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1.0 SUMMARY
Contemporary methods used to model laser-tissue interactions most commonly employ Pennes’
bioheat equation. Despite its successful implementation in many applications, Pennes’ equation
reflects some unrealistic assumptions, such as the condition of infinite thermal propagation speed.
While in many applications the effect of this assumption may be negligible, evidence shows
that this assumption may produce unrealistic temperature profiles in extreme cases (such as laser
heating applications) depending on the complexity of the tissue structure. To provide a theoretical
framework, a linearized constitutive heat flux equation introduced by researchers in the 1960s is
shown to unify the classical Pennes’ bio-heat equation with the Thermal Wave Model for Bioheat
Transfer (TWMBT) and some other alternative models. This perspective highlights the similarities
and fundamental differences between the approaches.

A detailed overview of modern alternatives to Pennes’ equation, including a numerical comparison
between a thermal relaxation time method, the classical Pennes’ bioheat equation, and a fractional
Pennes’ equation, is provided. As a case study, limitations of the Fourier’s law-based Pennes’
bio-heat diffusion equation are examined and subsequently modified by including a time-lag term
to overcome those limitations. The estimates provided for the time-lag are based on available
optical and thermal properties of the skin tissue. It is postulated that a more accurate estimate of
the time-lag can be achieved with improved characterization of the optical and thermal properties
of the skin tissue and the temperature dependent protein unfolding and aggregation.

2.0 INTRODUCTION
At the time of writing, most standard methods used to model thermal damage from laser-tissue
interactions rely on Fourier’s law-based theories that implicitly assume an infinite thermal
propagation speed. As a result, these models exhibit a temperature response that propagates
instantaneously throughout the entire structure; a quality that is commonly non-physical due to
thermal conduction being a mechanical phenomenon and therefore is transferred in solids with the
velocity of sound. For cases with lower power and/or longer exposure durations, this assumption
generally does not cause any problems. However, as the power is increased and the exposure
duration reduced, this assumption tends to produce non-physical results. For example, while the
implementation of the resulting bio-heat equation, known as Pennes’ equation, has been generally
successful in predicting temperature profiles for laser-tissue heating events, many times this is
only achieved by varying tissue properties without full consideration of extraneous variables and
sometimes assuming values that are outside the boundaries of known measurements [1].

Methods to obviate this problem include introducing a phase lag (or relaxation) term which
accounts for a finite thermal propagation speed [2], [3]. This finite thermal propagation speed
reflects the lag between the energy being deposited from the source (in this context, a laser) and
the subsequent diffusion of said energy to the rest of the medium which yields a hyperbolic wave
equation. However, this phase lag term, in many cases, has a value that is not explicitly defined or
known. Nevertheless, the advantages are that (1) assuming a finite thermal propagation speed may
account for the extreme conditions where Fourier’s law begins to break down [4]–[6] and (2) the
phase lag parameter can be used to intentionally account for variations in tissue properties.
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This work details the investigation conducted on the inclusion of a phase lag term within
the bio-heat equation and the physical as well as mathematical consequences for doing so.
Requirements of the phase lag term as a physical parameter are also discussed along with possible
approximation methods if the value itself cannot be determined experimentally. This work then
concludes with a comparison study between the numerical implementation of governing equations
with and without a phase lag term included in various contemporary models.

2.1 A linearized constitutive equation for heat conduction
The thermodynamic theory of materials with memory gained traction in the 1960s [7], [8]. Gurtin
and Pipkin [9] developed a general theory of heat conduction for nonlinear materials with memory
which captures finite propagation speeds. This work is based on the fading memory approach in
the sense of Coleman and Noll [10]. The constitutive assumption of this work is that the response
of the material at each point is characterized by functionals representing the present values of free
energy ψ = ψ(t), entropy η = η(t), and the heat-flux q = q(t) at a point x whenever the present
value of the temperature, the summed histories of temperature, and the gradient are known at x.
That is, ψ(t) = Ψ(T,Tt

,∇T
t
), η(t) = N(T,Tt

,∇T
t
), q(t) = Q(T,Tt

,∇T
t
) where Ψ,N, and Q

represent the previously mentioned functionals and T repesents the temperature. The terms Tt

and ∇T
t

represent the history functions and the notation is clarified in the next paragraph. In
this context, a functional refers to a mapping from a space X into the field of real numbers. It
should also be noted that this theory depends on the assumption that ψ,η , and q are independent
of the present value of ∇T and for a theory in which the present value of ∇T is considered in the
constitutive equation, see [11].

For the purpose of notation, if f is a function defined on R, then f t and f̄ t denote the history of f
and the summed history of f up to time t. More explicitly, f t and f̄ t are functions on [0,∞) defined
by

f t(s) = f (t − s),

f̄ t(s) =
Z s

0
f t(λ ) dλ =

Z t

t−s
f (τ) dτ.

(1)

Equation 1. History functions

The norm ∥ f∥ of a measurable scalar- or vector-valued function f on [0,∞) is defined as

∥ f∥2 =
Z ∞

0
| f (s)|2h(s) ds, (2)

Equation 2. Weighted Lp Norm

where h is a fixed influence function. That is, h is a continuous monotonically decreasing function
such that s2h(s) is integrable on [0,∞). Let H(or H) denote the set of all measurable real-valued
(or vector-valued) functions f on [0,∞) with ∥ f∥ < ∞. The main result in [9] uses the functional
for free energy to then determine the heat flux, which is necessary for deriving the constitutive
equation discussed in this report. For further information on the function space and weights being

2
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considered, please refer to Appendix A.

Theorem 1. The response functional Ψ determines N through the entropy relation

N =−DT Ψ

and Q through the heat-flux relation
Q =−T J∇T Ψ.

Further, the dissipation inequality

JT Ψ(T,Tt
,∇T

t
)T −δΨ(T,Tt

,∇T
t
)(Tt ,∇Tt)≤ 0

In the previous theorem, DT Ψ denotes the partial derivative with respect to T,

δΨ(T,Tt
,∇T

t
)(Tt ,∇Tt) = δ1Ψ(T,Tt

,∇T
t
)(Tt)+δ2Ψ(T,Tt

,∇T
t
)(∇Tt),

where δ1 and δ2 denote the partial (Fréchet) derivative with respect to θ t and gt respectively (see
A). And

JT Ψ(T,Tt
,∇T

t
) = δ1Ψ(T,Tt

,∇T
t
)(1c) ∈ R

J∇T Ψ(T,Tt
,∇T

t
) · v = δ2Ψ(T,Tt

,∇T
t
)(vc) ∈ R3

for any v ∈ R3 where 1c ∈ H and vc ∈ H are constant function with values 1 and v, respectively.
See Appendix A for more details.

This theorem is critical in deriving the representation of the heat flux term in the following equation
[9].

q =−
Z ∞

0
a(s)g(t − s) ds (3)

Equation 3. Gurtin and Pipkin flux term

where g represents the temperature gradient ∇T . By varying the choice of the kernel a(s), the flux
terms for Pennes’ equations (both the classical and fractional versions), the TWMBT, and the Type
1 Dual Phase Lag (DPL) Bio-heat model can be derived.

• Let a(s) = κδ (s) then

q =−
Z ∞

0
κδ (t − s)∇T (s) ds =−κ∇T (t). (4)

Equation 4. Fourier Law

This is the flux term used in Pennes’ equation.
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• Let a(s) = κ
τq

e−
t

τq then

q =−
Z ∞

0

κ
τq

e−
(t−s)

τq ∇T (s) ds. (5)

Equation 5. Gurtin and Pipkin single phase lag

On the other hand, solving the first-order approximation of the single phase lag flux (equation
16) yields

q = q(r,0)e−
t

τq −
Z t

0

κ
τq

e−
(t−s)

τq ∇T (s) ds (6)

Equation 6. Integral form of single phase lag

which equals equation (5) if q(r,0) = 0. Likewise, if the magnitude of e−
t

τq is sufficiently
small (e.g. if t is very large), this term may be negligible. This is the flux term used in the
TWMBT.

Comparing equations (4) and (5) shows that in time space, the heat flux q is a point function
of ∇T at time t in Fourier’s law. The Cattaneo-Vernotte equation [2], [3] expresses q as a
path function over the entire history (from t = 0 to t) during which ∇T is established. In
[12], Liu notes that the heat flux q at time t in the TWMBT is respective to the value of q
at time t − t∗, where t∗ is the time for surface heat flux to travel to the specified point r⃗ and
can be expressed as t∗ = |⃗r|

Ct
and Ct represents the speed of the thermal wave in the tissue

(or the “second sound”). Liu speculates that the difference between q(⃗r, t) and q(⃗r, t − t∗)
causes the deviation between Pennes’ equation and the TWMBT. Near the skin surface when
r⃗ → 0, the two models predict similar values [12], [13] and the value of t∗ is small enough
to be negligible and q(⃗r, t)−q(⃗r, t − t∗) is small.

In the early stage of external heating, it is possible for the tissue temperature to remain
unchanged if most of the incident energy is consumed by the non-thermal biological
activities (for example driving a water particle or an ion, changing electrical potential of cell
membrane, or triggering a biochemical process). This is the temperature delay phenomenon
observed in experiments using simple bologna meat with two phases of solid and water [4].
Wave-like conduction in the bologna was shown to be caused by the propagation of water by
simulating the non-homogeneous biological material as a de-formable and two-phase porous
medium [14]. In this case, the characteristic time can be theoretically estimated to be several
seconds and the significance of this is that early external heating has been used to drive the
water but not to increase the temperature of the solid phase.

• To try to identify the appropriate kernel for the flux in the Dual-Phase lag model we begin
with the first-order approximation of the dual-phase lag flux term

q(⃗r, t + τq) =−k∇T (⃗r, t + τT )

q+ τq
∂q
∂ t

=−k
�

∇T + τT
∂∇T

∂ t

�
(7)

Equation 7. Dual phase lag flux
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Note that the difference between this flux term and the flux term used in the TWMBT is the
introduction of a second relaxation term τT . Then the solution becomes

q = e−
t

τq q(r,0)− κ
τq

Z t

0
e−

(t−s)
τq ∇T (r,s) ds

| {z }
Single Phase Lag Term

− κτT

τq
∇T (r, t)

| {z }
Fourier-type Term

+
κτt

τq
e−

t
τq ∇T (r,0)+

κτT

τ2
q

Z t

0
e−

(t−s)
τq ∇T (r,s) ds

(8)

Equation 8. Dual phase lag flux integral from

In the context of the previously discussed models, this flux term is a linear combination of
the previous flux terms. In this perspective, the modification to the Fourier-type term would
be

�
κτt
τq

e−
t

τq − κτT
τq

∇T (r, t)
�

.

It should be remarked that the Gurtin and Pipkin constitutive equation is a particular case of the
fading memory concept. The fading memory concept relates the flux j(x, t) to its gradient using
the Boltzmann linear superposition functional to express the flux history [15] through the influence
of the memory kernel R. In the following equations, D0 and D′ are transport coefficients and C(x, t)
is a causal function (which vanishes for t < 0). Two popular uses of this concept in the bioheat
application are:

1. For simple fading memory (SFM) the heat flux is represented as

∇ · j(x, t) =−D′
Z t

0
R(t − τ)∇C(x,τ) dτ. (9)

Equation 9. Simple fading memory concept

2. For extended fading memory (EFM) the heat flux is represented as

∇ · j(x, t) =−D0∇C(x, t)−D′
Z t

0
R(t − τ)∇C(x,τ) dτ. (10)

Equation 10. Extended fading memory concept

Note that equation (9) comes from equation (10) for D0 = 0.

In this context, fractional models such as the example proposed by Ferras et al. [16] employ the
fading memory concept in which a simple power-law kernel is considered:

R(x, t) =
tα−1

Γ(α)
, 0 < α < 1. (11)

Equation 11. Simple power law kernel

Following this idea, Hristov noted some discrepancies in the constitutive equation proposed by
Ferras’ et al. [16], [17] and cautions readers further investigation is needed to apply these
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techniques in the specific case of bioheat models. However, adapting an approach of Joseph and
Preziosi [18], Hristov proposed the following extended kernel:

REPL(x, t) = κ1δ (t)+κ2
tα−1

Γ(α)
, 0 < α < 1. (12)

Equation 12. Extended power law kernel

Joseph and Preziosi [18] considered a modified relaxation function consisting of two terms where
the first term models the instantaneous (memory-less) reaction of the heat conductor and the second
term captures the flux dampening effect and finite speed of propagation shown as

RJP(x, t) = κ1δ (t)+
κ2

τ
e−

t
τ , (13)

Equation 13. Joseph and Preziosi memory kernel

where κ1 and κ2 are the effective thermal conductivity and the elastic conductivity, respectively.
Using this assumption in the conservation energy equation yields an integro-differential equation
which contains both Fourier-like terms and non-Fourier terms [19]. The non-Fourier terms go to
zero for large values of time since the memory function fades, however, the presence of the time
variable in the second term is related to the assumption of finite heat flux speed [17]. This idea is
an example of the extended fading memory concept using a simple exponential kernel.

Similar to equation (13), the use of the extended power law kernel yields an integro-differential
equation whose second term represents the Riemann-Liouville fractional integral [20]. This
observation coincides with results obtained by the extended fading memory concept and simple
power-law kernel [17].

2.2 Influence of τq

In 1963, Marvin Chester introduced an analog of the second sound in helium II for solids [21], [22].
Working with dielectric solids, Chester determined a critical frequency for thermal fluctuations
above which heat transport proceeds by wave propagation rather than diffusion. The idea that
second sound exists in solids was noted by Ward and Wilks [23] and speculated by Peshkov [24]
since its appearance depends only upon the presence of a phonon gas. Chester considered the
continuity equation for heat transport without density or pressure gradients, given by

C
∂T
∂ t

+∇ ·q = 0, (14)

Equation 14. Simplified Heat Equation

where C is the heat capacity per unit volume, T =T (⃗r, t) is the absolute temperature, and q is the
thermal heat current density. Combining this equation with Fourier’s law of thermal conductivity
for heat flow produces the diffusion equation
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q(⃗r, t) =−κ∇T (⃗r, t), (15)

Equation 15. Fourier conduction term

where κ is thermal conductivity and q(⃗r, t) represents the heat flux at position r⃗.

As has been pointed out by many authors, the diffusion equation leads to an infinite propagation
velocity for a finite thermal pulse [2], [3], [25]. To overcome this dilemma, Cattaneo introduced the
thermal relaxation characteristic time τq, which is interpreted as "the time lag required to establish
steady heat conduction in a volume element once a temperature gradient has been imposed across
it" [26]. In other words, τq is the time needed to reach thermodynamic stability. Therefore, the
relaxation time introduces the idea of a finite speed of heat propagation. The equation proposed by
Cattaneo [2] (and separately by Vernott [3]) is

q(⃗r, t)+ τq
∂q(⃗r, t)

∂ t
=−κ∇T (⃗r, t), τq > 0, (16)

Equation 16. Modified unsteady heat conduction term

where the new term is called thermal inertia [27]. τq = α
C2

t
is often referred to as the thermal

relaxation time, where α is the thermal diffusivity and Ct is the speed of the thermal wave in the
medium [4], [28]. The reciprocal of the relaxation time, 1

τq
= f is the critical frequency dictating

the activation of thermal wave behavior [22].

The introduction of τq in the equation for heat flux yields an equation of hyperbolic type which
characterizes the combined diffusion and wave-like behavior of heat conduction. The physical
significance of equation (16) (or Cattaneo-Vernotte equation) is that there is finite build-up time
for the onset of a thermal current after a temperature gradient is applied. The heat flow grows
gradually with a relaxation time τq. When the thermal gradient is suddenly removed, there is a
lag in the disappearance of the current which is captured in equation (16), but not in Fourier’s law
or equation (15). Considering equation (16) and the heat equation, a temperature T is produced
which obeys a dissipative wave equation.

Based on equation (16) and the general bio-heat equation, a general form of the Thermal Wave
Model of Bio-heat Transfer (TWMBT) in living tissues was initially introduced by Liu et al. [29].

∇ · [κ∇T (⃗r, t)]+ωbcb(Tb −T )+qm +qs + τq

�
−ωbcb

∂T
∂ t

+
∂qm

∂ t
+

∂qs

∂ t

�

= ρc
�

τq
∂ 2T
∂ t2 +

∂T
∂ t

� (17)

Equation 17. Thermal Wave Mode for Bio-heat Transfer

where Tb is the temperature of the perfused blood, ρ is the tissue density, κ is the thermal
conductivity, c is the specific heat of the tissue, and ωb represents the blood perfusion rate
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coefficient. cb is the specific heat of blood. qm and qs are volumetric heat due to metabolism and
spatial heating, respectively. This equation is numerically implemented and compared to Pennes’
bio-heat equation in section 3.

The relaxation time τq (sometimes referred to as the phase lag) is associated with the
communication time between phonons (or phonon-phonon collisions) for the commencement
of the resistive flow [30], [31]. In fact, τq is described as the time for the establishment of a
resistive flow [22] and the rate 1

τq
refers to the frequency of collisions of a lossful nature (i.e.

those which give rise to a thermal resistance). For this reason, τq is expected to be proportional
to κ [22]. If R is considered to represent the total collision rate, then R encompasses all types
of collisions including lossless collisions (which do not give rise directly to thermal resistance).
For this reason, R is expected to be higher than 1

τq
and it establishes an upper frequency fr (for

phonon-distribution fluctuations) above which the concept of temperature loses its meaning. The
thermal equilibrating rate is of order R which means that 1

R is the time necessary to establish the
local thermal equilibrium and this time is less than τq (or the time to establish steady-state resistive
flow) [22].

Estimating τq correctly is important because it determines the critical frequency and the attenuation
of the thermal wave. Chester’s attempt to evaluate τq quantitatively relies on the physical grounds
that the square of the thermal wave propagation velocity v is one third of the square of the phonon
velocity, s, or v2 = 1

3s2 [22].

The previous equation is assumed to hold for mediums in which the transport of heat occurs via
the phonon gas. The basis for this comes from the assumption that the thermal wave constitutes a
coherent propagation of density disturbances in the phonon gas.

Considering the heat flux relationship given in equation (16) and the simplified heat equation (14),
then the resulting equation predicts a finite upper-limiting velocity for the propagation of a thermal
signal v given by v2 = κ

τqC [22]. An aspect of interest of this occurs in the high frequency limit of

fast-thermal fluctuations. If T varies at a rate f = 1
2π

1
T

∂T
∂ t , which is much faster than fc =

1
2πτq

,
then the resulting equation predicts wave propagation of temperature instead of diffusion [22]. The
frequency fc is the critical frequency for the onset of thermal waves and this frequency is directly
proportional to the thermal resistivity.

Recall that the Cattaneo-Vernott constitutive relation [2], [3] is actually a first-order approximation
of a more general constitutive relation

q(⃗r, t + τq) =−κ∇T (⃗r, t). (18)

Equation 18. Single phase lag flux

which shows that the temperature gradient established at a point r⃗ at time t gives rise to a heat flux
vector at r⃗ at a later time t+τq. There is a finite build-up time τq for the onset of heat flux at r⃗ after
a temperature gradient is applied. This is why τq is described as the time lag needed to establish
the heat flux when a temperature gradient is applied. The impact of the second-order derivative
term τq

∂ 2T
∂ t2 in the hyperbolic heat-conduction equation is determined by three factors: the value of
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τq, the value of ∂T
∂ t , and the time scale involved.

The value of τq is material-dependent [28]. For most solid materials τq varies from 10−10 s to
10−14 s and for most gases the range is 10−8 s ∼ 10−10 s [32]. In biological materials and materials
with non-homogeneous inner structures, the value of τq have been observed to be up to 102 s [4],
[33]–[36]. This suggests that the thermal relaxation effects can be important even in common
engineering applications where the time scales of interest are of the order of a fraction of a minute.
The wave nature of a thermal signal will dominate the diffusive behavior when [37]

∂T
∂ t

>>
Tr

2τq
e

t
τq ,

where Tr is the reference temperature. This inequality suggests that the wave-like features will
become significant when τq is large, ∂T

∂ t is large, or t is small.

To better understand the high magnitude of the characteristic time in living tissues, Liu [12]
proposed a new conceptual equation to correlate the heat flux with the temperature gradient. Liu
[12] suggested that the actual flux used to establish a temperature gradient is actually different
from the flux q that is originally applied. That is, part of the flux will be absorbed to drive the
mechanical, electrical, and chemical processes. This flux that is induced by the heat transport, but
does not appear in the form of heat, is defined as the converted energy flux qcon:

q(⃗r, t + τq)−qcon(⃗r, t) =−κ∇T (⃗r, t),

q(⃗r, t)+ τq
∂q(⃗r, t)

∂ t
−qcon(⃗r, t) =−κ∇T (⃗r, t),

(19)

Equation 19. Modified single phase lag flux with energy conversion

where qcon is the converted energy flux given by the sum of mechanical, electrical, and chemical
flux or qcon(⃗r, t) = Jm(⃗r, t)+Je(⃗r, t)+Jc(⃗r, t). The second line in equation (19) uses the first-order
approximation of the heat-flux and is typically used because it has been shown to be consistent
with the second law of thermodynamics [38]–[40]. It is assumed that qcon and the temperature
gradient ∇T occur simultaneously. Rewriting equation (19) then gives

τq =
qcon(⃗r, t)−q(⃗r, t)−κ∇T (⃗r, t)

∂q(⃗r,t)
∂ t

. (20)

Equation 20. Phase lag term representation

Determining the converted flux qcon is difficult without more information on how the specified
energy activity takes place, but the concept of conversion efficiency (η) was applied to express the
heat flux as qcon(⃗r, t) = ηq(⃗r, t). A method for calculating the conversion efficiency considering a
coupling process in a two-mode energy system is available in [12].

In homogeneous materials, the electrons and phonons dominate the heat conduction and qcon
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should be nearly zero [41]. In this case, the difference between q(⃗r, t) and κ∇T is extremely
small (and so is τq) which is expected since in Fourier’s law the difference is zero. However, for
non-homogeneous materials, especially living tissue, there is a large qcon for mechanical, electrical,
and chemical activities. qcon can have significant contributions to the value of the characteristic
time, even for a small difference of q(⃗r, t) and κ∇T , because ∂q(⃗r,t)

∂ t is often small for bio-heat
processes and qcon is possibly much larger than −q(⃗r, t)−κ∇T in equation (20). For multi-mode
energy couplings, such as in living systems, the external heating can be viewed as a force to trigger
specific processes and the overall characteristic time τq is the combined effect of different energy
conversions [12].

3.0 COMPUTATIONAL IMPLEMENTATION AND PERFORMANCE
Laser injury threshold is expressed as the energy or irradiance level required to produce a
Minimum Visible Lesion (MVL). Typical laser-tissue interaction models accounts for optical
energy deposition and subsequent heat transfer. Accurate modeling of the laser-induced thermal
effect on biological tissue therefore hinges on the accuracy of the laser propagation model, heat
transfer model, and how the optical and thermal properties are treated in the simulation. The
current effort employed Beer’s law and optical and thermal properties from Delisi et al. [42]
listed in Table 1. Since hair follicles in shaved skin function as heat sources in ranges of 1070
nm and above [42], this analysis is limited to waxed skin data cases for accurate MVL estimates.
Heat transfer is typically modeled by the Pennes bio-heat diffusion equation, which implies an
infinite thermal propagation speed. The focus of this investigation is to demonstrate the capability
of the TWMBT to model heat transfer in biological tissues, equation 17, as an alternative to the
bio-heat diffusion equation when the assumption of an infinite thermal propagation speed is no
longer valid. For the purpose of this analysis, a 2D system in cylindrical coordinates is being
considered. Neumann boundary conditions (convective, evaporative, and radiative) are applied at
the surface, a 1-D solution of the TWMBT (T [0, z] = T [z]) is being maintained at the beam axis
boundary, and the background temperature (Tb) is being upheld at the other two boundaries of the
solution domain (T [a, z] = T [b, z] = Tb).

In this analysis, the 1070 nm laser-induced thermal response predicted by the TWMBT model at
the surface of the skin for exposure durations 0.01 s, 0.1 s, and 10 s are examined. To predict the
thermal response resulting from exposure, the TWMBT approach uses the characteristic time (see
section 2.2) to account for the time needed to accumulate sufficient localized thermal energy to
prompt the diffusion process, an aspect that is not captured by the traditional bio-heat diffusion
model. Using empirical data as the input for the TWMBT model, an optimized characteristic time
for each exposure is calculated. This was achieved by varying the characteristic time and using
a least-squared optimization method to establish the best possible approximation of the empirical
temperature profile. The broad distribution of the characteristic times for a given exposure is
attributed to the wide range of variability in biological tissues. As shown in Figure 1, a best-fit
equation relating the characteristic time to laser power can be established after the elimination of
outliers. Given the best fit equation, the characteristic time for a given threshold exposure can be
predicted. Figure 1 shows calculated characteristic time and linear fits for 0.01 s, 0.1 s, and 10 s
exposure duration. Using the characteristic time fits, the characteristic time for 0.01 s, 0.1 s, and 10
s threshold exposures are projected and a trend of the characteristic time as a function of exposure
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duration is established (see Figure 2).

Table 1. Summary of optical, physical, and thermal properties used in the analysis

Property Units Layer Value

Thickness mm
Epidermis

Dermis
Fat

0.082
2.7
15

Optical absorption cm−1
Epidermis

Dermis
Fat

0.35
0.17
1.03

Reduced scattering cm−1
Epidermis

Dermis
Fat

17.4
15.4
8.94

Specific heat J
kg·K

Epidermis
Dermis

Fat

2244
3663
2070

Conductivity W
m·K

Epidermis
Dermis

Fat

0.2
0.49
0.16
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(a) 0.01 s exposure duration

(b) 0.1 s exposure duration

(c) 10 s exposure duration

Figure 1. Calculated characteristic time as a function of power with a linear fit for (a) 0.01 s, (b) 0.1 s, and (c)
10 s single pulse laser exposure to waxed porcine skin.
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Figure 2. Characteristic time as a function of exposure duration.

Preliminary evaluation of the observed temperature rise for exposure durations 0.01 s and 0.1 s
dictated the need to construct a new trend for the optical and thermal properties to simulate the
skin interaction with the 1070 nm laser. Based on presently used absorption coefficient for the
epidermis layer of 0.35 cm−1, a conservative estimate of the peak temperature rise on the surface
of the skin for 2780 W and 0.01 s exposure, assuming no heat loss to surrounding locations, is 8.5
◦C. As reported by Delisi et al. [42], the expected peak temperature is 67.2 ◦C whereas the Scalable
Effects Simulation Environment (SESE) predicted peak temperature is 65.0 ◦C. With an absorption
coefficient of 0.35 cm−1 and a 379 W laser at an exposure of 0.1 s, the conservative estimate of
the peak temp rise of 10.5 ◦C differed significantly from the observed temperature rise from 32 ◦C.
Given the very low absorption coefficient of the dermis layer of 0.17 cm−1 as well as the very short
exposure duration, this significant difference based on the assumed absorption coefficient and heat
capacity is problematic to account for by heat diffusion from the hypodermis layer alone, as doing
so would cause damage to the dermis layer. The very low absorption coefficient of the epidermis
layer is believed to account for the poor estimate of peak temperature rise. A first attempt to bridge
the gap between observed peak temperature rise and TWMBT model predictions was swapping
the constant absorption coefficient of the epidermis layer with a dynamic absorption coefficient
in the form of a hyperbolic tangent function (see equation 21). This choice permits a dynamic
temperature-dependent absorption coefficient which accounts for the thermal energy required
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for the observed peak temperature rise but it also simultaneously revealed a discrepancy in the
temperature profile for the exposure durations of 0.01 s and 0.1 s as seen in Figure 3. Furthermore,
the hyperbolic tangent function is a reasonable choice because it is a bounded increasing function,
in particular equation 21 allows for an absorption coefficient that varies between approximately
0.26 and 1.78.
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(a) 0.01 s exposure duration

(b) 0.1 s exposure duration

(c) 10 s exposure duration

Figure 3. Model and increasing temperature data for temperature-dependent absorption coefficient.
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αE pidermis(T ) = 0.998−0.782tanh(7.74−0.32T ) (21)

Equation 21. Optical absorption coefficient of the epidermis layer

The discrepancy in the temperature profiles starting to surge at the very beginning of the exposure
for the 0.01 s and 0.1 s duration cases can be attributed to the absorption coefficient, heat capacity,
or both. Since the dynamic absorption coefficient described previously was formulated by taking
into account a wide range of reported empirical absorption coefficients for the epidermis layer
(0.35 cm−1 - 1.4 cm−1), an adjustment to the specific heat trend is needed to compensate for the
difference between predicted temporal temperature rise and the empirical temperature profile. A
revised trend for the epidermis layer specific heat CEpidermis(T ) was made by starting at a lower
value which linearly rises with temperature (22). This appears to satisfy the desired thermal
energy to predict the temporal temperature rise and the final peak temperature at the end of
exposure. However, research indicates that the specific heat (as a function of temperature) is not
a purely increasing function and researchers have found evidence that suggests some endothermic
transitions are due to protein denaturation [43]. In fact, results in [43] suggest that the specific
heat peaks in the approximate 50◦C - 60◦C range and then begins to decrease. Improving upon the
accuracy of the specific heat term would improve characteristic time estimates and overall model
accuracy.

CEpidermis(T ) = 26.32 ·T +2044 (22)

Equation 22. Specific heat of the epidermis layer

As shown in Fig 4, using the revised absorption coefficient and specific heat for the epidermis
layer, the TWMBT model predicts the anticipated temperature profiles across exposure durations
from 0.01 s to 10 s.

The laser injury threshold identified as the effective dose required for 50% probability of damage
(ED50) is determined with the probit method. As reported by Delisi et al. [42], the 24 hr damage
thresholds for exposure durations of 0.01 s, 0.1 s, and 10 s are 2300 W, 345 W, and 6.39 W
respectively. Represented in figure 5 (a), (b), and (c) are experimental data for peak temperature
against power. An estimate of the peak temperature for exposure can be extracted from the
empirical thermal profiles provided. Exposure that resulted in 24 hr damage is shown in red while
no damage is shown in black. Given the ED50 values for exposure durations of 0.01 s, 0.1 s, and
10 s displayed in the figures with the red vertical dashed lines, an estimate of the peak temperature
rise for each threshold exposure is displayed with a red horizontal dashed line.

TWMBT threshold predictions were compared with SESE predictions for 0.01 s, 0.1 s, and 10 s
exposure durations. As shown in figure 6, a relatively good level of agreement between the models
is observed for the threshold exposures of 2780 W, 379 W, and 7.28 W. It is important to note
that the SESE prediction is lower compared to that of the TWMBT model for the 10 s exposure
duration. The difference in peak temperature rise is reduced with an increase in exposure duration,
and SESE’s predicted temperature rise exceeded the TWMBT predictions at 0.01 s. This trend of a
shift in peak temperature is the result of a combination of differences in the absorption coefficient

16
DISTRIBUTION STATEMENT A. Approved for public release; distribution is unlimited. Cleared: AFRL PA Case Number: AFRL-2024-0698.
The views expressed are those of the author and do not necessarily reflect the official policy or position of the Department of the Air Force, the

Department of Defense, or the United States Government.



(a) 0.01 s exposure duration

(b) 0.1 s exposure duration

(c) 10 s exposure duration

Figure 4. Model and increasing temperature data for temperature-dependent absorption coefficient and specific
heat.
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Figure 5. Peak temperature as a function of power with vertical and horizontal dashed red lines for empirical
laser power threshold exposure and estimate for mean temperature threshold, respectively.
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(a) 0.01 s exposure duration

(b) 0.1 s exposure duration

(c) 10 s exposure duration

Figure 6. Comparison SESE using SESE’s dynamic skin model and TWMBT with temperature-dependent
absorption coefficient and specific heat.
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and heat capacity estimate used in the two models. The temperature profile predicted by SESE is
crafted using a temperature-dependent heat capacity profile for the epidermis layer that is concave
up with a minima around 40 ◦C.

As shown in figure 7, SESE’s most accurate approach to predict threshold exposure effects loses
accuracy as the exposure level shifts away from the damage threshold for exposure duration 0.01
s, 0.1 s, and 10 s. It is also important to note that the TWMBT model maintained an accurate
prediction of temperature rise while shifting away from damage threshold exposure. This result,
shown in figures 6 and 7, is also a confirmation that the TWMBT approach is equipped with the
tools needed to predict tissue thermal response as a function of power and exposure duration. Since
the focus of this analysis was to simulate the skin thermal response while it is being exposed to the
laser, issues connected to post exposure profile seen in the TWMBT generated results is attributed
to thermal properties used in the simulation and remain to be investigated and modeled correctly
and are considered to be beyond the scope of this effort.

For these experiments the thermal wave model was implemented across a 2D spatial and 1D
temporal domain consisting of (100 X 100 X 200) cells. Energy transport across these cells
is performed by an approximation of cell absorption through Beer’s Law. In contrast, SESE
models were implemented across a 3D spatial and 1D temporal domain consisting of (14 X
150 X 150 X 400) cells. SESE determines energy transfer through the radiative transfer model
which is solved using Monte Carlo simulations [44]. Despite calculation and domain differences
between the models, a naive comparison between their computational complexities can be drawn
by determining the amount of cells each simulation calculates within a given simulation time. A
definite comparison between these models cannot be concluded on without expanding the thermal
wave model into a 3D spatial dimensions and matching simulation domains. The interaction of
cells across another spatial dimension will almost certainly increase the computation time for the
thermal wave model, but cost may also be reduced in calculating radiation absorption compared
to SESE due to it being approximated through Beer’s Law rather than using the radiative transport
model. These results are shown in table 2 for each exposure duration of interest used in this study.

Table 2. Computational complexity comparison between Thermal Wave Model and SESE

Model Exposure Duration (s) Simulation Time (s) Cells Modeled Cells/s
SESE 0.01 872.732 126000000 144374
TWM 0.01 7.029 9000000 1280409
SESE 0.1 1088.206 126000000 115786
TWM 0.1 7.066 9000000 1273705
SESE 10 2069.275 126000000 60890
TWM 10 6.987 9000000 1288106
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(a) 0.01 s exposure duration

(b) 0.1 s exposure duration

(c) 10 s exposure duration

Figure 7. Comparison of empirical damage threshold data, SESE, and TWMBT.
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4.0 CONCLUSIONS
This effort investigated the limitations of the Fourier’s law-based Pennes’ bio-heat diffusion
equation and examined the inclusion of a phase lag term as an option for a more robust
physics-based modeling approach to simulate laser tissue interaction. In addition, a constitutive
equation for heat flux was investigated to provide a theoretical framework that unifies the models
discussed in [1] and provides context for the phase lag term used in the TWMBT. The Pennes’
bio-heat equation is based on the Fourier assumption that the heat flow is directly proportionate
to the gradient of the temperature which results in an infinite thermal propagation speed. This is
unrealistic in many real-world applications and has been questioned by various authors [4], [37],
[45]. It was found that the success of this approach in predicting laser induced thermal effect relies
on varying the tissue optical and thermal properties. Additionally, this approach often results in
a wide range of values for the tissue absorption coefficient and specific heat which are used to
achieve an acceptable tissue response for varying exposures. Introducing the phase lag to the heat
diffusion equation (in the form of a characteristic time) provides a framework to account for a
finite thermal propagation speed resulting in a thermal wave. This approach takes into account
contributions from the time rate of change for the internal and external heat sources as well as the
acceleration of the temperature rise during the exposure. Since the characteristic time is a measure
of the time needed to reach thermodynamic stability, it is a material-specific quantity and changes
as a function of rate of temperature rise. An estimate of the characteristic time for biological
tissues (non-homogeneous structures) requires knowledge of the thermal resistivity of the medium
and the critical frequency for the onset of the thermal wave. Thus, there is no simple function that
provides an estimate of the characteristic time taking into account the complexity of the medium
and the rate of temperature rise (non-isothermic process). Therefore, characteristic time estimates
provided in this investigation are based on available optical and thermal properties of the skin tissue
layers (see Figure 1). Improved estimates of the characteristic time are attainable with accurate
modeling of the skin tissue optical and thermal properties, such as the optical absorption coefficient
of the epidermis layer αEpidermis(T ) and specific heat CEpidermis(T ). Experiments which allow
heat conduction to be the dominant heat transport mechanism, as opposed to other heat source
and heat generation mechanisms, will be easier to determine whether a non-Fourier phenomenon
is observed or not. In this case, the measurements are less likely to be misinterpreted and the
non-Fourier parameters are easier to determine. This can be difficult, since volumetric heat
generation is inevitable in many practical situations and it could dominate the time evolution of
the temperature field.

It is also important to note that exposure to laser radiation leads to a temperature increase of the
cell, protein denaturation, and other effects. Protein denaturation accounts for a significant share
of the deposited thermal energy and manifest as an increase in specific heat [43], [46]. Only a
portion of the deposited thermal energy is used by the living cell to drive the temperature rise.
Therefore, accurate modeling of tissue dynamic properties is vital for accurate assessment of the
tissue thermal response. Since denatured protein is a leading contributor to cell death [43], [46],
quantifying the temperature induced denaturation of protein is of a great importance. Additional
efforts to characterize the unfolding of protein and its dependence on temperature will result in an
increased accuracy of the characteristic time estimate provided in this study. Incorporation of all
of the aforementioned protein characteristics and their respective effects on the overall temperature

22
DISTRIBUTION STATEMENT A. Approved for public release; distribution is unlimited. Cleared: AFRL PA Case Number: AFRL-2024-0698.
The views expressed are those of the author and do not necessarily reflect the official policy or position of the Department of the Air Force, the

Department of Defense, or the United States Government.



profile and peak temperature reached during an exposure would also greatly increase the accuracy
and, in turn, the overall validity of the models discussed in this work that assume a finite thermal
propagation speed rather than infinite. Non-local models of thermal energy transport are becoming
more popular for describing small-scale and/or high frequency thermodynamic processes and
further testing of fractional models based on the fading memory concept is recommended. As
discussed in section 2.1, this approach shares key features with the constitutive flux equation.
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APPENDIX A - BACKGROUND AND NOTATION FOR DERIVING
CONSTITUTIVE FLUX EQUATION (3)
Let H (or H) denote the set of all measurable real-valued (or vector-valued) functions f on [0,∞)
with ∥ f∥ < ∞ (as in equation (2)). Let H+ denote the cone (in H) of essentially strictly positive
functions and H++ denote the cone (in H+) of essentially strictly monotone increasing functions.

The main result in [9] deals with constitutive equations of the following form

ψ(t) = Ψ(θ ,θ t
,gt),

where Ψ is a smooth scalar-valued functional on R+×H++×H. In the context of this report,
θ = T and g = ∇T and the history functions are defined in equation (1) of the main report.

Definition 1. A pair [θ(·),g(·)] of functions on R is called admissible if:

i. θ(·) is continuous and piecewise smooth;

ii. is piecewise continuous;

iii. θ t ∈ H+,θ t ∈ H++ and gt ,gt for all t ∈ R.

In [9], a thermodynamic process is defined as an ordered array [θ(·),g(·),ψ(·),η(·),q(·)] where
[θ(·),g(·)] is an admissible pair and ψ(·),η(·), and q(·) are defined by the functionals of the free
energy, entropy, and heat flux discussed in Section 2.1.

Since Ψ is smooth, it has a partial derivative with respect to θ , Dθ Ψ(θ ,θ t
,gt) (treating the other

two terms as fixed), and has partial Fréchet derivatives:

δ1Ψ(θ ,θ t
,gt) : H −→ R

with respect to θ t (treating θ and gt as fixed) and

δ2Ψ(θ ,θ t
,gt) : H −→ R

with respect to gt (treating θ and θ t as fixed). The formal definition of a Fréchet derivative is
defined below.

Definition 2. Let V and W be normed spaces with open subset U ⊆V . A function f : U −→W is
called Fréchet differentiable at x ∈ U if there exists a bounded linear operator A : V −→ W such
that

lim
∥h∥→0

∥ f (x+h)− f (x)−Ah∥W

∥h∥V
= 0. (A-1)

Equation A-1. Fréchet Derivative

The operator A, if it exists, is the Fréchet derivative and is sometimes denoted as f ′(x).
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It should be mentioned that equation (2) is the usual norm for the weighted Lp space Lp
h(G) (p = 2)

where h is sometimes considered to be a Beurling weight and G is a locally compact Abelian (or
commutative) group. The term Beurling algebra is used for various algebras introduced by Arne
Beurling (1949) that are closely related to the Wiener algebra. Typically it is an algebra consisting
of periodic functions with Fourier series f (x) = ∑aneinx. One commonly used type of Beurling
weight satisfies the properties h(s+ t)≤ h(s)h(t) and h(t)≥ 1. It is relatively easy to show that a
function that is monotonically decreasing and satisfies h(x) ≥ 1 also satisfies h(s+ t) ≤ h(s)h(t).
However, the assumption that h(t)≥ 1 is incompatible with assuming s2h(s) is integrable on [0,∞).

It should be mentioned that, while the norm in equation (2) looks like the weighted Lp norm, this is
not the traditional weighted Lp space referenced in most literature. Recall that Lp represents a space
of measurable functions for which the p-th power of the absolute value is Lebesgue integrable, or

∥ f∥p =

�Z ∞

0
| f (s)|p ds

�1/p

< ∞, (A-2)

Equation A-2. Lp Norm

where 1 ≤ p < ∞. Then the norm in equation (2) looks identical to the norm of the weighted
L2 space with weight h(s), often denoted Lp

h , but in this case the weights being considered are
different.

29
DISTRIBUTION STATEMENT A. Approved for public release; distribution is unlimited. Cleared: AFRL PA Case Number: AFRL-2024-0698.
The views expressed are those of the author and do not necessarily reflect the official policy or position of the Department of the Air Force, the

Department of Defense, or the United States Government.



LIST OF SYMBOLS, ABBREVIATIONS, AND ACRONYMS

qcon The converted energy flux or the flux that is induced by the heat transport but
does not appear in the form of heat.

κ Thermal conductivity.

α The order of a fractional derivative of fractional integral.

ρ Density of the tissue.

αEpidermis(T ) Optical absorption coefficient of the epidermis layer.

τT The phase lag time for the temperature gradient.

ωb The blood perfusion rate coefficient.

∥ f∥ Weighted Lp norm with Beurling weight h.

CEpidermis(T ) Specific heat of the epidermis layer.

T (⃗r, t) The temperature at position r⃗ and time t.

Tb The temperature of the perfused blood.

c The specific heat of the tissue.

cb The specific heat of the perfused blood.

q(⃗r, t) The heat flux at position r⃗ and time t.

DPL Dual Phase Lag

ED50 The laser injury threshold identified as the effective dose required for 50%
probability of damage

MVL Minimum Visible Lesion

SESE Scalable Effects Simulation Environment

TWMBT Thermal Wave Model for Bioheat Transfer
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