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1. Introduction

Magnetic fields can influence phase transformations in ferrous materials. External
fields alter the Gibbs free energy difference between phases with different magnetic
properties, for example, ferromagnetic versus paramagnetic phases. As a result, the
solid-solid phase transformation barrier and transition kinetics change when the
external field strength changes. This phenomenon is documented in experiments
on pure iron (Fe) and various steels, whereby, for example, α ↔ γ transformation
temperatures are affected by external magnetic fields.1,2 In ferrous alloys of present
interest, the body-centered cubic (BCC) α phase is typically ferromagnetic and of
lower ambient mass density than the weakly magnetic close-packed phases: the
face-centered cubic (FCC) γ phase and the hexagonal close-packed (HCP) ϵ phase.
The pressure-temperature phase diagram of pure Fe at null applied magnetic field
is well known,3–5 where α is favored at low temperatures and pressures, γ at high
temperatures, and ϵ at high pressures. Effects of external magnetic fields on phase
transitions at high pressures have witnessed few experimental studies3,6 and are less
well-understood theoretically, though notable progress has recently been made.7

Magnetically influenced transformations in Fe and Fe-based alloys have been stud-
ied using thermodynamic theory8 and phase-field simulations.9 At the scale of mi-
crostructure, phase-field simulations have been used to study domain evolution in
ferromagnetic crystals.10–12 Magnetic fields may also affect ductility and fracture
of steels.13,14 Plastic flow from dislocation slip and twinning could likewise be af-
fected by electromagnetism, as documented for various crystalline solids15–17 and
predicted from a continuum theory of magnetic single crystals.18

The present work invokes a macroscopic model for the polycrystalline response,
whereby each continuum point consists of numerous crystals of various orienta-
tions, and whereby such crystals comprise multiple solid phases in locally mixed-
phase regions. At comparable length scales, continuum phase transformation mod-
els for Fe and steels include several for quasi-static loading19,20 and more recent for-
mulations5,21,22 for dynamic loading. The polycrystal model of Clayton and Lloyd21

was used to capture behaviors of three different medium-high Mn-alloy steels dom-
inated by slip, twinning, or phase transitions depending on composition, applied
stress state, and temperature. That model,21 unlike a predecessor implemented by
Boettger and Wallace,5 permits a shear driving force in transformation kinetics, as
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well as ductile damage leading to failure. However, only one-way transformations
are modeled in that study21 under a kinetic law similar to one used by Turteltaub and
Suiker23 for anisotropic single crystals. None of the aforementioned theories5,19–23

accounted for effects of applied electromagnetic fields.

A continuum mechanical model with electromagnetic coupling has recently been
formulated and implemented for simulation and analysis of magnetizable poly-
crystalline solids under finite deformations.7,24,25 Exchange effects are not explic-
itly included in the macroscopic description, however, as likewise omitted in other
papers26–28 and Chapter 3 of the book by Maugin.29 No separate balance law for
electronic spin is required, nor are gradients of magnetization included in the free
energy. In contrast, another recent theory30 omits inelasticity and dynamics but fea-
tures a more intricate differential-geometric treatment of nonlinear elasticity cou-
pled to magnetization in saturated ferromagnets, including a balance for electronic
spin angular momentum.31 Origins and interpretations of the Maxwell stress tensor
entering pertinent continuum mechanical theories with electromagnetic field effects
(e.g., those cited above) have been scrutinized elsewhere.32

Alternative models of finite-strain continuum mechanics accounting for coupled
elastic, plastic, thermal, and structural transformation physics exist,33 with a few
also including magnetic-field influences on phase transitions in shape memory al-
loys.34 The latter class of materials has also been analyzed and numerically simu-
lated at the scale of discrete twins and magnetic domains.35 This scale is smaller
than that resolved by the isotropic polycrystal model implemented herein.

Alloying of Fe with other elements can drastically affect free energy differences
between solid phases and thus alter transformation stresses and temperatures.1,2,8,36

Phase transitions can be beneficial to strength and ductility. For example, consider
transformation-induced plasticity (TRIP), whereby to accommodate deformation
from transformation, regions surrounding the transformed material deform plasti-
cally.19,20,23 The transformation and plastic deformations contribute ductility, while
the transformed martensitic phase contributes higher hardness and strength than the
parent austenite phase. Alloying affects the stacking fault energy, for which a lower
value is usually associated with a greater tendency to transform19,37 (i.e., a lower
transformation stress).

A recent study7 modeled behaviors of two novel ferrous alloys developed at the
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US Army Combat Capabilities Development Command (DEVCOM) Army Re-
search Laboratory (ARL). The shared composition of these alloys includes signif-
icant chromium (Cr), Manganese (Mn), and nickel (Ni). Alloys were subjected to
one of two different processing routes (i.e., different heat treatments), leading to an
as-rolled (AR) versus heat-treated (HT) designation scheme for the material. Heat
treatment furnishes a different starting microstructure for the HT material that influ-
ences kinetic factors of phase transformations rather than thermodynamics, in the
sense that free energy of pure phases (excluding defects) depends only on chemical
composition for a given stress-temperature-magnetic field state. However, phase di-
agrams accounting for composition, temperature, pressure, and magnetic field are
not presently available from experiments or calculations for this complex alloy sys-
tem. Quasi-static tensile experiments revealed that a magnetic field on the order of
1 T affected transformations and tensile stress-strain response for these two alloys.
A dominant influence of magnetic field on martensitic transition kinetic parameters
for pure Fe and the two alloys, as discovered in that investigation,7 was observed in
earlier experiments and modeling of a different maraging steel.36

Problems solved in the current application to ferrous alloys are too complex to en-
able analytical solutions, even for uniaxial-strain loading. Coupled plasticity and
transformation behaviors, with or without electromagnetic effects, require numeri-
cal schemes that exceed prior analytical (albeit still iterative) methods24 that were
feasible only under assumptions of constant flow stress and negligible effects of
shear on transition kinetics. These simplifying assumptions were acceptable only
for pure Fe in hydrostatic compression and in the planar shock compression regime.
Strength effects are small relative to transition pressures in pure Fe, and shear does
not seem to affect transition thresholds between α and ϵ phases in pure Fe.3–5,38

In tensile testing conditions, the pressure and stress deviator are of comparable mag-
nitude, so a more realistic strength model for ferrous alloys with evolving flow stress
is required. Effects of shear on transformation in the class of austenitic-martensitic
alloys are expected to be substantial.21 Even in pure Fe, transition driving forces
could be influenced by shear under non-shock conditions.39,40 These effects were
newly incorporated in the constitutive models and numerical approaches developed
in the author’s most recent works7,25 that consistently couple electromagnetic and
mechanical phenomena. Importantly, the most recent theory and numerical imple-
mentation7,25 enables kinetic parameters for phase transitions to depend on the lo-
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cal magnetic field strength. Such dependence was found crucial for modeling the
influence of external fields on transformation behaviors of pure Fe under shock
compression3 and the novel ARL-designed alloys under quasi-static extension.7

In prior theory,24 a multiplicative decomposition of the deformation gradient into
distinct terms for plasticity, twinning, transformation, and damage (e.g., in the form
of void growth) was invoked. Finite volumetric and deviatoric elastic strains were
used in all constitutive descriptions and problem solutions. These physically precise
practices were manageable for the reduced-dimensionality problems solved analyt-
ically therein, again under assumptions of constant flow stress and null transfor-
mation shear. For more challenging 2-D and 3-D problems, further idealizations7,25

are required for computational efficiency within the scope of contemporary, cou-
pled solid mechanics and magnetohydrodynamics solvers (e.g., simulation codes
ALEGRA41 and ALE3D42). Suitability of these idealizations and accuracy of numer-
ical methods were verified in two recent works.7,25 The software manual in a recent
report25 describes several model frameworks; the present formulation is referred to
as constitutive model framework 1 (CMF1) in that report. CMF2 of that report25

corresponds to the formulation of Clayton and Lloyd21 that excludes magnetism
and is not used herein.

Recent experiments (unpublished) at ARL subjected samples of the alloy to dy-
namic impact loading under external magnetic fields of strength up to approxi-
mately 2 T. Approximate peak impact stresses approached 10 GPa. Magnetic fields
were aligned parallel to the direction of impact and parallel to the direction of com-
pressive strain. Experimental data suggested substantial influences of external fields
on free surface velocity profiles. Data were inconclusive, with substantial variabil-
ity, so more experiments are in progress that would support definitive conclusions.
The objective of the present study is application of the theoretical-computational
framework of Clayton et al.7,25 to model the response of an element of material
under conditions that closely approximate those witnessed in these recent experi-
ments.

The present study only models the AR alloy. Modeling the dynamic compressive
response of the HT alloy, the material of focus of initial experiments, will be re-
ported in the future, likely in conjunction with existing and forthcoming data from
those experiments and microstructure characterization. Results in the present re-
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port, combined with the future calculations, will also support comparison of the
predicted responses after different heat treatments.

Under compressive loading, the material should presumably transform from its less
dense phase (i.e., BCC α) to its more dense phase(s) (i.e., FCC/HCP γ/ϵ). In con-
trast, under quasi-static tensile loading, the material transformed in the opposite
direction7,25: γ/ϵ → α. Transition kinetic parameters were calibrated for the AR
alloy only for the latter direction, under isothermal conditions at room temperature,
in prior work.7 Since kinetic parameters are unknown a priori for the former low-
to-high density transformation in the AR alloy, two assumptions are considered in
the present modeling investigation. In the first, the kinetic parameters calibrated
for quasi-static tensile transformation of the AR alloy are applied to the reverse
transition of the same alloy under adiabatic compression. In the second, the kinetic
parameters for the α → ϵ adiabatic compression of pure Fe7 are applied for the
α → γ/ϵ transition of the AR alloy. Ramifications of each assumption on transition
initiation stresses are evaluated using the model, with and without applied magnetic
fields of strength 2 T. External fields aligned parallel (as in the experiments) and
perpendicular to the impact direction are both analyzed in simulations to quantify
differences in transition thresholds.

Remaining sections of this report are organized as follows. Section 2 gives an
overview of the theoretical model and numerical implementation. This content briefly
summarizes prior publications,7,24,25 augmented with clarifications not included in
prior work. Section 3 describes the simulation protocols including model parame-
ters. Section 4 analyzes the results. Section 5 gives the conclusions.

A list of acronyms and notation follows the list of works cited. The former list is
representative but not comprehensive since the full set of mathematical variables
from past publications on the theory and numerical methods7,24,25 is prohibitively
large. The present notation follows that of these recent related works7,24,25 to which
the reader is referred.
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2. Constitutive Model Summary

The theory and numerical implementation comprise a complex, multi-physics frame-
work. As with most sophisticated frameworks in nonlinear continuum mechanics,
whether or not a unique, physically valid solution exists for a given problem de-
pends on the material properties and imposed initial and boundary conditions. The
current model and numerical algorithms have been verified7,25 to give stable, phys-
ically credible solutions for the material properties and loading conditions as com-
pared with experimental data in those works.

The complete set of equations and algorithms is too lengthy to present in the current
report. Details necessary for understanding problems addressed in Section 3 are de-
scribed in Section 2.1: the original constitutive model for phase transformations24

and its more recent generalization to include magnetic field effects.7 Requisite fea-
tures of the composite deviatoric flow model21 generalized to include magnetic field
effects7 are also discussed. Subsections 2.2, 2.3, and 2.4 discuss features of the
model and comparisons with alternative approaches from the literature. This con-
tent is new and was too long to include in past publications.7,24,25 These subsections,
though relevant for interpretation of the constitutive model, can be bypassed if the
reader is only interested in the results of simulations discussed in Sections 3 and 4.

2.1 Magnetically Influenced Phase Transformations and Deviatoric Flow

Denote the volume fraction of the transformed phase by ξ. To ensure non-negative
net dissipation from the transformation rate ξ̇, the kinetic law for transitions is re-
quired to satisfy7,24,25

Dξ = −∆∗G · ξ̇ ≥ 0. (1)

The total Gibbs free energy difference, specifically the local energy density of the
potentially transformed phase (1) minus that of the initial phase (0), is ∆∗G =

G(1) − G(0). For forward transitions, ξ̇ > 0 necessitates that the Gibbs free energy
must not increase: −∆∗G ≥ 0 ⇔ G(1) ≤ G(0). Similarly, to ensure thermodynam-
ically neutral or dissipative reverse transformations, the local Gibbs free energy
density must not increase, where signs of ∆∗G and ξ̇ are reversed.

The theory of Boettger and Wallace5 and Lloyd et al.22 is enriched in recent works7,24

to allow ∆∗G to depend on shear (i.e., deviatoric) stress, magnetic flux density, and
other state variables. These dependencies enlarge the classical pressure and tem-
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perature dependencies of G(α) used in prior theory.5,22 The local metastable state
value of ξ, written ξm(X, t), is obtained from dξ = (1 − ξ)dF̄, where the dimen-
sionless forward transition driving force is F̄ = −∆∗G/βF . Proportionality factor
βF for forward transformation can depend on the local thermodynamic and mag-
netic state, as can the activation energy barrier αF . Conditions αF

0 /β
F
0 = αF/βF

are prescribed so integration produces a metastable volume fraction ξm:∫ ξm

0

dξ
1− ξ

=

∫ −∆∗G/βF

αF
0 /βF

0

dF̄ ⇒ ξm(X, t) = 1− exp
[
αF +∆∗G(X, t)

βF

]
.

(2)
The trial (·)t forward transformation rate is given by linear relaxation kinetics5,43:

−∆∗G > αF and ξ(X, t) < ξm(X, t) 7→ ξ̇t = (ξm − ξ)/τF > 0, (3)

with τF > 0 a scalar having dimensions of time. Metastable states correspond to
the limiting condition τF → 0. For finite τF , metastable equilibrium is attained for
long time increments ∆t≫ τF as arising for slowly varying transient solutions.

In reverse transformations, ξ̇t < 0 and dξ = −ξdF̄ with F̄ = ∆∗G/βR. Let βR

and αR be the proportionality constant and activation energy barrier for reverse
transitions with αR

0 /β
R
0 = αR/βR and τR > 0 the time scale for kinetics. Then

∫ 0

ξm

dξ
ξ

= −
∫ αR

0 /βR
0

∆∗G/βR

dF̄ ⇒ ξm(X, t) = exp
[
αR −∆∗G(X, t)

βR

]
; (4)

∆∗G > αR and ξ(X, t) > ξm(X, t) 7→ ξ̇t = (ξm − ξ)/τR < 0. (5)

When conditions contrary to Eqs. 3 and 5 hold, no transformation is possible:

− αF ≤ ∆∗G ≤ αR and/or

−∆∗G < αF and ξ > ξm or

∆∗G > αR and ξ < ξm

 7→ ξ̇ = ξ̇t = 0. (6)

Quantities αF , αR, βF , βR, τF , and τR can all potentially depend on local material
state in the novel theory.7 However, in the current software implementation,25 τF

and τR are fixed constants, and the phase transition barriers αF , αR, βF , and βR are
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permitted to depend only on local magnetic field strength |H| in a linear manner:

αF/R = α
F/R
0 + α

F/R
1 µ0|H|, βF/R = β

F/R
0 + β

F/R
1 µ0|H|. (7)

Eight material constants are αF/R
0 , α

F/R
1 , β

F/R
0 , and βF/R

1 . In a recent report,25 the
linear |H|-field dependence is assumed identical for forward and reverse metastable
states, though this is not essential. Generally, αF and αR are unrestricted in sign,
but −αF ≤ αR, βF > 0, and βR > 0 are physical restrictions.

The transformation driving force ∆∗G is divided into mechanical (i.e., pressure and
shear), magnetostatic, and chemical (i.e., compositional and thermal) contributions:

∆∗G = ∆∗Ĝ+∆∗G̃+∆∗Ḡ (total),

∆∗Ĝ = pJδξ/[1 + (ξ − ξ0)δ
ξ]−

√
1
6
Jσ̄V γξ (mechanical),

∆∗G̃ = ∆∗Φ (magnetostatic),

∆∗Ḡ = −∆∗A[B0 ln J
E∆θ]−∆∗ĉV [θ ln(θ/θ0)−∆θ]

− (λT/θT )(θ − θT ) + ψ0 (chemical).

(8)

The Jacobian determinant of the deformation gradient is J , and JE is the thermoe-
lastic part of J . The difference in thermal expansion coefficients (transformed phase
minus initial phase) is ∆∗A = A(1) − A(0), with A(α) the volumetric coefficient of
thermal expansion of phase α, treated as a constant. The magnetic field-independent
part of specific heat is ĉV . The latent heat coefficient of transformation is λT , and
θT is a material constant called the transformation temperature. Energy density ψ0

is the free energy of the transformed phase relative to the free energy of the initial
phase at reference temperature θ0, at null lattice deformation (i.e., at no mechanical
or thermal loads) and at null applied magnetic field. See Clayton et al.7,24 for details.

The shear strain rate due to phase transitions should not exceed the total devia-
toric plastic strain rate, the latter of which includes the sum of contributions from
slip, twinning, and phase transitions. Mathematically, this requirement leads to
2ϵ̇P ≥ γξ ξ̇ and ensures that total flow never reduces local entropy. In notation
of prior works,7,25 ėP =

√
2
3
ϵ̇P , where ϵ̇P is the magnitude of the deviatoric plastic

deformation rate tensor. This magnitude is converted to the plastic strain rate ėP

that is work conjugate to the von Mises stress via the factor of
√

2
3
. An additional

constraint on ξ̇ is imposed to enforce this condition. The transformation shear is
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defined as a function of local von Mises stress state σ̄V as in earlier models of TRIP
steels,19,20 and it becomes zero if the total deviatoric plastic strain rate is zero:

ξ̇ =

 min(ξ̇t, 2ϵ̇P/γξ),

ξ̇t if γξ = 0;
γξ =

 γξ0 ·min(1, σ̄V /σ
(0)
0 ),

0 if ϵ̇P = 0;
γξ0 ≥ 0. (9)

The transformation shear strain for local stress exceeding the datum yield stress
is the material constant γξ0 . The datum yield stress of the parent phase is σ(0)

0 ≥ 0.
Since ϵ̇P ≥ 0 and γξ ≥ 0 by definition, the first of Eq. 9 only restricts forward trans-
formations (i.e., those with ξ̇t > 0). If γξ0 = 0 (i.e., null transformation shear5,22),
this constraint vanishes. Equation 1 is obeyed unconditionally by Eqs. 2–9.

Dependence of deviatoric strength on external magnetic field is implemented as
follows in the composite flow model7 for dual-phase ferromagnetic polycrystals.
For each phase α, slip and twinning resistances are embedded in strength function
Kχ(α), whereas transition flow resistance is embedded in Kξ(α). Since slip, twin-
ning, and phase transformations may operate in parallel,21,44

1/KP (α) = 1/Kχ(α) + 1/Kξ(α). (10)

A smooth double-well function of ξ is used to modulate Kξ(α), with zeroes at ξ −
ξ0 = 0, 1:

zξ(α)(ξ; θ,H) = 4ι(α)(θ,H) · (ξ − ξ0)(1− {ξ − ξ0}); (11)

Kξ(α) = Kχ(α)
(
1/zξ(α) − 1

)
⇒ KP (α) = Kχ(α)

(
1− zξ(α)

)
. (12)

Values of ι(0,1), which affect composite strength only for ξ ̸= ξ0 and hence depict
phase interactions, can most generally depend on the local temperature and mag-
netic field.7 However, the present software implementation25 omits temperature de-
pendence of ι(α) and sets ι the same for each phase α = 0, 1. Linear dependence on
the local field magnitude is prescribed analogously to Eq. 7:

ι(|H|) = ι(0)(|H|) = ι(1)(|H|) = ι0 + ι1µ0|H|, (13)

where ι0 and ι1 are constants.

The scalar function in Eq. 13 has range ι(α) ∈ (0, 1] when transformation strain
accommodation induces softening in phase α. This permits prediction of sigmoidal
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stress-strain curves witnessed in some TRIP steels.19,20 For no such accommoda-
tion, ι(α) = 0, and composite strength does not depend on magnetic field.

The second well in Eq. 11 is never attained in practice if ξ0 > 0; in that case, some
accommodation is permanent when ξ → 1. The form in Eq. 11 is intended for
situations when ξ ≥ ξ0 as in Clayton and Lloyd.21 Conditional modifications are
necessary to account for scenarios in which reverse transformation renders ξ < ξ0.

An augmentation of the composite flow stress model for dual-phase polycrystal
plasticity was introduced by Clayton and Lloyd21 to allow for increased strength at
very high rates of loading.45–47 This strength increase is often attributed to increased
viscous and phonon drag of dislocations. This augmentation was not used in two
recent works7,24 but is available in the present software implementation25:

Kχ(α) = k(α) ·
(
ėP/ė0

)m(α)

⟨1− θ̄p
(α)⟩[1 + ks⟨ln(ėP/ės)⟩]. (14)

The additional material constants for shock dynamics are ks and ės > 0, where the
latter is generally a large strain rate for metals (e.g., on the order of 104/s). When
ks > 0, increased strength occurs for ėP > ės. The other material constants entering
Eq. 14 are defined in the past publications.21,25

2.2 Velocity Gradient Decomposition

The deformation gradient F follows the classical multiplicative split48:

F = ∇0 x = FEFP . (15)

The thermoelastic deformation, which encompasses rigid-body rotation, is FE . The
total inelastic deformation is FP , encompassing possible contributions from dis-
location slip, deformation twinning, phase transformations, and damage mecha-
nisms. Neither FE nor FP is generally integrable.49 The total Eulerian velocity
gradient l = ḞF−1 is split into an elastic part lE = Ḟ

E
(FE)−1 and a plastic part

lP = FEḞ
P
(FP )−1(FE)−1. The spin tensor ωωω (i.e., skew part of l) and the deforma-

tion rate tensor d (i.e, symmetric part of l) are additively decomposed into elastic
(·)E and plastic (·)P parts.

For an isotropic polycrystal that remains isotropic throughout its deformation his-
tory, no preferred crystallographic texture should emerge. In the context of crystal
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plasticity,48,50–52 this implies that for every slip system-slip plane dyad a(i) ⊗ b(i), a
complementary dyad of the form b(i) ⊗ a(i) is activated with equal probability. As
such, the plastic spin averaged over the ensemble of active single crystal slip sys-
tems within an isotropic polycrystalline element should vanish, leading to ωωωP = 0,
and thus the total continuum spin is the elastic spin: ωωω = ωωωE . Therefore,

l = dE + dP +ωωω; dE = (dE)T, dP = (dP )T, ωωω = −ωωωT = ωωωE. (16)

These kinematic assumptions, along with small deviatoric elastic stretch and small
deviatoric elastic stretch rate, permit derivation7,21 of the objective Jaumann rate
equation for the deviatoric spatial lattice stress (i.e., contribution of elastic shear
strain to Cauchy stress). This equation is conveniently integrated in time to update
the deviatoric Cauchy stress using a radial return method, as discussed by Clayton et
al.7 These assumptions are standard in the finite plasticity and computational plas-
ticity literature.53–55 The total Cauchy stress is found from the thermoelastic volume
change ln JE = treE and temperature, both of which affect the lattice pressure, the
deviatoric spatial lattice stress, the phase and damage fractions ξ and ϕ, and the
spatial magnetic field variables B and M. None of the kinetic laws or the temper-
ature rate equation require FE or FP explicitly; rather, only the elastic and plastic
deformation rates are used. There is no need for calculation of any of RE , UE , RP ,
or UP from polar decompositions, for example, motivated by the Cayley-Hamilton
theorem.56 Costly matrix inversions are also avoided.

However, the present system of equations can be expanded to explicitly calculate
these quantities at increased computational expense. Given F, l, and the total inelas-
tic deformation rate dP from the kinetic equations7,25 for plastic flow, phase transi-
tions, and damage, the elastic velocity gradient is found as lE = l − dP . The elastic
deformation can then be found from time integration of the differential equation
Ḟ

E
(t) = lE(t)FE(t). Next, FP can be calculated from FP (t) = (FE)−1(t)F(t),

where matrix inversion is needed. Finally, rotations and stretches of FE and FP

could be obtained from calculating their polar decompositions.56

For simple problems, elastic and plastic rotation tensors can be deduced directly.
For example, if a sample is deformed in uniaxial tension then rotated rigidly, all ro-
tation will be embedded in RE since dP = 000 during rigid body rotation. On the other
hand, if the sample is rotated rigidly while undergoing plastic deformation dP ̸= 000,
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neither RE nor RP can be discerned intuitively a priori, but rather each would need
to be calculated using the preceding procedure if sought for curiosity (recall, the
distinct elastic and plastic rotation angles are not required by the isotropic constitu-
tive model). Symmetry of lP does not require that FP be symmetric.

An alternative formulation can be envisioned whereby a kinetic law for U̇
P

(e.g.,
the rate of one possible Lagrangian plastic metric implemented by Miehe57) is pre-
scribed, in conjunction with the constraint that plastic rotation RP = 1 for poly-
crystals. In this case, F = RU = REUEUP would emerge, and RE = R such that
total rotation is always elastic. Another similar approach would prescribe a kinetic
law for the symmetric part of Ḟ

P
(FP )−1, reasonably assuming that the skew part of

Ḟ
P
(FP )−1 vanishes identically for plastic isotropy. This approach, advocated in past

work by the author,24 has the apparent physical advantage that the true plastic spin,
rather than its elastic push-forward, vanishes. However, since FE is non-singular,
vanishing of the true plastic spin leads to vanishing of ωωωP . Both alternatives24,57

are perhaps more physically justified than the current prescription7,25 in which the
kinetically prescribed flow rate dP contains intrinsic elastic push-forward terms,
though effects of the stretch contributions of these terms should be small for duc-
tile metals. However, these quoted alternatives would require sophisticated,58 and
likely costly, numerical implementations for updating the stress and other constitu-
tive variables (e.g., the Jaumann rate derived previously7,25 would not necessarily
apply). On the other hand, the assumptions and approximations used in the current
framework take advantage of existing, efficient numerical algorithms for explicit
dynamic finite element (FE) computations,21,42,53,54,59 thus justifying their use.

2.3 Remarks on Kinetics and Dissipation

The kinetic laws prescribed by Clayton et al.7,25 for phase transitions, damage, and
plastic flow are physically justified based on experimental evidence and are fully
consistent with the laws of thermodynamics, namely, non-negative dissipation is
ensured for each mechanism ultimately affecting the Clausius-Duhem inequality.
However, in each case, no linear relationship between conjugate thermodynamic
force and kinetic rate is imposed, nor is any dissipation potential used. However,
such a potential exists in the theory7 for the deviatoric part of the total plastic flow
rate when energy storage from dislocations (i.e., stored energy of cold work) is
omitted.
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For phase transitions, a linear relaxation kinetic law to a metastable state surface is
used, which has been proven reasonably successful for reproducing experimentally
observed phase change kinetics for Fe and other ferrous alloys.5,22,24 The conju-
gate thermodynamic driving force to the phase fraction ξ is the Gibbs free energy
difference −∆∗G, which affects the metastable surface in a nonlinear way. Dissi-
pation from transitions is always non-negative according to this theory, elaborated
in Section 2.1.

For evolution of porosity ϕ, a direct evolution law for the void volume fraction
is prescribed following Cocks and Ashby,60,61 which in turn always leads to non-
negative dissipation since the model’s elastic coefficients can only degrade with
increasing damage. The net conjugate thermodynamic force is Ξ̂. This force does
not explicitly enter the kinetic law, but the tensile pressure, which is part of Ξ̂, is a
primary factor controlling the growth of porosity. A similar Cocks-Ashby model62

has been successfully used elsewhere to represent ductile failure of steels.21,53

For plastic flow, an associative flow rule with normality and Kuhn-Tucker condi-
tions54 is imposed for the deviatoric part d̄P . A Taylor-Quinney factor β̂ locally
averaged over constant values for each phase is used. So long as β̂ ≥ 0, net plastic
dissipation from plastic flow less energy storage from cold work63 is always non-
negative, and the theory is thermodynamically consistent. However, unless β̂ = 1,
deviatoric plastic flow does not maximize net dissipation, since some fraction of
plastic working increases the free energy (i.e., χ is not fully dissipative7,21,24,64).
Though alternative formulations exist for various steels,19,20,65 similar kinetic frame-
works have been successfully used elsewhere for capturing experimental data on
ferrous alloys undergoing slip, twinning, and phase transitions.21,37,66 The total plas-
tic strain rate dP , consisting of deviatoric flow and volume changes from phase tran-
sitions and voids, is not strictly required to satisfy any normality conditions or to be
derivable from any dissipation potential.62

Now-classical and customary concepts67 have been proposed for constructing ki-
netic laws that unconditionally produce non-negative dissipation (i.e., lead to non-
negative entropy production from state variables). Perhaps the simplest physically
justified proposition, attributed to Onsager,68 is a linear relationship between ther-
modynamic fluxes (i.e., kinetic rates) and their conjugate thermodynamic forces.
The Onsager method was generalized by Ziegler69 to allow for nonlinear force-flux
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relations via dissipation potentials whose derivatives with respect to thermodynamic
forces produce the corresponding fluxes. Accordingly, the local material state tends
to evolve toward one of minimum free energy, though exceptions exist.70

Elsewhere, models incorporating principles of Onsager and Ziegler have been im-
plemented for phase transitions and plastic flow. For example, in a model for Fe,43

a kinetic law for the phase transition rate linearly proportional to −∆∗G/θ, con-
sistent with Onsager’s theory for isothermal conditions, was used for shock load-
ing. In work of Miehe,57 kinetic laws were derived for plastic flow and hardening
variables using a shared convex potential consistent with Ziegler’s approach and
maximum dissipation. While the present model framework does not obey all such
principles—which are always sufficient but are not always necessary for thermody-
namic admissibility—it is consistent with non-negative net dissipation and produces
sound agreement with experimental observations, thus providing its justification.

2.4 Physical Processes at Different Time Scales

The general theoretical-numerical framework7,25 simultaneously resolves mechan-
ical, thermal, and electromagnetic phenomena. Each of these three classes of phe-
nomena acquires a characteristic time from its corresponding governing equation(s).
The balance of linear momentum furnishes the time tmech for mechanical signals
(i.e., stress waves). To first order, the longitudinal sound velocity cL = [(B0 +
4
3
G0)/ρ0]

1/2 produces the characteristic time tmech ≈ L/cL, where L is a representa-
tive length over which the signal propagates. The balance of energy in conjunction
with the assumption of constant isotropic thermal conductivity κ produces the char-
acteristic time for thermal diffusion ttherm ≈ L2cV /κ.

Derivation of the characteristic time for electromagnetic phenomena follows from
Maxwell’s equations of quasi-magnetostatics in conjunction with the assumption
of constant isotropic electrical conductivity Σ. The quasi-magnetostatic approxi-
mation24,29 is invoked in Ampere’s law, whereby |ϵ0∂tE| ≪ |(∇×H)−J| for finite
H and/or finite J. Conditions for confidence of the quasi-magnetostatic approxi-
mation are discussed by Landau et al.71: frequencies ω̂ of applied magnetic field,
electric field, and current must be small versus speed of light in vacuum divided by
characteristic length: ω̂ ≪ c/L. Accordingly, magnitudes of time rates of electric
field (and thus electric current if proportional) must remain small in a relative sense.
In this approximation, electromagnetic waves can be interpreted to propagate with
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infinite velocities in free space, and electric current signals are effectively instanta-
neous in conductors. The quasi-static forms of Maxwell’s equations do not enable
resolution of optical phenomena, for example propagation of light that occurs at a
very fast time scale impossible to resolve simultaneously in FE discretizations fully
resolving acoustic and thermal transients.

Taking the curl of Ampere’s law, substituting for the electric current from Ohm’s
law, and applying Faraday’s law gives a diffusion-like equation for magnetic field
H, generalizing that of Landau et al.71 to Galilean-invariant form24:

∇×∇× H = ∇× JJJ = Σ∇× EEE = −Σ
∗
B

⇒
∗
H = {µ0Σ}−1[∇2H −∇(∇ · M)]−

∗
M.

(17)

Given the magnetic permeability µ, the time for magnetic diffusion from Eq. 17 is
derived as tmag ≈ ΣµL2.24,71

In simulations, L corresponds to the minimum size of elements of the grid or mesh,
and the time step size ∆t should be smaller than the minimum characteristic time
for accuracy and stability (i.e., the Courant-Friedrichs-Lewy condition) if explicit
integration methods are used, as is conventional for the momentum balance.41,42,59

As an example, take L = 1 mm and invoke physical properties of Fe,24 with
µ = µ0 the limiting case for magnetic diffusion. The longitudinal sound speed
is cL ≈ 6 km/s, giving tmech ≈ 0.17µs. Thermal diffusivity κ/cV ≈ 22 mm2/s of
iron produces ttherm ≈ 45ms. The electrical conductivity Σ = 107 A/V·m produces
tmag ≈ 13µs. Thus, the limiting case is ∆t < tmech, meaning that sound speed here
controls the minimum global time step. For most crystalline solids of current inter-
est, tmech ≪ ttherm. However, if electrical conductivity Σ is very low, then tmag can
be prohibitively small. For this reason, implicit integration methods are commonly
used in magnetohydrodynamics host codes41,42 for stable solution of the magnetic
diffusion equation with larger step sizes.

Step ∆t should also be small enough to resolve local kinetic processes, namely
viscoplasticity, phase transitions, and damage. For each time increment, changes in
eP , ξ, and ϕ should not be severe, as suitably regulated by algorithms for modeling
of each mechanism.7,25

15



3. Simulation Protocols

3.1 Material and Parameters

The composition in weight (wt.) % is as follows for the ferrous AR alloy of present
study7 designed and fabricated by ARL: C 0.17, Mn 8.75, Si 0.68, Cr 12.01, Ni 2.5,
N 0.07, and Fe 75.82. The material initially consists of three phases: γ (FCC), ϵ
(HCP), and α (BCC). Before deformation, volume fractions for the AR alloy are γ
of 0.806, ϵ of 0.136, and α of 0.058.

The model tracks fractions of only two phases simultaneously, one with volume
fraction ξ(0) = 1 − ξ corresponding to the parent phase, the other with fraction
ξ(1) = ξ corresponding to the child phase. Forward transformation entails an in-
crease in ξ. For the present materials, the close-packed phases γ and ϵ are com-
bined into a single γ/ϵ phase, with the remaining α phase corresponding to the
parent phase. Properties that depend on phase volume fractions of γ and ϵ phases
are obtained for the composite close-packed phase via a mixture rule7 with the ini-
tial volume fractions of γ and ϵ phases. Labeling the compressive (i.e., densifying)
transformation α → γ/ϵ as the forward transformation, ξ0 = ξ(t = 0) = 0.942

is the initial volume fraction of the dense child phase. For complete transforma-
tion from the BCC to the FCC and HCP phases, ξ : 0.942 → 1. Notably, only a
small fraction of the material (0.058) is locally available for this pressure-induced
transition.

With the exceptions of the magnetic field-affected kinetic parameters αF
0 , αF

1 , βF
0

and βF
1 in Eq. 7 and ι0 and ι1 in Eq. 13, all material parameters for the AR alloy are

taken verbatim from the recent work of Clayton et al.7 The complete list is lengthy
and omitted here for brevity. Regarding parameters of Eq. 7, only those for forward
transitions are required for the present study when the forward transformation is
defined as α → γ/ϵ. Values of αF

0 , αF
1 , βF

0 , βF
1 , ι0, and ι1 considered in forthcoming

simulations are listed in Table 1. Parameters have not been calibrated for the α →
γ/ϵ transition for the AR alloy in prior work. Herein, Model 1 applies the kinetic
parameters for the isothermal γ/ϵ → α transformation of the same AR alloy as
calibrated to quasi-static tensile experiments.7 With the exception of dimensionless
parameter ι0 that is held fixed, Model 2 applies the kinetic parameters for the α → ϵ

transition in pure Fe as calibrated to shock compression experiments.3,7
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Table 1 Kinetic parameters for magnetic field effects on phase changes and inelasticity

Parameter (units) Model 1 Model 2
αF
0 (MPa) 469 0

αF
1 (MPa/T) 7.78 -36.0

βF
0 (MPa) 22.0 90.5

βF
1 (MPa/T) 7.78 0.0

ι0 (-) 0.195 0.195
ι1 (1/T) -0.062 0.0

The relaxation time for transition kinetics τR = τF = 25 ns is assumed identical
to that of pure Fe.7,24 Equation 14 is implemented for dynamic calculations with
ks = 0.25 and ėP = 104/s, as used for a different austenitic TRIP steel in past
research.21 The strain-rate and temperature sensitivity of the flow stress entering
Eq. 14 and the Taylor-Quinney factor β̂ have not been measured for this alloy.
Therefore, values of those of a different TRIP steel21 are used out of necessity,
assumed the same for both phases α = 0, 1: m(α) = 0.003, p(α) = 0.6, β̂(α) = 0.8,
with ė0 = 10−3/s.

3.2 Loading Conditions

Calculations in prior work7 considered loading applied so slowly that conditions
were mechanically quasi-static, not exceeding moderate pressures (e.g., p < 60

GPa). These conditions sought to replicate hydrostatic compression, metastable
Hugoniot states, and low-rate tensile experiments. In each case, the complete dy-
namic theory, as well as dynamic numerical procedures, remained valid and was
applied. However, the numerically imposed strain rates were low enough such that,
in each loading increment, transformation followed the metastable equilibrium path
(i.e., ξ(t) → ξm(t)), the influence of strain rate on flow strength was negligible, and
any damage growth was unaffected by the time scale since the damage rate is pro-
portional to the flow rate.7,21,25

In this report, new problems evaluate the model’s performance at much higher pres-
sures and loading rates. New calculations herein only consider the AR ferrous alloy.
Experimental data for this alloy are not available at the extreme loading conditions
simulated here, so comparisons are made with data on Fe6,72 and other steels.73
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A material element within a cylinder of the alloy is modeled. For metastable equi-
librium,5 slow loading conditions are applied to mimic those trailing a planar shock
wave moving in direction i along the length of the cylinder, wherein quasi-static ap-
proximations hold. Within the rise of a structured shock wave, all quasi-static con-
ditions need not apply. However, the quasi-magnetostatic approximation71 is still
thought to be reasonable within transformation shock waves of strength considered
here. For an applied strain rate on the order of 106/s and a compressive strain of 0.1
achieved within the transformation wave, the characteristic rise time is 100 ns. This
is orders of magnitude larger than the characteristic time for propagation of elec-
tromagnetic waves over a domain size of 1 cm (i.e., around 0.03 ns). For a steady
transformation wave speed of 5 km/s, the shock width in this thought experiment
would be 500 µm.

Uniaxial strain compression is applied in the 1-direction denoted by unit vector i,
at a constant rate:

F(t) = 1 − ϵ̂(t)i ⊗ i, ϵ̂(t) = ˙̂ϵ t = 1− J(t) = 1− ρ0/ρ(t) ≥ 0. (18)

Two rates are considered: ˙̂ϵ = 10−3/s and ˙̂ϵ = 106/s, where the former (static) is
representative of metastable Hugoniot states in regions behind a shock wave that
has passed. The latter (dynamic) is representative of rapid straining within a shock
front.74–76 Compressions up to 35% achieve extreme pressures. Insulated and adia-
batic thermal conditions are imposed with a starting temperature of 300K.

In some calculations, an external magnetic field H of strength µ0H
∞ = 2T is ap-

plied parallel to the compression direction. Across a shock, normal continuity of the
magnetic flux density B = Bi implies the signed magnitude B = constant within
the cylindrical specimen during the compression process, as required by Maxwell’s
equations.24,29 Magnetic loading conditions for this field orientation, denoted as
“parallel,” are imposed as

B =

 µ0H
∞ (H∞ ≪ HS),

µ0(H
∞ +MS

0 ) (H∞ ≳ HS).
(19)

Here, HS = 0.05 T is the threshold for magnetization in the ferroelectric phase of
the polycrystal, assigned a magnitude applicable to pure Fe.24 The initial saturation
magnetization of the composite, consisting of a low fraction of ferromagnetic α
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phase, is calculated a priori from thermodynamic parameters7 of the initial phases
as µ0M

S
0 = 0.09537 T.

In other forthcoming calculations, a constant magnetic field of strength µ0H = 2T
is applied transverse to the direction of straining,6 in the 2-direction denoted by j:
H = Hj with i · j = 0. For a relatively short cylinder (e.g., a disc used as a target
for plate impact), the assigned condition H = constant in the sample of material is
consistent with tangential continuity of field H across its flat faces as required by
Maxwell’s equations.29 This applied field condition is denoted as “perpendicular.”

The longitudinal Cauchy stress component P and a measure of shear stress τ are
defined as follows from Cauchy stress t, here equal to σσσ which is symmetric7:

P = −ttt : (i ⊗ i), τ = P + ttt : (j ⊗ j). (20)

For the present loading protocols, P > 0 and τ > 0. In the absence of a mag-
netic field, t22 = t33 and |τ | equals the von Mises stress σ̄V . Since the calculations
invoke displacement control with spatially constant field variables F,H,B,M, t, θ,
no spatial discretization (e.g., FE mesh) is required. Methods are akin to single
integration-point calculations within one solid element, for example.

4. Numerical Results

4.1 Metastable States

Calculated results for adiabatic quasi-static loading at ˙̂ϵ = 10−3/s are shown in
Fig. 1. In these calculations, the external magnetic field, if nonzero (i.e., µ0H

∞ = 2

T) is parallel to compression direction i. Longitudinal stress P is reported versus
density in Fig. 1, where curves of P are generally similar among both models and
both magnetic field strengths. For Model 1, close inspection of numerical data un-
derlying Fig. 1b reveals a slightly stiffer P − ρ Hugoniot for a 2 T field than for
null field. For example, at ρ0/ρ = 0.97 according to Model 1, P = 6.785 GPa for
H = 0 and P = 6.817 GPa for a 2 T field. Similarly, small differences in results
for Model 2 for field strengths µ0H

∞ of 0 and 2 T also cannot be visually discerned
in Fig. 1d. At ρ0/ρ = 0.97 according to Model 2, P = 6.656 GPa for H = 0 and
P = 6.623 GPa for a 2 T field.
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Fig. 1 Axial stress P for adiabatic uniaxial strain compression. Curves are metastable state
predictions for AR alloy, with or without an external 2 T magnetic field parallel to the com-
pression direction. Experimental Hugoniot data are for stainless steel73 and pure Fe.6,72 Results
are as follows: (a) Model 1 and experiments, (b) Model 1 and experiments, lower P range, (c)
Model 2 and experiments, and (d) Model 2 and experiments, lower P range.

As discussed in prior work,7,25 the logarithmic equation of state75,77 (EOS) is imple-
mented in the Helmholtz free energy potential to relate lattice pressure, thermoelas-
tic compression, and temperature. Predictions in Fig. 1 for the adiabatic metastable
response are similar to experimental Hugoniot data of three kinds of stainless steel
(SS): 304, 304L, and 347,73 especially in the pressure range between 50 and 150
GPa. These similarities provide some confidence in the EOS and its implementa-
tion in the present framework. Even closer agreement at very high P exceeding 150
GPa could be achieved by including the contribution of shock dissipation to entropy
production, of order three in ϵ̂ as derived analytically elsewhere.77 This contribution
is omitted in the present homogeneous-deformation calculations.

The AR alloy undergoes densification with an α → γ/ϵ phase transformation, but
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since the initial α fraction is just under 6%, the effect on the average pressure (p or
P ) is gradual and relatively small. This in contrast to pure α-iron, which undergoes
a complete (100%) transformation to the ϵ phase, leading to a more abrupt mass
density increase and smaller value of P at the same ratio ρ0/ρ as evident in the
experimental data.6,72 Predicted P versus ρ Hugoniot responses are affected very
little by the choice of kinetic parameters for Model 1 versus Model 2 in Table 1.
Comparing underlying data for Figs. 1b and 1d, a slightly higher P versus ρ curve
for a 2 T field is observed when kinetic Model 1 is used rather than Model 2 because
field-assisted transformation occurs at lower P and ρ in the latter. These differences
exist in the calculated data, but they are too small to be visually discerned in Fig. 1.

Table 2 lists longitudinal stress P for initiation of the α → γ/ϵ transformation as
predicted by the model for both parameter sets of Table 1. Results for both magnetic
field orientations (i.e., parallel and perpendicular to i) are reported. Also shown are
model predictions7 for the α → ϵ transformation in pure Fe.

Table 2 Predicted shock pressure P for initiation of α → γ/ϵ transition

Material Model External H Field (T) Field direction Pressure P (GPa)
AR alloy 1 0 . . . 6.196

1 2 parallel 6.634
1 2 perpendicular 6.631

AR alloy 2 0 . . . 4.494
2 2 parallel 4.112
2 2 perpendicular 4.112

Fe . . . 0 . . . 13.187
. . . 2 parallel 11.800
. . . 2 perpendicular 11.712

The tabulated predictions for pure Fe7 have been validated versus experimental data,
with3 and without5,38 applied magnetic fields (i.e., “H fields”). Transition pressure
is defined as the value of P for which ξ̇ first exceeds zero as the composite mass
density concurrently increases. The following trends are recognized in Table 2:

• The external H field increases the initiation pressure of the AR alloy by 6.6%
for Model 1.

• The externalH field decreases the initiation pressure of the AR alloy by 8.5%
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for Model 2.

• The predicted initiation pressure of the AR alloy is 2.3 to 2.5 GPa higher for
Model 1 than for Model 2.

• The orientation of the H field has little or no effect (e.g., much less than 1%
difference) on initiation pressure for the AR alloy.

• The transition pressure of pure Fe is at least 7 GPa larger than that predicted
for the AR alloy at null H .

• The effect on transition pressure of orientation of theH field is non-negligible
but very small (e.g., around 1% difference) for pure Fe.

The significantly lower transition pressure of the AR alloy compared to pure Fe
when Model 2 kinetic parameters are used is attributed to several factors. First, the
thermodynamic properties of the alloy differ from those of pure Fe due to com-
positional (e.g., chemical and phase) differences. Second, the transformation shear
strain γξ0 = 0.1 is finite for the AR alloy ascertained from tensile test data and mod-
eling,7,19 but the vanishing of transformation shear strain, γξ0 = 0, is assumed for
pure Fe.5,24,38 The shear driving force affecting ∆∗Ĝ in Eq. 8 is thus negative for
the AR alloy under uniaxial compression, lowering the Gibbs energy barrier and
promoting transformation via ξ̇ > 0. This driving force is omitted in the model for
pure Fe.5,24,38 Model 1 also yields a lower predicted transition pressure of the alloy
relative to that of pure Fe, albeit not as low as Model 2.

4.2 Dynamic Compression

Calculated results for adiabatic dynamic loading at ˙̂ϵ = 106/s are shown in Fig. 2.
In these calculations, the external magnetic field, if nonzero (i.e., µ0H

∞ = 2 T) is
parallel to compression direction i. On the abscissa, uniaxial strain is measured by
ρ0/ρ, the density ratio of the composite, equal to the inverse of the specific volume
ratio. Transformation volume fraction ξ in Fig. 2a increases with increasing ρ but
is scantly affected by the external magnetic field. Transformation commences at a
lower density for Model 2 than for Model 1. Trends are consistent with the quasi-
static results in Table 2.
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Fig. 2 Dynamic adiabatic uniaxial strain compression at strain rate ˙̂ϵ = 106/s; AR alloy,
model predictions vs. mass density ratio ρ/ρ0 with or without external 2 T magnetic field
parallel to compression direction: (a) fraction of BCC α phase 1 − ξ, (b) longitudinal stress
(i.e., shock pressure P ), (c) shear stress, and (d) average spatial magnetization (vanishes for 0
T external field)

Though difficult to resolve in Fig. 2a, a nonzero magnetic field H impedes the
phase transition for Model 1, similar to observations in prior work7,25 for the re-
verse transformation in this alloy. Here, both the magnetostatic energy difference
and the transition kinetic barriers tend to inhibit transformation from ferromagnetic
to paramagnetic phases as H increases. For example, at the lower loading rate per-
tinent to Table 2, the transition shock pressure increases from 6.196 to 6.634 GPa as
the H-field increases from 0 to 2 T. At the present higher loading rate of 106/s, the
transition start pressure increases similarly from 6.234 to 6.636 GPa. This behavior
is physically expected given the prescribed yet experimentally uncertain parame-
ters, lending some confidence to the implementation25 of the phase change model.
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Differences in shock stress P exist, similar to the quasi-static case, but these can-
not be discerned among the two models and two field strengths (0 versus 2 T) in
Fig. 2b. Differences in shear stress τ of Eq. 20 are detectable between predictions
of different Models 1 and 2 in Fig. 2c, but these differences are relatively small, no
more than around 50 MPa or 3% of τ . The model predicts an approximate doubling
of strength from static to highly dynamic conditions due to rate sensitivity and dis-
location drag effects included in Eq. 14. Effects of H on τ are small, yet visible,
at compressions exceeding 10%. The high-pressure strength profiles in Fig. 2c are
comparable to those for several other primarily austenitic steels,21 providing some
confidence in the current viscoplasticity implementation.

Magnetization per unit spatial volumeM = ξM (1)+(1−ξ)M (0) is shown in Fig. 2d,
with M (1) the magnetization of the close-packed paramagnetic phase(s) of volume
fraction ξ(1) = ξ and and M (0) the magnetization of the BCC ferromagnetic phase
of fraction ξ(0) = 1 − ξ. Since the magnetization of the paramagnetic γ/ϵ phase is
nearly negligible (0.0004 T) for µ0H

∞ = 2 T, the average magnetization M con-
sists nearly entirely of the contribution of the α phase. Prior to initiation of transfor-
mation, M increases slightly with increasing ρ since spatial volume per unit mass
decreases with increasing density while the magnetization per unit mass is constant.
As transformation proceeds, ξ → 1 and the fraction of the ferromagnetic BCC α

phase goes to zero, leading to negligible M at large compression ρ/ρ0 ≥ 1.25. Re-
sults are logical given the transformation profiles in Fig. 2a: as the ferromagnetic α
phase transforms into the weakly paramagnetic close-packed phases, magnetization
drops drastically. Magnetization M is defined as zero for µ0H

∞ < HS = 0.05 T
per Eq. 19. In the absence of an aligning field, magnetic spins are assumed randomly
oriented in the polycrystal so net magnetization vanishes.24,29

The predicted volume fraction of the less dense α phase is compared at low and
high loading rates versus longitudinal stress (i.e., shock pressure P ) in Fig. 3. At the
dynamic rate of loading in Fig. 3b, transformation to the denser close-packed phases
proceeds more gradually with increasing P than for quasi-static loading in Fig. 3a.
The loading duration for the former is on the order of 100 ns, only around four times
the phase transition relaxation time τF = τR = 25 ns. The dynamic phase transition
lags the applied compression due to the finite time scale of transformation kinetics,
and it does not fully complete (ξ → 1) until around 60 GPa. This phenomenon
would produce spreading of plastic transformation wave under shock loading.5,22,38
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In contrast, at the lower rate of loading, the transition is nearly linear versus P and
completes by around 30 GPa.
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Fig. 3 Predicted fraction of BCC phase 1− ξ vs. shock pressure P : (a) quasi-static compres-
sion ˙̂ϵ = 10−3/s and (b) dynamic compression ˙̂ϵ = 106/s

5. Conclusions

Material point simulations have modeled dynamic adiabatic compression of a fer-
rous alloy immersed in an external magnetic field. A continuum multiphysics con-
stitutive model, developed and advanced in recent prior works by the author and
collaborators, has been used in these simulations. Different conceivable parame-
ter sets, not directly acquirable from scarce existing data, that dictate magnetic
field-dependent kinetics for α ↔ γ/ϵ phase transformations have been investigated.
Boundary conditions approximate those experienced by an element of material sub-
jected to planar shock compression witnessed in recent experiments at ARL.

Predicted Hugoniot stress-volume responses show very little effect of magnetic
field, regardless of transition parameters. The Hugoniot responses of the model rea-
sonably agree with experimental data on three stainless steels, providing confidence
in the logarithmic pressure-volume-temperature EOS for shock pressures up to 150
GPa. The predicted dynamic shear strength of the alloy is also similar to that of
other austenitic steels. Magnetization is affected by both the choice of transition
kinetic parameters and the magnitude of the external field.

With or without an applied field, the present ferrous alloy is predicted to initiate
transition to its denser phases at pressures less than around half of those for pure
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Fe. Transformation initiation pressures are predicted to vary up to on the order of
10% for a 2 T field. Parameters obtained from isothermal static extension of the
alloy lead to an increase in initiation pressure with increasing field strength. Param-
eters borrowed from a model of shock compression of pure Fe lead to a decrease in
transition initiation pressure with increasing external field strength. Predicted differ-
ences in constitutive responses for magnetic fields aligned parallel or perpendicular
to the compression direction are nearly negligible.

The current model predictions await confirmation from dynamic experimental data.
Such data should also enable refinements of kinetic parameters as well as other
continuum model features for this class of alloys in the adiabatic high-strain rate,
high-pressure regime. Calculations and comparisons with experiments for the HT
alloy are also planned.
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List of Symbols, Abbreviations, and Acronyms

TERMS:

2-D two-dimensional

3-D three-dimensional

AR as rolled

ARL Army Research Laboratory

BCC body-centered cubic

CMF constitutive model framework

Cr chromium

DEVCOM US Army Combat Capabilities Development Command

EOS equation of state

FCC face-centered cubic

Fe iron

FE finite element

HCP hexagonal close-packed

HT heat treated

Mn manganese

Ni nickel

SS stainless steel

TRIP transformation-induced plasticity

MATHEMATICAL SYMBOLS:

B magnetic flux density

d deformation rate tensor

F deformation gradient

G Gibbs free energy per unit reference volume
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H magnetic field

J electric current density

l Eulerian velocity gradient

M magnetization per unit spatial volume

p Cauchy pressure

P longitudinal shock pressure

t time

t Cauchy stress tensor

x spatial coordinates

X reference coordinates

ρ mass density

υυυ particle velocity

τ shear stress

ωωω spin tensor

ξ transformed phase volume fraction

θ temperature
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