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ABSTRACT

Plans for quick-look data reduction involve forming an estimate of the value of r, based on the mean
square difference of the G-tilts measured by two sub apertures of a standard type Hartmann sensor.
Developing an r, value from such a mean square difference requires knowledge of the coefficient
relating the two, with accommodation for the fact that the sub apertures are square (as distinct from
the previously analyzed version of this method, for which the individual apertures were circular).
The value of this coefficient is developed in this work.
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1. Introduction

For quick-look data processing it is planned to form an estimate of the value of r, by calculating
the mean square difference of the G-tilt values measured by a pair of sub apertures. Existing theory
for this sort of approach to the determination of the value of r, tells us that the value of r, is
proportional to the sub aperture size times the —3/5-power of the mean square difference of G-tilts
divided by the square of the diffraction angle (i.e. divided by the square of the wave length over
sub aperture size). For circular sub apertures the coefficient of proportionality has been known for
a considerable time. However, no comparable result has been published for the case where the sub
apertures are square—and that is what is needed for the quick-look data reduction since for that
case the sub apertures are those of a standard type of Hartmann sensor, with square sub apertures.
It is the objective of this work to develop the needed square sub aperture results.

The analysis will be conducted in the geometric optics limit, where the rays are considered to
propagate along undeviating straight lines and there is no diffraction propagation effects converting
atmospheric turbulence induced phase perturbations into intensity variations. I this case actual
propagation analysis is not needed and we can simply make use of the nominal phase structure
function expression, Dy(r), according to which the mean square phase difference measured at two

points a distance r apart has a value of Dy(r) = 6.88 <7‘/7“0)5/3.

We start in the next section with the development of expressions for the random difference of the G-
tilt measured by two sub apertures. The section after that is concerned with the development from
the random difference of G-tilts of an expression for the mean square value of that difference—an
expression presented in terms of the phase structure function. The section following that introduces
the above noted analytic formulation for the phase structure function, inserts that into the expression
for the mean square difference of G-tilts, and proceeds to reduce that formulation to one which is
suitable for numerical evaluation. The final section presents the numerical results.

2. Difference of G-Tilts

We consider a pair of wave square sub apertures, each having a size of ¢-by-f. Each of the sub
apertures is aligned so that its sides are parallel to the x-axis or to the y-axis. The center-to-center
separation of the two sub apertures has a component parallel to the x-axis of Ax and parallel to the
y-axis of Ay. We shall use the notation S(x,y) to denote a sub aperture of this type, one whose
center is at the origin, with the value of S(z,y) given by the equation

1 if |z[ <30 and |y < 3¢
S(x,y) = : (1)

0 if otherwise

The value of S(z,y) is unity if the point specified by (z,y) is inside the square sub aperture and is
zero if the point is outside the square sub aperture. Obvious then, since the area of the sub aperture
is £2, we have

//dm’dy’S(m’—m,g/ —y) =17, (2)
Introducing the notation k, where
k=27/A, (3)

to denote the wave number, and using the notation ¢(x,y) to denote the turbulence induced phase
perturbation, we recognize that the hight of the surface of constant phase at position (z,y) is given

— 1
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by k' ¢(z,y). From this it follows that the G-tilt at the point (z,y) has x- and y-components
of [k Y é(x,y)|/0x and O [k~ ¢(x,y)] /Oy respectively. From this it follows that the average
G-tilt over a sub aperture whose center is at (x,y) has x- and y-components, g, (z,y) and g, (z,y)
respectively, given by the equations

; (4a)

o[k o(&n)]
€ -

gx(,y) =072 //dm’ dy' S(x' —x,y" —y) l

n=y’

[kt (& m) ]

gy () =072 //dm’ dy’ S(z’ —z,y" —y) [ on (4b)

g=a'

n=y’

The difference of sub aperture average G-tilts measured by two sub apertures whose separation is
(Az, Ay), the two components of which we denote by Ag, (Az,Ay) and Ag, (Az, Ay) and define
by the equations

Agx(Avay) :gx(m+Am,y+Ay) 79}(('7"7?/)1 (5&)

Agy (A, Ay) = gy (x + Az, y + Ay) — g, (2, y) (5b)

can be seen, making use of Eq. (4), to be expressible as

‘ ! /
Ag, (Ax, Ay) = k=2 //dm’ dy S(z' —x — Az, y' —y — Ay) {%{;n)}
N &=z
— ko2 // da' dy' S(x’ —x,y —y) M , (6a)
) o o=

Agy (Az,Ay) = k=2 //dm’ dy' S(z’ —x — A,y —y — Ay) {W}
J "l S
7 /
— ke //dm’ dy S(x' —x,y —y) M . (6b)
b dn/ el=a!

n’'=y’

By changing the variable of integration in Eq. (6a) from 2’ to 2’ — Az, and using the notation =’ to
denote this new variable of integration—and in Eq. (6b) changing the variable of integration from
Yy to ' — Ay, and using the notation 3’ to denote this new variable of integration, we can recast
Eq. (6) as

< 7 !
B (b, 8y =174 [ artay s oy =) | 22T
s df’ =2l +Ax
n'=y’'+Ay
2 4 /
— k=t //dm’dy’S(m’ -2,y —y) [M}
J og o=
ap ’4 2 7 /
ke [ty S af ) { B e e } (7a)
e > n' =y’ +Ay n' =y’
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A ’ oo
Doy ) = 71072 [[ ot sta? oy ) [ 220
pa ()77' gl =z/+Ax
n'=y’'+Ay
A 4 /
— kL2 //dm’ dy S(2' —x,y —vy) [M
’ o' e
a 4 / a 7 7
-k //dm’ dg/ S(m’ N T/7y/ N U) { {%} &'=a'+Az a { (b(‘di??/n ) } el—a! } «(7b)
h n’'=y’'+Ay 0=y’

With this double result for the randomly varying difference of G-tilts in hand, we are now ready to
turn to development of an expression for the mean square value of such differences. We take this up
in the next section.

3. Development of an Expression for the Mean Square Difference of G-Tilts

Starting from Eq. (7) we can write for the mean of the square of each of the two components of the
difference of the G-tilts measured by the two sub apertures, that

< [Agy (Az, Ay)}2> = < <k_1 = // do' dy' S(x' —x,y —y)

8 { {%;nl)} e {%;:77/)} o }>2>7 (8a)

n'=y'+Ay n'=y’
([Agy(az,a9)]") = < <k1 - // da' dy' S(a' — .,y —y)

n' =y’ +Ay n'=y’

Carrying out the squaring process, writing the variables of integration in one of the two versions of
the double integral thus formed as 2 and y” (in place of 2’ and y’), changing the notation from &’
to &’ and from 1’ to " in the integrand of that same double integral, and then making a quadruple
integral of the product of two double integrals, we can recast Eq. (8) as

< [Ag, (Az,Ay)] 2> =k 201 //// da’ dx’ dy' dy" S(x' —x,y —y) S(@" —z,y" —y)

y { do(E'\ ') } B { oo, m) }
o¢’ ¢ =2’ + Az o¢’ & —a

n'=y’'+Ay n' =y’
8 1" i 0 1" i
" ¢(§,77 ) 3 ¢(§,77 ) (%)
()E” 1= Aw ()E” Mgt
0=y 4 Ay M

< [Ag, (Ax, Ay)}2> = k2 //// da’ dx” dy' dy" S(x' — 2,y —y) Sz —x,y" —y)

e —
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20(¢ ) o]
an’ ¢'=a/+Az an’ &=

=y’ +Ay 7' =y’

A - [2ena)
o | eraria o ez

=yt Ay !l =yl

)

At this point it is appropriate to introduce the phase structure function, Dy (2, y), noting that it can
be considered to be defined by the equation

Dy(¢' = &" 0" —n") = < [o(&' ) — ¢(£”ﬂ7”)}2> :

Expanding the squaring operation we can rewrite this as

Dy(e —&"nf = ") = { [8(&"1)]" = 26(¢" 1) 0" 0") + [0"0")]" ).

Noting that quite obviously

L]’ _,
(')g/(-)g// -
02[¢(€”777H)]2 .
(‘)E/ 05” -

we can see that it follows from Eq. (11) that

Dy (&'

75//7,’7/ 7,'7//) _ 72 < (')QS(E/’,’,}I) (‘)qs(f//’,r}/l) >
agagu ’

85/ aé'//

02D¢(El _ 5/1777/ _ ,’7//) _ 72 < 0¢(£l’,’7/) 0(25(5//’77//) > .

(‘),’7/ (‘),'7//

(‘),’7/ (‘),r]//

(10)

(12a)

(12b)

(13a)

(13b)

If we substitute Eq. (13a) into Eq. (9a), and Eq. (13b) into Eq. (9b), we see that we obtain results

which can be written as

([Age(ar, ap)])*)

DISTRIBUTION A
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2

8 { |:02D¢)(f/ _ g//’n/ o 77//)

L2 -4 //// da' dx" dy’ dy” S(.??/ _ m,y’ _ y) S’(m” _ m,y” _ 7/)

:|5’:n’+Az e =2+ Az
n'=y'+ay n''=y'"+Ay

05/ 85//

B 02D¢(£l _ g//’n/ o 77//)
05/ 05// gl=z'+Ax &=z
' =y'+Ay /=y

B |:(‘)2’D(/>(£l _ 5//777/ _ 17//)
agl agll

:|€’:r,/ & =al' 4 Az
n'=y’ n''=y""+Ay
2 -/ "o "

O"Dy(& = &" 1" —1")
gl=x! gM=z! ’

+ 0&'/ 85//

n/=y! qll=y!’

— 4

(14a)



< [Ag, (Az, Ay)}2> — _lp2 //// do' da” dy' dy" S(x" —x,y" —y) S(=" — z,y" —y)

) [ P& =" =)
on’ on'” ¢/maltAz &=allin

n'=y'+ay n''=y'"+Ay

B 02D¢(£l _ g//’n/ o 77//)
877/ 877// gl=z!+Ax &M=z

n'=y'+Ay nll=y"

B (‘)2’D(/>(£l _ 5//777/ _ 17//)
an' on’ e

—a! M=z +Az
=y/ n''=y’"+Ay

N 02D¢)(£l _ g//’n/ o 77//)
on’ on’” ¢

} . (14b)
-]

n/=y! qll=y!’

To proceed beyond this point we need to be explicite about the turbulence induced phase pertur-
bation statistics, i.e. we have to introduce an analytic expression for the phase structure function,
Dy(x,y). We develop these results in the next section.

4. Incorporating an Expression for the Phase Perturbation Statistics into the Formu-
lation

Ignoring the diffraction/propagation induced conversion of turbulence generated phase perturbation
into intensity variations, the phase structure function, Dy(z,y), has a form such that we can write

Dy(€ — "0 — ") = 6.887, 73 [(€ =€)+ (o —f")2]"" . (15)
From this it follows that

02D¢(£l _ 5//777/ o 17//)
agl agll

=6.887,/*

% (El _ 5//)2 + (17/ _ 77//)2 (16a)
[(E! _ 5/1)2 + (77/ _ 77//)2}7/6

ODo& — &0 = 0") ¢ ag(3) -5 &2 EP+sm—n")? (16b)
on' on"” ° [ =€)+ —n")?] e

We shall substitute Eq. (16a) into Eq. (14a), and Eq. (16b) into Eq. (14b), and at the same time
will introduce a change of the variables of integration—changing from z’ and 2" to x4 and x_, and

)
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changing from ¢’ and y” to y; and y_, where

r, =3 (' +2"), =2 —a", (17a)
yr =50 +y"). y-=y —y". (17b)
Ancillary relations are
¥ =xp+fa_, ' =xp—ta_, (18a)
Y =y 3y, y'=ye —ga-, (18b)
do’ da” = dr, dx_ | (18¢)
dy' dy”’ = dy dy_ . (18d)

Making the substitutions from Eq. (16) into Eq. (14), changing the variables of integration, and
making use of the ancillary relationships presented in Eq. (18), we can write

([Ag(Az,Ap)]") = (3)6.88 (3) r, "> k=207 //// dry de_ dy, dy_

X S(ep+go_—wys+5y- —y)S(eg — 520 —w,yr — Sy_ —y)

2y 24y 2 2(z +Az) 4 (y +Ay)°
X 9 217/6 2 2,7/6
(22 +y_ 2] [(2— +Az)" 4 (y- + Ay)7]

%(m_—Am)2+(y_fAy)2 2 24y 2

At (- 8P ez ey 2]

(g, (Ar.29)]") = (3) 688(3)r, >/ k*%{//// day do_ dys dy-

}7(19@

X S(er+30 —xys +5y —y) Sy —32- —zyr — 5y —y)

v lt3y? (oo A7) 43 (- +Ay)°
X 7/6 2 2,7/6
(22 +y_2] [(2— +A2)" 4 (y- + Ay)7]
(m,—Am)2+§(y,fAy)2 v %42y 2
_ . st 5 .(19b)
[(w- = Ax)"+(y- - Ay)"] [#-2+y-2]

We note that in the integrands of Eq. (19) the only dependence on the ;- and y -variables of
integration is contained in the square aperture defining S(z,y)-functions. This suggests that we
consider those two integrations separately, defining the function A(m,, y,) by the equation

Az y-) :ﬂ*Q//dm+dy+3(m++%m7*m7y++%yffy)S(mf%mfﬂvw*%yi*y)~ (20)

This function, A(m_7 y_), can be seen to correspond to the fractional overlap of two squares, each
of size (-by-¢, with a center-to-center separation of (m_, y_). It is easy to see that the fractional
overlap is such that

— x|/ — / if |z| </ and /
A(m’y){(l jz]/€) (1= lyl/?) |lz| < ly| < | o)

0 if otherwise
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Making use of Eq. (20) we can recast Eq. (19) as

< [ Ag, (Az, Ay)] 2> — 6.88(2)r, /3 k202 // dz dy Az, y)

%m2+y2 %(m+Am)2+(y+Ay)2
X [T2+12 76 A 2 217/6
72+ y?] [(#+Az)" + (y+ Ay)”]
3 (r—A2)" + (y—Ay)’ Fr0 4y’

[(m—Am)Q—F(y—Ay)Q}?/G [.7:24-.7/2}7/6

([Agy (A2, Ay)]") = 6.88(3)r, /3 k22 // dx dy A, y)

} . (22a)

w2+ 2y (v +A)° + 2 (y+ Ay)*

x 5 . 517/6 2 217/6

[22 + 42| [(z+Az)" + (y+ Ay)~ |

(e—Ar) +2(y—Ay)” P4y 291

_ : T - 27/6.())
[(z = Az)" + (y - Ay)"] (22 +97]

Making use of Eq. (21) this can be rewritten as

+0 ),
([agc(@nan)”) =688 () r, = k720 [ ao [ ay(=lal/ =1yl

s 4y 3 (x+An)" 4 (y+ Ay)” ‘
X 9 217/6 2 2.7/6 (23a)
[.7: —|—y} [(T-FAT) + (y + Ay) }
1 1
([Agy(Az,A9)]") = 6.88 (3) r, /2 k272 / o / |y (L= [/ (1= [y/0)
2?4 2y (x4 ) + 2 (y + Ay)? -
X 5 . 217/6 2 2.7/6 ( (23b)
[22 +y? ] [(z+Az)" + (y+ Ay) "]

Making use of Eq. (3) to replace the wave number dependence, i.e. the k-dependence, by a wave
length dependence, i.e. a A-dependence, and replacing the variables of integration, x and y by
variables of integration corresponding to z/¢ and y/¢ —only still using the notations z and y to
denote the variables of integration, we can recast Eq. (23) as

< [Agx(Am,Ay)}Q> =6.88(2) (2m)~? (f/ro)5/3 ()\/K)Q /+1 dz /+1 dy (1 - |z]) (1= |y])

-1 -1

75 2 217/6 (242)
22 442 ] / [(z+Az/l)" + (y+ Ay/l)” ] /

x{ 2% 4y %(m+Am/ﬁ)2+(Z/+Ay/£)2 }7
[

( (g, (ar, Ap))) = 688 (3) (2m)72 (¢/r)"° (3/1)’ /:1 da /:1 dy (1 Jz)) (1~ [y))

) {[mQJr%yz (.7:+A3:/£)2+%(Z/+Ay/€)2 } (24b)

22 492)7° [ (o4 Dn/0)7 + (y+ Dyl ]

-7 —

DISTRIBUTION A
Approved for public release; distribution is unlimited. Public Affairs release approval:



B W N

© 0w N O O

11
12
13
14
15

16

18
19
20
21
22

Expressed in this form the results are ready for numerical evaluation. We present this and the
consequent numerical results in the next section.

5. Numerical Evaluation and Results

The numerical evaluation of the integrals in Eq. (24), which will yield the results we desire is
relatively straight forward. There are only two complications that need to be dealt with. The first
of these concerns a divergence of the integrand at the origin, i.e. at (x,y) = (0,0). It can be seen
that this divergence is of the form of 7~1/3, where r is the distance from the origin. It is easy to
see that the integration, if we could undertake it analytically, would have no problem with such a
weak divergence. Unfortunately a numerical approach to the evaluation of the integral will not be
able to pass so easily over this divergence. Since the divergence of the integrand does not actually
make a significant contribution to the value of the integral in our numerical evaluation we suppress
the divergence by replacing the value of the integrand at the origin with the average of the value of
the integrand at the four nearest points for which the integrand is calculated. This eliminates/takes
care of the first of the two problems.

The second problem in the numerical integration process has to do with the fact that with Az =1
[or Ay =1, or Az = 1 and Ay = 1] the integrand will take a 0/0 form at (z,y) = (—1,0) [or at
(z,y) = (0,—1), or at (z,y) = (—1,—1)]. Examining the integrand we can see that the contribution
to the value of the integral from the vicinity of such a point is zero. Accordingly in the numerical
evaluation we force the value of the integrand to be zero at such points.

We list here the computer program, written in the MATLAB programming language and called
Calc01, used to evaluate the integrals in Eq. (24).

Calc01

Tototo oo To oo o To o To o ToTo o o o To b to o JoTo o o o To o o o JoFo o o Yoo Fo o o To o o o JoTo o o o To o o o ToFo o o o T o o o To o o o Jo o o o To o o o Yo 1o o
% Script, called CalcO1l, used to develop numerical results for the G-tilt
% mean square difference as given by Eq.(25).

To1oToto oo oo ToToTotato o o o o To o To o oo o ToTo o o o o o JoJoTo o 1o o o o o ToFo fo o o o o ToTo oo o oo Yo Jo o 1o o o o JoJo o o o o o o To Fo o o o

Del=[1 1.2 1.5 2 2.5 3:25];

N=length(Del) ;

MSD=NaN#*ones (2,N) ;

C=6.88%(5/3)/(2xpi)~2;

[x,c]l=simpson(100,1,-1);

x=x+1e-10;

cc=c’*c;

num=length(x) ;

mid=(num+1)/2;

x=ones (num, 1) *x;

y=x’;

for n=1:N
W=(1-abs(x)) .*(1-abs(y));
Q1=(2/3)*x. " 2+y."2;
Q2=(x."2+y."2).7(7/6);
Q3=(2/3)*(x+Del(n)) . 2+y."2;
Q4=((x+Del(n)) . 2+y."2)."(7/6);

DISTRIBUTION A
Approved for public release; distribution is unlimited. Public Affairs release approval:



23 integrand=W.*(Q1./Q2-Q3./Q4);
24  if Del(n)==
25 ii=find(isnan(integrand));
26 integrand(ii)=0;
27 end
28 integrand(mid,mid)=(integrand(mid+1,mid)+integrand (mid-1,mid)
29 +integrand (mid,mid+1)+integrand(mid,mid-1))/4;
30 MSD(1,n)=Cxdblsum(cc.*integrand);
31 end
32
33 for n=1:N
34 W=(l-abs(x)).*(l-abs(y));
35 Ql=x.72+(2/3)*y."2;
36 Q2=(x."2+y.~2)."°(7/6);
37 Q3=(x+Del(n)) . 2+(2/3)*y."2;
38 Q4=((x+Del(n))."2+y."2).7(7/6);
39  integrand=W.*(Ql./Q2-Q3./Q4);
40 if Del(n)==
41 ii=find(isnan(integrand));
42 integrand(ii)=0;
43 end
44 integrand (mid,mid)=(integrand(mid+1,mid)+integrand (mid-1,mid)
45 +integrand (mid,mid+1)+integrand(mid,mid-1))/4;
46 MSD(2,n)=Cxdblsum(cc.*integrand) ;
47 end
48
49 dbllin(Del,MSD(1,:),Del,MSD(2,:),”:")
50 print -deps figl

Calculation are carried out by this program for the two cases where the separation is parallel to either

the x-axis or the y-axis and the component of tilt considered is either parallel to or perpendicular

to the separation. Results are generated for separations as small as £ and as large as 25 ¢ (where ¢

is the size of a sub aperture).

For convenience in presenting the results we introduce the two functions F)(A/¢) and Fi(A/f),

which we define by the equations

1 1
Fi(A/0) =6.88(2) (2m)~? / 1 dx / 1 dy (1 —|z|) (1 - |y|)
222 44 2z +A/0" +y7 -
X { 7/6 2 7/6 } ; (25a)
22192 ] " (o4 A/ + 4]
+1 +1
FL(A)0) =688 (2) (2m) 2 / dx / dy (1 —|2|) (1 - |y|)
J -1 J—1
2?4 242 (.1:+A/li)2+%y2
X{ 76~ 5 7/6}.(251))
[#2 + 9] [(z+ 470" +y?]
9
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Comparing this with Eq. (24) we can see that

([Age(A,0)%) = (/r)" (A/0)* Fy(/0). (26a)

([8g,(8,0)]%) = (¢/1)" (VO FrL(a/0). (26b)

It is the functions F(A/¢) and F, (A/f) that the computer program evaluates. The computer
generated results are shown in Fig. 1, and listed in Table 1.

g RN R R R R R R R R RN R R

4
Figure 1. Mean Square Tilt Difference Sepa- L'j 0.3? {
ration Dependance Functions, F(A/f) and <= g
FL(A/D) -
The notation A represents the center-to-center 3 0 2; E
separation of two equal size and parallel square -
sub apertures. The separation is parallel to one & g E
of the sides of a square. The notation ¢ repre- 8
sents the length of a side of one of the squares. 0 li E
The solid curve shows the results for the com- E 1
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Table 1
Mean Square Tilt Difference Separation-Dependence)

AJL Fi(A/e) FiL(A/P)
1.0000 0.1119 0.0484
1.2000 0.1298 0.0605
1.5000 0.1479 0.0761
2.0000 0.1669 0.0965
2.5000 0.1794 0.1119
3.0000 0.1886 0.1239
4.0000 0.2015 0.1418
5.0000 0.2106 0.1547
6.0000 0.2174 0.1646
7.0000 0.2228 0.1726
8.0000 0.2273 0.1791
9.0000 0.2310 0.1847
10.0000 0.2343 0.1895
11.0000 0.2371 0.1937
12.0000 0.2396 0.1974
13.0000 0.2418 0.2008
14.0000 0.2439 0.2038
15.0000 0.2457 0.2065
16.0000 0.2474 0.2090
17.0000 0.2489 0.2113
18.0000 0.2503 0.2134
19.0000 0.2517 0.2154
20.0000 0.2529 0.2173
21.0000 0.2540 0.2190
22.0000 0.2551 0.2206
23.0000 0.2561 0.2221
24.0000 0.2571 0.2236
25.0000 0.2580 0.2249
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