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ABSTRACT. We examine one VQA in particular called the Quantum Approximate Optimization Algorithm
(QAOA). We show how to map the problem of clustering a dataset onto a Max-Cut problem, and give an
outline of how to solve Max-Cut using QAOA. We also introduce a method for improving the accuracy
of QAOA by using the solution to a Max-Cut relaxation to warm-start the initial quantum state. We
summarize several existing warm-starting approaches and compare their performance in simulated runs of
QAOA. We also present some results for warm-started QAOA runs on existing quantum hardware.

1. INTRODUCTION

Variational quantum algorithms (VQAs) take advantage of the inherent parallelism in quantum devices to
potentially accelerate these calculations, leading to faster and more efficient solutions. In VQAs, the core idea
is to represent a computational problem as an optimization problem for an unknown quantum state. Since
quantum states have a probabilistic nature, the solution to the computational problem is encoded within
the output probabilities of the optimal quantum state. Monte Carlo sampling is employed to estimate
these probabilities. The potential computational advantage of VQAs stems from the curse of dimensionality
inherent in multipartite quantum states, which VQAs address by utilizing specialized Quantum Processing
Units (QPUs) designed for state preparation. VQAs adopt a hybrid quantum-classical approach, where
the central processing unit (CPU) performs gradient-based updates to learn the preparation of a quantum
state tailored to the specific computational problem at hand. The interaction between the QPU and CPU
in this manner holds the potential to deliver a quantum advantage, and variational algorithms have been
developed with the objective of solving complex combinatorial optimization problems [10], preparing ground
states quantum many-body Hamiltonians [23], solving linear systems of equations [2] and partial differential
equations [1].

We focus our analysis on one VQA called the Quantum Approximate Optimization Algorithm (QAOA)
[10]. QAOA can be used to find approximate solutions to a range of combinatorial optimization problems,
with the Max-Cut problem being one example. We show the problem of clustering a set of datapoints can be
mapped onto an equivalent Max-Cut problem, and we outline an implementation of QAOA for solving Max-
Cut. For problems where QAOA struggles, its accuracy can be improved by using the solution to a Max-Cut
relaxation to warm-start the initial quantum state. Several approaches for warm-starting QAOA have been
proposed [9, 25] based on different Max-Cut relaxations. We will give a summary of these approaches, as well
as a comparison of their performance on simulated QAOA runs. We will also present results from running
warm-started QAOA on existing quantum computers. Our results indicate that warm-starting QAOA can
significantly improve performance on difficult problems like Max-Cut. In most cases the warm-starting
approach due to [25] seems to yield the best results.

The paper is organized as follows. First, we discuss hard computational problems in autonomous mobility
that are expected to benefit from VQAs in Section 2, followed by a specific use case with available datasets
in Section 3. In Section 4, we summarize the implementation of QAOA for solving Max-Cut problems.
We introduce a general framework for warm-starting QAOA using Max-Cut relaxations, and then give an
overview of a few existing methods based on different relaxations. In Section 5, we present QAOA results
corresponding to runs on both simulators and existing quantum computers, and compare the performance
of each warm-starting approach considered in Section 4.
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2. HARD COMPUTATIONAL PROBLEMS IN AUTONOMOUS MOBILITY

We start by introducing several computationally difficult problems that arise in the area of autonomous
mobility. We provide a description of the problems, a brief discussion of their relevance within the au-
tonomous ground vehicle research context, and mathematical formulations highlighting their computational
complexity.

2.1. Path Planning with Static Obstacle Avoidance. A basic problem in autonomous mobility is that
of path planning; specifically, computationally generating paths that avoid vehicle collisions with obstacles
and are optimal according to some set of criteria. We begin with the simplest version of this problem wherein
obstacles are static — instances of which can be solved by polynomial-time algorithms — before moving to the
more computationally difficult version with moving obstacles.

2.1.1. Autonomous Ground Vehicle Applications. It is perhaps obvious how fundamental path planning
with obstacle avoidance is for ground vehicle autonomy algorithms. One of the most basic high-level goals
for unmanned ground vehicles (UGVs) is to move from one point to another safely and effectively, which
inherently involves this type of path planning. Although a realistic autonomous vehicle context generally
involves both static and moving obstacles, it is illustrative to first consider the simpler version of this problem,
but also to note that the static-obstacle version also arises in real-world contexts. Numerous examples of
this problem can be found both in ongoing Ground Vehicle Systems Center (GVSC) projects as well as in
the literature; for example, [13], [17], [6].

2.1.2. Discrete Variable Formulation. Path planning with static obstacle avoidance is often formulated as a
weighted graph shortest-path problem, with vertices representing valid vehicle locations, edges representing
valid vehicle paths from one location to another, and edge weights representing the quantity to be minimized
for the overall path (distance, fuel usage, etc.) Intuitively, the graph theory shortest path problem is fairly
straight-forward: to find the shortest edge-weighted path in a given graph from a starting vertex to a target
vertex.

The graph formulation of this problem is advantageous in that it is general enough to encompass both
discretized Euclidean planar geometries (a common consideration within autonomous mobility, and the
assumed context for the continuous variable formulation explored next) as well as other more complex types
of situations such as terrains of varying heights, terrain characteristics, etc. which could be captured by
the edge weights to accurately reflect the problem environment. The discrete variable problem, then, is to

minimize:
E Wyv * Luwv
(u,v)EE
subject to:

vas_ szwzlazxvt_ thw:_l

veEV weV veV weV
E Lyv — g Ty = 0,V 7é S, t, § Tow * Oy * 0y =0
veV weV (u,v)EE

In this formulation, G = {V, E'} is a directed, weighted graph with vertices V and edges E, s is the starting
vertex, t is the target vertex, and W = {wy,} : (u,v) € E are a set of edge weights. O = {0,} : v € V is
a set of binary variables indicating whether an obstacle occupies vertex v, and x,, are binary variables for
each edge (u,v) € E indicating whether the edge (u,v) is in the path. As mentioned previously, this is a
well-known problem with several polynomial-time algorithms.

2.1.3. Continuous Variable Formulation. Alternatively, this problem can be formulated as an optimization
problem using continuous variables with a plane. The underlying concept of the problem is the same as in
the previous formulation, but with the source and targets defined as (x, y) points on the plane, and obstacles
defined as polygons within that plane.

The continuous variable optimization version of this problem, then, is to minimize:
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subject to:
To=8Ty =1

In this formulation, s = (s, s,) is the starting point, ¢ = (t,,t,) is the target point, and n is a maximum
number of points for the path. o is the set of polygonal obstacles which are defined by their exterior (x,y)
points within the plane, and thus the optimization goal is to find a path with at most n — 2 intermediate
points of minimum total length that does not intersect any obstacle. The definition of o is straightforward
for the version of this problem involving static obstacles; however, this same continuous variable formulation
can be used for the moving obstacle case discussed in the following section with a time-dependent definition
of o.

2.2. Path Planning with Moving Obstacles. A natural extension of path planning with static obstacle
avoidance is the introduction of moving obstacles. This is a more realistic type of problem for autonomous
vehicle mobility, and the Department of Defense has identified this problem as a fundamental problem of
interest for both naval unmanned surface vehicles (USVs) and unmanned ground vehicles (UGVs) [18].

Path planning with moving obstacles is a problem that has been widely studied, and a number of heuristic
algorithms have proved successful for finding solutions to problem instances within certain contexts; however,
the general problem has been proven to be NP-hard, by Canny and Reif [5] among others, through a reduction
from the well-known Boolean satisfiability problem 3-SAT.

2.2.1. Autonomous Ground Vehicle Applications. As mentioned with reference to the previous problem, path
planning is a fundamental task within ground vehicle autonomous mobility. The addition of moving obstacles
makes the problem much more computationally difficult, but also maps more closely to the challenges of
UGV mobility in real-world settings. Within GVSC, this problem has been studied and applied with several
contexts, including dynamic trajectory planning with short time horizons [12] and path planning in the pres-
ence of moving obstacles focusing on vehicle dynamics on vehicle-terrain interaction on deformable terrains
[7]. Applications of this same problem involving autonomous robots are also common in the literature; for
example [27].

2.2.2. Discrete Variable Formulation. Extending the formulation from the static version of the problem, the
moving-obstacle problem is defined as minimizing:

§ Wyv * Tuv

(u,v)EE

subject to:
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The variables are defined as previously, with the following extensions: T represents the time horizon for
the problem, O = {o0,;} is the set of obstacles that now includes a time component, wherein o,; is 1 if an
obstacle occupies vertex v at time ¢, and 0 otherwise, and the indicator variable z,,, is no longer binary, but
now has a value of n if the edge (u,v) is the nth edge on the path, and 0 if it is not in the path.

Finding a minimum-weight path that satisfies the given constraints is equivalent to finding a shortest-path
for the underlying path planning problem with moving obstacles.

2.2.3. Continuous Variable Optimization Formulation. As mentioned in the continuous variable formulation
for the static obstacle version of the problem, the same optimization formulation can be used with moving
obstacles, since that formulation is generalized to specify obstacle intersection as a separate calculation. Thus
the time-based obstacle definitions for the moving obstacles problem can be incorporated into that calculation
based on the speed of the vehicle and the path under consideration, and the optimization formulation remains
the same, although the problem itself is more computationally challenging, with the problem of finding an
exact solution being NP-hard.



2.3. Resource Assignment. The general resource assignment (or “generalized assignment”) problem is
that of assigning a set of agents to a set of tasks in a way that is optimal according to some set of criteria.
The equivalent problem in graph-theoretic terms is that of finding a minimum-weight matching of a given
size for a weighted bipartite graph. This problem has a number of real-world applications and has been
widely studied in various contexts, and has been proven to be NP-hard [20], [22].

2.3.1. Autonomous Ground Vehicle Applications. Within autonomous vehicle mobility, the resource assign-
ment problem can be applied to assigning a set of vehicles to a set of tasks, targets, etc. This type of problem
has a number of natural applications, such as assignment of a set of autonomous tasks to a fleet, assignment
of an autonomous fleet to generate sensor readings over an area, assignment of an autonomous combat fleet
to a set of enemy targets, assignment of a fleet of autonomous taxis to available passengers, and so forth.
We describe two such examples briefly.

A fairly general resource assignment problem for autonomous ground vehicles is that of using a fleet
of autonomous vehicles to transport material within an environment; that is, to accomplish a set of tasks
consisting of picking up material at one location and dropping it off at a different location. Kulatunga et.
al. [16] outline one such application, in which the environment is represented by a series of nodes with valid
pathways defined such that vehicle congestion becomes a concern during the defined tasks. In this instance,
the objective function to be minimized is the total schedule time, which is the total time required for the
vehicles to carry out their assigned tasks.

A commonly proposed use for autonomous ground vehicles within the robotics domain, of particular
interest for the Army and other military communities, is automated patrolling, in which an area is defined
over which a group of robotic vehicles must be assigned in order to cover the important parts of the area
within defined constraints. Farinelli et. al. [11] describe a series of simulated experiments utilizing this type
of problem formulation, in which a set of maps is defined, and a group of robots must be assigned patrol
tasks in order to cover the significant sections of the map area.

2.3.2. Optimization Formulation. For this problem formulation, we utilize the concept of a target, which
itself is associated with one or more tasks to which vehicles can be assigned, similar to the formulation in
[24]. The resource assignment problem, then, is that of assigning vehicles to tasks such that all tasks are
performed for all targets, while minimizing an objective function of interest. For this formulation, we will
use as our objective function the total distance traveled by all vehicles, so that the goal is to assign tasks in
such a way as to minimize total vehicle travel distance. The problem is to minimize:

Ny Nt Nt
Zj—
I
i=1 j=1 k=1
subject to:
Ny Nr Ny Na
Vk : Zz,z”k = 1,V] : ZZzijk = NS
i=1j=1 i=1 k=1

In this formulation, Ny is the number of vehicles, N is the number of targets, Ng is the number of tasks
per target, and N4 is the number of task assignments. z;; is a binary variable indicating whether vehicle ¢
performs a task on target j in the kth assignment, Zy = {z;1, #ij2, ..., Zijk } 1s the set of assignments through
assignment k, and Zy, is the set of all assignments. diZj’;c’l is the “incremental” distance traveled by vehicle
1 in order to perform a task on target j as the kth assignment preceded by the assignments Zj_;.

Finding an assignment vector Z, that satisfies each constraint is then equivalent to finding an assignment
of vehicles to tasks such that all tasks are accomplished with the lowest total distance traveled by all vehicles.

2.4. Clustering. The clustering problem is the problem of dividing a set of data points into “clusters” that

are optimal according to some set of criteria. This is a very general problem, and thus the criteria defining a

“good” cluster are highly context-dependent, with many different measures used within different applications.

One such measure is the distance of data points in two clusters from one another, which translates to the

well-known NP-complete Max-Cut problem. Thus this problem has two features of particular interest: it

is general enough to be important for many real-world applications (including autonomous mobility), and
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versions of it are computationally challenging enough to provide motivation for investigating the promise of
performance gains from quantum computing approaches.
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Figure 1. Simple Data Clustering.

2.4.1. Autonomous Ground Vehicle Applications. One of the fundamental tasks of autonomous vehicle sub-
systems that interpret sensor data is to classify measurements into meaningful identifiers; a classic example
is object recognition using autonomous sensor systems. Many such cases involved unsupervised learning;
that is, machine learning performed without access to labeled data. Often the key component of this type
of learning is a form of clustering — partitioning the data into similar clusters which can then be used for
classification and feature extraction. The clustering problem is a low-level, fundamental task which enables
a number of higher-level autonomous behaviors [19], [8].

2.4.2. Problem Formulation. The clustering problem can be generalized in order to find an arbitrary number
of clusters. However, since even the ideal 2 cluster problem and associated Max-Cut problem are NP-Hard, we
define it here with two clusters. Given a set of k-dimensional points P = {21 = (211, Z12, --+; T1n); T2, -+, Tn }
and a distance function d, our goal is then to find clusters C7 and C5 that minimize:

Z d(cl’dl) + Z d(c2’ 6/2)7 (1)
c1,ci€Cy c2,ch€Cy
where c1, ¢| are pairs of points in C1, and ¢s, ¢, are pairs of points in Cy. We can observe that minimizing
the distance between points within each of two clusters is equivalent to maximizing the distance between
points in opposite clusters, so minimizing equation (1) is equivalent to maximizing

> dlersca). (2)

c1€C1,c2€C>2
The Quantum Approximate Optimization Algorithm (QAOA) is a quantum algorithm that can be used
to approximately solve NP-Hard combinatorial optimization problems, with Max-Cut being one example.
In order to use QAOA to solve the clustering problem, we will map clustering onto an equivalent Max-Cut
problem. We start by representing each data point in our set P as a node in a weighted undirected graph
G = (V,E). The weight wj;, of the edge between any two nodes j, k € V is given by the Euclidean distance
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Figure 2. Mapping a simple four-point clustering problem onto a graph with an equivalent
maz-cut problem.



between the corresponding points in our dataset. Figure 2 shows an example of this mapping for a simple
case with just four data points. Max-Cut is then defined as finding a bipartition = for the graph G that
maximizes the total weight of edges between the two bipartite sets:

1
maximize Z iwjk(l —x;x))
(4,k)eE

(3)

subject to
zje{-1,1} for j=1,...,n.

We note that (3) is equivalent to choosing clusters C; and Co to maximize (2), and so the two-cluster
problem on our dataset is equivalent to this Max-Cut problem on G.

3. CLUSTERING PROBLEM FOR AUTONOMOUS VEHICLE SENSOR DATA

The final problem outlined in the previous section, the clustering problem, is of particular interest within
the autonomous vehicle research context. Additionally, since the clustering problem can be formulated as
a Max-Cut problem, it is both computationally challenging (indeed NP-hard) in a way that motivates the
use of quantum computing approaches, and also particularly amenable to the use of quantum algorithms, in
that the Max-Cut problem has been widely studied in quantum computing literature.

In order to apply the quantum algorithm of interest, the Quantum Approximate Optimization Algorithm
(QAOA), to instances of the clustering problem for autonomous vehicle sensor data, we obtained instances
of this sensor data using publicly available research datasets. A number of sources for this type of data are
available, several of which we describe here. We utilized the RELLIS-3D dataset for several of our QAOA
experiments, but several of the datasets described would have been appropriate for the same purpose.

3.1. Data Sources. Although the datasets in this section are distinct and targeted for different purposes,
a brief summary table is provided below to provide an overview of their relative sizes and sensor types.

Dataset Name Source # Camera # LIDAR # Semantic
Images scans Classes
Karlsruhe
KITTI Institute of 15,000 15,000 30
Technology /
Toyota
nuScenes Motional 1,400,000 390,000 32
RUGD Army Research 37,000 . 24
Laboratory
Army Research
RELLIS-3D Laboratory / 12,470 27,112 20
Texas A&M ’ ’
University
Yamaha /
YCOR Carnegie Mellon 1,076 - 8
University

3.2. KITTI. The KITTI dataset [14] was created by the Karlsruhe Institute of Technology in conjunction
with Toyota, and consists of vehicle sensor data from urban and rural on-road driving. The data in this
dataset was captured from a Volkswagon Passat B6 equipped with two color cameras, two grayscale cameras,
a Velodyne LIDAR scanner, and a GPS system.

Part of the motivation for the creation of this dataset was to provide data for objection detection, and for
this purpose 15,000 “frames” are provided, split into training and testing datasets, with ground truth object
detection data provided. For each of these frames, a color camera image is provided, a LIDAR point cloud,
and a bird’s eye view image. This data is useful for 2D or 3D object detection tasks.
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In addition, KITTI consists of data targeted at several other computer vision tasks, including semantic
segmentation. This smaller dataset consists of 400 camera image frames, with semantic labels consisting of
30 object classes.

Figure 3. KITTI Semantic Segmentation Data.

The KITTI website (https://www.cvlibs.net/datasets/kitti/) also provides both evaluation criteria and a
method to submit results from the several computer vision and data processing tasks for which the datasets
are provided, and to compare evaluated results between submissions. This has proved valuable for pushing
forward the development of algorithms and methods for these tasks, as well as providing a central location
to see current results for standard benchmark data.

3.3. nuScenes. The nuScenes dataset [4] was created by Motional, and was inspired by the KITTI dataset.
The data includes 1,000 “scenes”, which consist of on-road sensor data collected in Boston and Singapore
from Renault Zoe cars equipped with 6 color cameras, a Velodyne LIDAR scanner, 5 RADAR scanners, and
a GPS system.

This dataset is focused on “challenging” driving situations, including unexpected behaviors from vehicles
and pedestrians. The dataset is very large, including 1.4 million camera images, 390,000 LIDAR scans, 1.4
million RADAR scans, and several ground-truth bounding boxes and object annotations.

For 3D object detection, nuScenes includes bounding boxes in 40,000 keyframes (see figure 4). In addition,
nuScenes released a separate dataset for 3D semantic segmentation using LIDAR. This dataset consists of
1.4 billion annotated points over 40,000 LIDAR point clouds. These annotations provide ground truth labels
for 32 object classes, including 23 foreground classes and 9 background classes.

Figure 4. nuScenes LIDAR Scans with Bounding Bozes.

3.4. RUGD. The Robot Unstructured Ground Driving (RUGD) dataset was created at the Army Research
Laboratory (ARL) for the express purpose of exploring off-road autonomous navigation tasks [26]. As the
name indicates, the sensor data in this dataset was collected from a robot, in this case an unmanned ground
robot performing exploration in off-road unstructured environments.
This dataset is composed of 18 scenes, with full video sequences for each scene along with semantic
labeled ground-truth information for every fifth frame in each sequence, for a total of 37,000 images, with
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7,453 labeled images (see figure 5). The labeling for these images consists of 24 categories, as seen in the
example image.

The RUGD dataset was created in order to provide researchers a benchmark dataset with certain unique
characteristics, which the authors summarize as follows [26]:

(1) The majority of scenes contain no discernible geometric edges or vanishing points, and semantic
boundaries are highly irregular.

(2) Robot exploration traversal creates irregular routes that do not adhere to a single terrain type; eight
distinct terrains are traversed.

(3) Unique frame viewpoints are encountered due to sloped terrains and vegetation occlusion.

(4) Off-road traversal of rough terrain results in challenging frame focus.

This dataset, then, provides a valuable source of robotic camera images which can be used for autonomous
learning tasks, within both robotics and vehicle applications.
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Figure 5. RUGD Images for Semantic Segmentation.

3.5. RELLIS-3D. Expanding on the work from the RUGD dataset, the RELLIS-3D dataset was created by
the Army Research Laboratory in conjunction with Texas A&M University. RELLIS-3D is a “multi-modal”
off-road dataset, which was collected from a Clearpath Robotics Warthog vehicle, equipped with mono and
3D stereo cameras, LIDAR, and a GPS system.

One of the main purposes of the RELLIS-3D dataset was to provide a synchronized multi-modal dataset
with ground-truth semantic annotations, and as such this dataset provides more sensor types and additional
terrain features not present in the RUGD dataset. The data consists of 5 off-road traversal scenes across
a variety of terrain types, comprising a total of 12,470 images and 27,112 LIDAR scans, of which half are
labelled with ground-truth semantic annotations. These annotations are made up of 20 classes, consistent
with the RUGD semantic classes (see figure 6).

(a) raw images

(b) image labels

(c) point labels

W void M dirt W grass W tree M pole W water W sky vehicle  [H object M asphalt
M build W log person W fence bush [ concrete [l barrier puddle Ml mud M rubble

Figure 6. RELLIS-3D Images for Semantic Segmentation.



3.6. YCOR. The Yamaha-CMU-Off-Road (YCOR) dataset was created in collaboration between Yamaha
and Carnegie Mellon University. The data for this dataset was collecting using an autonomous All-Terrain
Vehicle (ATV), equipped with a 64-line Velodyne LIDAR scanner and a Carnegie Robotics stereo camera.

This is a smaller and more focused dataset than the others described here, and was primarily created in
order to explore real-time semantic mapping using convolutional neural networks. The data consists of 1076
images, split into training and validation sets. These images are labeled with semantic data using 8 classes
(see figure 7).

This dataset is of interest in demonstrating a real-time semantic segmentation approach using both LIDAR,
and camera data in order to generate semantic maps, as well as to test similar approaches using baseline

data with ground-truth semantic labels.

Figure 7. YCOR Images for Semantic Segmentation.

4. QAOA

We now describe how to implement QAOA and summarize approaches for improving its performance
using warm-starting.

4.1. Standard QAOA.. A system of n qubits has 2" standard basis states |z), each corresponding to a
unique length-n bitstring € {—1,1}". Each bitstring corresponds to a cut for our graph. An arbitrary
state |1) of the system can be written as a superposition over these basis states:

where Zinzl |32 = 1. Upon measurement, we will observe the standard basis state |z) with probability

1B |.
To initialize QAOA, we prepare a separable state by placing each individual qubit in the equal superpo-
sition state:

%) = ® +)- (5)

In this initialization, every possible bitstring would be measured with equal probability. The goal of QAOA
is to evolve the state such that upon measurement, bitstrings corresponding to high-value cuts are sampled
with high probability.

In order to do this, we define a cost Hamiltonian Hc whose ground space is spanned by bitstrings
corresponding to maximum cuts for our graph

1
He = Z iwjka — Z; 7). (6)
(4,k)EE

We also introduce a mixer Hamiltonian Hj; such that the ground state of Hys is our initial state |+)

Hy = _iXi‘ (7)
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An important operation needed to implement QAQOA is time evolution. For a given Hamiltonian H and time
t € R, the time evolution operator is defined as

U(H,t) = exp(—itH). (8)

The quantum circuit for QAOA applies p > 1 layers of alternating time evolution under Ho and Hy,. This
circuit is parameterized by vectors o,y € RP, which give the evolution times for each layer:

Cp(a,v) =U(Hum, ap)U(He,vp) - U(Ha, 1)U (He, 7). (9)

The objective function for QAOA is the expectation value of the cost Hamiltonian after applying the QAOA
circuit:

Fola,7) = (W0|Cf (e, ) Ho Cplar, 7)[t0).- (10)

For a system of n qubits, the full quantum state is described by a vector of 2 complex-valued coefficients.
The quantum circuit manipulates this entire statevector, but is limited in the operations it can perform
because it is parameterized by just 2p variables. Approximately minimizing (10) is thus a reasonable task,
provided we have a way to approximate the expectation value. This task is well suited to a quantum
computer.

The objective (10) can be approximately minimized by finding circuit parameters o and ~ such that
Cp(a,¥)|tho) is near the ground state of Heo. In the limit as p — oo, it can be shown that the minimization
becomes exact, as the circuit follows the adiabatic evolution of the state [10]. In practice, however, constraints
such as noise and short coherence times limit available gate depths to modest values, so we construct a shallow
circuit (choosing p to be relatively small) and use stochastic optimization techniques to choose the circuit
parameters.

Measurement of a quantum circuit is inherently random, so information about the state at the end of
the circuit must be extracted by repeatedly applying the circuit, measuring the output, and considering
the distribution of measured values. Each of these evaluations of the circuit is called a shot. For a given
choice of time parameters o and 7y, running and measuring the circuit for m shots will give us m basis states

|z1), ..., |Tm). These measured states can be used to estimate (10):
. 1 &
fP(avv) ~ fp(aaV) = E Z<ml|HC|xl> (11)
i=1

A variety of techniques have been developed for optimizing the parameters of a quantum circuit, including
both gradient-based and gradient-free methods. We will use gradient-free methods here. A common choice
for QAOA is constrained optimization by linear approximation (COBYLA). Using this optimizer, we can
find circuit parameters that minimize (11). The circuit is then evaluated for these parameters over a final
batch of shots, and the measured basis state corresponding to the highest value cut is taken as the solution.

The optimal circuit parameters can be understood mapping a path through parameter-space from our
initial equal superposition state to a state close to the ground state of the cost Hamiltonian H¢. In situations
where QAOA struggles (such as Max-Cut for large, fully-connected graphs), we can improve performance by
shortening this path using a procedure called warm-starting.

4.2. Warm-Starting QAOA. The choice to initialize the state as an equal superposition means that
QAOA begins with no information; each state is initially just as likely to be sampled as every other state.
We now consider the case where we have some knowledge about what the solution might look like. Define a
warm-started initial state by applying to each qubit ¢ a Y-rotation by an amount 6; € [0, 27), starting from
the |0) state on the Bloch sphere:

[0) = @) Ry (6,)]0). (12)
i=1

Setting 6; = 7/2 will initialize the i*" qubit in the |+) superposition state as before, while choosing 6; to be 0
or 7 will initialize the i*! qubit in the deterministic |0) or |1) state, respectively. A visualization for a single
qubit is shown in Figure 8. The idea of warm-starting is to carry out some inexpensive precomputations
to inform the choice of initial state. Recall that the exact solution to the Max-Cut problem is a bitstring
corresponding to a ground state of the cost Hamiltonian He. Given an approximate Max-Cut solution, the
warm-starting angles 61, ..., 6, can be chosen to rotate the initial state of each qubit towards either |0) or
|1), so that the quantum state is initialized closer to the desired ground state of He.
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® Standard Initialization
—— Possible Warm-Start Initializations
® Possible QAOA-Rounded Initializations

1)

Figure 8. Bloch sphere for a single qubit. The position corresponding to the equal superposi-
tion state |+) is plotted in blue. All possible warm-start initial states |1pg), 6 € [0, 2] lie on
the green curve. This initialization is defined in (12). Note the gaps in the green curve at
each pole corresponding to regularization as described in (17). The locations of the rounded
warm-start initial states are plotted in red.

Once the warm-starting angles are chosen, we construct a warm-started mixer Hamiltonian HY;. Recall
that the initial state for standard QAOA given in (5) is a ground state of the original mixer (7). This
property is necessary to argue that the QAOA solution converges to a maximum cut as the number of layers
increases. The warm-started mixer HY, is thus constructed so that the warm-started initial state (12) is a

ground state
n

HYp == (sin(0;)X; + cos(6:) Z;). (13)
i=1
Note that in the case where each warm-starting angle is chosen to be 7/2, (13) is the same as the original
QAOA mixer defined in (7).
Time evolution under the mixer (13) corresponds to rotating each qubit ¢ about the axis 77 = —(sin(6;), 0, cos(6;))
on the Bloch sphere, and it can be shown [9] that the time evolution operator can be implemented as

U(HY,t) = Q) Ry (0:) Rz (—2t) Ry (—0;). (14)
i=1
The warm-started QAOA circuit is then defined as
C;VS(O[’ 'y) = U(H?Wa ap)U(H07 ’YP) e U(H?\/I7 al)U(H07 71)7 (15)
and the warm-started QAOA objective function is given by
Fi (e, y) = (Wol(Cy*) (@, 1) Ho Oy (a, 7)) (16)

The objective (16) can be optimized using the methods detailed in the previous section.

There is a reachability issue that we must address in the case that any of the warm-starting angles in (12)
are exactly 0 or . In this case, the corresponding qubits are initialized exactly at the poles of the Bloch
sphere, and the warm-started QAOA circuit (15) will never be able to move them away from this initial
state. To remedy this, we introduce a regularization parameter 0 < € < 7/2, and set

€, 16;] < e
;i=qm+e |0;—7 <e (17)
0; otherwise

for each i € {1,...,n}. This corresponds to forcing each qubit to be initialized outside of a spherical dome
at either pole (see Figure 8).
11



4.2.1. Goemans-Williamson. We now examine a few approaches for choosing the warm-starting angles . An
approach which has gained traction within the combinatorial optimization literature is based on the concept
of relaxations. Consider the rank-d relaxation of Max-Cut, where each scalar variable z; € {—1,1} in the
objective (3) is replaced with a vector v; € R?

- 1
. max;mlezeRd Z §wjk(1 - <Uj7vk>)
15+ Un (4,k)EE (18)
subject to

vil|=1for j=1,....n.
j

Note that this optimization problem reduces to Max-Cut in the case where d = 1. In the case that the
rank d is equal to n, the optimization problem (18) becomes convex [21]; this case is referred to as semidef-
inite programming (SDP). After obtaining a solution to the SDP problem, Goemans-Williams hyperplane
rounding (GW) can be used [15] to generate a cut z* € {—1,1}" that is at least 87.8% of the value of the
maximum cut (assuming a graph with non-negative edge weights).

Ref. [9] proposed a warm-starting approach in which the GW cut is used to define the initial state |¢p)

given in (12) according to the rule
4, ar=-1
6 - {”/ L (19)

3n/4, zf=1
Each qubit is thus initialized its own Bloch sphere in one of the two positions plotted in red in Figure 8. We
refer to this warm-starting approach as QAOA-Rounded (GW).
Because the GW cut is guaranteed to give a good approximate solution, it is desirable that the circuit be
able to easily evolve the state from the warm-started initialization to the basis state corresponding to the
GW cut. It is unclear how to do this using the circuit defined in (15). Ref. [9] propose modifying the mixer

layer given in (14) by multiplying the warm-starting angles 8 by —1. The resulting mixer layer is given by
U(Hy/ t) = Ry (—0;)Rz(—2t)Ry (6;). (20)
i=1

Consider the application of the first layer of QAOA to the warm-started initial state (12). Choosing the
parameters to be a; = 7/2 and ; = 0, we obtain

U(Ho,m = 0)U(Hy, a1 = m/2)lyo) = (=0)" Q) |-7). (21)
i=1

Measurement of this state in the computational basis will yield a bitstring corresponding to the same cut as
the GW solution. The mixer layer given in (20) therefore results in a QAOA circuit that is at least as good
as GW after optimization. It is important to note, however, that the warm-started initial state (12) is not
generally a ground state of the mixer HA}Q, so the heuristic argument of convergence to a maximum cut as
the number of circuit layers increases can no longer be applied.

4.2.2. Rank-2 Relazation. GW is not the only relaxation of Max-Cut that has been considered. Ref. [3]
proposed using the rank-2 relaxation given by setting the rank d = 2 in (18). Switching to polar coordinates
and dropping constant terms, we can rewrite this relaxation as an unconstrained optimization problem

1

maximize ——wj cos(P; — dr).

¢ € [0, 2m)" (j%:EE 2 (22)
We henceforth refer to this optimization problem as BMZ. Similar to the way GW Rounding was used to
generate an approximate cut from the SDP solution, Ref. [3] give a rounding algorithm (Procedure-CUT)
for generating an approximate cut z* € {—1,1}" from the optimized BMZ angles ¢* € [0,2m)". The
computational complexity of Procedure-CUT scales much better than that of GW, and it also achieves
higher accuracy empirically. It is important to note, however, that unlike GW, Procedure-CUT does not
have any theoretical accuracy guarantee.

We can use BMZ to define another version of rounded warm-starting by following the procedure from the
previous section, replacing the GW approximate cut with one generated with Procedure-CUT. We refer to
this approach as QAOA-Rounded (BMZ). There is, however, a more natural approach due to [25] that maps
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the optimized BMZ angles directly onto a quantum state. We refer to this approach as QAOA-Warmest
(BMZ). To implement QAOA-Warmest (BMZ), the optimal BMZ angles ¢* € [0, 27)™ are used to construct
the warm-started initial state |14+ ) using the definition in (12). The BMZ angles are also used to construct
the warm-started mixer layer U (Hf; ,t) from (14). Note that whereas each QAOA-Rounded approach only
initializes each qubit to one of two states, QAOA-Warmest allows each qubit to be initialized almost anywhere
in the X Z-plane of the Bloch sphere (see Figure 8).

Although applying a uniform rotation to each entry of 6 will not change the BMZ objective (22), rounding
after applying different uniform rotations can result in different quality cuts. In fact, the Procedure-CUT
algorithm gives a way to find the best uniform rotation to apply before rounding to get an approximate
maximum cut. For our implementation of QAOA-Warmest, we select an index ¢ at random and subtract ¢
from each entry of ¢*. This corresponds to choosing a qubit at random to initialize in the |0) state, and in
practice tends to initialize most qubits near the poles of the Bloch sphere. While we could use Procedure-
CUT to carefully choose the best possible uniform rotation, we found that in the examples we tested on,
doing so yielded no significant improvement over this randomized approach.

Algorithm 1 QAOA-Warmest (BMZ)

Solve (22) to find the optimal angles ¢* € [0, 2m)™

Choose ¢ uniformly from {1, 2, ..., n}

Update ¢7 = [(¢F — ¢7)| for all j € {1,2,...,n}

Define the initial state [1y«) = @i Ry (¢])[0),

Set up the mixer layer U(HS, , cum) = @7, Ry (67)Rz(—2am) Ry (—¢7)

Set up the cost layer U(Hc, vm) = exp(—i'ym Z(j,k)eE %wjk(l - ZjZk))

Choose a number of layers p

Initialize the entries of o,y € RP to be small random numbers

Construct the QAOA circuit as C}* (o, y) = U(Hf;,ap)U(Hc, Yp) U(va’f ;o) U(He,m)
Define a function f;*(a, ) = (- |(Cy*) (e, 7) Ho C* (00, 7)oy

: Estimate f;’*(a,v) using f;"s(a,v) = LS (@;|Hc|z;), where each |z;) is a measured basis state
obtained after applying the circuit C}’*(a, ) to the initial state [1g+)

_ e
= O

12: Use COBYLA to find parameters a*,vy* € RP to approximately minimize f;,”s
13: Run the circuit with the optimal parameters C}’*(a*,v*) for a final batch of shots
14: The measured bitstring that gives the highest cut value |2*) is taken as the QAOA-Warmest solution

5. RESULTS

5.1. Simulated results. We now discuss experimental results comparing simulated runs of standard QAOA,
QAOA-Rounded (GW), QAOA-Rounded (BMZ), and QAOA-Warmest (BMZ). We expect that any of the
warm-started methods will improve over standard QAOA, and note that any difference in performance
between QAOA-Rounded (GW) and QAOA-Rounded (BMZ) can be chalked up to BMZ giving a more
accurate result than GW. Any improvement resulting from using QAOA-Warmest (BMZ) instead of QAOA-
Rounded (BMZ) would suggest that keeping the BMZ angles rather than rounding provides an algorithmic
advantage.

5.1.1. Measured distributions. For our first experiment, we randomly generated 30 graphs, each fully-connected
with 20 nodes. For each edge, we randomly drew a weight from {1,2,...,10}. Then, for each of the 30 ran-
dom graphs, we did one run of each version of warm-started QAOA with 512 shots and compared both
the best measured cut (the actual output of each algorithm) and the estimated circuit expectation for each
method. Figure 9 shows the results, sorted along the z-axis by cut size, with values on the right-hand side
corresponding to better cuts.

Figure 9a, shows the distribution of best sampled cuts across the 30 random graphs. QAOA-Warmest
(BMZ) (plotted in red) performs the best with more exact maximum cuts than any other method, and with
distributions of best sampled cuts tightly clustered near the maximum cut. QAOA-Rounded (BMZ) (orange)
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Figure 9. Fach algorithm was run on 30 different randomly generated, 20 node, fully-
connected graphs—each datapoint corresponds to the result for a single graph. (a) shows
the distribution of best sampled cuts, with maximum cuts plotted separately on the right
(note the different scale). (b) shows the distribution of circuit expectations. In each case,
we used a 2 layer QAOA circuit with 100 shots.

also performs well, with only slightly fewer maximum cuts than the non-rounded approaches. QAOA-
Rounded (GW) (green) has far fewer maximum cuts than any of the BMZ methods, with the distribution
of best sampled cuts centered around slightly lower cut values. As expected, the warm-started approaches
all improve over standard QAOA (blue), which achieves no maximum cuts, and has a distribution centered
around significantly lower cut values than any of the warm-start algorithms.

It should be noted that if we measure the circuit for any of these methods enough times, we should
eventually sample the maximum cut. It is of interest, then, to compare the underlying probability distribution
prepared by each QAOA circuit. We do this by looking at the expected cut value; a good algorithm
should prepare a distribution with a high expectation. It should be noted that in each warm-started QAOA
algorithm, the classical optimizer is in fact attempting to maximize this expectation value, so this metric is a
good indicator of how well each method is achieving its purpose. Figure 9b shows the distribution of circuit
expectations for each method across the 30 random graphs. We see that QAOA-Warmest (BMZ) seems
to have the best distribution of circuit expectations, with the highest median expectation of any method.
The distribution for QAOA-Rounded (BMZ) centered around higher cut values than QAOA-Rounded (GW).
Overall, the distributions for both rounded methods are centered lower than those of QAOA-Warmest (BMZ).
As expected, the distribution of circuit expectations for standard QAOA is lower than all of the warm-started
methods.

5.1.2. Shots. As we saw above, our warm-started QAOA algorithms tend to prepare distributions that are
much more concentrated near high value cuts as compared to standard QAOA, indicating that a warm-
started QAOA routine should need far fewer shots to achieve a given accuracy than standard QAOA. Figure
10 compares the performance of standard QAOA and QAOA-Warmest (BMZ) on 30 randomly generated
complete 20-node graphs. standard QAOA achieves a steady increase in accuracy the more shots we take.
The accuracy does not appear to be flattening out even all the way up to 4096, the largest shot value
we tested. This is what we would expect, since more shots means more chances of sampling in the tails
of the underlying distribution, and in particular more chances to sample cut values much higher than the
standard QAOA expectation value. In contrast, QAOA-Warmest (BMZ) experiences only a limited accuracy
improvement as we increase the number of shots. This indicates that BMZ warm-starting can be an effective
method for achieving high accuracy with a limited shots budget.

5.1.3. Single-layer parameter landscapes. In the case of a single layer of QAOA, we can plot the parameter

landscapes corresponding to the two variational circuit parameters (v and 8). While all the plots exhibit

interesting symmetries, we focus on examining the significant structural differences in the landscapes corre-

sponding to each approach. For example, standard QAOA has a saddle running horizontally at v = 0, with

peaks and troughs at v values above and below. In contrast, QAOA-Rounded (BMZ) has its two optimal

peaks at v = 0, though the structure of the local mins is similar to standard QAOA (though mirrored across
14
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Figure 10. Comparison of standard QAOA and QAOA-Warmest (BMZ) on 30 randomly
generated 20-node complete graphs for different numbers of shots. Both algorithms used 1
layer. The solid blue lines give the average results, while the shaded regions contain all
the results over the 30 graphs. Note the log scale on the x-azis. QAOA-Warmest (BMZ)
achieves better average accuracy with just 64 shots than standard QAOA with 4096 shots,
and gains little if any advantage from increasing the number of shots past a certain point,
indicating that BMZ warm-starting is an effective method for achieving high accuracy with
a limited shots budget.
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Fully Connected Graph Results
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Figure 12. Results for fully-connected graphs with between 5 and 20 nodes. For each graph
size, QAOA-Warmest (BMZ) was run on real hardware and on a simulator. Hardware
results are plotted on the right and simulated results are plotted on the left. In each plot, the
green line gives the best measured cut, the blue line gives the estimated circuit expectation,
and the shaded blue region gives the middle 50% (IQR) of the measured cuts.

B =0). The plot for QAOA-Rounded (GW) has been omitted because it is structurally identical to the plot
for QAOA-Rounded (BMZ).

5.2. Hardware results. We now move to experimental results from runs on real quantum computers. We
can consider two sources of difficulty when using currently available quantum hardware. First, we are limited
by the number of qubits on a chip. To use QAOA to solve Max-Cut for a graph with n nodes, we will need at
least n qubits, with more being needed if the graph connectivity exceeds the hardware connectivity. Second,
we are limited by coherence times, meaning that only circuits up to a certain depth will be able to execute
successfully.

We ran QAOA-Warmest (BMZ) on graphs of varying sizes using the Rigetti Aspen-M-3, a 79 qubit
superconducting QPU. First, we consider fully-connected graphs with between 5 and 20 nodes. Because
the Aspen-M-3 architecture is not fully-connected, running QAOA on a fully-connected graphs requires a
large number of extra SWAP gates, and we found that 20 nodes was around the upper limit of problem size
that can be run successfully. In order to get results for larger graph sizes, we also considered graphs with
between 30 and 66 nodes whose connectivity matches that of the Aspen-M-3 qubits. We found that the
QAOA circuits resulting from graphs larger than this are too deep, causing the runs to fail.

Figure 12 shows the results for the fully-connected graphs. For each graph size, we plot a single run of
QAOA-Warmest (BMZ) on the Aspen-M-3 in red. Plotted in blue are the simulation results for QAOA-
Warmest (BMZ) on 30 randomly generated graphs for each graph size. We include plots for both the best
measured cut value (left) and the estimated circuit expectation (right). As we would expect, the accuracy
on current hardware is lower and drops faster than the accuracy of our noiseless simulations. Still, our best
measured cuts never drop below an approximation ratio of 0.92. Notably, the estimated circuit expectation
for our hardware results seems to remain relatively constant as we increase the graph size, running more or
less parallel to (and below) the average expectation of the simulated results.

Figure 13 shows the results for the larger graphs with lower connectivity matching the Aspen-M-3 qubits
(note that for graphs of this size, we are unable to run simulations to compare against). We plot the best
measured cut value (left) and the estimated circuit expectation (right). We again see the accuracy steadily
dropping as the graph size increases. We attribute this to the increased impact of noise on quantum circuits
with this level of width and depth.

In general, we expect the accuracy to decrease as the graph size increases, as larger graphs lead to harder
Max-Cut problems. In addition, as the graphs get larger, the QAOA circuits get both wider and deeper,
and we expect the impact of noise to be larger.
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Lower-Connectivity Graph Results on Real Hardware
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Figure 13. Results for lower-connectivity graphs with between 30 and 66 nodes. For each
graph size, QAOA-Warmest (BMZ) was run on the quantum hardware. The green line gives
the best measured cut, the blue line gives the estimated circuit expectation, and the shaded
blue region gives the middle 50% (IQR) of the measured cuts.
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