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2023) and the infinite-dimensional Kot-Schaffer model (Day and Kalies, preprint 2023).  In the Kot-Schaffer model, 
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techniques allow for forecasting from measurements of sparsely measured, noisy, and non stationary systems.
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• Overview of nonlinear dynamics


• Algebraic structures


• Computational dynamics via Conley theory


• Combinatorial outer approximation


• Nonparametric combinatorial models


• Robustness of combinatorial models from data


• Future work



Dynamical Systems
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Iterated Maps

Differential 
Equations

Discrete-Time Continuous-
Time

φ : X × T → X such that φ(x, 0) = x and φ(x, s+ t) = φ(φ(t, x), s)

T = Z
+

T = R
+

φ(x, 1) = f(x)
φt(x, t) = F (φ(x, t))



Asymptotic Dynamics
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Dynamical Data
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Dynamics can change with parameters
f(x) = rx(1− x)

Classifying up to topological conjugacy 
(all scales) is difficult.

Bifurcations can occur on a Cantor set of 
positive measure.



Invariant sets

S ⊂ X is invariant if φ(S, t) = S for all t ≥ 0 ⇔ S is a union of orbits
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γ : T → X such that φ(γ(t), s) = γ(t+ s) is an orbit through x0 = γ(0)

S is an isolated invariant set if there is a compact neighborhood N such that
S is the maximal invariant set in N , denoted by Inv(N), and S ⊂ int(N).
In this case, N is an isolating neighborhood for S.



Attractors
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ω(U) =
⋂
t>0

cl (φ(U, [t,∞)))

A ⊂ X is an attractor if A = ω(U) for some attracting neighborhood U

U ⊂ X is an attracting block (attracting neighborhood) if φ((cl(U)), t) ⊂ int(U)
for all t > 0 (for all t > t0 for some t0 > 0).



An example: time-T map of ẋ = x− x3, ẏ = −y









Algebraic structures in dynamics
The set of all attractors Att(φ) is a bounded, distributive lattice: A ∨ A′ = A ∪ A′ and
A ∧A′ = ω(A ∩A′).

There is a dual homomorphism ∗ : Att(φ) → Rep(φ) where (Rep,∪,∩) is the bounded, dis-
tributive lattice of repellers.

ω : (ANbhd(φ),∪,∩) → (Att(φ),∨,∧) is a surjective, homomorphism.

Birkhoff’s Theorem: finite, distributive lattices are dually equivalent to finite posets.
This equivalence can be specified concretely in the dynamics setting in the form of Morse
decompositions.

Lattice structures of attractors I, II, III (Kalies, Mischaikow, and VanderVorst)

A computational approach to Conley’s decomposition theorem (Kalies, Mischaikow, and 
VanderVorst)

An algorithmic approach to lattices and order in dynamics (Kalies, Kasti, and VanderVorst)
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attracting block lattice

∅

attractor lattice

lattice 
homomorphism

(surjective)

ω
AN
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attracting block lattice
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attractor lattice

ω

join irreducibles



order-
embedding

J(ω)

J is a contravariant functor



poset of  isolating 
neighborhoods

poset of  
invariant sets

(tesselated) Morse decomposition

Conley form

π

M(A)T(N)

M(A) ↪→ T(N)



poset of  isolating 
neighborhoods

∅

attracting block lattice

?
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? ? ? ?
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These structures are robust!
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Combinatorial Dynamics
F : X −→→X

Multivalued Map
X = {G1, G2, G3, G4, G5}

|G1| = [0, 1/8]

X = [0, 5/8] f : X → X

f(x) = 2.5x(1− x) ⇔

f([0, 1/8]) = [0, 35/128]

Directed Graph

|{G1, G2, G3}| = [0, 3/8]

F(G1) = {G1, G2, G3}

⇔ Binary Relation

f(|G1|) ⊂ int|F(G1)|f(|GG1|) ⊂ int|F(G1)|



Outer Approximation

F : X −→→X is an outer approximation of f : X → X if

f(|U|) ⊂ int|F(U)| for all U ⊂ X

Proposition: {f : F is an outer approximation of f}
is open in the space of dynamical systems on X.

Proposition: If xn for n ∈ Z is an orbit of f , i.e. xn+1 = f(xn),
then any sequence Gn ∈ X with xn ∈ Gn is a walk through
the graph of F , i.e. Gn+1 ∈ F(Gn).

X is a labeling set for some finite “grid” on a compact metric space X

Proposition: If F is an outer approximation of f , and U is
forward invariant, i.e. F(U) ⊂ U , then |U| is an attracting block,
which must contain a nonempty attractor for f .

For explicit maps, OA’s can be rigorously computed 
using interval arithmetic with outward rounding.



Recurrence
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R1

R2

R3

R4

f(x) = 3.3x(1− x)

Morse graph 
of recurrent 
components

There exist fast graph algorithms to compute 
the Morse graph from the multivalued map.

Strongly connected components ←↩

No recurrent 
dynamics

R4 contains a nonempty attractor
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R1 R2
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R4

R5R6
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RC(F)

R1 R2

R3

R4

R5R6R2&R3

R2&R3

R2&R3

R4

R4

R4

R1

R6

R5

[
x1

x2

]
=

[
(θ1x1 + θ2x2)e

−λ(x1+x2)

px1

]

θ1 = θ2 = 20, λ = 0.1, p = 0.7

Multistabilty!



Conley’s Decomposition Theorem
Fundamental Theorem of Dynamical Systems:  
Let φ : X ×T → X be a dynamical system on a compact metric space X. Then
there exists a set R ⊂ X, the (chain) recurrent set, and a continuous function
V : X → [0, 1] such that if x /∈ R, then V (x) > V (φ(x, t)) for all t > 0.

• R is the union of countably many
(chain) recurrent components, Ri.

• The (complete) Lyapunov function
V can be chosen so that Ri ⊂ V −1(σi)
for distinct values σi ∈ [0, 1].

Efficient computation of Lyapunov functions for Morse 
decompositions (Goullet, Harker, Kasti, Kalies, 
Mischaikow)



Conley Index and Reconstruction of Dynamics
Algebraic topological invariant for isolated invariant sets.
Homological index is computable from the information contained in an outer 
approximation with nice images. There are fast algorithms in the cubical setting.
Theorems guarantee certain types of dynamics within an isolating neighborhood:

Nontrivial Conley index implies nonempty invariant set.
Lefschetz fixed point theorem for existence of fixed points.
Extension of Lefschetz theorem to existence of periodic orbits.
Extension of Lefschetz theorem to existence of chaotic dynamics.
Connection matrix theory for existence of connecting orbits between Morse sets.

Homological index is computable from the information contained in an outer 
approximation with nice images. There are fast algorithms in the cubical setting.



Conley Index
Given a pair of compact sets (N,L) with L ⊂ N define the index map
f(N,L) : N× (N/L, [L]) → (N/L, [L]) by

f(N,L)([x]) =

{
[f(x)] if x, f(x) ⊂ N\L,
[L] otherwise.

(N,L) is an index pair if f(N,L) is well-defined, continuous, and cl(N\L) isolates
Inv(N).

Definition: If (N,L) is an index pair, then the (homological) Conley index for
S = Inv(N) is

Con∗(S) = [H∗(N/L, [L]), (f(N.L))∗]s

where [·, ·]s denotes shift equivalence class.

Theorem: If Con∗(S) is nontrivial, i.e. (f(N,L))∗ is not nilpotent, then S �= ∅.
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R5R6
• R6 contains a fixed point

• R5 has trivial index*

• R4 contains a period-3 orbit

• R3 has trivial index

• R2 contains chaotic dynamics

• Multistability 



Basins of Attraction via order theory

An algorithmic approach to lattices and order in dynamics (Kalies, Kasti, and VanderVorst)



Computer-assisted proofs of dynamics
• Dynamics extracted from a combinatorial model are rigorously valid for an 

open class of systems, ie. all continuous selectors of the multivalued map.

• Methods do not require a close approximation / fine resolution; they are 
accurate but not necessarily precise, ie. the extracted dynamics is correct 
but may not be interesting if the model is very coarse.

Can incorporate experimental error, modeling 
error, statistical measures of confidence into 
the images of the multivalued map.



Motivation for combinatorial models from data
• Biological phenomena do not have well-defined explicit models from first 

principles.  


• Observable dynamics in biology should occur very robustly and parameters 
are often hard to measure precisely.


• DSGRN (Dynamical Signatures of Gene Regulatory Networks) — successfully 
exploited structure of model equations to use the combinatorial methods to 
identify classes of parameters where a network has a biologically relevant 
behavior. (7-dimensional phase space and 61 dimensional parameter space).   
(Mischaikow, et.al.)


• There has been rapid development of techniques to identify explicit model 
systems (e.g. SINDy, Koopman operators) — advantage of precise 
predictions, but combinatorial methods could provide validation or suggest a 
lack of understanding of essential features.



Example
Box 1 | The midge–algae–detritus model and alternatives

We constructed a midge–algae–detritus model to give a basic
description of their interactions, attempting to have a minimum
number of parameters that must be estimated from the data. The
midge dynamics are

x(tz1)~r1x(t) 1z
x(t)

R(t)

� �{q

ee1(t) ð1Þ

where x(t) is the abundance of midges in generation t, r1 is the intrinsic
population growth rate, larger values of q produce stronger density
dependence, and e1(t) is a normal random variable representing
stochastic environmental variability. The dimensionless measure of
resource abundance in generation t, R(t)5 y(t)1 pz(t), is composed of
algae, y(t), and detritus, z(t), with the parameter p giving the quality of
detritus for midge population growth relative to algae. Because we were
interested in dynamics rather than mean abundance, we ‘non-
dimensionalized’ midge densities to produce equation (1) and used a
separate scalingparameterKwhen fitting themodel so that theobserved
log(adult midge density) equalled K1 log(x(t)) (Supplementary
Methods). Furthermore, the data showed a distinct seasonal pattern in
which spring generations had mean densities 3.4 times higher than
summer densities. This might reflect either true differences in survival
and/or fecundity between generations or sampling bias due to
differences in weather conditions and hence flight activity and
catchability. Because we were interested in long-term, multi-
generational dynamics, we factored out this consistent seasonal pattern
bymultiplying summermidgedensities by3.4before statistical analyses.

Algae dynamics are

y tz1ð Þ~ r2y(t) 1zy(t)ð Þ{1
{

y(t)

R(t)
x(tz1)zc

� �
ee2(t) ð2Þ

where r2 is the algae intrinsic population growth rate and c is the influx
of algae from outside the midge habitat. Because we have no data on
algae abundance available to midges, y(t) is not observed; therefore, in
the model the mean value of y(t) need not be included, and y(t) is
dimensionless. The term [y(t)/R(t)]x(t1 1) is the amount of resource
consumed, x(t1 1), scaled by the proportion of that resource which is
algae, y(t)/R(t). A key feature of algae dynamics is that midge
populations can build to sufficient abundance to consume all algae.
When the term for the amount of algae consumed, [y(t)/R(t)]x(t1 1),

is greater than the amount produced, r2y(t)[11 y(t)]21, we assume
that all algae come from influx, so y(t1 1)5 c.

The detritus dynamics are

z tz1ð Þ~ dz(t)zy(t){
pz(t)

R(t)

� �
x(tz1)zc

� �
ee3(t) ð3Þ

where d gives the retention rate of detritus in the midge habitat. We
assume that the influx rate of detritus equals that of algae, and that
detritus is produced in proportion to the quantity of algae in the
previous generation, y(t). As with algae, if all detritus in the midge
habitat is consumed, then z(t1 1)5 c. Because both algae and detritus
were not measured, we assumed for estimation purposes that the
standard deviations of e2(t) and e3(t) are equal: s25s3.

We compared the midge–algae–detritus model to two additional
models. The multidimensional Gompertz log–linear model30 is

u1 tz1ð Þ~b11u1(t)zb12u2(t)zb13u3(t)ze1(t) ð4Þ

u2 tz1ð Þ~b21u1(t)zb22u2(t)zb23u3(t)ze2(t) ð5Þ

u3 tz1ð Þ~b31u1(t)zb32u2(t)zb33u3(t)ze3(t) ð6Þ
where u1(t)5 log x(t), u2(t)5 log y(t) and u3(t)5 log z(t). The
Lotka–Volterra model is

x tz1ð Þ~r1x(t) exp {dzb12y(t)zb13z(t)ze1(t)ð Þ ð7Þ

y tz1ð Þ~r2y(t) exp 1zb21x(t)zb22y(t)zb23z(t)ze2(t)ð Þ ð8Þ

z tz1ð Þ~r3z(t) exp 1zb31x(t)zb32y(t)zb33z(t)ze3(t)ð Þ ð9Þ

In equations (7)–(9), three parameters can be removed to non-
dimensionalize the equationswithout changing the observed dynamics
of midges; we therefore set b125 1 and b135 1 (assuming that midges
benefit from both resources) and b21521 (assuming that midges
reduce algae abundance). As with the midge–algae–detritus model,
for both alternative models we fitted the data with a scaling parameter
K to factor out mean midge density. Fitting of all three models was
performed with a state-space approach factoring in measurement
error; see Supplementary Methods for details.

LETTERS

High-amplitude fluctuations and alternative
dynamical states of midges in Lake Myvatn
Anthony R. Ives1, Árni Einarsson2, Vincent A. A. Jansen3 & Arnthor Gardarsson2

Complex dynamics are often shown by simple ecological models1,2

and have been clearly demonstrated in laboratory3,4 and natural
systems5–9. Yet many classes of theoretically possible dynamics are
still poorly documented in nature. Here we study long-term

fluctuations occur, they occur as fairly regular cycles, with the strong
ecological forces that drive the high amplitudes also entraining the
dynamics into a stable limit cycle23.

Tanytarsus gracilentus is the dominant herbivore/detritivore in

Vol 452 |6 March 2008 |doi:10.1038/nature06610
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Figure 1 | Population dynamics of T. gracilentus in Myvatn. The solid line
gives the abundance of midges in each generation, averaged between two
traps. The dashed line gives the predicted ‘true’ (unobserved) abundances
from the model given by Box 1 equations (1)–(3) with parameter values
estimated by maximum likelihood: r15 3.873, r25 11.746, c5 1026.435,
d5 0.5517, P5 0.06659, q5 0.9026, K5 9.613, s15 0.3491 and
s25 s35 0.7499.

Ives, Einarsson, Jansen, Gardarsson 
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Figure 2 | Simulated dynamics of the model given by Box 1 equations
(1)–(3) for 50 generations. a, Dynamics in the absence of environmental
stochasticity (e1(t)5 e2(t)5 e3(t)5 0). b, Dynamics in the presence of
environmental stochasticity. In a, twomidge population trajectories starting
from different initial values are illustrated. Parameter values are equal to
those estimated from the data: r15 3.873, r25 11.746, c5 1026.435,
d5 0.5517, P5 0.06659, q5 0.9026, K5 9.613; in b, s15 0.3491 and
s25 s35 0.7499.

2-dimensional delay reconstruction of the data



Surrogate models
• Points in            and corresponding images in    .


• Partition into a set of predictors and a set of test points with 
corresponding observations and test images.


• Nonparametric regression to a surrogate model.


• Gaussian process regression, kernel regression, machine learning …

X ⊂ R
d X



Gaussian process regression
A stochastic process where any finite collection of realizations are modeled 
by multivariate normal distributions and hence characterized by their mean 
and covariance.

Condition the process based on 
observed data and use the posterior 
mean and covariance as a tool for 
regression.

Blue curve: sampled function     
Black curve: mean function  
Gray curves: realizations            
Red curves: 90% quantiles 
Surrogates by Grammarcy 
https://bookdown.org/rbg/
surrogates



Idea
Use data to generate a surrogate model and characterize statistical confidence 
in the model predictions.

Use the surrogate model to construct a combinatorial approximation which is 
an outer approximation for the surrogate model incorporating levels of 
confidence into the combinatorial approximation.

Coarsen the combinatorial approximation to characterize the robustness of the 
computed dynamics; ie. the open class of systems 



1d Examples



1d Procedure
A: T = {(xn, yn) : yn = f(xn)} where the unknown, continuous function f is a realization
from a Gaussian process with a prespecified, semipositive kernel k(·, ·; θ) where theta is a
vector of unknown parameters associated to the kernel.

Step 1: Given the data set T , estimate the unknown parameters and construct a GP
surrogate model with predictive mean μ : X → R and predictive covariance function Σ.

Step 2: Choose a finite cell complex X whose geometric realization as a regular CW-complex
is X. Construct a closed set G ⊂ X × X with the following property: G is the geometric
realization of products of cells from X and each fiber Gx := G∩ ({x}×X) is nonempty and
contractible. Use the combinatorial representation of G to identify potential dynamics and
compute their associated Conley indexes.



1d Construction
• Use k(x, x′) = e−|x−x′|2/θ where θ is estimated by maximal likelihood.

• Assume L provides a bound for the Lipschitz constant with confidence (1− δ)1/2, that is,

P(∀x1, x2 ∈ X|g(x1)− g(x2)| ≤ L|x1 − x2|) ≥ (1− δ)1/2.

• Select a finite set S ⊂ X and corresponding confidence intervals such that

P(g(v) ∈ EΣ(v)(μ(v), r(v)) ∀v ∈ S) ≥ (1− δ)1/2.

• Construct a set G that satisfies P(G(g) ⊂ G) > 1− δ and the smallest combinatorial map
F covering G.

• The dynamics extracted from G has a confidence level of at least 1− δ, i.e. the dynamics
is valid for any continuous function h with G(h) ⊂ G, and realizations of the GP are such
selectors of G with probability at least 1− δ.



1d Theorem
Theorem: Let T be a data set that satisfies assumption A where {xn : n = 1, . . . , N} are
chosen i.i.d. from the uniform distribution, and assume the kernel k is smooth enough. Let
α > 0 and δ ∈ (0, 1). There exist ε0 > 0 and n0 ∈ N such that the set G satisfies

provided that N > n0, g is a GP constructed as in Step 1, and as in Step 2, X ⊂ R
d is a

compact regular CW-complex indexed by a cell complex X with diam(X ) < ε0.

Smaller    allows more detailed dynamics to be extracted from the 
combinatorial map.

Smaller    implies higher confidence in the extracted dynamics.

α

δ

Identifying Nonlinear Dynamics with High Confidence from Sparse Data (Batko, Gameiro, Hung, 
Kalies, Mischaikow, Vieira)



Dynamics with 95% confidence level (Lipschitz constant double that of the 
sampled function).

Bistability and fixed points Chaos within an unstable invariant set



Example: Kot-Schafer-Ricker Integrodifference Equation

Rigorous computation of the global dynamics of integrodifference equations with smooth 
nonlinearities (Day, Kalies)



Rigorous KSR results

Rigorous proof: 
• Morse decomposition
• Chaos 
• Periodic orbits in M1

1 Per-2, 1 Per-4, 2 Per-6,  
1 Per-8, 2 Per-10, 2 Per-12  



Example: KSR from data

100 Predictor points 
simulated from 
projection onto the 
first two modes    

1500 Test points

Surrogate: Gaussian Process 
model using standard radial 
basis functions

Maximum error on test points:            
[2.45× 10−3, 1.40× 10−3]

Able to isolate most of 
the periodic orbits in 
the attractor that were 
found in the rigorous 
computation. 



Example: Magneto-elastic Ribbon Data
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Fiber Opt ics

To Fotonic Sensor

Time series of 30,000 data points which are measurements of the position of a 
magneto-elastic ribbon driven by an oscillating magnetic field.

Joshua Reiss, PhD dissertation

Mischaikow, Mrozek, Reiss, Szymczak



Robust period-2 orbit in MER
Isolating neighborhood after the 
combinatorial multivalued map was 
expanded locally near a small initial 
isolating neighborhood near the  
period-2 orbit.

All of the images of data points in the 
isolating neighborhood are covered by 
the data. 

Additional robustness of the Conley 
index computations.



Current work
• Explore the increased robustness from expanding the multivalued map 

locally and along the data to incorporate more confidence in results. (Day, 
Kalies)


• Incorporate parameter dependence


• Surrogate models including the parameter — flour beetle data. (Day, 
Kalies)


• Theoretical foundations for the computation of algebraic invariants for 
bifurcations, using sheaf cohomology and computational algorithms for 
cellular sheaves. (Dowling, Kalies, VanderVorst)


• Use machine learning models to build more efficient combinatorial models 
in higher dimensions by learning the attractor structure. (Gameiro, Gelb, 
Kalies, Kramar, Mischaikow, Tatasciore)



Thank you!











dX

dt
= σY − σX

dZ

dt
= XY − βZ

dY

dt
= −XZ + ρX − Y
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Xn+1(i, j) = (1− d)X̄n(i, j) +
d

4

[
X̄n(i− 1, j) + X̄n(i+ 1, j) + X̄n(i, j + 1) + X̄n(i, j − 1)

]


























































