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EXECUTIVE SUMMARY

Objective

The analysis of spin systems1 is a natural use case for quantum computers because quantum bits (qubits)
are generally created to emulate the behavior of quantum spins. Classical computers are not able to
efficiently capture general features of spin systems because their state space grows exponentially with the
number of particles. This work aims to use a quantum computer to analyze the ground-state energy of an
anti-ferromagnetic Heisenberg model on a Kagome lattice unit cell. Our approach to this problem is to use
a variational quantum eigensolver.

Results

In this report we document the details of an analysis we performed on several Heisenberg models with
different geometries. Our calculations used quantum simulators and real quantum computers. We
successfully prepared the ground-state energy of a Heisenberg model on the IBM Quantum (IBM Q)
Guadalupe machine and submitted our solution for consideration in the IBM Q Open Science Competition
2022 2 3.

Recommendations

Analysis of spin systems using quantum computers is an emerging research direction that is beginning to
see significant progress due to breakthroughs in superconducting hardware and error mitigation techniques.
We recommend that Naval Information Warfare Center (NIWC) Pacific continue investigating in this area
of research.

1Spin systems encompass a broad range of models, including spinning rigid bodies, Ising models, and Heisenberg models.
2More information about the IBM Quantum Open Science Competition 2022 is available at: https://research.ibm.

com/blog/ibm-quantum-open-science-prize-2022
3For completeness we have included our full submission to the IBM Open Science Competition as a pdf in appendix A.
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1. Introduction

The simulation of quantum systems on classical computers is generally difficult owing to the exponential
growth of the Hilbert space4 with the number of particles in the quantum system. Studies of many-body
quantum systems are therefore currently limited to a few solvable models, toy models with a small problem
size, or perturbations around solvable models. This limitation is general and shows in up in a broad
spectrum of fields ranging from quantum chemistry to quantum gravity [1–3]

A major potential application of quantum computers is the simulation of physical systems, which cannot
be done on a classical computer [4]. This type of emulation is possible because the quantum computer can
naturally support the entanglement structure of the quantum system being analyzed. Notably, noisy
intermediate scale quantum computers were recently used to analyze a 127-site Ising model [5] in regimes
where tensor network techniques and brute force analysis both break down. This analysis was made
possible by recent breakthroughs in error mitigation techniques [6, 7].

Spin systems are a a natural starting point to explore applications of quantum computers to the analysis
of quantum systems. This is because individual quantum mechanical spin 1/2 particles only have two
states: spin up and spin down. These spin states can be naturally mapped onto the states of a qubit: |0⟩, and
|1⟩. An interesting and simple model of interactions between spins is the Heisenberg model. This model is
characterized by the following Hamiltonian: H = −

∑
⟨i,j⟩ Jij σ⃗i · σ⃗j +

∑
i B⃗i · σ⃗i. Where ⟨ij⟩ means to

sum over nearest neighbor pairs, Jij is a matrix that encodes interactions between different neighbors, and
B⃗i is the magnetic field acting at the ith site. Additionally, σ⃗i is a vector of Pauli matrices at the ith lattice
site. Specifically, σ⃗ = σxî+ σy ĵ + σzk̂, and

σx =

[
0 1
1 0

]
σy =

[
0 −i
i 0

]
σz =

[
1 0
0 −1

]
.

(1)

The main contribution of this document is to present a method for preparing the ground-state energy of a
Heisenberg model on a Kagome lattice unit cell (see Fig. 3) using the IBM Q Guadalupe quantum
computer. This work was performed for the IBM Q Open Science Competition 2022. The competition
constrained that we were required to use variational quantum eigensolving to approach this problem, but
otherwise we were free to use any qiskit packages, or python packages as long as they are free.

This document is organized as follows. Section two details Heisenberg models on smaller lattices that
can be solved analytically. These analytical models can give insight into the solutions we eventually
develop for the full Kagome unit cell. Section three discusses the construction of a quantum circuit ansatz,
which can prepare the Kagome lattice cell ground state on a classical computer that simulates the quantum
dynamics. This step is important because it allows us to debug our circuit before proceeding to execute on
the real quantum computer, which has long queue times. Additionally, in section three we discuss the
selection of the optimizer we use to vary the parameters of our quantum circuit as well as the initial
conditions we chose for our variational circuit. In section four, we discuss details related to how we
executed our algorithm on real quantum hardware. In particular, details related to error mitigation, and
system truncation through symmetry are discussed. Finally in section five, we discuss extensions of our
method to Heisenberg models on a single graphene molecule.

4The Hilbert space is a vector space equipped with an inner product, and its vectors describe the state of the system.
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2. Exact Ground State(s)

2.1 Simple models

Before moving onto a numerical analysis of the full Kagome unit cell, we first consider here the analytic
diagonalization of the two- and three-site Heisenberg models. These simpler models offer insights that
might be missed in the full model because of its technical complexity.

2.1.1 Two-site Heisenberg model

The simplest Heisenberg model we can consider that still captures features of the full unit cell is the
Heisenberg model on a two-site graph. Similar to the potential energy of two coupled magnetic dipoles,
this two-site model is described by the Hamiltonian,

Ĥ = σ⃗1 · σ⃗2. (2)

Where σ⃗ is a vector containing the three Pauli matrices. For pure states, ⟨σ⃗⟩ is a unit vector. On a classical
level, this Hamiltonian is minimized when the the spins at the two different sites are anti-aligned and the
classical ground-state energy is Eclassical

g = −15. However, when quantum entanglement between the two
lattice sites is accounted for, lower energies can be reached.

The basis of quantum states for this model is given by B2 = {|00⟩, |10⟩, |01⟩, |11⟩}. Expressed in this
basis, the Hamiltonian is,

Ĥ =


1 0 0 0
0 2 −1 0
0 −1 2 0
0 0 0 1

 . (3)

|00⟩ and |11⟩ are eigenstates of this Hamiltonian with eigenvalue= +1. Because these two eigenstates are
not entangled, this value agrees with the classical case where both spins are aligned.

To find the last two energy eigenvalues of this system, we have to consider the subspace spanned by
S = {|10⟩, |01⟩}. The Hamiltonian restricted to this subspace is

ĤS =

[
2 −1
−1 2

]
. (4)

Using standard linear algebra, the eigenvectors of this Hamiltonian are found to be |a⟩ = 1√
2
(|10⟩+ |01⟩)

and |g⟩ = 1√
2
(|10⟩ − |01⟩). The energy eigenvalues are Ea = +1 and Eg = −3. Putting all of this

together, the eigenbasis of this two-site Heisenberg model is Be = {|00⟩, |11⟩, |a⟩, |g⟩}, with respective
energy eigenvalues E = {1, 1, 1,−3}. The ground state is then |g⟩ = 1√

2
(|10⟩ − |01⟩) with energy

eigenvalue Eg = −3.

Using the language of quantum circuits, we can express the ground state using standard quantum gates.
The ground state |g⟩ can be prepared using the quantum circuit shown in Fig. 1. This representation of the
ground state as a quantum circuit will be useful later on when we construct the ground state of the full
model using a quantum circuit.

5Unless state otherwise, all energies in this report are dimensionless
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Figure 1. Two qubit circuit which prepares the ground state of the two-site Heisenberg model. The
Hadamard gate and controlled-not (CNOT) gate create a Greenberger–Horne–Zeilinger state (GHZ
state) and then X and Z Pauli matrices are applied to the second qubit.

2.1.2 Three-site Heisenberg model

We now move onto a three-site model corresponding to the graph shown in Fig. 2. This model now
includes interactions between three sites on the lattice and therefore described by the following
Hamiltonian,

Ĥ = σ⃗1 · σ⃗2 + σ⃗2 · σ⃗3 + σ⃗3 · σ⃗1. (5)

At a classical level this system is more interesting than the previous one. It is not immediately clear what
its classical ground-state energy should be because not all three spins can be anti-aligned at the same time.
Proceeding to the quantum case, this system has the following set of states as a basis,

B3 = {|000⟩, |100⟩, |010⟩, |110⟩, |001⟩, |101⟩, |011⟩, |111⟩} . (6)

Expressed in this basis, the Hamiltonian takes the following form,

Ĥ =



3 0 0 0 0 0 0 0
0 −1 2 0 2 0 0 0
0 2 −1 0 2 0 0 0
0 0 0 −1 0 2 2 0
0 2 2 0 −1 0 0 0
0 0 0 2 0 −1 2 0
0 0 0 2 0 2 −1 0
0 0 0 0 0 0 0 3


. (7)

Despite the larger size of this system, we can still find its spectrum analytically using computer algebra.
The energy eigenvalues of this system are, E = {3, 3, 3, 3,−3,−3,−3,−3}. Additionally, the respective
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eigenvectors for this system are,

|e1⟩ = |000⟩
|e2⟩ = |111⟩

|e3⟩ = 1√
3
(|100⟩+ |010⟩+ |001⟩)

|e4⟩ = 1√
3
(|110⟩+ |101⟩+ |011⟩)

|g1⟩ = 1√
2
(|100⟩ − |010⟩)

|g2⟩ = 1√
2
(|100⟩ − |001⟩)

|g3⟩ = 1√
2
(|011⟩ − |101⟩)

|g4⟩ = 1√
2
(|011⟩ − |110⟩) .

(8)

The ground state is therefore quadruplely degenerate with energy eigenvalue Eg = −3.

Figure 2. Plot of three-site graph on which we implement a Heisenberg model.

2.2 Numerical Analysis of Full System

We now move onto the diagonalization of the full Kagome unit cell. A graph of this unit cell is shown in
Fig. 3. We implement a Heisenberg model by including an interaction term for each link on this graph by
using the Hamiltonian,

Ĥ = σ⃗1 · σ⃗2 + σ⃗2 · σ⃗3 + σ⃗3 · σ⃗1
+ σ⃗3 · σ⃗4 + σ⃗4 · σ⃗5 + σ⃗5 · σ⃗3
+ σ⃗5 · σ⃗6 + σ⃗6 · σ⃗7 + σ⃗7 · σ⃗5
+ σ⃗7 · σ⃗8 + σ⃗8 · σ⃗9 + σ⃗9 · σ⃗7
+ σ⃗9 · σ⃗10 + σ⃗10 · σ⃗11 + σ⃗11 · σ⃗9
+ σ⃗11 · σ⃗12 + σ⃗12 · σ⃗1 + σ⃗1 · σ⃗11

(9)
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This Hamiltonian is considerably more complicated than the ones analyzed in 2.1. Because Pauli
matrices at 12 different lattice sites are combined through tensor products, this Hamiltonian acts on a vector
space with dimension d = 212 = 4096. Analytic solutions for the ground state of this Hamiltonian are still
available as we will see later on. However, writing these solutions explicitly as in 2.1 is not practical.

Numerically, we find the first few eigenvalues to be E = {−18,−18,−16.96,−16.96,−16.96, ...}. The
ground state is therefore doubly degenerate with eigenvalue Eg = −18. We have found all energy
eigenvalues using standard linear algebra routines from the Python-library NumPy6. The results are shown
in histogram below in Fig. 4

Figure 3. Graph of a Kagome lattice unit cell.

3. Simulated Variational Quantum Eigensolving (VQE)

In this section we discuss the details related to the construction of the ground state of a Heisenberg
model on a Kagome unit cell on a classical computer. Kagome unit cells have 12 nodes, meaning the
Hilbert space needed to describe them is still small enough that it can be simulated on a classical computer,
but complex enough that implementation on a quantum computer is not trivial. In this way, first performing
the analysis on a classical computer in preparation for a run on the real quantum computer can allow for
faster prototyping of quantum circuits because long queueing times on real quantum computers can be
circumvented.

3.1 Ansatz Selection and Training

Generally, the way variational quantum eigensolving works is that a quantum circuit with tunable
parameters is chosen. This quantum circuit will prepare a quantum state |ψ(θ)⟩, which depends on the
tunable parameters θ. From there, many shots are taken of the circuit in order to estimate the expectation
value of the Hamiltonian, ⟨ψ(θ)|Ĥ|ψ(θ)⟩, where Ĥ is given by (10). After the Hamiltonian is estimated,
one varies the parameters in order to minimize this expectation value. According to variational principle in
quantum mechanics, it is not possible to produce a value that is below the ground-state energy in this
manner. Operationally speaking, this process is similar to training a neural network where the cost function
can only be evaluated on a quantum computer.

6https://numpy.org/
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Figure 4. Histogram of allowed energy eigenvalues for the Heisenberg model on a Kagome lattice
unit cell. Dashed lines have been added at E = ±18 to indicate the minimum and maximum allowed
energies.

The most difficult part of this process is selecting an ansatz that can prepare the ground state of the
system which we are interested in. The second hardest part is making this ansatz efficient enough that it can
be executed on a real quantum computer that is subject to noise. Our approach to this process was iterative
and involved trial and error to select circuits that were efficient and could prepare the ground-state energy.

An initial quantum circuit we selected is shown below in Fig. 5. This circuit has 143 tunable parameters
and a depth of 13 and 17 CNOT gates, which are the most expensive to execute. However, this ansatz is
able to prepare the ground-state energy. We trained this ansatz using the standard simultaneous
perturbation stochastic approximation (SPSA) optimizer [8] with randomized initial conditions. The results
for this training are shown below in Fig. 6. While this circuit is able to prepare the ground state after
sufficient training, it takes too many iterations to be considerable for the competition. Moreover, the circuit
is not shallow, and its depth could lead to unacceptable levels of noise buildup in the final quantum state.
For these reasons this quantum circuit was not included in our final submission to the competition.

After much trial and error, we were able to reduce the previous circuit to the one shown in Fig. 7. This
ansatz has a periodic symmetry and is notable because not all qubits are connected by CNOT gates, which
implies that this system is not fully entangled, meaning its quantum state can be expressed analytically. It is
not clear whether the organizers of the competition intended for such a solution to be available.
Additionally, this ansatz has a depth of 6 gates and only 24 trainable parameters, which are included
towards the end of the circuit in a layer of rotation gates. This circuit prepares the ground state when all
parameters are set to zero. The rotation gates are therefore only included to compensate for systematic
errors that may be present on the physical quantum computer.

We have trained this model using the standard SPSA optimizer included with Qiskit. SPSA is designed
to handle noisy optimization landscapes, making it a good choice for optimizing quantum algorithms on
noisy quantum computers. Our initial conditions were selected to be close to the analytically known

6



Figure 5. A quantum circuit that can prepare the ground-state energy of a Heisenberg model on a
Kagome Lattice unit cell.

Figure 6. Training data from the above quantum circuit in Fig. 5. Optimizer is able to acheive sub-
percentage error in just over a thousand iterations.
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solution corresponding to the case where all parameters are set to zero. Starting from a slightly perturbed
initial state can help compensate for systematic errors, which are small. Training data for this setup can be
found below in Fig. 8. The optimizer is able to achieve percentage level closeness with the ground state
after only a few iterations and it is able to achieve machine precision with the ground state after only 600
iterations. Of course, achieving machine level precision on a quantum computer will not be possible on the
IBM Q Guadalupe machine because of noise considerations. However, it is encouraging to see this ansatz
capable of preparing the ground state exactly using a low number of training iterations and circuit depth.

Figure 7. Quantum circuit ansatz that is able to prepare the ground-state energy with a very short
depth.
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Figure 8. Training data for the ansatz shown in Fig. 7.

4. Physical VQE

Having discussed the construction of our circuit ansatz, and training considerations such as initial
conditions and optimizer selection, we can now move on to discussing details related to executing our
algorithm on a real quantum computer. As per the IBM Open Science Competition rules, we are
constrained to execute our algorithm on the IBM Q Guadalupe machine. Guadalupe is a 16 qubit quantum
computer with a topology similar to the Kagome unit cell. It has median coherence times of T1 = 82µs
and T2 = 103µs. It has a median readout assignment error of 1.8% and a median CNOT error of
8.8× 10−3. Percentage level error bounds on the readout assignment make achieving an error of less than
1%7 away from the ground state a non-trivial task.

An interesting feature of this ansatz is shown in Fig. 7 is that not all qubits are connected. There is one
CNOT gate per triangle of the Kagome unit cell. This is a fact we exploit by focusing our solution on just
one triangle of the Kagome unit cell. We then minimize the energy on just one of the triangles, and
multiply by six in order to get the full ground-state energy. This approach has the advantage that fewer
qubits are actually used and accumulation of readout errors is mitigated. Moreover, in this reduced ansatz
there is only a single CNOT gate that can mitigate errors due to CNOT gates.

The reduced ansatz that we implement on Guadalupe is shown in Fig. 9. A final change we have made is
to use 2× 10−3 arctan(θ) in the phase gates. This artificially restricts the parameters to a small range,
which improves convergence.

Since we are focusing on one triangle of the unit cell, we modify the Hamiltonian to only include edges
on that triangle. This allows for more accurate estimation of the energy because fewer terms in the

7According to the IBM Open Science Competition rules, solutions that do not achieve better than 1% accuracy will not be
considered.
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Hamiltonian need to be estimated. This truncated system is implemented by reducing the edge list to the
links on one of the triangles before constructing the Hamiltonian using the Heisenberg model subroutine.
The edge list we used was

e d g e l i s t = [
( 1 1 , 14 , t ) ,
( 1 4 , 13 , t ) ,
( 1 1 , 13 , t )

] .

This corresponds to the triangle on the top of the unit cell. A figure showing this truncated unit cell can be
seen in Fig. 11. After truncating the edge list, the Hamiltonian was constructed normally using the
following code,

# Bu i ld Hami l ton ian from graph edges
h e i s 1 6 = HeisenbergModel . u n i f o r m p a r a m e t e r s (

l a t t i c e = k a g o m e u n i t c e l l 1 6 ,
u n i f o r m i n t e r a c t i o n = t ,
u n i f o r m o n s i t e p o t e n t i a l = 0 . 0 ,

)

# Map from SpinOp to qub i t s j u s t as before .
l og mappe r = Logar i thmicMapper ( )
ham 16 = 6*4 * l og mappe r .map( h e i s 1 6 . s e c o n d q o p s ( ) . s i m p l i f y ( ) ) .

A factor of six was included in ham 16 because there are six triangles. To complete our ansatz, we
transpiled it using optimization level three. The resulting transpiled circuit is shown in Fig. 10. It has a
depth of 9 gates and only uses the three qubits corresponding to the upper triangle of the Kagome unit cell.

For our optimizer, we used the Qiskit SPSA function with custom parameters. Our optimizer was
specified with the following command,

from q i s k i t . a l g o r i t h m s . o p t i m i z e r s import SPSA
o p t i m i z e r = SPSA ( m a x i t e r =200 , p e r t u r b a t i o n = 0 . 0 5 , l e a r n i n g r a t e = 0 . 0 0 0 0 2 ) .

The perturbation was selected to be similar in magnitude to the readout errors of the qubits we are using.
This minimizes the relative error associated with our estimate of the gradient of the cost function. A
relatively small learning rate was chosen because the optimal variational parameters are known to be zero
for our circuit. We start our variational parameters at this analytically known solution, and a small learning
rate helps to keep our solution from going too far away from this optimal point.

Evaluating circuits on real hardware generally needs special care. The jobs we send to Guadalupe use
the following options,

o p t i o n s . e x e c u t i o n . s h o t s =99999
o p t i o n s . r e s i l i e n c e l e v e l = 1
o p t i o n s . o p t i m i z a t i o n l e v e l = 1 .

We chose to max out the allowed number of shots. Additionally, our choice of resilience level and
optimization provide a good balance between speed and accuracy.

10



Figure 9. Truncated version of earlier ansatz shown in Fig. 7.
.
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Figure 10. Transpiled version of our previous truncated circuit. The only change is that the Ry
rotation gates are expressed as Rz gates and

√
x gates, which can be natively implemented on

Guadalupe. Additionally, qubit numbers have been changed to reflect their physical qubit numbers
on the Guadalupe machine.

Figure 11. Truncated unit cell where only interactions necessary for preparing the ground-state en-
ergy are retained.
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In addition to mitigating errors on the physical hardware, classically controlling our algorithm is also
challenging. This is because we must access Guadalupe remotely, and queuing times can be between days
and months depending on how busy the quantum computer is. If our connection to Guadalupe goes down
even momentarily, we lose our place in the queue and must start over again. To mitigate this, we have
executed our algorithm from the High-Performance-Computing Center (HPCC) at NIWC Pacific. This was
done by securely copying our codes to the Heisenberg machine there over a secure shell (SSH) connection
and executing our algorithm using the NIWC Pacific local area network (LAN) connection to the internet.
This was the most stable way we found of executing our algorithm while maintaining contact with the
internet for an extended period of time.

Using the above ansatz, Hamiltonian, optimizer, and evaluation options, we have performed VQE on real
quantum hardware for the Kagome system and the results of our training can be seen in Fig. 12. To mitigate
noise, at each step, we take the mean of all previously obtained energies. Our estimate of the energy has a
clear trend toward the ground-state energy. For the particular run reported in Fig. 12 the relative difference
between the ground state and our prediction is ≈ 3× 10−3, putting us within the limit of consideration.

Figure 12. Training data for real execution on the IBM Q Guadalupe. Percentage level error rates
were achieved after only 100 iterations.
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5. Extensions to Graphene

In addition to exploring variational quantum algorithms for the Kagome lattice, we have also applied this
technique to the case of a Heisenberg model on a single graphene unit cell. Heisenberg models on spin
chains have been explored before and analytic solutions can be prepared using the Bethe Ansatz [9–12].
However, all of these known approaches use ancillary registers, which can complicate things by leading to
more noise getting into the calculations. Our approach uses only a system register, which requires the same
number of qubits as there are nodes in the unit cell. This graphene unit cell is shown below in Fig. 13, The
nodes of the unit cell have been labelled by the qubit that will represent them on the Guadalupe machine.
Because the graphene unit cell has only six nodes of interest, and because the Guadalupe machine has 16
available qubits, 10 of the qubits are simply along for the ride in this set of calculations. The Hamiltonian
that describes this graphene unit cell is given by:

Ĥ = σ⃗1 · σ⃗2 + σ⃗2 · σ⃗3 + σ⃗3 · σ⃗4
+ σ⃗4 · σ⃗5 + σ⃗5 · σ⃗6 + σ⃗6 · σ⃗1.

(10)

This Hamiltonian acts on a vector space with 26 = 64 dimensions. Classically, we expect this system to
have a minimum energy of Eclassical

g = −6 because all spins can be simultaneously anti-aligned. Quantum
mechanically, this system has a ground state which below this value, and the ground-state energy
eigenvalue was found using computer algebra to be Eg = −2

(
2 +

√
13
)
≈ −11.21. Moreover, this

ground state is non-degenerate.

Initially, we approached this problem from a classical perspective by only including single qubit rotation
gates. This approach is essentially classical because it is not possible to create entanglement between qubits
by using single qubit rotation gates. This classically motivated circuit is shown in the Fig. 14. As expected,
this circuit was able to reach classical ground state which can be seen in the training data shown in Fig. 15.

After completing an analysis at the classical level, we moved onto circuits with two qubit gates capable
of creating entanglement. Several circuits were created and trained. A representative example is shown in
Fig. 16. This circuit is essentially a combination of the classical circuit discussed above and the two-site
circuit discussed earlier (Fig. 1). Despite having newer features, such as two qubit gates this circuit is not
able to achieve energies lower than the classical value. It turns out to be difficult to develop a quantum
circuit without additional registers that can be used to get below this classically allowed register. All told,
21 quantum circuits were analyzed and none of them were able to achieve an energy below -6.

This example points towards the limitations of the method of variational quantum eigensolving. Despite
the generality of quantum circuits studied for this report, the ground-state energy was not able to be
reached. Generally, some geometries and models will require special care and effort in order to complete
an analysis of their ground state wavefunctions.

6. Conclusion

In this report we have reported the details of an analysis of a Heisenberg model on a Kagome lattice unit
cell. Our approach employed a variational eigensolving to analyze the ground state of this system. Our
quantum circuits were constructed using a trial and error approach, but were motivated by semiclassical
and symmetrical considerations. Through the implementation of error mitigation techniques, we
successfully attained levels of sub-percentage error rates necessary for consideration in the competition.
Furthermore, our strategy to take advantage of the analytical properties of the solution proved useful, as we
significantly reduced errors by truncating our system to a single triangle of the Kagome unit cell. Overall,
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Figure 13. Graphene unit cell.

Figure 14. Variational quantum circuit for the graphene unit cell using only single qubit rotation gates.
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Figure 15. Training data for the classical circuit shown in Fig. 14.
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Figure 16. Quantum circuit for analyzing ground-state energy of a single graphene unit cell. The
circuit begins and ends with a layer of tunable rotation gates along with a layer of quantum gates
in the middle, which were motivated by Fig. 1, which was able to minimize the energy of a two-site
Heisenberg model.

this multi-faceted approach put us within range of consideration for the IBM Open Science Competition
and advances the understanding and exploration of quantum systems within the Kagome lattice.

Additionally, we have used the same methods to analyze a Heisenberg model on a graphene unit cell. In
this case, we started with a classical analysis of single qubit rotation gates and then gradually began
introducing two-qubit gates to create entanglement between qubits. Unfortunately, in this case we were not
able to prepare the ground state using our variational quantum eigensolving approach. In fact, we were not
able to achieve energies below the classically allowed minimum energy. This example points to difficulties
with the VQE approach in that it requires inspiration for constructing quantum circuits and sometimes
requires additional computational overhead, such as additional registers that have been shown to be useful
for preparing Bethe Ansatz, which is relevant to this particular case [9–11].

Taken as a whole, this report indicates the usefulness of variational quantum eigensolving on quantum
computers for the purpose of analyzing quantum systems that may be difficult to analyze on a classical
computer. Presently, this technique requires some care to yield useful results, but as quantum computers
and quantum algorithms increase in quality, VQE can become a useful tool for analyzing quantum systems
relevant to the U.S. NAVY.
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In [46]: """
Importing Packages
"""
import numpy as np

from time import time
import pickle
import matplotlib.pyplot as plt
plt.rcParams.update({"font.size": 16})  # enlarge matplotlib fonts

In [47]: """
Importing packages and appending to path
"""
import rustworkx as rx

from qiskit_nature.problems.second_quantization.lattice import Lattice
from matplotlib import pyplot as plt
# Custom Heisenberg couplings
import sys
sys.path.append(r'.')  # may be needed if running notebook on a cloud service
from heisenberg_model import HeisenbergModel

In [48]: """
Making an image of the Kagome Unit Cell
"""
# Kagome unit cell
num_sites = 12
# Edge weight
t = 1.0

# Generate graph of kagome unit cell
# Start by defining all the edges
graph = rx.PyGraph(multigraph=False)
graph.add_nodes_from(range(num_sites))
edge_list = [
    (0, 1, t),
    (1, 2, t),
    (2, 3, t),
    (3, 4, t),
    (4, 5, t),
    (5, 0, t),
    (0, 6, t),
    (1, 6, t),
    (1, 7, t),
    (2, 7, t),
    (2, 8, t),
    (3, 8, t),
    (3, 9, t),
    (4, 9, t),
    (4, 10, t),
    (5, 10, t),
    (5, 11, t),
    (0, 11, t),
]
# Generate graph from the list of edges
graph.add_edges_from(edge_list)
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# Make a Lattice from graph
kagome_unit_cell = Lattice(graph)

# Draw Lattice
kagome_unit_cell.draw(style={'node_color':'purple'})
plt.savefig('kagome_unit_cell.png')

In [49]: """
IMPORT LOG MAPPER
"""
from qiskit_nature.mappers.second_quantization import LogarithmicMapper

In [50]: """
Build Hamiltonian from graph edges
"""
heis = HeisenbergModel.uniform_parameters(
    lattice=kagome_unit_cell,
    uniform_interaction=1.0,  # same spin-spin interaction weight as used in gr
    uniform_onsite_potential=0.0,  # No singe site external field
)

# The Lattice needs an explicit mapping to the qubit states.
# We map 1 qubit for 1 spin-1/2 particle using the LogarithmicMapper
log_mapper = LogarithmicMapper()
# Multiply by factor of 4 to account for (1/2)^2 terms from spin operators in t
ham = 4 * log_mapper.map(heis.second_q_ops().simplify())
# Print Hamiltonian to check it's what we expect.
# There are 18 edges and 3 terms per edge (XX, YY, and ZZ),
# so there should be 54 equally weighted terms.
ham
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PauliSumOp(SparsePauliOp(['ZIIIIIZIIIII', 'IZIIIIZIIIII', 'IZIIIIIZIIII', 'IIZ
IIIIZIIII', 'IIIIIIZZIIII', 'IIZIIIIIZIII', 'IIIZIIIIZIII', 'IIIIIIIZZIII', 'I
IIZIIIIIZII', 'IIIIZIIIIZII', 'IIIIIIIIZZII', 'IIIIZIIIIIZI', 'IIIIIZIIIIZI', 
'IIIIIIIIIZZI', 'ZIIIIIIIIIIZ', 'IIIIIZIIIIIZ', 'IIIIIIZIIIIZ', 'IIIIIIIIIIZ
Z', 'YIIIIIYIIIII', 'IYIIIIYIIIII', 'IYIIIIIYIIII', 'IIYIIIIYIIII', 'IIIIIIYYI
III', 'IIYIIIIIYIII', 'IIIYIIIIYIII', 'IIIIIIIYYIII', 'IIIYIIIIIYII', 'IIIIYII
IIYII', 'IIIIIIIIYYII', 'IIIIYIIIIIYI', 'IIIIIYIIIIYI', 'IIIIIIIIIYYI', 'YIIII
IIIIIIY', 'IIIIIYIIIIIY', 'IIIIIIYIIIIY', 'IIIIIIIIIIYY', 'XIIIIIXIIIII', 'IXI
IIIXIIIII', 'IXIIIIIXIIII', 'IIXIIIIXIIII', 'IIIIIIXXIIII', 'IIXIIIIIXIII', 'I
IIXIIIIXIII', 'IIIIIIIXXIII', 'IIIXIIIIIXII', 'IIIIXIIIIXII', 'IIIIIIIIXXII', 
'IIIIXIIIIIXI', 'IIIIIXIIIIXI', 'IIIIIIIIIXXI', 'XIIIIIIIIIIX', 'IIIIIXIIIII
X', 'IIIIIIXIIIIX', 'IIIIIIIIIIXX'],
              coeffs=[1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 
1.+0.j, 1.+0.j,
 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j,
 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j,
 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j,
 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j,
 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j, 1.+0.j]), coe
ff=1)

[-18.         -18.         -16.96132284]

Out[50]:

In [51]: """
Calculating exact eigenvalue
"""
from qiskit.algorithms import NumPyEigensolver

# find the first three (k=3) eigenvalues
exact_solver = NumPyEigensolver(k=3)
exact_result = exact_solver.compute_eigenvalues(ham)
print(exact_result.eigenvalues)

# Save ground state energy for later
gs_energy = np.round(exact_result.eigenvalues[0], 4)

In [52]: """
Importing packages, IBMQ and the transpiler
"""

from qiskit import QuantumCircuit, transpile
from qiskit.circuit import Parameter

from qiskit import IBMQ

In [53]: """
Enter account info
"""

# Doc for loading IBMQ account https://quantum-computing.ibm.com/lab/docs/iql/m
#TOKEN='Please enter your own token here'
#IBMQ.save_account(TOKEN)
IBMQ.load_account() # Load account from disk
provider = IBMQ.get_provider(hub='ibm-q-community', group='ibmquantumawards', p

# Real backend; needed for transpilation later on
guadalupe = provider.get_backend("ibmq_guadalupe")
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ibmqfactory.load_account:WARNING:2023-04-14 14:59:54,080: Credentials are alre
ady in use. The existing account in the session will be replaced.

In [54]: """
Specify connections between nodes. A key part of our strategy is to use a subse
and then to use the hexagonal symmetry to estimate the ground state.
"""

# Kagome unit cell
num_qubits = 16
# Edge weight
t = 1.0

# Generate graph of kagome unit cell
# Start by defining all the edges
graph_16 = rx.PyGraph(multigraph=False)
graph_16.add_nodes_from(range(num_qubits))

#Specify edge list
edge_list = [
    (11, 14, t),
    (14, 13, t),
    (11, 13, t)
]

# Generate graph from the list of edges
graph_16.add_edges_from(edge_list)

# Make a Lattice from graph
kagome_unit_cell_16 = Lattice(graph_16)

# Draw Lattice and include labels to check we exclude the right spins
# Specify node locations for better visualizations
plt.figure()
kagome_pos = {0:[1,-1], 6:[1.5,-1], 9:[2,-1], 15:[2.5,-1], 
              1:[0,-0.8], 2:[-0.6,1], 4:[0.6,1], 10:[1.2,3], 
              13:[0.6,5], 11:[-0.6,5], 5:[-1.2,3], 3:[-1.8,0.9], 
              8:[-1.8,5.1], 14:[0,6.8], 7:[1.8,0.9], 12:[1.8,5.1]}
kagome_unit_cell_16.draw(style={'with_labels':True, 'font_color':'white', 'node
plt.savefig('kagome-unit-cell-numbers.png',dpi=600)
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PauliSumOp(SparsePauliOp(['IZZIIIIIIIIIIIII', 'IZIIZIIIIIIIIIII', 'IIZIZIIIIII
IIIII', 'IYYIIIIIIIIIIIII', 'IYIIYIIIIIIIIIII', 'IIYIYIIIIIIIIIII', 'IXXIIIIII
IIIIIII', 'IXIIXIIIIIIIIIII', 'IIXIXIIIIIIIIIII'],
              coeffs=[6.+0.j, 6.+0.j, 6.+0.j, 6.+0.j, 6.+0.j, 6.+0.j, 6.+0.j, 
6.+0.j, 6.+0.j]), coeff=1)

In [55]: """
Building Hamiltonian from graph edges. A factor of six has been included in ham
exploit
"""
# Build Hamiltonian from graph edges
heis_16 = HeisenbergModel.uniform_parameters(
    lattice=kagome_unit_cell_16,
    uniform_interaction=t,
    uniform_onsite_potential=0.0,  # No singe site external field
)

# Map from SpinOp to qubits just as before.
log_mapper = LogarithmicMapper()
ham_16 = 6*4 * log_mapper.map(heis_16.second_q_ops().simplify())
# Print Hamiltonian to check it's what we expect:
# 18 ZZ, 18 YY, and 18 XX terms over 16 qubits instead of over 12 qubits
ham_16

Out[55]:

In [56]: from qiskit.circuit.library import EfficientSU2
from qiskit.tools.visualization import circuit_drawer

"""
Construct the ansatz from scratch. 
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Our ansatz consists of two sections demarcated by a barrier. There is an initia
prepared. This part of the circuit is motivated by the analytical solution of a
state is a bell state.

The second section consists of single qubit rotations which can correct for sys

In our tunable phase gates, we use the arcan of the parameters instead of the p
the range of the parameters and can improve convergence.

"""

# Build a custom ansatz from scratch
import random
from qiskit.tools.visualization import circuit_drawer
ansatz_custom = QuantumCircuit(12)

#Use the parity operator
ansatz_custom.x(5)
ansatz_custom.x(6)
ansatz_custom.x(7)

ansatz_custom.sx(5)
ansatz_custom.rz(np.pi/2,5)

ansatz_custom.cx(5,6)

ansatz_custom.sx(7)
ansatz_custom.rz(np.pi/2,7)

ansatz_custom.barrier()

#apply single qubit phase gates to the qubits of the triangle.
r=0.001
for k in range(5,8):
    param_z=Parameter('θ_' + str(2*(k-5)))
    param_y=Parameter('θ_' + str(2*(k-5)+1))
    ansatz_custom.rz(2*r*np.arctan(param_z),k)
    ansatz_custom.ry(2*r*np.arctan(param_y),k)

ansatz_custom.draw(fold=350)

circuit_drawer(ansatz_custom, output='mpl', filename='custom_ansatz.png')
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['the depth is', '6']

Out[56]:

In [57]: print(['the depth is',str(ansatz_custom.depth())])

In [58]: """
Transpile the circuit
"""

# Force anstaz to be applied to qubits in the heavy hex.
# Avoid the outer qubits 0, 6, 9, and 15 which we accounted for in the lattice 
q_layout = [1, 2, 3, 5, 8, 11, 14, 13, 12, 10, 7, 4]
ansatz_opt = transpile(ansatz_custom, backend=guadalupe, initial_layout=q_layou

print('number and type of gates in the cirucit:', ansatz_opt.count_ops())
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number and type of gates in the cirucit: OrderedDict([('rz', 11), ('sx', 8), 
('x', 3), ('cx', 1), ('barrier', 1)])
number of parameters in the circuit: 6

['the optimized depth is', '9']

print('number of parameters in the circuit:', ansatz_opt.num_parameters)
ansatz_opt.draw(fold=300)

circuit_drawer(ansatz_opt, output='mpl', filename='custom_ansatz_opt.png')

Out[58]:

In [59]: print(['the optimized depth is',str(ansatz_opt.depth())])

In [60]: """
Specify the optimizer we want to use.

We chose the perturbation to minimize the error associated with the estimation 
For more information about how this parameter was chosen please see the documen
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The learning rate was selected to be very small because we are already close to
variational parameters are set to zero.
"""

from qiskit.algorithms.optimizers import SPSA

optimizer = SPSA(maxiter=200,perturbation=0.05,learning_rate=0.00002)

In [61]: """
Specify the VQE Program.

We choose our initial ansatz parameters to be close to zero because that corres
"""

from qiskit.algorithms import MinimumEigensolver, VQEResult

# Define a custome VQE class to orchestra the ansatz, classical optimizers, 
# initial point, callback, and final result
class CustomVQE(MinimumEigensolver):
    
    def __init__(self, estimator, circuit, optimizer, callback=None):
        self._estimator = estimator
        self._circuit = circuit
        self._optimizer = optimizer
        self._callback = callback
        
    def compute_minimum_eigenvalue(self, operators, aux_operators=None):
                
        # Define objective function to classically minimize over
        def objective(x):
            # Execute job with estimator primitive
            job = self._estimator.run([self._circuit], [operators], [x])
            # Get results from jobs
            est_result = job.result()
            # Get the measured energy value
            value = est_result.values[0]
            # Save result information using callback function
            if self._callback is not None:
                self._callback(value)
            return value
            
        # Select an initial point for the ansatzs' parameters
        np.random.seed(seed=1)
        x0 =0.0*np.random.randn(self._circuit.num_parameters)

        # Run optimization
        res = self._optimizer.minimize(objective, x0=x0)
        
        # Populate VQE result
        result = VQEResult()
        result.cost_function_evals = res.nfev
        result.eigenvalue = res.fun
        result.optimal_parameters = res.x
        return result

In [62]: # Define a simple callback function
intermediate_info = []
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{   'aux_operator_eigenvalues': None,
    'cost_function_evals': 400,
    'eigenstate': None,
    'eigenvalue': -17.99999999917281,
    'optimal_circuit': None,
    'optimal_parameters': array([-3.96467245e-08, -1.84657586e-08,  6.44449098
e-08,  5.28876451e-09,
        7.18135449e-09, -8.96707486e-09]),
    'optimal_point': None,
    'optimal_value': None,
    'optimizer_evals': None,
    'optimizer_result': None,
    'optimizer_time': None}
execution time (s): 3.67

def callback(value):
        intermediate_info.append(value)

In [63]: from qiskit.primitives import Estimator
import time

"""
Execute simulated VQE
"""

# Define instance of qiskit-terra's Estimator primitive
num_shots=99999
options = {'shots': num_shots}
estimator = Estimator([ansatz_opt], [ham_16],options=options)

# Setup VQE algorithm
custom_vqe = CustomVQE(estimator, ansatz_opt, optimizer, callback=callback)

# Run the custom VQE function and monitor execution time
start = time.time()
result = custom_vqe.compute_minimum_eigenvalue(ham_16)
end = time.time()

print(result)
print(f'execution time (s): {end - start:.2f}')

In [64]: """
Plot and save results
"""
#Save info
pickle.dump(intermediate_info, open('intermediate_info.pkl', 'wb'))

plt.figure()
plt.plot(intermediate_info, color='purple', lw=2, label='Simulated VQE')
plt.ylabel('Energy')
plt.ylim([-19,0])
plt.xlabel('Iterations')
# Exact ground state energy value
plt.axhline(y=gs_energy, color="tab:red", ls="--", lw=2, label="Target: " + str
plt.legend()
plt.grid()
plt.savefig('VQE_SIM.png',dpi=600)
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Expected ground state energy: -18.0000000000
Computed ground state energy: -17.9999999992
Relative error: 0.00000000

In [65]: """
Compute the relative error.
"""

def rel_err(target, measured):
    return abs((target - measured) / target)

# Compute the relative error between the expected ground state energy and the V
rel_error = rel_err(gs_energy, result.eigenvalue)

print(f'Expected ground state energy: {gs_energy:.10f}')
print(f'Computed ground state energy: {result.eigenvalue:.10f}')
print(f'Relative error: {rel_error:.8f}')

In [ ]: """
Moving onto execution on Guadalupe
"""

In [ ]: """
Specify parameters for execution on Guadalupe.

We use the max number of shots, resilience level one and optimization level one
"""
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from qiskit_ibm_runtime import (QiskitRuntimeService, Session,Options,
                                Estimator as RuntimeEstimator)
from qiskit import Aer

service = QiskitRuntimeService(channel='ibm_quantum',
    instance='ibm-q-community/ibmquantumawards/open-science-22')
options = Options()
options.execution.shots=99999
options.resilience_level = 1
options.optimization_level = 1
backend = 'ibmq_guadalupe'

In [ ]: """
Call back function for the real run
"""
# Define a simple callback function
intermediate_info_real_backend = []
def callback_real(value):
        intermediate_info_real_backend.append(value)

In [ ]: """
Specify time out handler
"""

import signal, time

from qiskit_ibm_runtime import Estimator, Session
from qiskit.providers import JobStatus

def timeout_handler(signum, frame):
    raise Exception('Iteration timed out')
    
class RetryEstimator(Estimator):
    """RuntimeRetryEstimator class.
    
    This class inherits from Qiskit IBM Runtime's Estimator and overwrites its 
    a maximum of 'max_retries' consecutive times, if it encounters one of the f
    
    * An Estimator error (in this case "Job.ERROR" is printed, and the job is c
    * A timeout error where the job either remains running or completes but doe
      than 'timeout' (in this case the job is cancelled by the patch and "Job.C
    * A creation error, where the job fails to be created because connection is
      quantum computer (in this case "Failed to create job." is printed). If th
      to a new Session (to be handled with care! also, this will unfortunately 
    """
    
    def __init__(self, *args, max_retries: int = 5, timeout: int = 3600, **kwar
        super().__init__(*args, **kwargs)
        self.max_retries = max_retries
        self.timeout = timeout
        self.backend = super().session._backend
        signal.signal(signal.SIGALRM, timeout_handler)
    
    def run(self, circuits, observables, parameter_values, **kwargs):
        result = None
        for i in range(self.max_retries):
            try:
                job = super().run(circuits, observables, parameter_values, **kw
                while job.status() in [JobStatus.INITIALIZING, JobStatus.QUEUED
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                    time.sleep(5) # Check every 5 seconds whether job status ha
                signal.alarm(self.timeout) # Once job starts running, set timeo
                result = job.result()
                if result is not None:
                    signal.alarm(0) # reset timer
                    return job
            except Exception as e:
                print("\nSomething went wrong...")
                print(f"\n\nERROR MESSAGE:\n{e}\n\n")
                if 'job' in locals(): # Sometimes job fails to create
                    print(f"Job ID: {job.job_id}. Job status: {job.status()}.")
                    if job.status() not in [JobStatus.DONE, JobStatus.ERROR, Jo
                        job.cancel()
                else:
                    print("Failed to create job.")
                print(f"Starting trial number {i+2}...\n")
                print(f"Creating new session...\n")
                signal.alarm(0) # reset timer
                super().session.close()
                self._session = Session(backend=self.backend)
        if result is None:
            raise RuntimeError(f"Program failed! Maximum number of retries ({se

In [ ]: """
Execute on Guadalupe
"""

start = time.time()
with Session(service=service, backend=backend) as session:
    # Prepare extended primitive
    rt_estimator = RetryEstimator(session=session,options=options)
    # set up algorithm
    custom_vqe = CustomVQE(rt_estimator, ansatz_opt, optimizer, callback=callba
    # run algorithm
    result = custom_vqe.compute_minimum_eigenvalue(ham_16)
end = time.time()
print(f'execution time (s): {end - start:.2f}')

In [ ]: """
Plot the energies
"""

#calculate the cumulative mean
means = np.cumsum(intermediate_info_real_backend) / np.arange(1, len(intermedia

plt.figure()
plt.plot(means, color='purple', lw=2, label='VQE')
plt.ylabel(r'$\langle Energy \rangle$')
plt.xlabel('Iterations')
plt.axhline(y=gs_energy, color="tab:red", ls="--", lw=2, label="Target: " + str
plt.legend()
plt.grid()
plt.savefig('vqe_real.png',dpi=600)
plt.show()

In [ ]: """
Show final relative error.
"""
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# Compute the relative error between the expected ground state energy and the m
computed_gse = np.mean(intermediate_info_real_backend)#Take mean for best perfo

print(f'Expected ground state energy: {gs_energy:.8f}')
print(f'Computed ground state energy: {computed_gse:.8f}')
print(f'Relative error: {100 * rel_err(gs_energy, computed_gse):.8f} %')
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