were per-
formed for cylinders at T1 = (10, 4.25, 0) m and T2 = (10, 5.75, 0) m. The source and receiver
apertures are defined as those used in the simulations for Fig. 6. Object T1 has a broadside
orientation, 0◦, with respect to the path of the source and receiver (i.e., the symmetry axis of
the cylinder is parallel to y-axis). Object T2 has a −45◦ pose with respect to broadside. In Figs.
7(a) and 7(b), one sees the time signatures and SAS image when no interaction between the
aluminum cylinders occurs. The time signatures contain sufficient structure that assignment of
portions of the time signatures to one or the other object is difficult (especially, compared to
the point scatterer results in Figs. 6(a) and 6(b)). Synthetic aperture decomposition (SAD),
used in previous SERDP projects, can be applied to the complex SAS image to isolate the time
signatures in Fig. 7(a). The second row in Fig. 7 introduced second-order multiple scattering,
and it is evident in the SAS image that new observable structure appears near (10.5,5). This
structure is about 15 dB down from the peak response. The third row in Fig. 7 now includes
both second- and third-order multiple scattering. Third-order multiple scattering contributes
easily identifiable structure in both the time signatures and SAS image. In particular, the new
observable in the SAS image, Fig. 7(f), is as strong as most of the target strength of the isolated
object T2 in Fig. 7(b). The last row in Fig. 7 includes fourth-order multiple-scattering, which
appears to contribute little to the overall response.
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Figure 7: (a,c,e,g) Magnitude of the pulse-compressed time signatures are depicted. (b,d,f,h) SAS
images created from the time signature at left.
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4 Frequency-dependent Beam Pattern

The original formulation of the TIER model was developed to gain physical insight into data
collected during several field measurements performed by APL-UW under ONR and SERDP
funded projects. These field measurements included PONDEX10, TREX13, BAYEX14, and
CLUTTEREX17, where a sonar platform was scanned along a fixed, straight rail to collect SAS
data. The source deployed in those measurements was an array with effectively four elements.
These elements were driven by the linear-frequency-modulated (LFM) signals depicted in Fig.
8(a) to achieve a uniform horizontal beam pattern over the entire 1-30 kHz frequency band of
the source (see Fig. 8(b)). The intended beam pattern was that of a rectangular source with
a 20-cm horizontal width operated at 15-kHz (i.e., the carrier frequency of the LFM signal),
which is the green curve in Fig. 8(c). The magenta and cyan curves in Fig. 8(c) are the beam
patterns for a 20-cm rectangular source driven at 3 and 30 kHz.
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Figure 8: (a) LFM signals applied to elements of the source array used in several experiments.
(b) Fourier transforms of signals in (a). (c) Beam patterns for a 20-cm rectangular aperture.

The TIER model allows for a number of beam patterns to be used in Eq. (1) for the
source and receiver. These include beam patterns for rectangular, circular, and omnidirectional
apertures as well as the capability to use a tabulated beam pattern from measurement. The
beam patterns for rectangular and circular apertures have the general forms [12]:

Br(ω) =
sin(klh sin θh)

klh sin θh

sin(klv sin θv)

klv sin θv
, (14)

Bc(ω) = 2
J1(ka sin θc)

ka sin θc
, (15)

respectively. The wavenumber is k = ω/c1. Horizontal and vertical dimensions of a rectangular
aperture are Lh and Lv where Eq. (14) uses lh = Lh/2 and lv = Lv/2; while the radius of the
circular aperture is a. With a Cartesian coordinate system centered in the aperture and the
acoustic axis aligned with the x̂ axis, the angles are defined through sin2 θh = y2/(x2 + y2),
sin2 θv = z2/(x2 + z2), and sin2 θc = 1− x2/(x2 + y2 + z2). For the TIER model simulations, an
aperture’s Cartesian coordinate system is translated into a target-centered coordinate system,
and an Euler-angle rotation is applied to give a properly oriented aperture.
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Figure 9 depicts the magnitude of a 6-ms duration LFM pulse where a number of beam
patterns are applied in a pitch and catch configuration. The source is fixed and centered on
the left axis of each panel at 0◦. A receiver is scanned along a path that is parallel to the
left axis. In the sub-captions of Fig. 9, the abbreviations ‘src’, ‘rcv’, and ‘Omni’ are used
for ‘source’, ‘receiver’, and ‘omnidirectional’, respectively. The separation distance of closest
approach between the source and receiver is 10 meters and geometric spread is ignored. It is
clear from Fig. 9 that if apodization of an aperture in not applied to a physical source (and/or
receiver), then the broad-band response affects the detected scattered pressure from a target.
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Figure 9: (a)-(c) Pulse envelops for frequency-independent beam patterns with k = k0 ≈ 0.64.
(d)-(f) Pulse envelops for frequency-dependent beam patterns with 0.32 < k < 3.2.

In the classification studies of previous SERDP projects (MR-2231 and MR-2505), APL-UW
reduced measured SAS data to acoustic color (AC) templates. An AC template is the absolute
target strength as a function of a target-centered aspect angle and frequency. Experimental
AC templates were constructed from nine measurements where an isolated target was rotated
from −80◦ to 80◦ in 20◦ increments. (Note, the axis of symmetry of a cylindrical symmetric
object is parallel to the SAS rail for a 0◦ orientation.) Overlapping partial AC templates of
±25◦ at each pose angle were merged, where the central ±20◦ range is retained, to generate a
full 360◦ AC template. Simulations have been performed to analyze these experiments. The
four-element source array of Fig. 8 was simulated by a source with a 10 × 10 cm2 aperture.
The physical receiver had the same dimensions. For fixed-frequency apertures, the magnitude
of the pulse-compressed (PC) signals are depicted in Fig. 10(a), and the corresponding SAS
image and AC template are shown in Figs. 10(b) and 10(c). The middle row of Fig. 10 are the
results when Eq. (14) is evaluated with its full frequency dependence. The bottom row shows
the magnitude of the differences between the top and middle row. The differences in the PC
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signals and SAS images are nearly 20 dB down. More importantly, over the ±15◦ range for the
AC template, there is no observed difference down to a -30 dB level.
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Figure 10: (a) Frequency-independent pulse-compressed signals with carrier frequency of 15
kHz. (b) SAS image generated from time signatures in (a). (c) AC template generated from time
signatures in (a). (d) Frequency-dependent pulse-compressed signals with carrier frequency of
15 kHz. (e) SAS image generated from time signatures in (d). (f) AC template generated from
time signatures in (d).
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5 Reverberation from small-scale surface roughness

The sound scattered from small-scale surface roughness on a water-sediment interface is a pri-
mary contribution to reverberation (i.e., background noise). Other contributions to reverbera-
tion include noise associated with ships and wind-driven surface waves. Only the reverberation
due to small-scale surface roughness is considered here, and is denoted by prev.

A time-domain reverberation model had been developed, based on first-order perturbation
theory, to describe sound scattering from a rough seafloor. A derivation of this model is given
in [3, Appendix A]. Several approximations are employed in addition to first-order perturbation
theory: the stationary phase approximation is used to evaluate the zero-order field needed
for the first-order theory, the sound speed in the sediment is approximated as independent of
frequency, the attenuation in the sediment is approximated as linearly increasing with frequency,
and the frequency dependence of the source and receive beam patterns is neglected. (Removing
the frequency independence will be investigated during the second year of this project.) The
latter approximation is reasonably satisfied for APL-UW experiments, because the horizontal
aperture of the four-element source is steadily reduced as the frequency is increased by reducing
the number of active elements from four down to one in steps (see Sec. 4 and Fig. 8). For bistatic
backscattering in the incident vertical plane, this model reduces to the following surface integral
over the mean plane of the seafloor:

prev(rrcv, t) =
1

4πc21

∫
d2R

Arev(R)h(R)p̈src(t− trev)
|rrcv −R||R− rsrc|

. (16)

The assumed time convention is exp(−ıωt) with t and ω denoting time and angular frequency. In
Eq. (16) the subscript rev denotes quantities related to reverberation, that is, sound scattering
from the rough seafloor. Quantities associated with the source and receiver are decorated with
src and rcv subscripts. Environmental and system parameters enter through the complex
coefficient

Arev(R) = r0BsrcBrcv{[1 + L(θi)][1 + L(θs)](1− κ2/ρ)

+ (ρ− 1)[1− L(θi)][1− L(θs)] sin θi sin θs (17)

+ (1− 1/ρ)[1 + L(θi)][1 + L(θs)] cos θi cos θs cosφ},

where Bsrc, Brcv, θi, θs, and φ depend on R = xx̂ + yŷ. The source and receiver response
functions evaluated at R on the mean surface plane are Bsrc and Brcv, and for the development
in [3] these functions are evaluated at the carrier frequency of the transmitted LFM signal (i.e.,
k ≡ k0 = ω0/c1 for Eqs. (14) and (15)). The flat-interface reflection coefficient, L(θ), is given in
Eq. (3), and the incident and scattered grazing angles are determined by sin θi = zsrc/|R−rsrc|
and sin θs = zrcv/|rrcv −R|, respectively. The horizontal bistatic angle, φ, is the angle between
the incident and scattered wave vectors (e.g., φ = 0◦ in the forward direction, and φ = 180◦

for backscatter). As in Eq. (1), r0 has been introduced into Eq. (17) to preserve dimensional
consistency in Eq. (16). The local height of the seafloor relative to the mean plane is h(R),
and psrc(t) is the pressure field at 1 m from the source on the transmit acoustic axis. The
double-dot notation indicates the second partial derivative with respect to time. Finally, the
round-trip time delay to propagate from the source to a point R on the mean plane and then
back to the receiver is trev = (|rrcv −R|+ |R− rsrc|)/c1.
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The numerical implementation of Eq. (16) has been updated to consider the global coor-
dinate system of the TIER model. This included determination of the proper orientation of
the source and receiver apertures within this coordinate system. An example computation for
reverberation considered a surface height associated with isotropic small-scale roughness, which
is described by the following power law [3]:

W (kx, ky) =
w2

(k2s + k2c )
γ2/2

. (18)

The Cartesian components of the spatial wavenumber k2s = k2x + k2y are kx and ky, and kc
is a constant cutoff. Figure 11(a) shows a rough surface generated with w2 = 0.0016 m4−γ2 ,
γ2 = 3.82, and kc = 20.9 m−1 (i.e., at a 0.3-m length scale), which fall into the range of values
for a medium-fine sand sediment.
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Figure 11: (a) Fourier transform methods allow generation of a random rough surface from
Eq. (18). (b) The combination of h(R) and BsrcBrcv from Eqs. (16) and (17) reduces the the
computational complexity.
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To compute Eq. (16), the double integral is transformed into discrete sums over the mean
surface coordinates Rm,n = (m∆x, n∆y). To suppress possible artifacts, the conditions ∆x <
λ/4 and ∆y < λ/4 should be met where λ is the smallest wavelength of interest from the
transmitted signal (i.e, λ ≈ 5 cm at 30 kHz). For Fig. 11(a) and ∆x = ∆y = 1 cm, the discrete
sums represents 1.5 million surface points, and by extension, 1.5 million evaluations of Eq. (17).
For co-located source and receiver placed at (25,0,5) and a 20◦ depression angle, the footprint
of Bsrc and Brcv on the surface relief is shown in Fig. 11(b). The large semi-circular edge of the
footprint is an event horizon associated with the maximum time of the computational window.
Thus, the beam patterns and the time window allow a significant reduction in the number of
evaluations of Eq. (17) (i.e., on the order of 45 to 50%).

Figure 12 depicts the transmitted signal (also referred to as the replica) and the real part
of the reverberation compute from Eqs. (16) and (17). The replica is a tapered 6-ms 1-30 kHz
LFM sampled at 100 kHz (i.e., ∆t = 10−5 s), which is often used in the TIER model simulation
of APL-UW experiments. Here, the simulation recorded the reverberation in a 8-30 ms time
window, where t = 0 s is the start of the transmission. As noted above, the semi-circular edge of
the footprint shown in Fig. 11(b) is the 30 ms event horizontal. That is, scattering from points
on the surface beyond this edge do not enter into this time window. Combining the results for
the TIER model, which computes only the target scattering response, and the reverberation
model presented here allows one to simulation sonar platforms used in UXO remediation.

-1

-0.5

0

0.5

1

0 1 2 3 4 5 6

p/
p 0

Time (ms)

(a) LFM Transmitted Signal

-1.5

-1

-0.5

0

0.5

1

1.5

10 15 20 25 30

(p
/p

0)
*1

00
0

Time (ms)

(b) Real Part of Reverberation

Figure 12: (a) The source transmitted a 1-30 kHz LFM signal. (b) The real part of the
reverberation computed from Eq. (16) with the surface shown in Fig. 11.
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6 Conclusion and Future Work

Progress on SERDP MR19-1234 included the implementation of bistatic scattering for ax-
isymmetric objects, multiple scattering in the free field, frequency-dependent apertures, and
updating an older implementation of scattering from a rough surface to account for the back-
ground reverberation from the environment. The work on frequency-dependent apertures is
complete and reported in Sec. 4. The work on scattering from a rough surface, reported in Sec.
5, utilizes first-order perturbation theory and required an adjustment to use the global coordi-
nate system of the TIER model. The output for the reverberation model was also updated to
be compatible with the TIER model.

The work on bistatic scattering from an object concentrated on axisymmetric targets. Sym-
metry considerations allow the source to be restricted to the xz-plane; while the receiver can
be anywhere in space. This then gives a scattering amplitude of the form s(θs, θr, ϕr, ω), which
becomes a four-dimensional table, sijkl. In lieu of one large four-dimensional table, a table is
generated for each polar angle of the source, θs, where these tables are then three-dimensional
in the remaining variables θr, ϕr, and f (the actual frequency). Bistatic scattering amplitudes
have been generated for the 2:1 aluminum cylinder and a 2:1 aluminum pipe with a 3/8-in wall
thickness. The hybrid model has also been use to compute the bistatic scattered pressure from
a 105-mm artillery shell. The conversion to a scattering amplitude has yet to be completed.
Scattering amplitudes for other axisymmetric targets are to be generated in subsequent work.
In particular, Ahmad Abawi from HSL Inc. (San Diego) has been contacted about the genera-
tion of the scattered pressure from a finned 105-mm UXO. Targets of this type were deployed
in TREX13 and CLUTTEREX17, and cannot be modeled with APL-UW’s hybrid model.

CLUTTEREX17 suggested multiple scattering may be an important observable in SAS
images from target fields with closely spaced objects. The TIER model has been updated to
include the four lowest orders of multiple scattering under free-field scattering. The addition of
higher orders has not been pursued, but is a straightforward extension of the method described
in Sec. 3. It is noted that multiple scattering requires bistatic scattering, so progress on bistatic
scattering inherently impacts multiple scattering. Scattering from an object in a waveguide has
been recast into a superposition of free-field scattering problems. Equation (1) covers an object
in the free field, in a half-space (e.g., lying proud on a water-sediment interface), in a shallow
water environment, and partially and fully buried objects. The methods used to implement
multiple scattering in free field will be adapted to other computational components of the TIER
model (namely, the half-space component).

In addition to generating additional bistatic scattering amplitudes for objects deployed dur-
ing CLUTTEREX17 and continuing the investigation on the importance of multiple scattering,
a new area of research in the coming year will relax the restriction on an isovelocity environ-
ment. The TIER model assumes an isovelocity condition in the water, which means acoustic
rays travel in a straight path. Ray tracing models are available for propagation through a
stratified ocean such that the sound speed (and possibly density) vary with depth. The BELL-
HOP model is a well-known ray tracing model, and merging it into the the TIER model will
be investigated.
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