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RESONANCE ABSORPTION OF MICROWAVES 
BY PARAMAGNETIC SUBSTANCES 

SECTION I 

1-INTRODU.CTION 

The phenomenon of resonance absorption of electromag_netic w;;tves 
of microwave frequencies by paramagnetic substances was first observed 
in hydrated _crystals of ioti.s of the elements in the iron transition group by 
Zavisky (1) in 1945. Since that time the experimental tec.~nique of micro­
wav~ absorption , accompanied by successful quantum theor~tical inter­
pretation of the phenomenon, has proved to be an important tool 'for throw­
ing additional light on the prope:rties of paramagnetic crystals beyond that 
which had been shed on the matter previously by means of infrared, mag­
netic susceptibilities , the X-ray , and specific heat measurements. The 
refinement of the experimental technique in subsequent years has 
eventually led to the discovery of nuclear effects upon the resonance 
absorption in the form of the hyperfine structure in the absorption curve. 
Since the first discovery of this effect by Penrose (2) in copper ions of 
sulphate crystals similar effects have been observe d in several other 
paramaghetic crystals , leading to the determination of the spin and the 
magnetic moments of some of the nuclei of the paramagnetic atoms. 
Recently Bleaney was able to determine the ratio of the nuclear electric 
quadrupole moments of the copper isotopes from experimental obser ­
vations of the hyperfine effects. 

The potentialities of the paramagnetic absorption techni_que have been · 
explored in other directions . A great deal of interest has b~eh aroused 
in recent years in the absorption properties of certain organic compounds 
known as free radical 1, in organic chemistry. These substances .exhibit 
resonance apsorption curves of the width of a few oersteds, which are 
exceedingly narrow in comparison to the width of several hundred oersteds 
associated with the ions of the transition ele1nents . It has been found also 
that the width can be further redU:ced by modifying the molecular structure 
of the organic compound. 

The investigations of phosphors initiated by Schneider and England ( 3) 
revealed the resonance of div alent rnanganese in the manganese - activated 
z inc sulfide phosphor . At this Laboratory, Spencer has investigated the 

l 
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absorption properties of manganese-activated zinc orthosilicate phos­
phors at various concentrations of manganese. Undoubtedly, there are 
other phosphors whose absorption prroperti.es may be of great interest. 
The paramagnetic absorption of crystals haying F.:centers and lattice 
defects produ~ed by irradiation has been reported by Hutchison and 
Tinkman and Kip. At this Labo'ratory preliminary investigations are 
being made of glasses containing para1:1agnetic ions. 

Among other areas in which the paramagnetic absorption methods 
may prove to be useful as a means of inve,stigation, the field of photo­
sensitive comp~unds may be mentioned as a possibility. According to 
current theories, neutral silver atoms are produced in one of the inter­
mec:iiate st.ages in the development of rphotosensitive silver brom1.de 
crystals : Since neutral silver atoms ar·e paramagnetic, it should then 
be possible to detecftheir p r esence, pr,ovided an appreciable amount" of 
silver in the atomic form is p'resent at any particular time, 

In ;view of these potentialities and also in view of the fact that the 
experimental results obtained so far in the fields mentioned above are 
not in ev,e'-ry case thoroughly understood, we thought it worthwhile to 
reconsider the fundamentals of the theory of paramagnetic absorption. 
In the present report we shall be primarily concerned with the factors 
that determ imt the energy levels of paramagnetic ions in c·rystals, 
leaving other aspects in the theory of paramagnetic resonance to a later 
report. · • - • 

In order to fo r mulate the problerr~ of paramagnetic absorption 
theoretical,ly, it is necessary for us to obtain a clear picture of the 
structure of paramagnetic crystals, the facts which are often revea_led 
by X-ray studies . · Figur-e--1 depicts schematically a typical distr.ibution 
of the ·diamagnetic and magnetic ingredients in a:' paramagnetic crystal. · 
The magnetic ions are designated by t he symbol i, with their associated 
electron mor ~ '0r less localized in the vicinity oeeach atom. The di.a .: 
magnetic ior:ts which surround each magnetic ion are usually distributed 
with respect to the latter with some degree of symmetry-and are _ 
endowed' wit h electr i c dipole moments. We shall designate the~e by°' . 

/,\ 

,,,...--- ' , @( ·, :i 9 

1 
Figure 1 .. Dis tribution of diama gnetic and n,agnetic 

ingre dient s in a paramagnetic c ry s tal 



When a crystal of such a structure is placed in the external mag- . 
netic field the total Hamiltonian or the energy of the crystal may be 
written in the form 

3 

it=== f({~)-tj{(dtY.~I) 1-K~~.i,) +J(/k'!,d) 
where 'Jc (t,on) designates the sum o_r the Hamiltonian of the. indtviduai 
free ion, d((Zeeman int.) that due to- the interaction of each ion with the 
external maghetic field, .1{( electric int.) that which ari~~from the 
electrostatic interactions between each pair of ions, an4fl__(magnetic int . ) 
that which originates from the magneti~ interactions between each pair 
of ions. 

The term 1f. (electric) rnay further be c;lecomposed into three groups 
of terms-namely, those be.tween diamagnetic ions, those between para- . 
magnetic ions, and those between paramagnetic and diamagriettc ion,s. 
Under the assumption, however, that the nearest neighborhood inter­
actions are predominant over others , we may safely consider only those 
between the paramagnetic ions and the surrounding diamagnetic ions in 
the immediate vicinity , so far as the influence of crystal structure upon 
each paramagnetic ion is concerned. We then have 

where each term in the first sum designates the electrostatic inter ­
action between the electrons of the paramagnetic ions and the neigh­
boring diamagnetic ion, and that in the second ,sum signifie.s the 
elec~rostatic interaction between nuclei of the paramagnetic ions and 
the neighboring diamagnetic ions. Here ~ and f/?.t;,(, refer respectively 
to the charge and the position vector of a diamagnetic ion , fn is the 
nuclear charge density , and ~i is the position vector of the nuclear 
volume element d 'C4 . The symbols e. and rei stand respectively for 
the charge and the position vector of a particular electron. At 
t en1peratures other than absolute zero , the position vection Rty , 
r 1, and rni will undergo periodic changes due to the thermal motions 
of the lattice. These variations, however, are small. Consequently, 
it is possible to make a Taylor expansion of Equation (1) in powers 
of the thermal displacements; in which case Equation ( 1) resolves into 
two types of terms - namely, " static" and " dynamic " terms. 

The static part of the first expression in Eqilati.on (1) may be called 
" crystalline electric field" and gives rise to the Stark effect upon the 
electronic energy level of the paramagnetic ions ; whereas the correspond­
ing term in .the second expression tends to modify the nuclear energy 
levels of the paramagnetic ions through their nuclear quadrupole moments. 
The dynamic part of the first expression in Equation (1) leads to the spin­
lattice relaxation effects as discussed in the papers by Kronig (4) and 
Van Vleck (5) , On the other hand , the dynamic part of the second ~xpression 
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in Equation ('1) is importa11t only in nuclear magnetic dipole and electric 
quadrupole resonance experiments . The last term is responsible for 
the · exchange interaction which gives rise to the narrowing of the reso­
nance lines ( 6) . 

The terr~ '&f (magnetic int . ) consists of a term giving the inter­
actions among the pararnagnetic ions, 

;-, _!_ ·1 
- ~ ,.:i . 7 /1? 

- ~)-} ~ 
3 { fau, 1eel (l½j • he 11) ~ _, iJ 

I 
_.) j ~ - (fR-/ -le 1J 

'1e_ l . I 
I 

~ 
where reiUS the distance between two electrons having magnetic 
moments f ei and 7fej . The static part of this term is responsible 
for the dipolar broadening of the resonance lines; whereas the dynamic 
:part provides the mechanism for the spin-lattice relaxation effects 
(Waller relaxation effect (7)) . 

In the present report we shall be concerned primarily with the 
effects on ·i;he electronic energy levels of the paramagnetic ions pro­
duced by the crystalline electric field , the external magnetic field , and 
the nuclear electric and m3.gnetic fields , These effects give rise to the 
fine structure and hyperfine structure in the resonance absorption 
curves . 

HAMILTONIAN FOR PARAMAGNETIC 
IONS IN CRYSTALS 

SECTION TI 

It \.Va·s pointe·d Out in the last sectiOn that an important modification 
of the electron and nuclear energy levels of the ion is produced by the 
crystalline electric field. Consequently we shall consider this field in 
detail. Other electric and magnetic interactions that are of importance 
in the nuclear effects on paramagnetic absorption will be discussed in 
later sections . 

1 - CRYSTALLINE ELEC TRIG FIELD 

This field arises from the spatial arrangement of the diamagnetic 
c onstituents of the crystal. The e lectr ostatic potential p roduced by these 
ions o r electric dipoles will have cubic, tetragonal, or lowe r symmetry, 
d epending upon the arrangement of these c onstituents . For sake of defi­
niteness , consider the crystalline electric field a bout the Cu++ ion in 
CuK2(SO4)2 • 6Hz0 . This is known to have tetragonal s7~m_etry , y;i:hich 



arises from a square arrangement of water m ·olecules , with the Cu++ 
ion at the center, and two polarized oxygen atoms lying on an axis 
perpendicular to the plane of the water molecules and passing through 
the center. The distances of the oxygen molecules from the Cu++ ion 
are not equal to those of the water molecules. 

5 

To compute the electric potential i.n the vicinity of the paramagnetic 
ion due to these di.poles , let us first derive a general expression for .the 
potential of a dipole whose axis lies on the radial vector , 

~ 

Fr.om the diagram we may write 

V (0, 0 , IP) = V + + V _ = A- ..l, 
I R+ - R ~, 

:1.nd since by definition 

,re obtain 
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Here the last expression is obtained by the use of the addition':theorem for 
Legendre polynomials . For the case of cu++ of copper sulfate, the ·polar 
coordinates of the water and oxygen molecules are shown in the following 
diagram. 

✓ 

f-o.... / 
~-----~~---------

/ /a 1 n-1 iO 
ll J ~} ~1 I 

I 

I 
I 

(a_/tl!) I 

Ii tc,t_;,r, o) 
By identifying angles <:>(_ and (3 properly in_ the diagram, the electric 

potentials Va and Vb , in the vicinity of the origin , due to t he electric 
dipoles f'a and /'L , respectively, turn out to be . • 

i/4 {n,M) = u..;/ + 3 ;~ !;,'-}!,'{ ma) - ff {-!£1 ¥!:,'{th&)+}; ;,>7}/( "':f') &>J/lf'+,,,,j 

V.t(1118.tP) -:-;..u-,w>/, - 6(J; 41.-1/(tps) -101ttJJ'll9/(UJ&j + ·., ., , 

It is also possible to obtain the expression for the crystal electric 
field by slightly different arguments . In the close vicinity of the origin 
we may make a Taylor expansion of the potential due to distant electric 
dipoles in the following manner 

Bec ause of the prescribed symmetry , how ev er , the nonvan1shing terms in 
the Taylor expansion turn out to be 

. . "' - ,J_ 1- rnv) t_ 1g1.,1'\ ,_ Alv\ ,1 n 1/J , + . 
1i/L1.4-1 =- l:'.,OJ1M. + ~ ii~ v -1-- lf:!:::-1': I '1 --+ f ~ I i' l +-4-c/4.i,✓ --.netw ,..u,,i, 4-v\.A • 
''"'0'"/ • -L-(\"k/~ ·• '1.._'0JJDII ' '\ oi-"h J • . • (/. 

Since the potential function s ati s fie s L a p lace' s e quation 

1'1!1.. o" ,...c)~), 
{!>XL T ~r-Tor'- vex, ~. +-);.{) / 

the fir s t set of te r m s in the above exp ression bec orn e 

T his c orresponds to the c rystal potential of r horn bic symmetry, 
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In the case of tetragonal symmetry it is further required that 

!~). (tt1 l~~ o ;:::.- 9~1o r1 A-=-B. 
Then the potential function becomes 

(2. 1) 

If the crystalline electric field has cubic symmetry, 
equation we have . · • • 

from the Laplace's 

·. (;'i). = (~o1l. ~ (~) .. 
The first nonvanishing terms in the Taylor expansion for this 
turn out to be 

case 

\f l'l,!J_,_.) ~ ~ :(~;¥)
0 

(x1" /tt ~) = D~U q, ~ '1tt11-) . 
(2.2) 

2-SPIN-ORBIT COUPLING ENERGY 

Next to the crystalline electric field, the term of importance is 
for_.the elements in the \iron group is the spin.:orbit coupling term 
~(L• 5). The constant ;'\ is known from spectroscopic data for various 

. elements , but in any case its values can be determined through the 
wof~?f L~porte . (8) . On the other hand, for the rare earth group, 
I\ ( ) > \ crystal• • 

The following statements are true i~ gene:cal : 
~➔ 

V crystal > A(L·S) for the iron group 
4-

v crystal < ~ (L • S) for the rare earth group . 

Hence, the terms in the Hamiltonian which must be · successively 
diagonalized in order to discuss the paramagnetic :resonance 
ab,sorption of the elements of the iron group are as follows : 

H :c 1f, + v ~- +\ (1. s) + /'8 ~ + :2 s) ·Jr) 
where 14B is the Bohr ·magneton.. The orders of magnitude of these 
terms are : 

}((free ion) ?S 10 Rv; 

V ¥ ~ 10,000 cm""l 

~ (t, ·S) ~ 10 - 1,000 cm- 1 

~ ((1 + zi) · H)~l cm- 1. 
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1 °• INT ROD UC TION 

GROUP THEORY 

SECTION III 

The d iagonalization of the crystalline electri,c field can be executed 
by a straightfo rward perturbation calculati.on, Ho,vever , since a great 
deal of qualitative information cqon be obtained by group theory argu­
ments , we shall present as muc h of t he elements of group theo ry as 
needed for our purpose , 

The us efulness of group theory stems from the fact that t he wave 
func tions that w ill diagonalize the~Hamiltg_nian are representations of t he 
particular g r oup of operations that leave the Ha miltonian invariant, For 
example, if the ··Hamiltoriian·is invariant under arbitrary r otations , finit.e 
and infinitesimal , tne appropriate wave functions will b e repre s entations 
of the spherical g roup; if the Hamiltonian is invc1riant unde r the operations 

._ of the cubic group , the approp:t'iate ~ave functions are representat ions of 
the c ubic g r oup, 

In the free - ion state the electron wave functions are the representations 
of the rotation_ group of 2 J + .1 dimensions , Le,, then:: ar,e 2 f + l linearly 
independent wave functions belonging to the s ame energy leveL · For an 
arbitrary rotation, any qne _of these functions will , in general., transform 
i.nto a linear .combination of 2_.f + •1 functions referred to the new axes , 
If the ion is now p laced in a cry:;;ta::.line electric field , the pPtential field 
i.n which the electrons find themselves will no longer b e, a function o.f the 
distance from the nucleus only ; Le ,, the -potential field will no longe r be 
invariant under an arbitrary ,rotation , but inva.r).ani only for a finite.:_·_ 
number of finite rotations, For thes e rotations, one mig.ht suspect that 
the original set zJ + 1. fune;:tions will b real<, up into sets of functions , s u c h 
that the func tions of each set will trans form an;iong themselv es under the 
operations of the reduced group , These sets into which the o r iginal 2i + l 
dimensional representation can be decompos ed a:re called the 1:r reducible 
rep resentations ,of the par,ticula-r symmetry g roup , Since each suc h set of · 
functions belong to an- energy.-level, the splittings produced by t he c r ystal ­
liP-e electric field can be determined by findin g t he i.r r .:duc ible r epresen ­
tations contained in the repres entation of the rot ation group , 

In o r d er to carry out this p r oces s of redu cing the 2 f + l dimensiona l 
irreducible representation of the spherical sy.mrr.etry g r oup to the ir re­
ducible representation of the gfoup- ~:£ l'owe1:~:symmet_!y , Vye m~s t :rely on 
t he fundamental theorem of group theory v..rhich state s " Eac h rep r esen °• 
tation of a g roup c an be reduced into its irreducible components in one &x1.d ' 
only one poss ible manner , thereby the char acte r of e a c h group e l ernent in 
the reducible rep r esentation class is equal t o the s u m of t he cha r acte :,-.·~ of • 
the irreduc ible con1ponents . " 

::: 



2-SYMMETRY TYPES OF' CRYSTALLINE POTENTIAL ENERGY 

The symmetry- types of crystalline potential , which are of impor- .. 
tance in our problems, are listed below in decreasing order of sym ­
metry. Also for each type the dimension of the largest. irreducible 
component is given. These numbers correspond to the maximum 
degeneracy of the energy levels arising from the original 2'/l, + l 
degenerate level, 

Symmetry Types of 
Crystal Potential 

1. spherical 

2, cubic 

3. tetragonal 

4 , trigonal 

5. rhombic 

3-CUBIC GROUP · 

1 

Degree of Degeneracy 
for a Given 

z l, ·+ l 

We shall use cubi c symmetry to demonstrate 'fhe application of 
group theory to our problems . This symmetry group contains 24 
pure rotation elements in five different classes as follows : 

E - identity rotation ( l element) 

Cz. - rotation about x , y , z axe s by"'TT"(3 elements) 

C 3 rotation about x , y , z axes by .,. ± J ( 6 elements) 

c4 - r otation abnut face - center axes by--r, (6 ele,ments) 

,C 5 rotation about body-center axes by ±~J. (8 elements) 

AB body center axis 
CD -- face center axis 

9 



2-SYMMETRY TYPES OF' CRYSTALLINE POTENTIAL ENERGY 

The symmetry types of crystalline potential, which are of impor- ... 
tance in our problems , are listed below in decreasing order of sym­
metry, Also for each type the dimension of the largest, irreducible 
component is given, These numbers correspond to the maxim,um 
degeneracy of the energy levels arising from the original 2 fl. + l 
degenerate level, • • 

Symmetry Types of 
Crystal Potential 

L spherical 

2, cubic 

3, tetragonal 

4, trigonal 

5, rhombic 

3-CUBIC GROUP 

Degree of Degeneracy 
for a Given • 

21 ·+ l 

We shall use cubic symmetry to demonstrate 'fhe application of 
group theory to our problems, This symmetry group contains 24 
pure rotation elements in.dive different classes as follows: .' • ~ ., 

E - identity rotation ( 1 element) 

Cz - rotation about x, y, z axes byV(3 elements) 

c 3 - rotation about x, y, z ·axes by :· ±f (6. elements) 

c4 - rotation about face-center axes by1T (6 elements) 

,C 5 rotati0n about body-center- axes by ±~:-(8 elements) 
~ .· 

r I' : \ 
CI • I 

i\ 

I AB -- body center axis 
CD -- face center axis 

9 
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The resulting transformation matrix then becomes: 

-•R"f e.' 0 0 - - - -, 

-i{l-1) l - -0 e 0 -
0 0 

0 0 Ill-DI 6 
0 e 

:ff 
0 0 e 

Let the trace be represented by ':X{f); then 

( 3. 1) 

From this the characters for finite rotations can be easily obtained 

• 'X(E) ==2Jt-/ . 

tv( r~) = ;( { {! ,,)~ f-t r' 
ti (CJ) -= ~ l)i/v -t« i ~ 
. . . = t' )£~ tr l r~-

'f (C~) =-I ~ t~3~ 0 fn1i~3>itl,; ~-, ~ -

1 -:::-3 ~ +J. 
The reduction of the 2 f + 1 dimensional representati~n of the rotation, 

group to the irredicible representations of the cubic · group has been worklecf 
out by. Bethn (9) (Table 2, p. 143). • We shall show here how this is done for . 
the cases K = 6 and 7. . • . 

I 



1.2 

Making use of the fundamental theorems of group theory given at 
the end of Sabert.ion , we make the following assumption for the repre-• 
s entation D 6 

v6 ~ o~ ~ + i r: T ~ n + J r~ + 12- r~) 
and proceed to determine the coefficients a, b, , , . e algebraically, 

·a,tb+c+d+e =13 

a + b + 2c ~ d ~- e = l 

a b + d e = -1 

a - h - d + e = l 

a ' b ' - C = l 

}Jenee, we obtain 

a -· l, b = 1, C - 1, d - l, e = 7 
L., 

ill w (2) (3) 

~

' ) 

D · ·- I; t t i"' t r. + :2. r -b I 7.- I il 14-

-, I 
The numbers enclo~ed in parentheses above the I S are the dirr.enl~ 

,;:;ions of the irreducible representations. • F r om this result\)\,' ~ state that 
the energy level of an atom in a sphe,dcally symmetric potential cor­
J.·esponding to l = 6 will s plit into six distinct levelz unde r the in.f.luence 
of a cryst al electric potential of cubic symmetry. 

From the point of view of d e g eneracy, there are two levels whic h 
axe nondegenerate ( )~ and r~ ) , one levd which is twofold degenerate 
( r~ ) , and three levels which are ind.iYidually- threefold deg enerate: 
( r,,_, I}', i?,,'' ), In the language of degenerate perturba tion theory insv:olv­
.ing an electrostatic potential af cubic syrnmetry one obtains six ,distinct 
e:igenv2i.lues in some order of approx-~mation, Since the group ibeoretical 
consideration 1s based on the absolute space symmefry of the potential, 
its predictions as to the s plitting of the ·energy levels are ultimate, 

' 

-+ d 1~- 1 e Ii 
These coefficients can be determined similarly, Howeve:r, we p:resent 

here another method based on Theorem III, Appendix 3, which st.ates that 
the chara.cte:r5 of different :t'epresentations a:.re orthogonal, 

-::;;-· () ~ (u) r1(v) _ (l q 
;:;;::.. ·¥/ I /f : /!, ' - .) I.< 1/ n 

C!lf ~h,~; < .\ V 
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The left-hand side signifies the operation in which one multiplies the 
characters of the representations U and '1J under the same sy1nmetry 
class i, further multiplies the result by the number of elements h1 in 
the class. i, and. lastly sums over all the class~s i. g on the right­
hand side is, the total number of elemerits in the symmetry group . Let 
us multiply ,r, into D7. • 

..:.;- I: 1t,(I} x:?J =- [) -= ()._,, 2-. I x~I) x~I) . = a ~ 'f 
~ I I I , I I • 

,I. . I 

Now , multiply 11 into D7, 

Hence, 
and e = 2. 

-Z: -Ri )( ~?.) x:'J :: :i. ¢ = t ~-J: i;2
J 1i ~~J ==- t 2 t./ 

1' I I I 

a = 0, b = 1. Proceeding similarly , one finds c = 2, d - 2, 

The energy level of an atom in a spherically symmetric potential cor­
responding to ) ::: 7 will split' irito six distinct levels under tne influence 
of a: crystal electric potential of_ cubic symmetry. 

5-TETRAGONAL GROUP 

Here , the group consis,ts of 8 elements in the following classes : 

,. 

G 
·, I 2. 

r; 

r+ 
fs 

c 2 - rotation about z -axis by --rr 

C 3 rotation about z-axis by ·±.-rrJ.,,;_ 

c 4 rotation about x ,y axes by -rt 

c
5 

- rotation ahoµt ·xoy by --rr 

TABLE 2 
Charact(" r Table of Tetragonal Group 

E CZ C3 C4 

l l 1 l 

t l 1 .. 1 

1 i - 1 1 

l 1 - 1- ·- 1 

2 -2 0 0 

( 1 element) 

(2 elements) 

(2 elements) 

(2 elements) 

C5 

1 

. -1 

- 1 

l 

0 
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TABLE 3 • 
Reductfon Table 

Character of"the classes of tetragonal 
:;.·otation group in the 2f_ + 1 dimen­
s ional representation of the spherical 
:rotation group, 

l E C2 C3 C4 C5 

0 l 1 1 1 l ... 

.1 3 -\ 1 - l 1 
-1 

., 
'" 5 1 ·~ i i 1 

3 7 -1 l ~ l - 1 

4 9 1 i 1 1 

~·: 11 -1 1 -• 1 = 1 .., 

13 l -' ; l .' , .. 

S- DUUBLE Gi<o•ups 

Decomposition of ·the zj + l 
dimensional representation 
of the sp:1,1.erical rotation 
gr oup in\o t~e irreducible 
represe~tatrons of the tetra ­
gona-1 r.otation group, 

Number of terms 

r; 1 

r ... ·;- rs- 2 

1-: + 13 .. r4- t n- 4 

I'.:. r r1 + rt/ + j,G 5 

'li; + Pt t 11 -t Pt +.2.G 7 

,..._ ~ "I .,i. ..... • ?T I 'i t'12. ,. t 3 . I ~ -+ .., ~ 8 

~r; +n 4--,..G + "l,n + 3& 10 

When an ator.n posses ses a half-.integral total angular momentum 
c:ua.ntum number j, the char acter of r otati on through an angle "!. w ill be 
t~iven by Equation(3 , l) , wherel is replacedby j • 

ry {E_\ = 10:...(J + :;J"f . (3.2) 
. /\ ) ,n.' /I 7o· ' . • . 

·, .1 . . /"'1',k. IV'='-
•{owe:ver , A,(!t ·;,,1r)--= -")((~) • , contrar y t o the previous cas es • 
(s in.,.ple group), and one mV:st rotate thr _~ugh 2"fr befor e t h e c ha :r-act~rs 
get bac:k to the original values , 

Und e r a r otaiion t h r ough an angle of ?.Ve a c h c hara de:r c hanges it s ign, 
;;rhich implie s that the cha r acter i s double =valu e d , .l\.l so the charac ters 
of the i.dentity rotation a.re dou.ble-v a lu ecL On ly ihe c har a cte:rs of 
r otation through an angle of Tr a r e s ingl e -va lu e d , 

X Cv) ~ X/171) ~-o, 
The larger double group is o.ptaine d hy i nt :rnd.µcing a nothe r element 

I1. ·which s atisfie s P...:4 = B4 = R j Rµ ::: E ., The:n. (: z s t ;~.:ys t.l1e sart1e ,v ith the 
nurn.ber of e lements doubled , C,.3 splits into twoc l3:s s e s C3 {rotationff) 
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1/ 
and <;:: 3 (r.otation by - 7t,) with 6 elements in e.ach, C4 remains the 
same with the number of elements doubled, and C5 splits ir"ito C5 
(rotatio:n ;., by ~+2%) and C5 (rotation by -771"/4) with 8 elements in each. 

• r . - r· -
In the double cubic g roup, there: are altogether 8 classes, and 

hence 8 irreducible representations, the dim ensions of which are 
give n by 

In this m~nner, the character tables for the double. cubic and double 
tetragonal• symmetry groups cari be worked out. In Bethe's article (9), 
double cubic group,s .and double tetragonal groups are shown on pages 
155 and .152., respectively . Other symmetry groups are dis.cussed in the 
following references : the t:r:igonal double group in Refe:rences 10, l 'l , 
and 12 ; and the rhomic double group in :Reference 9 . 

7-S E L.ECTION RULES. 

It can be shown that the probabil ity per second that a magnetic 
dipole makes a transition from a state l to a state 2 tinder the 
influences of an r-f field wl10se, magnetic vector Hes in the directi on 
of x- axi s (steady magnetic field in z-direction--} is given by 

r = 1-fi. I< 0_/ q f5 Jx I 1>}'· f( ~;J 
w here g _:~/x i s the operator for the x-corpponent of the-magnetic 
moment f'\;of: an atom. . · 

For the magnetic dipole transitions to be allowed, the matrix 
element of the magnetic dipole moment connect ing the two states 
must not vani sh. According to group theory ( 12) , the matrix element 
between states characterize_d b)'." r~resentations n a_nd n of a.n 
operator whose representation 1s / ')f1 does not van1sh 1f the products 

f; Pj fllif. contains the identity repres.entation j"'1 . 

The selection rules are tabulat~d in Ref~rence 12 . Their d eri ­
vations fo:::- the case of cubi c symmetry are given in· Appendix 4 . 

CRYSTALLINE STARK EFFECTS . 

SECTION IV 

General discus s i ons developed in earlier s ections will now be 
•. applied to cu++ ions in crystals , : 

The str u c ture of the CuSO4 •• 5H20 crys tal has alre9-dy been di s­
cus s e d earlier in Se ction IL The water molecules and the polar i zed 
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oxygen molecules give rise to an electric potentid of cubic ·symmetry 
and a weak potential ·of tetragonal symmetry about the ion . . We· sha:tl 
first show , from the group theor·etical point of view, how .the ground . 
state of a free Cu++ ion splits under the s e electric fields, and next we 
shall calculate the exter,t 6f splitting by mea:rrs of the perturbation ,· • 
calculationso 

ti!' 

1 -GROUP THEORETICAL- CONSIDERATIONS 

According to Hund's rules the ground state of Cu++ is 2n ·•r. 
(s ee Appendix 1) , which, corresponding to,£= 2 , is 5-fold 5z t. F 

degenerate . Under the electric field of cubic . symmetr~Y'the 
origfoal S .;; dimensional representation· of the spherical group r-ecuces 
t o the irredicible representati.on f3 and f's- of the cubic group .(see 
B ethe (9) , p , 143 , Table 2) , the dimensi ons of which are ·2 and 3· · 
re spectively. 

,.<') Under the action of a sma.11 field of tetragonal 
;_/ ·;;;;ill undergo fu r ther splitting given by 

~\. r(,,, + 1r·~ -t, 
Is · =- s -t- t 

{lj 
m 'j''-t 

! I 

This is v e r ified in Apperidix. 4 . 

symmetry 

.:i.t· 

(2) 
re 
hand 

\, 

The spl:tting$ prod.uc~d by fi elds of c.ecn:;;i_sing syrnmetry are a s 
d,~picte d below: 

-,-._b fl 
i F'-.LM,V~ 

r.n 
D 

r·, 

·, . cf <\...,. 

F'rom g:rcup t h e o retical c onsideration s a lone i t is not poss ible to 
C·,.,,., ,.,..,., . ..,,,,1·nc +h~ n·1r·na,r1· c'-" l ssal t1e s r,.e ,;.1-,.,, <:pl -i + +1· n a "'na' +]~p ::i:r,,~' 3.ng· , .. ·.,nen+ o·f ,1. , _,, t,C .:~ ~ .L J.. _ • ... . e "'- u .l. '-· c:.. " ... \,;,.1. t,l, ,l. ...., c.., _,.:,i., "' - ... 0 - ..... J. """" L.. . -·· "'-:--· ;., -

the energy levels. In 01.·de:r to d:::,te r mine these ont: must c3,1..·..,., y 0 1~tt. t!:i e 
d,~generate p e~rturbation calculations , 

:, .. :·:-rP L ITTING OF THE .GRO UND LEVEL OF THE Cu++ ION Ul·~JYF.: .R 
TI:U•.:: .ELEC:TR.IC FIELD OF CUB IC SYliFMETR Y 

Let o·rbital func:tions fo r t h e D s tate b~ :ce:presented by 

·' 
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In order to obtain matrix elements of the cubic field we resort 
to the following formulas ( 13) : • •• • • 

< L, ,,, I V ~ I LI /.1 > =- k T f M 
2 
{ 1 t1 l +.s-- t l (, L + I)} 

(_L/h/ '/~/L1/.1:Lt)= ~ {{L?11)!(L±l1tti-)/}Y-i-
• • {L±11J!(L111-4)/ • 

All other matrix eJements for whith llH -::j;,.o yv /JH+±..1-vanish. Here 
L is the orbital angular momentum quantum nun1ber, and M is the 
magnetic quan.H1m numb.er. The constants K and p are relaited to 
Dc in Equation (2.2) • 

<±;i./ Vtw?.:c, j ±2; == - K ·+/2- p 
< ±../ I I ±.I) :c - K -t ~If p 

I._ 0 I j O / -=: ~1< 
<,. I i -:z > ~ -1 :z 1'. 

' 
Note that the signs of their matrix elements are opposite to those in the 
general forln/ulas, This is because of the fact that the combined effect 
cf 9 electrons in the third shell is_ equivalen.t to one positiy e electron. 

Secular De.terminant 

2 1 0 -1 -2 
2 -K ., 12p E '-12p T - 0 0 0 
J 0 -K + 24p - E . o 0 0 

0 () 0 -K - E 0 0 

- l () 6 0 -K+ 24p - E 0 

-2 .. 12p [) D D -·K + J2p - E 

=O 

We let K + E = €- and arrange the determinant such that rows and 
cotlumns for ;M f ± 2 fo:tm a 2 'x 2 block. The resulting eigenvalues are 

These giv e rise to the splitting of the original D-level under the cubic 
electric field as indicated in Subsection L From these eigenvalues the 
stabilized wave functions can be obtained in the follow ing manner : 
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C;i,,/2,,f -t t'!1-1_/1,,,,/ =---b 

(1z :-== - t,_ J ~ ..J 
..... ' '-

tfl {-ti;)-r('?-: llp -;.{) 

tl/2 ~ ( '1~2- :,-~ 

According to g:roup theory these stabilized func tions a r e the repre­
r·.er;.t 8_t ·~-,;;:" ~ 5 0~ the ·h_,.,o ir:reduc·i h l~ rep :r e ~-ent a.tl ons .of -~:b~~ r- 1-1b'1c _ g i-:- Ol.'1p ~~ 
~:1r1d.. J}, 

fY 
re 
13 (4 . l) . 

T c d e te r m.ine tp.e symmetry p :rope r ti.es con s ide r fo r example t he 
:Cirs~_.;'> d of t h r ee functions , This_ set m,u s t be ..repres ent~tive_s o!. (? . · 
...... 1 . 1-- _,....-~.-:! ~-~ .l.- , r-,fj-· - "i"? ..1..1._.,.....L J._1 __ _ _, ....,_ .L, .. ,,., Ti , -,-+- .... ,~ .~ .. -..1-.. ~,..-_,,.,.,,,i. ,(-1-....-,. ,.,; • .,. .._ .,.'11 , ,.,, 4-._ r ·i. -;.""'.· cC: ur -/ S -.· J.lt U .L Ut.:,.r. LV ::i lU\,y l,Jld.l., t1L1.~ ~•ct, s.~ ( }P .u::,:. 1.., u.;;::, ,:J U.UJC~ !.• \,.U~ .:.(.J._l. .L'l..,t.,1. "J>_L!:. ,:;, 

i;o :c ntat ion.s of c la s s C 3; that is • 

-/ ,, ,· J 11.· \ 
(J,,t( iDj· -· - i 
~7 .._ T ?.,:.,I 



Hence, 

Therefore, Character (C 3) = -1. 

This shows that the thl".ee functions are the representatives of fl.~ 

3-FUR THER SPLITTING OF THE LEVELS UNDER A WEAK FI.E:LD 
. OF TETRAGONAL SYMMETRY 

Assuming that the tetragonal field is weaker than the cubic fj.eld 
and using the wave .functions obtained above, we now proceed to 
diagonalize the tetragonal 'field . • • • 

19 

The perturbing Hamiltonian due to the tetragonal symmetry elec­
tric field is given by Equation (2.1). The nonvanishing matrix elements 
of this term are • 

Hence, {if/ tlw1 I il) -=- i <21 w/i-) -1- -1, t-2-/ 14zt-/-2;> 
-;_ ;_K; - 3 f; 

<cf2-; 

<of3/ 

<o~Sj 

I 001-) =- .• --4 +:~,; 

l~f;) = -~ -3(f} 
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Secular Dete :rmir:ant 

... -~-J· o if I • 
I 

\ 

I V'.1.-

f
_( i.J 'I . '9 '/J-

i) ,;) o/ 
-~ . 

(/ I I 
.... () ' 'tf/rP-3f,-l 

--· -,-

1}~'2- V!f>+~-'-
~ ol.f 71/;r r #f--t=-

't tt 
_IJ I I--~ -(- J ; I 

I 

~j- . ! l >rR -r I 
determmar.l 1S c 11a onal , .he ei c . +l· .~...;ill ,:,ince .. n s , g g envalues can be ottc1.1ned by 

'l.nspe:ction , and further stabilization of t he wave fonctl.on s is not 
n ecessary. Upon investigating the symmetry p r operties of t he v1avc 
Junctions {Appendix 4) , it can be shown that 

(4,2) 

AHo,vcc. magnetic cEp oJ e 
't:r ansJi:ionE; 

F ('J :r c\- n,o:r e detailed term s tru ctur e for Cu++ in CuS04 ' 6Hz0 crystr1.l 
t he rcnde'J'.'S are referred to a paper by P o l.d.e :ir ( 1•1)" The d 1. s e1·epan.cy 

.. bcf,1,1een the s p litting s obtained hc~:re and P olde :r. 's result n1 l1st be duE: t c 
th e fa.-·'l; 0,2.t he u.sed t h e following c:ryst.alline p ot ential 

I 

I 

I ., 
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where the Q (z4 + 6 x 2y 2) term was not cons.idered in our calculation. 
The constants A, D , and Q are given in ter~s of the dipole moments and 
the distances between the dipoles and the ion; -

A :::. ..;.. 3 {~ ~ ..&) • ]) :: • - &e (1/-A + 3 '") 
a'f .t" • ,) .. + a' . .e' 

Q ~ ~{ft .:f,). 
~ / 8 Vf , S-f/yf) ,, 

. ' 
, f 

.l. 

4-TRANSIT.IONS·AMONG THE STARK LEVELS 

a-Electric Dipole Transitions 

The electric dipole transitions are allowed if the matrix element of 
the electric dipole moment is nonvanishing. However, the wave functions 
for the Sta:c·k levels arising from the same original level have the same 
parity, i.e . , (-1).R- . and hence are simultaneously even or odd. Thus, the 
matrix elements vanish and 'the' transitions are forbidden . 

b-Magnetic Dipole Transitions 

The Hamiltonian which gives rise ,_to the magnetic dipole transitions 
is given by • - •• • ) 

I ~jt4_~~7),:~.·-
~ . ➔ 

where r B is the "Ho~ magneton:~ of the electrsn , L'. the orbital angular 
momentum _operator , S the spin operator , and H05 2. the oscillating magnetic 
field vector of the r-f field, ' 

Let us disregard thr.; spin of the cu:++ ion for the moment (D state) , 
Since the orbital magnetic moment f'LB-L is aniaxial v ector, according· to 
the selection rules worked out by Kittel and Luttinger ( 12) , we find that 
t he following! magnetic dipole transitions are allowed between the t etra ­
i:;Onal field Stark levels (see Subsection 3) : 

-----c7 \ t 
f/ffu._ I/ 0-b-~t'-B !Ji -7 171 
--') 

I-ht I/ ~~/.s 

. . 1 
Since the ener gy separations are of the o:rder of 10 ,000 cm~ , the s e 

transitions occur in visible and infrared regions and a r e re s pons ible fo r 
the color of paramagnetic crystals , 



-~- u., T.NTR.ODlJCTION OF' SPIN -:~ 

Next we diagonaiize thb ele«;t.:ron :s piu-•o:rbH term 

\ 
➔ ➔ 

/ (L· S) . I 

The wave function which takes electron spin into account is obtained by 
m.ultiplying the electron spin wave function into the · orbital wave function . 
For example , the wave function for i]-t- bee omes • • . . 

(/.,_ fl/-! cJ 1/.,, -r </- i ;3 
v-z:. ; v-;:, I 

where (X and . f are the Pauli electron spin function having the eigen-
vaJ:ues + 1/2 and - 1/2 re8pectively. · _ . _-- . 

Consider now the symmetry properties of ~he new wave functions. 
l:,_ccording to Bethe (9) , p . i53 , the functions corresponding to the 1/2 
s pin angular momentum in the tetragonal double group belong to the 
irreducible representation /{; , Us ing the double tetragonal gr6up we 

::ind ,, a , 1 c~) (L} _ ' • (Z.) ' w 
/; 1t, -::_ r:.. 17 ti •·It 

1 
;; /1 r, ' / Jfl = ;-; 1 + 1 ? 11 

, I (;) - -7 ,J . -

/iJ ,~/ ' Ill I ' J_ ..l 

_}L__ - - - - _t ~IJ~ "; I T it- I ~-
'1 • [~. - r1 -~ -t --1, - -r-J.-. -

___ __!lt . ___ ___ __ ___ _ _ _! _7- _ _ 'V-- j~ __ - ~ ~ .1 
(11 G) \I' 1 _n (1-- ..i.. II . . l - . ·· t · ----- --;- -.-_ -----_ rJL t ~-

~-- - - -- -- _!..2..__ --- __ :¥,, _ _ . 

Tetragonal Field 

W c note +.hat the electric field re-rnoves all but the sp in degene r acy 
a "' predicted by Krarner ' s s pin degeneracy ·theor.em, Acc:ordiilg fo the 
selection rules given by Kittel and Luttinge :r- (12) , the following trans-

'-) 
> ! ! -

H~.J.. --t: o.,t ,':.s .'. 

Th,,: e: ?-. >c: indicated on th>:: diag:r2..:rn of the tetragonal fie l d , ·· 

1-, I 

· .. 

I 
. 

I 

I 

I -~ 
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(,- SPIN-ORBIT COUPLING 

According to Kramer's rule the spin degeneracy can be removed 
only by an externally applied magnetic field. Since each one 6£ these . 
lev~l~.., contains only the spin degeneracy , the spin-orbit coupling term 
.A(L· S) cannot :remove the degeneracy involved. 

This statement can be verified as follows: 

cl I~ C /.5) /'Iv) "'A f tfv'' + If. f ,<Ji-- (Z.I J IA .. (,?., D( J-x 
~ . ·.~ 

{L, s) = : (lK 1 l ~]Sy -t' 1
0

) -ft ( Ix -t'L
0

){Sx ufy)-+ 4-,91 (4. 3) 

(L 'I t 11 L ;)</4 --(t(L ~I )-,~1~ :tV {4:t:J 

·~ l. ~r ~ :~~ 

( Sx +_ { f()) f- ~.~ 

(4.4) 

I 
(4 . 5) 

Hence ' ,( N). { l, 5J / ½) :c 4 U { <f}-L, !/, + 1/./ Mlt :,__ f y1?/ ,J?,_ -I f/_;"j ,-f/-J,I ~1 
• L,c<~~ =-0. 

Similarly, one can. easily show 

<'~/ J.,,\ ( l ,0 I-½) ~-<-·t/>i(L,f) I Y.) ~ (~ {, I J\(t t1) I~ /1.-) ~ (J • 

Hence, the g r ound s t ate will: neithe r split nor shift unde r the influence of 
the spin-orbit coupling in the fi r st - o r der calculat io.n . The:· wave functions , 
however , are affecte d to this o r der of approximatlon. The ' f i rst - order 
w2,v e functions a r e g iven by 

<L~ ~ b+~ + ~ / ( d )~{L1.5)}f_2 . ,~ p . 
T 11 Eo<- £(J 6f ._ 

. , /o( I i • o • of 
where 01{ a r e t he w a ve functions g iyen in Equati,on (4. 2) and 0 /: a :re the 
corr_espo_nding ; eig:nvalu e$, The ';;</f t_hat w i ll cmit r ibute to this c orrection 
a re Ju s t those hav mg the san;i.e symmetry pr operty as .that. of the g r ound 
state, T ~_e,. gr:mnd sta te is / 7 : '!'hos e. cqnt:r;ibut~ng t o t he c o rr ec!ion will be 

1 ' and /~ 1
• 1 h e rea s on for t hi s 1. s that ~ {L · S). 1s a sca l a r quantit¥ ~nd hen c e 

belon g~ t o ;7 , The:refo re . for t h e n1ai.rn:: el e11:1ent <cl/ A (L , S )Jf / . io b.e 



. 1· , 11J.f-' P,_ /7 /4 + t . Ir;, n · , -s- 1 '\ nonvanis nng , . , 1 fl - 1°: 1
1 

rn".ls ~ con c:,E)_ .- _ •'-esorr~ng to .i, et 1e \ 9, 
{Table 7 Oh, p , 152) we can easily prove that /dl; contains j]' but n 0 
does not contain r; •. Thus the states in 2:o which are significant for 

r .., , d r:" ... our purpose a:i'e 11, 1'1 an _ ,; . 

r7 
,1, //',;, , /. i - K + 1/..., rx ~ + v.,, /2 

' /f {, 'J, °'ff/ ri. ) v'7: . / 

p , ' oV (~l/df) - ~ -V-:1 d V-., - (,~ I. /J' 
~· ~ ri ') v-z. . , f 

-~l 

/; 
,, ( I,,(("> I; 

ol d) -- tp i./~12~ ' I I 
0 7 C 7 } '1 - vS cl) _ ,Y'~ 

S ince the teb:agonal Eeld is weaker than the ,::ubic Held , the changes 
i-nt:rodw::ed by the tet:ragonal field mll st be small in cornpa :rlson to the 
s pacing of the cubic levels. Therefox·e, we may safely u se the lat ter 
i:nc:rgy l evels ~ 

'Thus the wav,~ fu:1.ctfons for the po 5itivf, and negat ive spin' stat es 
of. ;",h;;• gron:nd state 1~· 1 are: 

;_~l1f. J·_:ir .c~.t.r.'L-:{. c.lc: n"")_ en.ts in'\ .. 01\"etl are ca.lc·ulc.te<l b~f rr.1a.l:::ir1.g ltse . .;:.:if the 
E:qc,di; o:r-.s f,t<f1, {,-1,4). and (4 .. 5) 

,;t)l' •c (#' 
I • r- t.. 

(Z' 
I' ;.:, ,, 

I 
I 



C" u1nce 

...: 

j = -

i - 0 

where O is the Hermitian conjugate 6£ the operator 0 , 

ZEEMAN EFFECT IN Cu++ IONS IN _CRY~TALS 

SECTION V 
, . 

25 

. (4. 7) 

Let us now consider the Zeeman term in the Hamiltonian-namely, 

Js /$ ({Z-t £),il) ~-
This term is of interest to us because -the splitting produced by a 

magnetic field of the order of a few thousand gauss is comparable to the 
energy associated with electromagnetic wav.es of microwave frequencies, 
i.e., resonance absorption occurs at these f:req:ueilcies . Moreover, only 
the transitions among the magnetic levels of the lowest electron state · 
give rise to appreciabl~ absorption; other higher states are not :Sufficiently 
populated to produce observable effects , This follows from the fact that 
according to the Boltzmann distribution function , the ra.tio .of the populations 

_ N 1 and cNj'of states i and j is g\ven by . • • • 

-t··-£)/IT ;v,/ /II == e . I I . · .... 
w her e Ei and Ej are the energies of,£he s tate~ i and j respectively. Here_ 
Ei - Ej is of the order ·of 10 ,000 cm - .1; _,whe reas KT at room temperatures lS 

of the order of 200 cm - I T'hu s the population .of the higher s tate is negli­
gible in comparison with that of the lowest electron state. 



7 6 

-•; • ~e shall '.l0w pToc:ed to .diag~mdiz,e t:ie (:e nergy ~peratm, <jsfs({z--'t_;;_/}ii) 
,Jy usrn.g the wavE: functions given m Equation (4 , 7) •• G 

"\ . 

<k!f'+.21J,H)/1i/ =Io 11.;:-,(f)((l,uJ'"il)o f;/•ff Jh 

= f :4J'(f) o(F,:i1Ff) v,;:-,r; )It 
- . 

/ ~ ~ -7 ) / / . J 1; (_j_). A. J • (J 1 , _r. )J-/. 
( { /... -f ~} H ;J = ( i ~ -f ;)f~ tl,t; + 2. f f Ji;J.H- 'f- t, L- ..,. -,/ -f 

t-}_ . ... It t t' ~) . 3:t_ ·- .)x i I . 1 J f/t_ .~ 1-/4· t / 7 ~ 

W e expand the ope l"ator O '( (L + 2S) • H) 0 and disxegard quadratic 
:r,e:nns in.\ and terms whose matrix eleme nts vani s h . 

}Je1 e t he foJJ.m,lh-,g (•perat o :r equati.ons were us ed 

r ··\ ti _ "Ir- ,\ 
,> t • :) i: ~ .) ;t C-' i + I_J 

,( j ; .1 / .2.. /_ .•• . 
/. ·- l .,- = i... ,_ L-.:;... - - -2-- . 

• 'he ;:-natrix: elf.:HJe nt s arc n'YN calculated by rr.L~king ·use of the forrnulas 
f,4A·) a.no (4.5\ - .-. 

1 

'. 



it ;, :4✓ - l:ll 
j.L ~ L[t- rcLE} 

The secular determinant now becomes 

Hence, 

ifa 1~ H+ -t 

-tfrs ~.J-H_,, 

• E-1 2- =- i-if k f/ 
. . ) . . 

½ fa jJ. H­

-+ fed-11 H~-E 

where J ~{;~~-I}'-~? 1 
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( 5. 1) 

=-tJ 

(5 .2). 

a.nd 0 is the angle that the magnetic field makes with the tetragona1 
field axi'?. The values of g for magnetic field parallel and perpen­
dicular to the tetragonal fietd are g , 

1 
• and gj_ • respectively. This is 

the reason for the above notation. . 1 • 
-~ 

➔ 
I H 
) 

I 
'- I I 

,__r.,...~_ -.__J 

Exve rimentally , gll = 2A and g..l = 2.06. Let us now proceed to 
stabilize the wave functions . 

~ I ( t Af! I/ llt- - E;) -,-
• ) 

e ;.,,. -;; h J_;_ II- ::=-c; 

{-/IJ # .t I/-; {-6/4J11llz2 ~£2-) ~ -
.Let 
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/ 

',;I '}J-~ ......._ _____ , ______ , 

• ' 
·:· h<c:se fu.ncticms a:r e n eeded in th e n ext c bapi•! ;r fo:r the C'8,lc11laticn 
• ;: the hyperfin.e . s t r uct i-11·e., 

SECTTOi~ VI 

;::ienr c.' sc(:'?.) ·,.,vas the fi:r.st to discover that theC>.: J ' };;n ,:;;t;; so:rpt.i:-u 
c 1.,rv e ,_::c;ns'i.st s of f o u1' components w h en t he s a mple wa ~ s·o.:i:E-: i ent.ly 
:r.:ci.agne t i cally dilu t e. This structure i s k nown t o he du e to the. effects 
,··f' ·i-~ t· e · -· ,., ., • . ;. 1· c) ·,, ,yf ,. '·1 =- ~] P ~ t· 1·0·1" .,,.,~ t '11 -l' }1 P ~ • pn e '" ·n•·,.., = ·u '"' er• }, ; "" he ··- -r·-·· (i .·.,. : ·; ..• • •• ~ .. -., :. ·' o. , ... ~ •• "· ,.,. " ·' .~ 1.. • •• •• • 1.. 1 :"' v, .: v .·- · c u .t' ",:'." · . ~-u ---., .. . _ .• , . .L ., .1..·. \, •. l . • •;; •. ) . 

'L hu; e t f.ect 1s '.i.'10\V d.u, n 1sf1ed rn t.be follow mg bubs e cbon s . 

(5.4) 
., 

) ' . 
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1--HAMILTONI.A.N 

Let ·G,s summarize the nuclear interaction terms in the .Hamiltonian 

Electric Magnetic 

a. Terms-A-.dsing from the Interactions with the External Constant 
Magnetic .:F'ie1d H . 

(I) Electronic A (c zn;) ·iiJ 
(2) Nuclear (/:, N)· 

~ • ' . • 

ftz:,1- /1,/t( I (nuclear magnetic mmnent) 

~ t.f ) t(-:. ~HC, . (nuclear magneton 

j'Jtl • nuclear g-factor 
---:} ' 

T ·.:::: _ nuc~ear spin 

b , Terms Arising from the Electron'tc -Orbital Motion 

T11.e interaction of the electron orbiµl m~io.!l, with the nuclear 
magnetic moment gives rise to the term. a L (L ' I), whe:re _, 
aL == . 

1
M,1 ft¥ js.H.t/, I)~ in which r 'is the radial distance from 

the nucleus to th'e electron, 
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t:, :S l.c d ronk Spin . Nuclear Spin Interaction 

;I'l1ese i11te ractions give 

/) 13t~-;Jrs,2J c~ , )I 
"1L "') ----· 2.S / I /2L - . . 

d. Further P r oposal of Abragam and Pryce ( 15) 

_ It was proposed that the elec tron ground state consists cf a small 
amount of admixture arising from an • unpai r ed s-electr on, For such 
an e l ectron the magnetic interaction with the nucleus is given by 

~ ~ 

a 3(I ; S)o 

T he c oeffic i ent a3 d epends , ar.,ong other thin gs_, up.on -t l1e v alue oL the • 
n-- electron wav e function at the nucleus , 

::,.,ORIGIN OF THE .ELECTRIC INTE,RACTION TERMS 

w • crystal inte r action betw een t he electronic structure of the 
magnetically active i ou and t.he electl'. ostati c -fi.eJd 
::lf the 1attic e 

' W ) \ Q cry s tal ' 
inte r a c tion b etween the e l e ctric ~harg e d ist r i­
bution ov er the nucleus (nuclear electr ic 
quadr upole momenL) a nd the elect:r0static :f1•2:1d 
of i he i at t ic e 

r'lH:: .·~· ... ,:·1stall'Lc.,:: 
i.: g Q_;:i.tion (2.1 ), 

interaction b etween the · elec t r onic s t:r-,id u r e of t he 
i on a nd t h e e l ect ric char ge d istr ibution ove:r t he 
nuc leus .. 

. ... 
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According to the addition theorem of the spherical harmonics, 

~ = On· ff t,.,; a,, f ~ 19- ;fh~ f) ;I &;; ~✓ • 

Hence, (Wa)crystal = 

i~
0 
t{~Jt)N ~&,,LP.; t 

x ""?: { ,_ - );,,A) _I,~-:::;- { bli,.JYP~"'f me,;) &o ,.,J// f / J Vv-
. . . . : 

.Assuming that f,.; is syr.1.metric about the nuclear spin vector, or f.,11 • 
is independent of f/k , and making use of the formula: . 

'1.JiT i &n rM if ;I r/J =-I/~ 

(Wa)crysta1_ - J. (,~) V•t· 6) I// ~ J) D · . , ) Z j 
2- - ?-i''l,, Jo r I/ tn fly I I j fiN rr { tn GLiJ fir '2;1 t¥1'.J/,rb,J 15¾; 4 d ff 

. . . . 

-- J_/2!..'' i~ . tJ u· ! "1-/ ~ . ) J 
- J L 9r-')D l"' UC -I J /2,/ c3~0-;I ' -uf;/ ' ?1/. 

The nuclear e lectric quadrupole moment is d efiired a s follows : 

~ Q ~I Mc3 c,K)·YJ11-1)tl/ir,,; 
Henc e (WQ) . = ' cry stal f fff;,)-e Q ( 3 &-o"',p -/) 

''.f0 obta. in t he qu antum - mechanical operator , :: onsid e r 

( WQ)crysta l = -# e:::~ff,1/if{3tto"4-1)J1,;) 
whe :r e that angle o{ i s t h e angle which the vector r N m a kes with th€ 
z •-~is fixed in space - not necessarily c oinciding with the di:n:cti nn 
.d I. }t t urns out t hat t h e integ ral is p x0portiona1 to • 



takE. ,, p a r t.icu-

Thus 

( 6. l) 

For la r ge v alues of I , this approaches the classical expressfon .givt:n 
p r. eviously,, 

Thi s tenn a.rises from the electros tatic inte r act.ion of the nuc .lear 
:;,'no. electron charge distributions . 

"3-

/r 

J. / 

/ 

1) 
'-' 

J 

'fhi.s elech·osta.i..ic interaction eue:rgy i s s een "i:.o be 

W ·=- . -

nucleuH 

'.l'hen , 



By repeating argurnents similar to .those giver, .ea.rher, ,it can be 
s 1)own that · • 

'w ) l Q electric 
'('6 "\ • t, I 

The c?mbine_d ~ffects of (Wo)elect, and (W Q)cryst . are to make 
the hyperfme sphttmg of each electronic Zeeman level un,equal. For 
instance, for Cu++ (I== 3/2) we may have thefoilowing situation : 

¥111-~1/i.;- _, ___ _ 

-------

(- . DIAGONALIZATION OF THE NUCLEAR MAGNETIC INTER.1\CTION 
TERMS 

. _ . We shall now diagonalize t he nuclear magnetic interaction terr.,1s in 
Subsection L The ,electro __ nic functioµ s for tl}e g-r oun9- state,s s ·eparated 
by the exte r nal magnetic H e ld a r e given by T+ and 1~ in Equation (5.4). 
For ou:r purpose we shall wr.ite them in t he follow ing form 

-/2 ~ 0 ( Ye/ i IJJ'/J) - JI i ,J/i ( "/rt f r;,Jj!,) -· .A ._ ( v l + 0-? -.f 1J"i _ f/4cl) 
/ 2 / 'I. . / . ✓ 

~=~(</21-<l-),J l Ji/= _j J __ v\~.:.. ) ((:::)) 
w F.ere 

. E~-1?.1 _- . Ef,....E-1 

and 7,v·- C •- - I 
• f <-- · • 

Introduc ing the nuclear s p in wav e function 
w ave functions now bee om e 

The nuclear magnet ic inte r a ction e n ergy op ei·a t ors m ay be w r itten a s 

(.6. 5) 

follows • • 

111" 4, r(;J ~ 4, { 3 f~;f -;, -:;J_ ti, 1J} -1:~, rJ.J J-i-rli. ii) 
( 6. 6) 

I I 

1, 

1· 

u_ 
- -
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·\i,.rhe r e a1 , a z , and a3 are {insp e cifie d functions of 1· only x ·;"j -:;:,_f',l/-,, (6.7) 
a nd H is the exte r nal constant magnetic field. The I?atr ix elen1ents of 
these operators with respect t o the el ectronic and nuclear state func -
tions Equa tion (6. 5) turn out to be (the d e r ivation is given in Appendix 5). 

i (I ~ ,1J ci /,,. 
. 't- ,± .J-, »i:;_ of# d .. 7- w.:I- at,, 
, ., I I 

w here 

.l
.3:J. __ ""'' ~L j -(It 1~ 1 · - !t\ (.2 ·+ 3.A ,;) 1 ,i;_) fry 1:.-.1,J ~) -+Y f/ · 

..i. l 1 ~ · ..... J t_ · / -2- J 

and al ' aJ , and 'a 3 a re the exp ectation v alues of th_e ·bpe 1·a t ors al • az , 
a nd a 3 ,v ffh r espect to th e r adial func t ions fo r t h e ground ~tat e. 

,'-Hnce n. Cu nuc leu s has spin 3/ 2 , 

{°1"1~./ I + /1,i1f)-=- v!JJ1;-:._·m/(~~ 1 1-1) 

/ 1
1 1 .. -,- l r---- _, 

._ M·,;./ .. L / 31,/) ~ V 1I'/~J - n1::/ (t11/-I) 

(6.8) 

( 6, 9) 

:.rbus , t h_e ~a~cu1.a ::r_ d e_t e rn1ina nt fo r t h 1= upper e l ectronic IeveJ designated 
oy a + s1gn JS a s 1nd1c ate d in Table 4 ,. 

• I 
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Intr~ducing v, w , .\, and .A'1- in Equation ( 6.4) 

). • 'l.. , . 

• '},,< -1),J = J11 /j ' ~~-~ 

✓) ~ = i ( 2 - j.1)' ( 6. 11) 

Furthef, we ~et Hy = o ; for which C{3:Se 
Equation ( 6. 9),:w~, qbtain - -

o<* :=--()(, 
' ' 

· Then, from 

(6 . 12) 

f-- - .s 4 -J..& • 
- 41 t;f 11-;:;J + tJl, 7 ( f.1- -2) - al, 1 -ra:1 ~ ttrarl 

' 
-1- rll w e-. 

When 

Recognizing that )17:r. -Yf/ repre s ents the e _lectronic ene,rgy level due 
t o the spin ' state m1 of the Cu nucleus 1 

m ust r e p r esen t the hype r fin e c omponent separ ation in a parallel mag-
netic fiP id , • • 

Sim ila rly , w h e n II _j_ ~wt/S . . . 

~ M,J {a-';~ -2) ~l[;_ ~f/1 -z) 1-4. ; -t- t/; j if-r)'J 

( 6.J4) 

f';.1.U S t r e p resent. t h e -hyp erfine c omp onent sep~raticmin a pei-pend-ic:ula r 
m a gnet-Le field . . '. : • - • . . . : ·• - :- --~-

E<.1~~tions ( 6.1 3) and · ( 6, 14 ) de r ived .here ag ree- w ith the simila i- • • 
exp r e ss i on s obtained by Abr a gam a n d P r yce ( 15 ) i:md Carr and Ku kuchi (16) . . · 



• Introduci.ng the eledronic energy lev ,~1s without nuclear effects 
l~~i:;uation (5,2) _and substituting Equations(6. 12), (6 , 1'3},anct (6.14~ frito 
( 6, 10) we :obtam for the upper energy level . • • • 

. . . ½ 
j' 1 ' ' 4)· /-{/ .ti }1j qf/ • J) l- ·r,a ;,j_.q,) • \ 2., I '! 7 y 

.l.'.t(W,Lj = /j ~ f-/ -f L ~ a- - + Y fl J ~_,v 'Ii -f· -~ = -f /f/) /"iJM. ~ / tm z. . '1 ... _,. . LJ .. ✓ . .J ' 

Similarly for the lower energy level , 

[_ /1,,:r) = -jfe f/ - {( iJJ,L111 -fl/)7~1). 
~ 

\ 

\ 

I I . 

I I _I -

-/., - - - ,r -
! 

~-3/v I 
c~) 

;Ii--11.ri.S~.t :l (n:Ls in_dicated i n tl1e diag r am ar e the ·allo rv· e r.1 q11~ .s f x om 't11tC:~ 
s ekd:ion :cu.J e s d e ).·iv e<l in the next .:;; e ction: vn.thou'L f.he e£f ect .. :=; of the 
.,u1 d 1;: a T el ccL:d c quadr upole ,nornent, the s pacing .;::: be:t.w e.cr:rth t; hypeJ~fh, e 
J,~v els are a.lJ. the same , and conse quently t h e absorption frequencies 
(;c .1:_~·1:;.1· -,,;,;.;-·i. tJ::~ c- q,~-n:t s pac1ng_, 

(6 , 15) 
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7-SELECTION RULES FOR THE ALLOWED .ELECTRONIC • • 
. . . . • . ' 

AND NUCLEAR TRANSITIONS ' -

When the crystal is subjected to an r-f field in addition to the con­
stant magnetic field, the total Hamiltonian mlty he written in the follow-
ing way: 1 

• 

/ = ,dt, (time independent) + lf2. (time dependent), 

where 

Let us take the matrix element of it, connecting states character­
ized by (?hs.) n,;'1-) and {11,/, ?nz'). 

•. <)11J 1 'ff/t I 1tv/ rnis).rn:i.; ::: ,;_ ,fk <m.s' / (S. H ~ r!).1~ j + f,1J11 <rnl /(L1 H~)} m-i:; ( 6, 16) 

= :;_/'13 <""s' ;;_ ~H-Tl s_ J-/+ ,-t- S11h-jJ1fs)< m;.' /f>tr) 

+ hr;11(mz'/±Lfl+-fLf/-, + r~Jl~/7JJJ_)<hJsf/"'s-)~ (6.17) 
Here» H05 c is the amplitude of the osdllating magnetic field. 

a, First Matrix Elernents 

These elements will be nonvanishing if 

LJ rJ1i. = O Cl,.,.._j Li ffl; = o . j-u-r f/#Q.c, II ~ ,Y 

~m..s -=-t./ . fn l/u,...e '. .L ~N't,'-.S. 

The upper case is a possibility if the first excited electronic levels lie 
sufficiently close to the ground levels so(that r-f field can cause trans­
itions energ'¢tically. For the case of Cu++ where· the y:rst excited levels 
He above the ground levels by as much as 10,000 ,fm-~, the lower case -

. ..appHes, 

.Note that the tra.nsitfon probabilities for the case {a) are proportional to 
/t2. . Case (a) applie s in general to the electronic paramagnetic 

absorption. • • _ ' . • 

b. Second Matrix Elements in Equation { 6.17) 

These elements are nonvani.shing if 

A h1z = o 14-t J.I tr0e II i tvx u • 

Li Jll-:L -=- ±./ Jw . #~,. 1. ;?.-ut't, 



T he transit.ion p:robabilities c1.re proporticnal to r,/-. Th,. LoweT ca t;e 
• ·.;vould be the nuclear resonance in paran1agnetic ions which has so far 

,1,ot been. observed , Since It,; /l';; rv/0 (? , t11e electronic transition 
probabilities are large in col'nparison to those ofthe nuclear transitions , 

Weak Magn-etic F'ields 

In the preceding analysis , it is assumed tha:t there is no ap-,aeciable 
1nixing of the electron rnagnetic levels 1 Le., strong magnetic field case, 
For weak'He"lds-, the selection· rules will be much more involved. 

·--· 

.• According t~ the Hu~d's r ule s the g:tour,d state of :vrn++ is \ hs .· . . 
lf the g<round state is s tr ic tJy an S s tat~, the total orbital angular '.5,/ t. 
rnomentum of the i.ncornplete third shell' -is zerp , and con.c;equently i:he 
''' i rst two terms of the nuclear interaction Hami ltonian ( 6,6) ·would vanish. 
,, ince they are proportional to L (s ee Appendix 6) . The total rti.agnetic 
:.n+e:r-aci:io1:.. Hami ltonian then would be. 

1/,,.d -- I~ _1 ("i'.J;) --i' tl-:1 /i. ,f) -f /:,;/jY (l, .1/_).· 

Ze eman Effr c t 

·.-, 
He-½. l_ £"~1'S 

~'. <' ansition ;:,u,habiliti e s 

- (: cq :.c- tii:n.g ·j,N'. ·the staten1en t. i n r: of :S1.1bs ect i cr1 7 t~h -· :~.:t 2rP:'½.~,~d. 
t·:?.::f ·r~·:rJ )tlon.- tr~r:-.r~Jtipr~s occur '..lnder tt1e s·electio11 1·\1!.~- ~:' 

J 

These are indica.ted in the dia g:i:-am , 
·' 

. 1. •.· 

• ! 

... 



c . Relative Intensiti es for the Five Transitions 

<h1, +/ ) ~{>-$ (s , H g-gc) / iy.ts > -· f'E Y S(s+1) - Yn_s {l'-ls +t)' J-1 _. 

For Hy = 0 and S = 5/2, 
2 • 

/(rr1s+1/ ~ra(s-1t-r:,~)/111s)/ :-:. /Ae
1 Ht(~ t) 1J~,5"). 

In this manner we obtain th,e relative intensities of the transitions as 
indicated ' in the diagram. Note , however, tha:t these transitions give 
rise to only one line because the energy levels are· equ ally spaced , 

.. • d. Influence of the Crystal Electric. Fields Upon the Zeeman Levels 

39 

The crystalline Stark effects upon the ground state of Mn++ have 
been discussed by Kittel and Luttinger ( 12) '.1nd Bleaney and Ingran'1. ( 17). 

(1) V crystal = 0 

Under this condition the Zeeman levels will be equally 
spaced , and co"nsequentiy the paramagnetic absorption 
spectrµm .. consists of one line . 

(2) V cry .,,ta l 'f 0 

Now the Z-reeman revels w·u1 be unequally s p aced , possibly 
giving rise to ,fiv e lines . 

-} ➔ . 
Further , if 2 t-~ (S • H)) Ver stal , one may expect that there will be 
either gradual increase or -gra~al de_crease in the Zeeman level sepa:.., 
r ations , giving ri.se to a type of absorption curve : indicated above . 

➔ 4 • . . 

If 2_ ~ (S '. H) < V crystal•, on_e m _ay expect 11 0 sue~· 1:ymmetry in _tp.e 
separations of the levels , resulting m an asyrnmetry m the a.bsorpbo'n 
curv e as exemplified below.: • • 

e . Nuclear Levels 
➔ -4 ....I ➔ } ", " 

(-w.; , Yrll I 63(1 ·S) t ·i{J, ·F1) y'Y1.$ ) f}l'J.I/ 

63 { ± {IE+1) -· m:r( wiJ:-1-1) £ ("rn./> "m1 -t-l){s{s-r1)-»1s{l'rJ$ -1 __ / ~(wis', Yl1s -1) 
• ••. -, 

t- ·½_ {i[1 t-i)-"rYJr. (Wtr. -I) ~(M~ ) Yr1 1 -1\j S,{ St 1)-Y¥1 s ( rv,s+ J) S ('ML> rr1s -t-1) 

+- r'Ylr. ms ~ { Wl:r.) i'i1r) £ ( "h1~ , ;Y')s)] t fJ ir-1 ~{'M/J m:J < mj) (1, H) }"lri/;. 



-4 0-

- ➔ ~ -·➔ 
. Disregarding (I , H) ter:rr. as small in cc.impar ison t o the a ·:/I O S) 

l' i:rni we obtain a. diagonal secular dete:rrninant fo1· each val'IJ~_-o.f m 5 , • 

'The e i genvalues for m 5 = - 5/ ?. i'lnd - 3/2 are given below o ~be · spin 
, f Mn nucleus is 5/2 0 

- l.2_t"° 'J- _£, _S' ..:-iS" • --,("). 
'l'~ 5 = -s/,_ J E(mL)::: Os ( 4 J ~ J ..:,-,· "1- _. T ~ ·- ~ 

!. Tansiticns Induced by an R-F Field 

The selection rules statec. in a of Subscct:,on 7 appl-iel'l .for_ 
,princip~l absorptive transitions a ;e 

~ II _L
. I 

1 tru., _ il--t'i', / S 

There are thirty allowed transiti on:s accordin.g to- these rules . The 
.·c.rn.sitions 2_mong the nuclear l evel s belongtng tc the same electronic 

'ievel or the d ifferent nuclear levels belonging to different ele.dronic 
'.F~vels ,u .. ~ either exceedingly weak or forb i <lden, 

I /_,., ' 
- 0 ~- .i/_. .._ -~- ~- • I 

''•,·:- • • • I .- ·- . ·-t- ~-'---•· 
\ ·- > J \ ~- -·----~r-~------. 

·••.•-·,d,L--
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, Since the matr ix elements for these transitions. are all the same 1n 
:n:.agn~tude,_ the in!erisiti.es of the abs6rption lines are a~ain the same 
(.,,e~ .Equat10n 6, 17) . Note that ms g-oes from -5/2 to 5/2 as one goes 
up m the electronic levels ; whereas mr goes- from 5/2 to - 5/2 a:S one 
goes up in the nuclear levels . This i s simply due . to the fact that the 
electronic magnetic moment is in th~ direction opposite to the spin 
angular momentun1 ; whereas the nuclear magnetic momentum i s in the 
s ame direction as the nuclear spin angular momentum, 

g , Influence of the Crystal Electric Field Upon the Hyperfine 
Levels (Qualitative) . . . 

,;• 

The diagra:11 (F igure _3) would b: the case if t h e i~luel1>ce V crystal 
upon t he hyperfme levels 1s not cons idered , For 21-fs· (S • H) '> V . t 1 1 • t t · / cry s a . nuc e a r 1.n erac 10n te r m s , 

..l. I I !:;,,v w ith no nuclear effe cts ; 

~ ~m ·. ~!Ill 111111_ 11m ) y 
with nuclear effects , 

Howev er , actually it i.s found that t he crystalline Stark sp litting is smalle r 
than t he hyperfine splitting (3), -~(iving r ise to an asymmetric d i stribut ion 
of absor ption frequenc ie s. 

If all the hyperfine a b s o r ption curves are symmetr i c , then one may 
c onclude t hat the V c r ystal is weak and consequently the fine structur e 
(electr onic) abs or ption cu r ve i s symmetric . It appear s t hat the asym­
m et r y in the individual hyperfine c).b s o r ption curv_es may be ascr ibed t o 
a s ymmetric fine -structur e absor ption curve , for whi ch case V crys tal 
mu s t be s t r ong (s ee d of Subsection 6) . 

h , Popul a tion Distribution Among t hF; Fine Str uctur e Levels 
. . . •• ..,,£i/t.T • 

This d istributi on i s g iven ~y . ;{I; = c<e . 

w h ere 

B ence, k:T >> E 1, the v ar ia t ions i n the P?Pp:la t ion s w ould bt:! v e ry s :-:nalL 

At T .-v /° K , kT tv/"ll f/ f\./ I0-1~1/1 . - Thus , at thes_e tempe r a_ture s t he 
p opula tions of the upper l evels may be suppres sed 1n c ompar i s on t o tho s e 
of t h e lowe r levels, resu lting in c hange s in th,e inten s it y of t he individua l 
abs or ption line a s one low e rs t h e tempe r atur e, En gland and Sc hn e id er 
lowered the tempe r ature to 4 . 5K , hut no changes 1.n t h e intensitie s w ere 
ob served. 



.Hov✓ ever, there rnay still be cna.nges in the geuE::ra.1 ::_,::.1 '.1ct.ure oi 
-.J1e absorpt.ior: curve due to slight vari~rti.ons ih the rryst:d poi:en:t ;2 l 
' n.d the effecFve gyromagnetic ratio g , 

9- ?ETERMINATION OF THE PARAMETERS a1, az, and 2.3 i::oR 
HY PERFINE STRUCTURE IN Cu++ AND :Mn+-=t-

C!.' he experirnental methods ernployed to deterrnine thesF_ parameters 
;:'!. XE: (a ) parar::-1agnetic absorption and (b) optical spectroscopy. 

a, . Paramagnetic Absorption 

( l) Determination of the ;)arameters in the case of cu++ 

Theoretically, without the tetY..'."J a.3 , from (6.13) and ( 6 . 14) we o·otain 

L. ~I "" !)I/ ·- ,2_ t- ~ ( j.L -2) - -f j ct -- tJ, 13 d.L 

- ·- • ·b , of C:ubs·e_,~ -:•i on 2 , Sect1· o.n 6,\ . g ·_,
1 ,,;_r}J exe al ,.,._ az, -= a1., tsee a.rm C ~ - ~ 0 - / ) • . f 

:'.d . g .L = 2 ... 09 \.v<:.: ::f: used by Ab:ragan-:i and Prye e t 18 , 
2.45 , 

Th1.lS' 

ga.uss 

!Si) 
---·--

3 

\ .brngam and Pryce set.a3 = 1-<.az in their theoretical inves'Hgations 
t, ,·1d :" SE:i'rt.H~d K ,,- 0 , 2:5 -ln orde).· to agree \v ith cxpP. :d :rn e 'utal :, e ,s1.1.J:ts . .·,: 

➔➔ • . 
The term a,(I , S) 'in. the n 1.;clea:r- -interaction Harn Etonia.n was first 

y,henon1enoloq ic illy i-o.t.:roduced by Abragam and. P:i:-y.:::e for the pu:rp6se nf 
·: :rnnr ov-ing th; agreen:1ent bRtwePn Lh e o .ry and the expe r im Lnt, The 11ndc1: '.- • • 
1yii1g ·idea i s that the te r ms involvi.ng a:1 and az i:n t h e Hamiltoriia.n ar e 
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angular dependent , reflecting the e,ffects of _the crystalline electric 
fields, and are essentially re s ponsible for th_s anisotropy in the hyper­
fine splitting, Contrary to this , the term a:3(I • S) is independent of the 
.angle frorri the axis of quantization , and hence would modify L1 ~, and 

A,YJ .. in a manner essentially different from the a1 and a2 terms. 
. . 

One recalls the fact that this term exists .for S-: state in the Fermi · 
t heory (20) of hyperfine structure for H-atorr1 ba·sed on the Dirac's 
relativistic quantum mechanical equation of motions for the electron, , 

(2) Determination of the parameters inthe case of Mn++ 

Let us now see what this term implies in the Mn++ case . 

Assuming that the amount of admixture ,of -the state in which 
impair ed s-electrons occur in the free ion gr01-1nd state is the same 
for both cu++ and Mn++ i ons, one may consider j~(o)J '- fo r these 
two ion.s arc equal in magnitude , Then 

Q l ( Ci.,._ H) 
rv f,i ( t..0 ,-61 

a3 Ct1:;-) 
"V 

ft i M "s- \ . 
\, I •1 / 

Hence p ( 
S:;t-, 

~:r. ;\111 ,I .·a~ (~"'"+) a~ ( N"·tt) X 
tI ( (),. {j~I,~ 

" 

. . 
The latest values on t he nuclear magnetic n~·ornents (21) are 

2 . 2215 Bohr magt1e ton 

- 2 . 3796 Bohr magneton 

= 3. 0 Bohr 1.nagnet_on 

Dividing a3 (cu++) = 0 . 032 by 4 (I = 3/2) we obtain a. 3 (Mn++) for each 
sta.te of the nuclea r s p in in t he following manner : 

u; ( ,y .,+ t) ~ o, o I o iJ. ~ -i. 
~C he magnetic field which corresponds to this energy i s g iven by 

le -- ·_.· 
H -:::1 -~,No'-/ -~ /ood~ 

$'lb . . . . . 
T hus, t he hyperfine sepa r ations should be approximately J OO gaus8 , 
Actually they are 65-75 gaus s in Engla:gd and Schneider's ex pe riment (3 ) 
and 89 gauss ac cording to E .: Spenc er ~-~ ~ork at tnis Laborato ry. 
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I r, Optical Spectr os c opy 

When cu++ i s inbedded in a cr y sta l . thi:". V c:rvsta..~ hav ing rio 
spherical s yrnmetry mixes the quanti . .un states characterized by th~ 
l~rbital quantum number 1 . lJnder such circumstances quantum ·state~ 
r.:.annot be labeled by the total angular rnome:ntum quantum number. j. 

However , for Cu++ in. the ga.~eous state, when the poteritial is 
spherically symmetr ic, the states can be characterized by q...iantum 

_ numbers .J!._ , s, and j. With respect to such a quantun1 --rnecha~~ica.1 
:-ep:rcscntatfon i t is possibl_e to write each term in the T_l}J.clea~ magnetic 
interaction Hamiltonian ( 6. 6) in terms of the operator (J- 1). , 

;;/f;/. - 0 (-;I➔;' ' IJ f 3 (:r_ , '1)(:s,r;.) (r,rJC ..... A, (i' ('.'-) . •. {),/]-, "]/) 
V\. ,..._ .. J , L_ I t• (..f l. :.. -a - - · J ( Vi W • ,._. - . - - ,.J l. .> 

. • -'J. l.. 

·I II :-.L i ( I 'L+I) 
0.1 I . 3 ::. /'< J" j ~ " 

.::J.. __ ~ 
/7/Y ({ '~; :: ~·t:1 a, l"l J.,y 

' I ~- J ) -) J"(T ~·-j ) •./ . 
"' • l t f 1 • f d ' • R f 12· ~ ) ,· • t • _i he as ~orn~u R 1s ~oun 1.n ,e. erence , t.. ; .a.T 3.5 :rneasu :,~eCL in s :pec ro-
s copic analysis will now be conipar ed with o J as' obtained fron-• .. the para­
:,:nagne-tic ~·bso:n:.,t. i on experin,ei,.t . 

Ritschl (?3) obtr3ined the fol.l<.,wing va.lues h-·o:rc. s11Ecctrof:icopic -· 
.n;-,J ysis; 

·, 
0,,061) c·r1, - .,_ 

) 
- ~- .J. 

CF> 

= 0 , 060 
-1 . 

cm 

1n ·,;; hr.:se caku1ai:ion·s £01· the sncctroscci;ic obs£: :rv2.t~oru 5.~. • ., di::, -
; egarded in con,p.,arison \~rith ~T , The s~ va:ue ,,; c a h l:- 1:: t: od·p2tricd w::i.h 

-- 0 . 0 32 , a r e sult d educed horn t he pararragne:i r·: 2.l) s e,·;:'. r;t jon r::xp e ri--
1 r:,n ts , Ag ree1ru:nt is good r::rovi'ded the a3 t e r rn rn inchdf'd , . . . _ 

SECTION VII 

l'V e have pc{nte<'l 01.tt t hat par arnagneii.c absorpti on 1.neas ul'ernents on 
: ,_, c 'hand and optical hvpe1Hne structu:.re .m easu Yement,s en ihe otb er g'i.ve 
di ff·L ,>:t·<lant res ult s, .. 1.nless we postv.late a s·mall admixtu1;e of sta te a:rising 
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.iron1 ir.npaired s - electrons . Le_t us now examine the results obtained 
from nuclear specific heat measurements . 

.1-EXPERIMENT 

A very beautiful experiment was carried out by Benzie and 
Cook (24) to measure the contribution of the electron-nuclear inter­
action to the specific heat . This was done by rneasur,irig the specific 
.:b.eat of four different salts of Cu++ at varying concentrations . When 
the specific heat was plotted against the conce~trate of Cu++ ion, the 
points fell on four lines. These curves were then extrapolated to zero 
concentration. This r esidual specific heat was then taken to be the 
specific heat arising from the electron- nuclear interaction. The value 
obtained was • 

2/ - . -4-.C T k = 1. 1 x 10 . .• 

where C is the contribution to the specific heat· per atom and k is 
:Soltzmanl"!-'s constant. From a theoretical point of view , there must 
.he a r elation of the form 

where a is the electron-nuclear coupling constant. We shall now 
determine the form of f(a) in order to compare the theoretical and 
experimental values of the nuclear specific heat. 

2.-STATISTICAL THERMODYNAMICS 

The magnetic moment and the specific heat of a paramagnetic 
s ubstance a r e re.lated to the partition fundion through the following 
relation: 

/vt = - ~)- =- ,4. T /Qt, r.)\ 
I Ci H T . . c- '7JH i 

l11 = T [ ;;T: (lrT /4i!J],.l ,. (7. 1) 

where F is the free ene r gy ,· Z t he. partition function, and H the external 
static magnetic field . The partition funct i on is defined as follows : 

E, /J ·7·-- - ;(tr 2 ... e q 
I 

14JJ. 

where g . is the statistical weight , or the degree of degeneracy of t he 
energy :t'evel E j. . 
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Fur exa.mple, consider the partition furi.ctkn of the Gd++ 1• ion in 
'.!.ere, fidd, Acct'lrding to Hund's rule, the g:round ·fta,te is R. . ., •which 
!;pl-its in 2 c11 bic field into the levels 5-7 /2 

/?, (2) ~) ("1') 
BJ/'!, = 72 + I 7 -t f}. 

The1--e ,:>.re two possible arrangen1ents of these levels. 

(2) 

n .. Eb 
,.... 

3½'* 
==- () 

$ •·· If) 

* ,c -½t;f 
't --? - 'I 

S4J (2) 

-·-"'-- r; E7 ·== 0 

Ti'or this c2.se 

z! = 2-i· 1 e - :S&/~J, "T ~ :2. e- wtr 
(2) 

~ J --r r; ~ 
S/g£ 

{!!) --+-- r7 ;:: 3/crJ /7 t...-., 
~'.!£ (?) 

E:j ,. ,-L-, n =--D 

• • h f·n , f Lt,, pa. rl.:i:h.on fonctlon 'N·vnid be 

- 3f:/~r, ,-"- s/tr 
Z. - :2.--t- ✓+e. . r-;12 e 

We shaLJ. nov, der.ive the expression for Mand CH quoted in {7.1), 
/'i.cc •.)rdh.tg Le statistical mechanics the entropy S it> related to the . 

• 

thern-:-.c•dyna.rn.ica.J. probability W through the rel.a.hon (see for in:,stance ,, 
3h,:tcr, ChemL::al Physics) 

S :c: .k fl..n W 

I 
I 

! 

' 
I 

I: 



where N is the total number •of particles, and Ni the number of 
particles in tp.e ith cell. Introducing • 

N. 
f ~-1-
.i N 

and using the Sterling approximation, we obtain 

The thermodynamic potential at constant vo.lume is given by 

F = u - TS = - kT A Z,. • 

Here U is the internal energy of the system. 

From the Firet a:nd Second Laws ,of Thermodynamics, we have 

,ds ;;.-:clu+M drl; 

therefc re al r: = -- HJ H - sdt; , 

cohsequently 

From Equation (7 . 1) we then obtain 

The expression for the specific ·heat is derived as follows: 

3-SCHOTTKY HEAT 

47 

Anomaly in the specific heat (called $~hottky heat) occurs wheneve:r 
kT becomes comparable with the s~parati~n between two distinct energy 
l evels of the material. We shall exemplify this pbeno:m,enon in the case 
of two distinct energy levels under the assumption that each energy level 
is nondegenerate. • • • • 



T heh 

.. -. +.---·· E:_ 
.t.\£ 

-- v E 1 
Ci - · I 
;1' -··· ' 

~ ,1 / e-4EJlr ) -Tr +.,i?~(lt ,/ 

:. et ;;(_ ::: /JE/4T and plot CH v er s1!s x f.:.,r small a 'nd large 
• ··a fu.e s of x .. 

As ~ , .;., 0, As x ~ oo 1 

}{;pn.ce, 1'l-,1;; .m2.:-d s r1un1 v alue in t he specific heat 0cc: tu ;:_0. 1n ; 'b,,, ~;·j c i c1;;:t,,; 
f).f J;..: r-r • ::· /1 ~i ~: ~ , 

'I 



Where E ; a:r.e the energy levels of the Gu++ ion. 'Th~1i. we obtain 
,J • • •• · • • · • • ~• tF/ 

~(E·· ~;,E,)·.• e- J.,7--r, 
,'l I . I I 

'the energy level splitting Ei are of the order of 

l1t fra /12 3 V /p-lf /Ar· 

Even near 1 °K, where experimental measurements were made, 

kT ,;;; 10- 16 ergs; ,· 

thus 
E . << kT. 

l 

T hen we may make a power expansion of the exponen:tiaL 

4 (Fi'-_ £, -F) 
/1 I I d 
I ( • , 2-1) .. 

H'e,re N designates t he number of hyper.fine energy levels . 
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The :results obtained in Section VI , Subsection 7 , for Cu++ may be 
c..ornbined and ( 6. 6) may be written in the following matrix operator form : 

Since the diagonal sums of the eigenvalues of individual operators are 
aU zero, • , • • 

"z: f, : y_· <nls ) r:'ii r it,1~ / (~~.-) Yf1t.,> =o , 
1' ~ }>-)~, 1rl.5 

< I I • • '2,. ·l '- , } •( , > 
111 s j ni:-;_ I(~ Y;1) Tt St 1 (L· Y 1-,. I,~~ + Ill .~) 

--t ~ Y,i)(11 J/,1,) { I~~? (~x 5,t t LJ°ScJ )t-("ES11.1as0) Tz;-S'.Jj ),,,,,s,, 11'1~ 
• • • J 



and 

:~ <111 I!//-..,) ;. ~ < ">.r. I 1a' /-.ir > ~ ~j;< .,,_ 1 l ?/.., r/ ·~ trfi:,, ){u ,_;) 

iV== (J1+1){25+1)J 

). -1.. I I j \ L /, I ? ,~-7 I 
Uf :.-.. -k r1-L l 1:i },., ; + 2 <p J.1-J J 1 r ( :r t · 1 Js { s + 1) , 

T \d :: ::;· esult was obtained by Bleaney (25) and Br1nkm.an and Kikuchi (26), . 

.A c c ording to Ingrc:.m, hyperfine s t r ucture component sepa1;atiorts 
f c,r ~,a:ra llel and perpendicular fieldf a r e 

350 
= --r- gauss 

.6 H i = .. 22., gau:ss .... 3 

'.l' he qua:ntHies t:. '/11 and .t:I Y..L , exp,;:-esse<l iri. energy ,_mits ; are related 
+o t :!ie ~;) b e~/~ i}"..l a.n ~·.: t \ e. s a~ fe] 1(l'l/ S : 

may b e neglected in c ompari son to. 

P' ·; 
Q f/ 
),', n ; ~'-~~ 

1:.)1;1 ; the r efor ,e 
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APPENDIX 1 
SPECTROSCOPIC RU.LES 

a . Spectroscopic Terminology -for a State of an Atom 

In Russel-Saunder ' s approximation each atomic state or term is 
designated by 

where L , S, and J are respectively the orbital spin, and total angular 
m .01nentum quantum nun1bers . 

Spectroscopic: terms S , P , D , .... refer to different values of 
,. 
L, 1.,e,, , 

L = 0 1 2 3 4 5 

Spect. term = s p D F' G H 
I 

J = L ±. s 
2S + 1 = multiplicity of the term 

.Kx:am ples: 

h. I-fond's Rd,e fo r the Determination of the Gr<:mnd State of an Atom 

Hund' s rules states: Out of all the. terms arising from. a given 
c onfiguration ( 1) the term with the highest tnuHiplicity, Le. , highest S 
v aJu e, in general, lies deepest; and (2) of these, the term with the h;ghest 
r_, value lies deepest . -

Errn:rnple l . 
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:'fhe states of an ,:,Jon, ·J;/hich ;. :re -posE ; ble for tJ1i-~ :inco1rtpLel1:; Jd4 shell 
c1re. (2 '7 ,28) • 

l 
~ (SDG) 

1 (SDFGI) 

Hund's rule (1) gives 5D for the ground stat~; hence, L ;.; 2 and 
! s. ~-- ?.. 0 

J = L t S = 2 t 2. 

Rule to determine the value for J: If the incomplete shell 'is more 
than,half-filled, take the larger value for J; if it is less than half-filled; 
Aake the smaller value for J. 

}J.ence, 

E~xample 2, 

Gu++ ; 3d9 - incomplete shell, the oniy possible state is 2D 

L = 2 , S = 1 /2 , J = 2 ± 1 / 2 , 

Since the incomplete 3d sheli is more than ha.lf-fflled, we tak~ ·the 
larger value for J, i.e., J '= 5/?.. 

·a e.nce, 

In the cases of trH-++ and· •y+++ the:re is an electron outside of the..::i.. 
c.omplete inner shells moving along an orbit with an angular momentum L . . 
-~ince the electron is negatively 4 harged, the orbital magnetic moment f!L • 
Hes in the direction opposite to L ~nd gives rise to a 1):1agnetic field _ at .:.tl1e 
,:; osition of the electron parallel to L .. Since th_~ spi_!kma,gne+,ic rnoment • f-ls 
Ls directed opposite to .the spin angular_1,,.Y1eri1<t.Q,h;m S, the .orbit2-l rnagndic 
/j:eld tends to line K in the direction of C, or S in the dfrection opposite to 
L. . . . 

J = L - l / 2 = 2 .. j /2 - 3 / 2. 

One may extend this ,~eason:i.p:g to c ases in which t.hP. incornplete ,-,hell ~; 
:it.Te less than haif-filled, ' 

In the case of cu+.+ the 3d shell iacts one electron, which rnay be 
': 1:: ga.rded as +.h-1:: supe1:position of the . c_omplete 3d shell · ( 10 .electrons) and 
•ne positively charged electron which revolves about a given angular 

'.' .' lOn1entun1 L . Dynarnically this situation is equivalent to one \.vhich the 
;) o sitively charged electron, is :revoH:irig about Lin the direction • opposite 
to that of the 3d electrons ., • 
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Because of the positive cha.rQ'e, 'bhe '?rbit al :::: :.agnE.tic rr,_on:1.e'.nt __ f'~ 
-P-7 • --;,, -

is again in opposite direction to L , tending to_JJ.nc ·~ pa.ral.1.el to L. 
I' T • _,,,, • •• -1, 1 , • t · ' r 1 
~o·wev er, M 1.s now 1.n ,.ne sa1ne u1rec 1011 as 0 , 

• •S 

Thus, 
J = L + 1/2 = 2 + 1/2 ='· _5/2. 

This reasoning may be extended to cases in ~.rhich the incomplet e 
gb_ells are more than half-filled . 

APPENDIX 2 
ELEMENTS,. C.LASSI~S,AND CLASS PRODUCTS OF 

CUBlC GROUPS 

{A few of the results quoted in Section III will be proved in this Appendix) 

a, C::r oup Elements 

The 2.4 elen~enis of the cubic group can be generated by the two 
r otations A a.nd B, where 

A 1·otatior._ by f. /2 a~>out x-axis . 

r . - - .. :rotation by -rr/2 about y :. axis . 

• '1 ::~ -se ge-ne i:' 2fos of the group sat•sfy' the :>:elation 

where E is the identity element . 

The elements bel onging to different classes are : 

E = 

t = 2 

C 
3 

C 
4 

C 
5 

E , 

0, ?/· ' " " 
-, B z. 

) 

l - j 
y 

• - 1 _ - 1 _ . ·· l •• 1 .., 1 . J 
AB+ A B + BA + BA+ B A + AB -4· L .A 

+ A - lB - 1. 
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Th.e elcrr.ents belonging to any pa:rt.icula.:t class ,_.a:,:, b ~. nl n:.a -rif ::: , 
:.ilgebraically f:rom the definition of class :,...:.,1"i\:1Yne1y , 

,,··h c :t,::: X 11; •cnv elernent of the groµp, Howcve;r, for. E:a[:e of. v i s.:.2.Hzati0n, 
,7 ,:; :~ ha.}l p ·-· c se1~i a geometric proo:f. 

i.i . .Elen•.ent s of Class C 3 

1st element of c 3 _ f,.,.,+a+i~.., 1--y T- 12 r,x - axis \1-/ tA VO O U '-' 7 / A • . _, 

(C3)i - A 

j"° 

/ nd elev..cent l_rotation by 

2: 

\ 
1-

,~, i ~ 

/·\ ;'·--·" ----·· 
/ t 

/ 

'Tj /2 ~y --axi8)} 
' -· 

r 1 
''
i,-x.r::rb:=1.t i o:r1 ! ) "_,,_,~ ... ·7..,.. /·-, 1 • -:. ~- ,~ ·i , . \ I . I_!,. \'.( •• ' ' ·" · ·" .' / 

.... , ' . 
.., 

/ ··--· ~ "'~"' .. "'', i 

G 

. / 
T- I .... 
f.1eri:J.r:r•;-

·";;_J_ 
' ,>, 

(C..,)5 :., 

.:: 
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6th element [rotation by - 71 /?. (:z-ax.iS D · , 
r 

13Nh 
/ 

;,, 

3 

'I 

Hence , 

C 
1 -1 • -1 -1 -1 -1 

= A + A - + B + B + B A B + BA B 
3 

. . . . 
The elements of other classes c'an _be obtained in a similar manner. 

c , Cla,s s Products 

If a cl.i.ss, C 1, is represented formally by. J, 
· c·i · u, • c/J .•• ~: Awo 
l. = A ,_, + A . ; , -+ - - - - . - ·r· A ,fi . = L l1 "n :. 

l I °'. I f-:. I 

·wheJ;e A(i\_ are the group .elements contain~d in class Ci, then the 
dass produtt :is defined as _· .{}/<:; • •• . • 

c.. ck· = it A(t') -z ·A (k) 
' .f. ~-

2--1 '111 ~, 

Fu:rther, since the product of two . elements of a 'group is another ele­
n .,_ ent of the group, we can w·rite the above in the form 

·1 

I 

i 
I I 

, ' 'I 

A 1- +A 2 • 13 i. -t- A si-~ , _ + B ~Al.. -t 13-4-- -1, (i Ai Ti 1-

-1- N-r/--AL -,t- A 1
-- i3 If- -r A'- B \4 ,. B i 

I 

I 

11 

I 



':C·he fcd.\.ow h1g c lass prod-1cts can. be fou nd --i.ri ;;,. si.rnila:r ~vay : 

r':i.. - 1 E.,, ,.-,,c_ +..,C 
' c) - ,:; - , - :;,. -:2. .) -...' 

C/ ~ . t£ + :2 C :i. + 3 CJ-
''C '1 --1 Ci . .if•._ - if L-i _+scs-

(:3 Cs- = .Cf t:s- =-- "I c: -,. i C ~ . 

APFENDIX 3 
c: r \NS T RUCTION OF THE CI-IARACTER '.CABLE •1 

)? c,·-r tld.s pu r pcJse , s everal theo:-cems a:r e ncF. c:ec. . These will he 
• ·> -I ,., rl • ··)--: t 1°()' ' ~- T"- .,.. nof" (2fl. 30•) . . . . ... ~ .,~ J.. · .. \ -.A,.1.,, !:-".LL; .,, . • 

Applied to the cubic group irhicb has five -classe., , theTe a:reiive 
: , ''J'cdnc- i b} r: r-c-i::u:: e senta.tions . -

(-' C .( ( '·-~ -- "2. 3 J/,. 

,·y 0) ' )/ u) ··w (t) ''/ (!} 
' ~ ':, :'.< ;'I r · 

i. ::i. .. _, , ,_,; 

1'i\ -x'fJ / 2 l .·<:t9 -"~/. t , -~x ;·1 ' '/ 
) , ,1-

1/J 
- r-; _,i(J) 

:x:) 
·x ,Y 1-s 

I 3 i 1' 

y(4) r'j (1) ,)(('/) i"-·,./'1-./ r 
I,' 

t\..:~ ' ,,, t l/ j 
/'')__ 

. •/ (S) ·x-<s) ··((~) . /f) 

/\. '2.. 
_; \.1J /-'/ / .. c 

I 

I 

I 

I 

i 
I 
I 

I 

I 

I 

I 

I 
I 
I 

: 



The characters in columr.. Cl are ;btaine~ by the use of the following 
theore1n: 
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Theorem II . The dimensions of the irreducible representations satisfy 

where g is the number of elements in G. 

For the cubic group , the above th~orem gives 

l ~,'l)JL-r·r 1tJ'tt [xt}L+ [i~'f)]i+ [1t)J~~t 
which has the solution 

,_ 'L ,_ t. - . t_ 1.} 
I t 1 t 2 t 3 -t 5 - ~-, . 

These are the numbers that will appear in the column undE.r E. 

To fill in the rest of the table a few more theorems are needed . 

Theorem III . The characters of different representations satisfy 

where hi is the number of elements in class L The sumrnation is over 
all classes , 

Theorem IV, The characters appearing in different cblumns, i and k , 
satisfy 

where the summation is now over all representations . 

Theorem V, The c haracte rs fo r any_ one representation satisfy 

Let us d~5ignate the two one-dim ensional :representations by f'i and 
fl , L et us fi rsi determine the c haracters for r1 . To do this apply 

Tb~orem lIL We then get 

( l) 

' I 

I 

-- . 
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' ;iEce the sums of c:oeffkients of the X's is just ;~4. and si1~ce: the cha:;, 
a.ckrs s.::e roots of'unity , we conc:i1.1de that the X ' s ::'nus~ be either +1 01 

- 1., Let us pick all the X's to be + L This we shall call /! _. ,:,r the ident-i ty 
:,··.:presentaHon, 

':Po d.eter:rninc the X's for fl, we apply Theoren1 III cnce more. 
\ i.'l1e -r:.. 

T7'uriJ1errnore, fTon1 the class product 

c/-= 3f + :2 C.1 
\;:e r btain C iz] =: 3 a nd c 222 "' 2, Then fr0n1 Theo rem V, w·e get 

_" c,> c2> (1J r n ,t~J . " ~ x:li> I 
:::: ,;, Y. 1 'X, i ::::. ·r, L c,,:1 I ,t;, i 7( I + '-2 'l 2. f, '.(. I :., ,,. 

·~ 1 [ 3 , ~ · i + ;i • ,) 1 (") j 
r ·•. ,. ti.) 1 , 01 (l'. • 1

1 

\ ' ;{ ' 1/ , ;;·. 0 LJ1:,. ,. I ., L !•2. + '3 J 

- '/2) 
::. J,f 

2;1·1d Theorem \l.. Th;;;n Equation (2) b ecomes 

, ). '.l. \/t2.) ;.. , , 2) 
),. -t- :3 ' l + /·~ /\:, ·~ ~ XS" -:::: V 

Ii 

(2) 
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APPENDIX 4 
IRREDUCIBLE REPR.ESENTATIONS OF' 2D . 

WAVE FUNCTIONS UNDER THE TETRAGONAL FIELD 

We shall verify the irreducible representatipns attached to the Cu++ 
w av e functions under the tetragonal fi'eld (4.2). 

Let the wave functions 0Lf \n~ 0¥be op.erated on by S)rm.me~yoper:­
ations c 3 and C4 of t he tetragonal group (see H. Bethe (9), p. 147). 

S ince 

~j ;r I = * ( CatP1- - (3 1-~}~-7f {f~ e i rr :- t~ e t'Tr)::: - -of I 
' . . • •• . 

Ci,. P/' {ttPtJ-) /)11 ~ = P/' ( ~(1f ~e)) e 
11 

i., {u-F) 
1Jl'l1 ( . . , \ -l"" f l t,i.T 

- • r~ - ~&.J e e 

R ~ ( A . , - I 1s1 4' (. )-1. + rr1 t' 1,rrr = n ~I>! e · -I • e (; ., J 

fJ 1 1. i = _l (t 1 Ti ;1i tfJ ·) · -i,._ i .JI- i',21T/; - J2rrtfJ]- -~ I 
•~ 11- bl./' Vi ~t 12. -c4- 'f:- 2.. .. = q h) e r-2. --e 'f"" -- ~· 

Henc e, from t he char acter table of the tetra.gonal group (H. Bethe (9), 
Table 5), 

' I r' t I , 

)y 

\ 

' 1 . 

Similarly , 

( .., ~'1--
:> 0 -

J, I 
- ol ) 

hence cf"/- ' r -t 
' 3 . 

J·;-
L et us n ow cons id er O •• 

(\ ts "' c3 lffj : 1'0 ~ 
Hence, from. the cha:r acter table it is 
to rt , 

s 

I 

C+ }{'.!=:, i'I 

/v ./,,; e "1 ·c ')21/) ·· 1./l. 
1._.'f of ~ 'f '1,, = -, To .;.. 'D • 

. . 3 
easy to see that o'f2.,. and 

0
1/ belong 

I 

I 

I 



APl-jENDTX 5 
\: ERIV.h .. ~CIO!',; OF 3ELECTIGJ,~ ROL:F<~S :B Gft 

MAG-NETIC DIPOLE TRAl'ISITlCNS 

In. o:rdc:l' h · derive selectiOil rules we m~st fir st tleie:ci! i.r1e the 
:,:epresenfa.tior1S of a magnetic diµaie l"XLOIDPnt in Yar)OUS syn1n-ietry 
n·roups. 

The magnetic dipole is an axial vector; and hence it transforms 
·;ike the coor·dinates under :rotation .and doeB not change its sign 1rnde:r 
:eflectior,, 'S'he transfo:rination mairix of the·c;: cooniinate 1.1nder rotation , . 
Uu..-:mgh .sf>: about z-axis ,_s 

- sir1 I. 0 \ 

) <::OS '$ 0 
~-t ~ 

,, 
' ·.; 0 1 

f 
I, 

-~:_i e.i:!ce, i:'he c 11a.racte~ of tbe muqnt.::t i c e?.irjc•1~ -.c.p.orr.1 r: rrt ·1~-n.de::- 1-otation s·,,·7 1~ -""" 
"·-• ·,·, et :r•:l iv o1,J.d be give;·: by 

l 2 <:OS ft 

.,_) 

,-:-1.:rc:r:onal Sym.rnet:ry 

fi rorn the c lasses oi :rotaticns of tl1e tetr3 _gonc~l ~51 .. c~ur; 
i~r._·:•-.-,: (n 1 .(T l Vil"e see that tl1e a11.gles to ·be ust>d. in (AS : l) a:re 

J,.., __ ..,-,- 1- ·;;-: -=.:. 1"5 ,-: _.:f __ .-_ ~ T-:c. ~ -- "('--: '~-1 ~'-- -+ ~ 

r~,. ~ 1.--i . 

I(!-'<) ·.::: \ ~ t I ~. 

A 

•,f _-:, i a.T., f:n·+,, -,,,-~ :c i.d.ent ifv /;. 1;vit:h z .. and !~ ,vi.th the x- and v ---con.r p,n .,E::n't .s 01 
t he ;na.~ m:t : c n·'.ornent ope~:ator . T l ,e ~1,oof that thk Y- e?T ~~;\:nt2.:tk,n ~,f /~ i s ... 
n, -is;;_$ foJ.1.o·w s, Fo:r TOtations of cls.sses E1, C2,, and C3, Le" '.' :r.-ot ation 
't--·cn:d: t h~:. z --axis, ;l\i': :r-e:rnc:d.n the s2 :rne·~ v;he:reas £or ,.otat-i:on. of c12;ss C ,1, 

••;hG C'.i:_,·._. U.-i.. chz.n::res its .s i.o-
0
n, Therefore 

. I '• o 

= - 1. 

I I I I 

I 

Ii 

II 

I 

ii 

I . 

" 



which are just the characters of the repre·senfation /!; . Fer trigo­
nal symmetry 

and for rhombic symmetry . 

3. Allowed Transitions 

' . . 

61 

We have pointed out that in order for a transition to be allowed the 
·matrix element must not vanish:- ·For this to be the Cq.Se the product of 
the representations of the final and neutral states and of the magnetic 
moment operator must contain, ft. This.,also means that the product of 
the representations of the initial and final states must contain the 
representation of the magnetic moment operator. This can be proved in 
the following way. We need to determine the condition under which/; is 
contained in the product 

T', IT n:... 
r /,, I . 

where , and ,J are the representative of the initial and final state, and 
fin, is that of t'he magnetic moment operator. Using the theorem on page 

J 70, Reference 29 we find 

a.nd we obtain 

We are interested in the coefficient of //, Le:, 

coefficient of ./7 ~ -~ CJ (} 
IN ct'J·w (l Wl/1'/.:L. 

J;iut 

/
7 

See, P'.3-g,e 173 of 
Reference 29. 

coefficient of 1 .=},e'/~ 

Thus the number of times that f/ is contained in t!1e product fl J /;._,_, 
is just eqnal to the number of ti.mes /!/': contains • ~ . 

• I g /n 

Let us now apply these remarks to the cubic group. F'rorn the 
character table we obtain 

r: n :=c1~, 

;:,, /1 =-0 
n r~ =:1o 

...., /" .r _,,, 
/3 ~=iq.+/.> 

1-; rs a -f. lI • 

I,; /} · /; + t;· -r (J t Ir 
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z. 1·· l ..... ,.. I 

r?. --· , J 

.. 
A..lsc b-y u.si..i.g the c haracter tabic for the double group. thete ::rc:sul~~ 

We r;cc ·( hen that the allowed transitions for -the cubic group arc: 

• I 

APPENDIX 6 
dYP:E:RFIN.E; STRUCTURE CALCULATIO:N'S 

r 
! 

\ :o.b:·odudn? .:.: f:rorr1(407) an.d disregarding quadratict,~rrr1s ;.n N.r 

1:· 

I I 

I 
I 

- ·-

l I 

I 
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/f/'a,{3tf',i!J -r;,s;_)f+= -%j1.J:2i'/S.r)--~a7,r;,1J-3(J.Zyl:zjj 
Here we made use of the Equation (65.39), p, 557 of Reference (31) . 
Proceeding similarly it is easy to show 

fj.*21 2 (5,1):/4: 61J1w/I,-tI-)-r/(v:. 1Ji/';)T1-

~ ..,) -. ➔ - " ( -:! ...:;) J. - 2. / 1.. J.. ( . - ) · 2 2_i (IL (s,1)+ (S,L) J-,L -= 2--J-,.~1- i_ --1- ~I-S_}1 -t- '"7+_f_-tJ_f+ (L-L:/J 

• + 1 (I;s{) r 7-f s ~)(21:; 1-Dl- -+ ±(I ~s- -t 7- ~g.)(2,1~ -;)If 
+.: Ip_S:e- L/ • 

Ii* I1- s-f i. _'" /4 == /I, ½ I_f_ f /-,/2 ~o 

/I+ ~--1 (zs_ i I~ >+)(L '-L/) /4 ~ rr!hf ( J~ t I-) 

j f+ * 1 (IiS-;- -r Tr 5';.) {:2/:; 11) l. /; = ~'2 (2 ~~ ~ j~ - i )1 JNhf It- -

- Ji · (;~W n I~ 
.2 .. / r 

Ji* f (rtf - t J_ ~) (2. Ll _ -!) i,. I+ :: ~~- (~:1ult Y~I~ • - i ;/~ v-11 I_ 

t ~ ( 1' -z._,. Jv1:) I z. 
l:f+* = ]" r, _· • _J· 1.1,·. ' 1 / l, j -

; t "'- ' r--·-r• ,.__?- 1 "' " ,v ~ ' ~_; ' I " ( '"I_.' - '.i./- , . _j_ 7_ • 

H enc e , 

·, 

! j +a ./ 3(I:1)(S~t'!-,) (➔ ~)).j 
1t :'2, / --:----? ~ -- - .J, s 'j ✓+ 

f {(1, 1 AJ11w{ r,_ .-1 J - (2 ;,),){,;kl'} r,], 

I' 
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Thu s , 

/}, * [t,,(i 2) + Q, / 3f {,~f ;y_ (:i. ,f]+ lb ('j'.J-J+ di'. if ;Ji 
. · I . - • ' 

-=.; c< ~ It t d T _ 1 ( 'I & . . 

. . '. . 

' • E t · r ,····12\ a··· s 1 • ,: nd. (< . 
(,\ i }. i ,d (J .2.re given Ul 'qua 1cn \ O; • t . '- . ixr .·d . . ~ --j• 

! 
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