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ABSTRACT 

P r evious reports in this series have been concerned with the visual, photo, 
and photo-record methods of daily rate measurement and the results obtained 
using the latter method. In this final report two methods of greater accuracy (an 
er ror r eduction over previous methods by more than 10 times), the interval­
record and the chronograph methods , are described and discussed; the results 
obtained using the first of these two methods are compared with previous results. 
The sensitivities and over-all measuring errors for both of these methods are 
estimated and compared with values for the three other methods . While the three 
methods pr eviously considered yielded only values of daily rate, both methods 
considered in this report permit use of the data to measure , in addition, changes 
in or constancy of rate for intervals of less than a day. 

It is shown that the interval-record and chronograph methods have compara­
ble sensitivities and accuracies. From an analysis of the recorded data it is 
shown that a correct interpretation requires that trend lines be drawn. These 
trend lines, at least for the results presented, are adequately represented by two 
parallel straight lines, the spacing between which depends upon the measuring 
errors involved. 

Certain limitations in the interpretation of the records are pointed out. These 
limitations serve as useful criteria in the design of future experiments using these 
methods of measurement to provide records which can be interpreted unambigu­
ously. The interpretation of the recorded data is discussed. 

The design of an experiment to investigate the temperature and pressure 
characteristics of timepieces is indicated. Using some of the design considera­
tions the rate-temperature gradient (dR/08 ) is calculated from the experimental 
data (for the marine chronometer) together with an estimate of the error. 

PROBLEM STATUS 

This is a final report . No further work on this phase of the problem is con­
templated; work on other phases is continuing. The nine winding-inverting mecha­
nisms, the winding sequence-control circuits , and the chronograph have been 
shipped to the Naval Instrument Repair Facility; the remainder of the instrumen­
tation has been dismantled. 

AUTHORIZATION 

NRL Problem R03-01 
Project Nos. NR 683-010, NE 041-214-3, 

NE 041-215-1, and NL 420-004 
BuShips Problem No. S1234X-S 

Manuscript submitted July 13, 1956 

ii 



RATE MEASUREMENT OF MARINE CHRONOMETERS, GIMBAL 
MOUNTED CHRONOMETER WATCHES, AND NON-GIMBAL NAVIGATING 

WATCHES UNDER CONTROLLED CLIMATIC CONDITIONS 

PART V - THE INTERVAL-RECORD AND CHRONOGRAPH METHODS 
OF RATE MEASUREMENT 

INTRODUCTION 

Previous reports of this series have been concerned with describing the instrumen­
tation,! defining the meaning of the term "rate, " 2 determining the over-all errors 
involved 3 in the use of three rate measuring methods,* and the presentation of results 
obtained using the photo and photo-record methods. 4 In this, the last of the series, two 
methods of greater accuracy are described and the available results are presented, dis­
cussed, and compared with the results of the previously used methods. These two methods 
are the interval-record and chronograph methods; the instrumentation involved has already 
been described in Part I. 

INTERVAL-RECORD AND CHRONOGRAPH 
RATE MEASURING METHODS 

The interval-record and chronograph methods depend for their increased accuracy 
on an extension of the photo-record method in which the record is obtained at more fre­
quent than daily intervals. While the previously described methods are dependent upon 
two readings made at the start and end of the measuring interval, both of these methods 
use a greater number of readings (recordings of the timepiece timing marks), assuring 
an effective sampling of the sequence of errors: 

EN = el + e 2 + • • • + EN = ..i; e i 
1 

(1) 

*The visual method, the photo method, and the photo-record method, these titles being 
descriptive of the method of reading. 

1suski, H. M., "Rate Measurement of Marine Chronometers·, Gimbal Mounted Chronom­
eter Watches, and Non-Gimbal Navigating Watches Under Controlled Climatic Conditions, 
Part I - Instrumentation," NRL Report 4524, July 29, 1955 

2suski, H. M., "Rate Measurement of Marine Chronometers, Gimbal Mounted Chronom­
eter Watches, and Non-Gimbal Navigating Watches Under Controlled Climatic Conditions, 
Part II - Definition of the Term 'Rate'," NRL Report 4568, August 4, 1955 

3suski, H. M., "Rate Measurement of Marine Chronometers, Gimbal Mounted Chronom­
eter Watches, and Non-Gimbal Navigating Watches Under Controlled Climatic Conditions, 
Part III - The Estimated Accuracy of Three Rate Measuring Methods," NRL Report 
4645, December 14, 1955 

4 suski, H. M., "Rate Measurement of Marine Chronometers, Gimba1 Mounted Chronom­
eter Watches, and Non-Gimbal Navigating Watches Under Controlled Climatic Conditions, 
Part IV - Rate-Pressure and Rate-Temperature Trends," NRL Report 4716, April 24, 
1956 

1 



2 NAVAL 'RESEARCH LABORATORY 

The record of this sequence, when interpreted, gives the rate with a measuring error, ER 
or 

(2) 

The quantity EN' is the measured value of EN , and ER is the over-all measuring error of 
the method. It is shown in Appendix A that the improvement of the interval-record or 
chronograph method over the three previously described methods (Part III) results from 
the fact that EN' approximates EN more closely and that ER is smaller than the correspor. 
ing over-all errors E , E , and E ', for the other methods. 

V p p 

The interval-record method is discussed in greater detail ir1 Appendix A. Some of 
the features of the chronograph as intended for use in these experiments are described 
in Appendix B; a comparison of the interval-record and the chronograph methods shows 
that equivalent results can be expected with either method.* The essential differences 
are: 

1. A 20-pen recorder was used to obtain a linear type t of record (interval-record) 
rather than the drum typet of record (chronograph). 

2. Results obtained from the 20-pen recorder had to be replotted for ease of 
interpretation. 

It was convenient in replotting the results to present them in the form of the drum­
type of record (Figs. 1-5). The chronograph method can make use of either continuous 
or sampled recordings of the timepiece timing marks. The merits of using sampled 
recordings are discussed in Appendix C. 

In the chronograph method samples are taken of the timepiece timing marks at regul 
(stylus-driving or x-axis) intervals; the positions of the timing marks (y-axis) on a recm 
with a specified scale factor Y are recorded in each sample. The daily record may be 
reduced to a trend line:J: which, for the purpose of this report at least, can be taken to be 
a straight line, and which can be used as an aid in interpreting the recorded data.** ThE 
mathematical development (Appendix A) reveals that there are two approaches to the ratE 
measuring problem. On the one hand, if the maximum rate which is expected to be meat 
ured is known by some means in advance, it is possible to select the marking interval or 
the frequency of recording timepiece timing marks and the record scale factor in such a 
way that unambiguous results are obtainable. On the other hand if a very wide range of 

*For convenience, the methods which are the subject of this report will be referred to 
as the chronograph method, except where it is necessary to consider the two methods 
individually. 

tSee Appendix A 

:j:See Appendixes A and D; note that this tends to indicate the possibility that Case 2 of 
Part II describes the manner in which the period of oscillation changes (i.e., the 
period tends to remain constant until some climatic change induces a change in the 
period of oscillation). 

,:,*In Appendix D it is shown that two lines are required to show the trend, the separation 
between these lines being determined by the measuring errors, see Eqs. (Dl2) and 
(Dl3) of Appendix D. 
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" 
rates is to be encountered, the maximum value of which is not known in advance a correct 
interpretation of the record requires the value of the rate be determined approximately by 
another means (e.g., the visual method; see Part III) so that the true rate value can be 
obtained with greater accuracy from the record. 

In the first case, where the maximum expected value of the rate R is known in advance 
it is possible to select* the marking interval to be 

T TY 
- < --
c {, 2 IR I , (3) 

wher_e ~ _is the measuring interval ~86, 400 seconds for _dail~ r~te measurements), C,t is 
the lim1tmg number of samples or mtervals for recordmg hmmg marks, Y is the scale 
factor in seconds (the greatest value along the y-axis of the record) , and R is the daily 
rate in seconds per day (spd). t 

The choice of the scale factor Y may be based upon the standard timing mark interval 
or upon the interval between timepiece timing marks; the former was the case for the 
experimental results being presented in this report. For example, if it had been known 
in advance that IR I = 40 spd was the maximum value of rate to be expected (from Part IV), 
then with a value of Y = 1 second, TY/2 IR I = 1080 seconds or 18 minutes . Hence, a mark­
ing interval of 15 minutes should have been chosen, to provide some safety factor . As it 
happened, a marking interval of 30 minutes was used, indicating that for IR I'> 24 spd 
an ambiguous record is to be expected. 

In the second case, perhaps the more general one, in which there is no advance knowl­
edge of the maximum expected value of R , several interesting things have been found in 
Appendix A concerning the record. So long as the value of H can be estimated by another 
methodt the resulting record can be interpreted correctly. First, it must be noted that 
once the scale factor Y and the marking interval from which the number of samples C 
in the interval T have been selected, the rate value Rs which will be measured from the 
record has the limiting values 

(4) 

where again all quantities have the units of time.** The quantity Rs is measured directly 
from the record; R, the actual rate value, is obtained by interpreting the record. There 
are two cases to be considered in obtaining the correct interpretation of the measured 
value ; the possible true values of R must be divided into intervals dependent upon the 
limits of the measured value Rs given by Eq. (4), or in general, by 

sCY CY 

2 
.S JRI .S (s+l) 2 , 

wheres 0, 1, 2, 3, .. . 

*See Appendix A. 

tNote that all terms have the units of time; the interval T is implicit in the definition 
of R . See Appendixes A and G. 

t See Table Bl, Appendix B, for accuracy requirements. 

'*See Appendix G. 

(5) 
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The two distinct cases to be considered are 

sCY 
(1) R = -

2
- + Rs' (6) 

which applies for even values of s (O, 2 , 4 , ... ) , and 

( 2 ) R (7) 

which applies for odd values of s ( 1, 3, s , ... ) . 

To obtain R from Rs , the approximate value of R obtained from the auxiliary method 
~s used in Eq . (5) to determine the integral value of s and whether it is even or odd, 
after which Eq. (6) or (7) can be used. Use will be made of thes e three equations below 
in interpreting the actual results . 

It is of interest to point out a measuring limitation. The lower limit of rate which 
can be detected, as shown in Appendix A, is 

(8) 

the values for the chronograph method are given in Table 4. Therefore, the limits give: 
by Eq. (4) should be rewritten as 

(4a) 

For values of Rs or R near the lower limit it may be difficult to determine the algebraic 
sign of the rate from the record . 

It is interesting to note also that points recorded on a drum-type (chronograph) reco 
are plotted in either of two ways: (1) positive x and y values, or (2) negative x and posit 
y values depending on the direction of travel of the styli. The replotted points of the linE 
type (i.e., from the 20-pen recorder) have signs as given in (1). 

THE SENSITIVITY OF THE CHRONOGRAPH METHOD 
OF RATE MEASUREMENT 

It may be recalled from Part III that the sensitivity s of a rate measuring method 
is defined a s the smallest value of rate ·which can be detected in the absence of measurir 
errors and mistakes, and depends upon limitations inherent in that method. 

The chronograph method provides a measure of elapsed time Y between a standard 
timing mark and the particular timepiece timing mark. The difference between two val1 
of y is a measure of rate . In general,* 

(9 

*See Appendix D . 
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which is equivalent to the measurements made from the record in the photo-record 
method (Part III). 

5 

The quantities from which the value of s is determined, using the nomenclature of Part 
III, are: (1) the actual variation •a-w in timing marks, attributed to individual timepiece mech­
anisms, and (2) the error o-t(= 1.3 msec*) introduced by recording the standard timing marks. 
Thus, for a single measurement of the quantity Y, the expected distribution is defined by the 
standard deviation, 

,a-' = Y,a- 2 + ,er 2 s . w t (10) 

For the two measurements required to obtain" a value of 6i, actually representing a meas­
urement of either R or r , the sensitivity is 

s = (T~ v'2. 

Since both the photo-record and interval-record methods employed exactly the same 
instrumentation, the same value of S given by Eq. (11) is expected for each method. 

(11) 

Because no experimental data are available for the chronograph method, a different 
value of a-t, and hence of s, might be expected since different relays and somewhat dif­
ferent marking conditions existed; only the value of o-t is affected. It is possible that 
such a difference might have been compensated for by adjusting the relays; therefore 
the sensitivity of the chronograph method should be considered to be of the same order 
of magnitude as that of the interval-record method. 

In the chronograph method, as will be shown later, the over-all measuring error 
approaches the value of s more closely than do the values for the three methods described 
in Part Ill. Because of this approach of the actual measurement to the sensitivity it is 
worth considering other factors which affect the sensitivity, but which were not considered 
in the analysis of the previous methods. 

The increased accuracy obtainable permits use of the data for other purposes than 
just the measurement of R. It may be desired, for example, to investigate the constancy 
of rate from the available timing mark samples. In such cases the distribution of values 
of r i about r might be considered (see Appendix A); the values of r are the _cumulative 
errors obtained during the sampling subintervals T/C. The average value r can be deter­
mined either from 

or from 

r = R 
C 

- 1 C 

r =ciri' 
1 

(12) 

(13) 

in which c is the number of sampling subintervals. Now, the value of r as determined by 
Eq. (12) may be calculated with a sensitivity given by Eq. (11), but that determined by 
Eq. (13) is calculated with a sensitivity 

S'=o-'/C""", . s (14) 

which can be seen to be considerably poorer than that given by Eq. (11), or S' '> S , particu­
larly for a large value of c such as that actually used, i. e. , c = 48. 

*From. Part III. 
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It is also possible to use the trend lines to obtain specific values of r .. Such use 
requires a knowledge of the smallest detectable slope variation, which is ~ffectively a 
sensitivity, denoted by Sm. To determine a value for Sm , it is necessary to consider som1 
details of the actual recording of the timing marks. 

In the sampled type of record the sample consists of a small number of timing marks. 
As shown in Appendixes A and C, the cumulative error e causes a spread of timing marks 
which may overlap in a given sample. In the absence of mistakes and measuring errors, 
this spread can be represented by the quantity Eh.* The effect of Eh (or E6T) must be 
found. Each sample in the measurement is represented by the mean value y of the sam­
ple, and hence involves only half of Eh . Because a small sample is used, the error E-
in y is not negligible and the total error is therefore the combination of the independerit 
components, i.e. , 

(15) 

or, using the results of Appendix D (EY = ,a ~/ /h), 

(16) 

For the case of the experimental data being considered in this report, wherein h = 4, 

(17) 

In Table Cl of Appendix C, it is shown that for extreme values of R (see Part IV) Eh is 
negligible compared with •a~; therefore 

(18) 

The value E 5 must be used in determining the sensitivity involved in measurements 
of r or R, for which 

Now in the event that it is desired to use the record to detect changes in R, as determine1 
from changes in slope (m = (C/T) r i , from Appendix A), each value of slope requires at 
least the effective measurement of two points, hence L:lm or L:lr has a sensitivity Sm = Sr v 
or 

(20 

Pertinent values of •a~ and of s obtained from Part III are given in Table 1. Included 
in Table 1 are the values of sensitivity which have been found applicable for the chrono­
graph method. The tabulated values apply directly for the interval-record method and 
are considered to represent the order of magnitude to be expected of the chronograph 
method. 

*For a continuous recording of timing marks, where the minimum detectable x-axis 
movement is L:IT, the spread is represented by ELIT > Eh, as shown in Appendix C. 
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TABLE 1 
Sensitivity Values of Interval-Record Method 

(Approximate Sensitivity Values of the Chronograph Method} 

Timepiece ' * s == ,a- ' 12 * S' ::: ,u ' ;ct Sr ::: E
8 

/2t Sm == 2Es** u 
s s s 

Type Ser. No. (msec) (spd x 10-3
) (spd x 10-3) 

MC 4746 <1.8 <2.6 18 

NWtt 3753 13 . 4 19.0 132 

NWtt 6033 4.1 5.9 41 

NWtt 6979 48 . 6 68.8 477 

*See Eq . (10) and (11) ; values from Part Ill 
tfrom Eq. (14), C::: 48 
i£rom Eq. (19) 

,:,*from Eq. (20) 

(spd x 10-3) (spd x 10- 3) 

2.8 4.0 

21. 2 29.5 

6.5 9.2 

76.8 108.3 

ttcontain break-circuit contacts operating at 1-sec intervals, except 
59th second every minute 

THE OVER-ALL ERRORS OF MEASUREMENT OF THE 
CHRONOGRAPH METHOD OF RATE MEASUREMENT 

7 

Because no measurements were obtained with the chronograph, the following analysis 
of errors wHl hold for the interval-record and chronograph methods, but numerical values 
which apply for the former method are only approximate for the latter. While two values 
of y are required to obtain the daily rate, the errors associated with a single measurement 
of ywill be considered first. It is found that in determining the over-all error it is 
appropriate to consider separately the errors associated with recording the timing marks 
(y-axis errors) EY and those of the driving or x-axis, Ex . 

The y-axis errors EY include those errors previously considered in Part III and 
errors associated with the sampling process. The errors previously considered are: 
(1) the variation uw attributable to the timepiece itself (this quantity has a different value 
for each timepiece),* (2) the error introduced in recording the timing marks of each 
timepiece (this quantity is taken to be the same for each timepiece and is considered to 
,have the magnitude of the variation -ut obtained in recording the timing marks of the 
standard, WWV), (3) the variation ,ut obtained in recording the standard timing marks 
which are used as a reference for the measurement of the quantity y, t and (4) the error 
introduced in the actual measurement of the quantity ,f; as in Part III the symbol rrm will 
be assigned. 

These four errors represent those which were considered in analyzing the photo­
record method (Part III), and which still apply to the chronograph method. The sampling 

*The reasons for this are beyond the scope of this report. 

tUnlike the photo-record method described in Part ill, in which it was possible to 
measure y in either direction with respect to the reference(standard timing marks), 
the chronograph method makes use of a measurement of yin only one direction, as 
determined by the timepiece timing mark which occurs after the standard timing mark. 
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process introduces two additional errors which must be considered, Eh or F:6 T (Appen­
dix C) and %- (Appendix D). The error Eh for sampled data is fixed by the number of 
marks involved in the recording process , which from Appendixes A or C is 

h 

Eh = +.~[-~ e i = ¼ he , 

1 

(21) 

where h is the number of marks in the sample ( h = 4 for the experimental data being con­
sidered). The error Eh is independent of and does not include the effect of instrumentatior 
or measuring errors. The error ¾- is encountered because it is expected that the averag1 
ordinate on the record Ywill be used to represent the sample; EY depends on the expected 
distribution of recorded timing marks (represented by -a ) and the number h of marks used 
in the sample, or, from Appendix D 

Thus, the uses of the record being considered in this report will involve these six errors. 
The first four errors, which are independent, may be combined statistically to give (as in 
Part III), for a single measurement of y, 

The standard deviation •aer' defines the combined distribution of errors which are 
involved in the determination of %- , or 

•a-er' 
E- =-­

y /h 

(22) 

(23) 

While the magnitude of EY is determined by the distribution defined by a er,, any particula 
sample will have specific values of -aer' and%- which are independent of each other. Hen 

EI • !,a2 I + E-2 t 
y 'V ' er y 

or 

E'= •a, ~-Y er '\/.l.-th (24) 

The total y-axis error for a single measurement of y must include the fixed error Eh and 
the random error E; , or 

for which a decision must be made concerning the range of the random error to be includ 
it may be desirable to increase the factor E; two or three times, to include a greater pe1 
centage of the errors. Thus, Eq. (25) might be more appropriately written as 

(26a 

or 
(26b 

f ' 
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The use of the recorded data, as indicated in disc;ussing sensitivity, affects the over­
all error; there are two such uses which will be considered separately: (1) the measure­
ment of R from the record, and (2) the measurement of changes 1:,R in R . 

For measuring R, two values of y are involved, or 

(27) 

Each of the values of y has associated with it a value of E' ' , Eq. ( 25), or E t , Eq. ( 26), 
consisting of the fixed error Eh and the random error E; .Y Since the differlnce between 
two values of y is obtained, each value of which has nearly the same value Eh and probably 
different values of E;, the two values of Eh tend to cancel each other, or the difference 
between values of Eh can be considered to be negligible, since the difference comes from 
the values of e involved (see Table Cl, Appendix C). Thus, for rate measurements alone, 

E = E' /2. y y 

For the experimental data being considered later, from Eq. (24), 

The terms of Eq. (29), obtained from Part III, are given in Table 2. 

TABLE 2 
They-Axis Measuring Errors .E for the 

Interval-Record Method Y 

(Approximate Over-All Measuring Errors 
of the Chronograph Method) 

Timepiece * E t ·0-w a-er' y 

Type Ser. No. (µ sec) (µsec) (spd x 10-3) 

MC 4746 1. 3 2.3 3.6 

NWt 3753 13.3 13.4 21. 2 

NWt 6033 3.9 4.3 6.8 

NWt 6979 48.6 48.6 76.8 

*.from Eq. (22), same as Part III; 
,o-t = 1. 3 msec and •o-m = O. 5 msec from 
Part III 

tfrom Eq. (29) 

t contain break-circuit contacts operating at 
1-sec intervals, except 59th second every 
minute 

(28) 

(29) 

If reasonable care is taken in using the chronograph method, mistakes are not likely 
to occur;* this presupposes that approximate values of R will be obtained by other suitable 
means. Therefore, Eq. (28) gives the over-all y-axis measuring error for the chrono·­
graph method. 

*See the discussion in Part Ill in which it is established that all measured values of spac ­
ings already include some possible instrumental mistakes which may have been made. 
Hence, the value •o-w already contains some effect of possible mistakes; therefore ER 

.combines all known factors involved in rate measurements. 
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The values of the terms of Eq. (28) are obtained largely from Part III, insofar as they 
apply. For the interval-record method, values of aw and-at from Part III apply directly. 
The value of am is somewhat indeterminate because of the process used in transferring 
the data from the 20-pen records to the form used herein (Figs. 1-5). It is estimated that 
the value of o-m is of the same order of magnitude as that used in Part ill ( am = 0. 5 msec), • 
hence, this value will be used. For the chronograph meth_od, somewhat different values of 
•at and o-m may be expected; reasons for the difference in the value of a t have been given 
above. t It is expected that, in practice, the graph paper which was chosen for use with 
the chronograph would have been used in the measurement of y; the errors thus introduced 
would determine the value of -am. However, it is possible that either or both of these 
methods could utilize the measuring system described in Part III, and hence that value of 
•a m could be used. Thus it is likely that both methods would have values of ER, which woul 
be of the same order of magnitude. 

Let us obtain the over-all measuring error ER which includes both they- and x-axis 
errors ; EY , for rate measurements, is obtained from Eq. (28); Ex, from Appendix E. 
Since these errors are independent, their combination gives 

E =-·/E2 + E2 
R 'V y X 

(30) 

From Eq. (28) and Appendix E 

(31) 

which for the experimental data and the source of power actually used becomes 

~ = ,J2.s 0-~r' + (4.17 x 10-3 R)2}. 

= '1}2.s •a~r, + (17 x 10-6)R2 

(32) 

While the value of ~ depends on the value of R being measured, it can be approximated 
in two stages: (1) find the average value of R from the record, and (2) take the approxi­
mate value of 

(33) 

using the largest numerical value for calculating Ex (=4.17 x 10-3 IR1t), thus obtaining, 
a pessimistic value of ER • 

The second use of the data, in the measurement of changes 6R in the rate, involves 
the measurement of at least two rate values and the use of the trend lines to aid in detect• 
ing the difference. The trend lines serve also to indicate the constancy of rate in any 
interval greater than the sampling interval. The difference 6R can be obtained either 
from actual measured values of R or from measurement of the slope of the trend lines, 
each leading to the same result. In general, when comparing two rate values, the values 

*This applies to the measurements made with the vernier calipers. 

'tSee p. 5. 
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will be derived from unequal numbers (C') of sampling intervals, hence, it can be expected 
that each rate value has a different value of ~ . The over-all error in measuring L',R is, 
therefore, 

(34) 

or 

(35) 

where 

and 

In this case an approximation similar to Eq. (33) must be made first of the value of 
R (i.e., R1); after which an approximation of the value of Ex can be obtained. Since trend 
lines or segments are being considered which do not in themselves give daily rate values, 
it is appropriate to use, from Appendix E, the quantity E~ rather than Ex, or 

(36) 

where •a-f/fis the relative frequency error of the power source, C' is the number of sampling 
intervals (T/C) used in drawing a particular line or segment, C is the total number of 
sampling intervals in the interval T, and R' is the total error obtained in the interval being 
considered and will be approximated by the value R1. 

Since Eq. (36) is intended to permit comparing rate values obtained from the record 
for intervals less than 24 hours (or, in general, less than T) but greater than T/ C , it is 
useful to express R' in terms of the standard interval T/ C: 

Because Cr = R, * it can be shown that 

-r R' 
C' 

- .6R 
.6r = - . 

C 

(37) 

(38) 

Hence, comparisons can be made of r~te values obtained for different values of C', and 
pan be expressed readily in terms of R for ease in grasping directly the effect of specific 
rate changes in terms of daily rates. 

~See Appendix A. 
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It must be kept in mind that the specific rate values thus obtained are subject to the 
error E~ given by Eq. (36) which must be used in Eq. (35) to obtain appropriate values 
of ER , ~ , and El'IR • 

I 2 

EXPERIMENTAL RESULTS 

The significant results which were obtained using the interval-record method are 
presented in a form similar to that which would have been obtained had the chronograph 
been available in its final form. These results were obtained during a continuous interval 
of 42-1/2 hours in which samples of timepiece and standard timing marks were recorded 
every half hour. Four complete, successive, actual records from the 20-pen recorder 
are shown in Fig. A2 of Appendix A. The variations in the length of record paper indicate 
the variation in starting and stopping the chart drive motor. In interpreting these records 
measurements were confined to the last three or four seconds of each sample. By elimi­
nating the first second, allowance is made for the 20-pen record paper driving speed to 
stabilize, thereby reducing the chance of excessive deviations.* 

Because the records shown in Fig. A2 of Appendix A are unwieldy if used directly, 
the timing marks for each timepiece were transcribed individually into the form shown in 
Figs. 1-5. The transcription of data required alignment of reference times for replotting 
individual timing marks; this is equivalent to measuring the quantity y (i.e. , y 1 , y 2 , y 3 , 

and y 4) from each second of the sample. 

The records thus derived for each timepiece are used to obtain the following informa• 
tion: (1) the value of R measured in accordance with the method developed in Appendix A; 
(2) an indication, with the aid of the trend lines, of the constancy of rate throughout the 
recording interval; and (3) the measurement of a change in rate, in particular that caused 
by a change in climatic conditions during the interval of measurement. The climatic 
conditions under which the data were obtained were controlled during the 42-1/2 hours use 
of this rate measuring method. A change in temperature occurred during the measuring 
interval, and its effect on the rate will be shown. 

It is helpful in interpreting the records to draw trend lines of the recorded timing 
marks. It is found in Appendix C that two lines t are required so that limits can be 
established within which a prescribed percentage of the actual recorded timing marks 
for complete trend lines or segments can be expected to occur . These two lines, then, 
represent upper and lower limits which encompass the majority of intermediate recorded 
marks. Thus, if approximately 95 percent of the timing marks are confined within the 
limits set by the trend lines, the rate of the timepiece can be said to be constant within 
the limits of error determined by drawing the lines. Because the over-all error involvef 
the rate magnitude being measured, it is necessary to draw trend lines in two stages. 
In the first stage, that in which the approximate value R1 is obtained using Eq. (33), 
particularly where D > 1, it will be found useful to draw the approximate trend lines 
using only the y-axis variations. In the second stage the value R1 , Ex or E~ may be 
calculated, giving approximately the total variation ER or EL'iR • 

The approximate trend lines, from Appendix D, can be drawn between the following 
points: 

upper limit, -
xa, Ya + Eyt; xb, Yb + Eyt (39 

*Readings were rejected on the basis of a lack of constancy in the spacings of either or b 
recorded standard timing marks. 

tin Appendixes A and C, the use of linear trend lines has been assumed. Under constan 
climatic conditions it is expected that the rate should remain constant; th.erefore, linea 
trend lines are to be expected. 
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and 

lower limit, - -
xa, Ya - Eyt; xb' Yb - Eyt' (40) 

where 

(41) 

which is the average of the four (or less) marks used to represent the entire sample 
obtained in any particular marking subinterval (T/C) , and Eyt includes twice the standard 
deviation, given by Eq. (26), * thus, establishing the percentage of recorded marks which 
can be expected to fall between the trend lines (approximately 95 percent) in the absence 
of x-axis errors . 

After the points through which the approximate trend lines are to be drawn have been 
obtained, an interpretation of J:he record is possible if the method of Appendix A is used . 
Thus, the average daily rate R (see Figs. la-5a) and an estimated value of R1 can be 
obtained by using Eq . (33) . The!!_ it is possible to obtain, by including the x-axis errors, 
the estimated over-all error of R. 

The experimental data for four timepieces obtained by replotting the actual recorded 
data of the interval-record method, are given in Figs. 1-5 inclusive. Five figures are 
necessary because the data for one of the timepieces (NW 6979), unless interpreted 
properly, gives an ambiguous result when the scale factor Y = 1 sec (Fig. 4b). The data 
for NW 6979 serves to illustrate a case of possible ambiguous rate value interpretations 
as treated in Appendix A; for this particular timepiece two scale factors are used, Y = 1 
sec (Figs. 4a and 4b) and Y = 2 sec (Figs. 5a and 5b), to illustrate the difference between 
the two possible interpretations. Figures lb-5b show the data, for the four timepieces, 
on which the approximate trend lines have been drawn; for drawing the actual trend lines, 
points on the various line segments were used. The actual construction procedure of these 
approximate trend lines was: (1) to establish the pointy, from Eq. (41), (2) to calculate 
the limit Eyt using Eq. (26a), (3) to plot the limits given by Eqs. (39) and (40), and (4) to 
connect the points. 

The specific values of Eyt_obtained for the timepieces used are given_in Table 3. 
These values aid in obtaining R for each of the timepieces. The value of R given in 
Figs. lb-5b and also in Table 4, and the value of E; (from Table 3), permit I R1 I to be 
calculated using Eq. (33). Next, values of Ex may be calculated by using the results 
of Appendix E, where it has been shown that for obtaining errors affecting daily rates, 

(42) 

Finally, estimated values of~ (the over-all error in R) are obtained from Eq. (32) . 
The results of calculations are given in Table 4. 

The values of ER having been obtained for each of the timepieces, it is appropriate 
to see how close an estimate has been made by using the approximate trend lines. It 
will be recalle_d that these approximate lines were drawn in order to determine a value 
of Ex and that only the y-axis errors were used in their construction. Thus, the x-axis 
errors must be included-by considering that each point of the line has associated with it 
the fixed error Eh and the random errors E' and E; . The error E; is used, rather than 
Ex as pointed out in Appendix E, because lirie segments having C' instead of c (C' <C) 
sampling intervals are involved. The total variation becomes 

(43) 

*tt is necessary to use Eq. (Z6a) because each of the points through which the approximate 
lines are to pass must be considered separately and Eq. (Z6a) gives the y-axis errors for 
this case . 
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TABLE 3 
Values of Estimated Errors Required for the Drawing 
of Approximate Trend Lines for Chronograph Records 

Timepiece 
E * E;t 2E' 

Eyt:j: 
Fig. No. h 

(slc) Type Ser. No. (sec) (sec) (sec) (in.)** 

MC 4746 0. 0002 0. 0026 0. 0052 0.005 0.022 1 

NW 3753 0.0004 0.0150 0.0300 0.030 0. 134 2 

NW 6033 0.0004 0.0048 0.0096 0.010 0.045 3 

NW 6979 0. 0004 0.0542 0. 1084 0.110 0.493 4,5 

*from Table Cl, Appendix C; h == 4} 11 
V 1 + h == 1. 12, far h := 4 

tfrom Eq. (24) and data of Tabl e 2 

tfrom Eq. (26a) 

**obtained by use of linear temporal equivalent of Part III, 
1 sec-==-- 4_. 484 in, for use in plotting points on records 

TABLE 4 
Estimated Over-All Errors for Daily Rate Measurements 

with the Chronograph Method 

Timepiece IRI* lfi1 It E~:j: E ** 
R Remarks 

Type Ser. No. (spd) (spd) (spd) (spd) 

MC 4746 0.83 0.834 0.0035 0.005 1st day Fig. 
0.81 0.814 0.0034 2nd day lb 

3753 0.27 0.291 0.0012 0.021 1st day Fig. 2b NW 2.38 2. 401 0.0100 0.023 2nd day 

'NW 6033 3.18 3. 187 0.0134 0.015 1st day Fig. 3b 
3.10 3.107 0. 0129 2nd day 

6979 39.16 39.237 0.165 0.182 Fig. 4b 
NW 39. 13 39.207 0.165 Fig. 5b 

*from Figs. 1 b - Sb 

tfrom Eq. (33) , values of E; from Table 2 

IR 1 I == IRI + IEY I , i.e., jR + EY I for positive R 

and IR - E I for negative R . 

y 

:j:from Eq. (40) [for daily rate values] 

**from Eq. (32) 

15 
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and , for constructing the trend lines so as to include approximately 95 percent of the 
timing mar ks and the maximum magnitude, the quantity to be used is 

E = E ± 2 • f E, 2 + E, 2 Rt . h V y X • 

Therefor e, the trend lines should have been drawn between the following points: 

(44) 

(45) 

(46) 

Values ofERt have been calculated and are compared in Table 5 with values ofEyt 
used in constructing the approximate trend lines . The values of ERt have been obtained 
from measurements taken from Figs. lb, 2b, 3b, and 4b; these measurements and other 
data contained in Table 6 serve to illustrate the method of calculation. It can be seen 
from Table 6 that the approximate lines are not noticeably affected by disregarding the 
x-axis errors. It should be noted from Table 6 that Fig. 4b rather than Fig. 5b was used 
to obtain data for NW 6979; it was felt that greater numbers of points would be available 
for at least some of the lines. 

TABLE 5 
Comparison of Error Values Used in Construction of Actual 

and Approximate Trend Lines 

Timepiece E'* E't 2yE~2 + E' 2 
X y 

Type Ser. No . (sec) (sec) (sec) 

MC 4746 
0. 00017 

0.0025 
0.0050 

0.00169 0. 0060 

NW 3753 0.00004 0.0150 0.0300 
0.00170 0. 0302 

NW 6033 
0. 00026 

0.0048 
0.0096 

0. 00121 0. 0100 

NW 6979 
0. 00008 

0.0542 0.1084 
0. 00051 

*greatest and least values, from Table 6 

tfrom Table 3 

iE = E + 2 / E' 2 + E' 2 
Rt h X y 

y 
* 

~t ~tr 2E' ,t y 
(sec) (sec) (sec) 

0.0002 0. 0052 0.005 0.0062 

0.0004 
0. 0304 0.030 0. 0306 

0. 0100 0.010 0. 0104 

0.1088 0. 110 

It seems appropriate to compare average daily rate values from the chronograph 
method with results given for the corresponding data groups in Part IV. This provides 
at the same time an opportunity to compare the over-all errors associated with the two 
rate measuring methods; see Table 7. 
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MC 4746 
Fig. lb 

NW 3753 
Fig. 2b 

NW 6033 
Fig.,3b 

NW 6979 
Fig. 4b 
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TABLE 6 
Measured and Calculated Quantities Required in Obtaining Values 

of Over-All Errors for the Construction of Trend Lines 

IR1 I* r+ E'H R•** E• tt 2'\JE•2 + E•2 Eh++ 
(sec per C't (sec per X y X y 

TC'/C) T/C) (spd) (sec) (sec) (sec) (sec) 

0.193 10 0.019 0. 91 0.00017 0.0025 0.0050 
0.573 34 0. 017 0.81 0.00169 0.0060 0.0002 

0.405 6 0.065 3.12 0.00021 0.0150 0.0004 
0.175 3 0.053 2.54 0.00004 0.0300 
0.595 14 0. 042 1. 99 0.00072 
1. 090 18 0.055 2.62 0.00170 0.0302 
0.155 3 0.047 2.24 0.00004 0.0300 

0.645 10 • 0.064 3.07 0.00056 0.0048 0.0096 
0.800 11 0.072 3.48 0.00076 0.0098 
1. 000 14 0.068 3.28 0.00121 0.0100 
0. 425 7 0.060 2.88 0.00026 0.0096 

0.984 6 0.155 7.44 0.00051 0.0542 0.1084 
1. 034 5 0.196 9.40 0.00045 
0.434 2 0.190 9.11 0.00008 
0.904 3 0.284 13.60 0.00024 
0.504 3 0.150 7.19 0. 00013 
0.864 5 0.162 7.77 0.00038 
0.899 5 0.169 8.10 0.00039 
0.934 5 0.176 8.44 0.00041 

17 

~t 

(sec) 

0.0052 
0.0062 

0.0304 

0.0306 
0.0304 

0.0100 
0.0102 
0. 0104 
0.0100 

0.1088 

tmeasured from Figs. lb, Zb, 3b, or 4b ** R' == rC +tfrom Table 3 

Data* 
Group 

No. 

19 

-
20 

-

TABLE 7 
Comparison of Chronograph and Photo-Record Methods 

of Rate Measurements 

Average Daily Rate (spd) 
Temp.t 

(OC) MC 4746 NW 3753 NW 6033 NW 6979 

0±0.33 +0.8±0.81 +2.6-t0.81 -39.2±0.81 
30±1 -0.83±0.005 +0.27±0.021 +3.18±0.015 +39.16±0.182:j: 

+39.13±0.182 

+0.5-t0.33 +2.2±0.81 +3.2±0.81 -39.6±0.81 
25±1 

-0.81±0.005 +2.38±0.023 +3.10±0.015 t 

Rate 
Measuring 

Method 

photo-
record 
interval-
record** 
photo-
record 
interval-
record·** 

*data obtained from Part IV (Rpr ± .E~). . . 
ttemperature change occurred as indicated 1n Figs. lb, 2b, 3b; pressure, 750 ±0. 5 mm Hg 
:j:because o[_.incomplete recording, direct daily comparison is not possible; instead the 
values of R have bP.~n obtained from Figs . 4b and 5b for the 24-hour interval shown. 

**data from Table 4(Rir ± ¾) 
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A valid comparison between the two sets of data given in Table 7 requires that the 
rate value criterion of Part IV be used. When adapted for this comparison, this criterion is 

( 47) 

where RP, and Ri , are the rate values obtained using the photo-record and interval-record 
methods, respectively, and E; and ER are the over-all measuring errors associated with 
these methods. All values given in Table 7 satisly this criterion, thereby establishing the 
equivalence of the results obtained. The difference between values of R and R. for 
MC 4746 should be noted. This is striking evidence of the effect of an iniprovect'::Ueasuring 
method on the results obtained in detecting constancy of rate by methods having large 
measuring errors. 

The constancy of rate, the second use to which the data may be put, is indicated from 
the records by the number of timing marks which are not within the limits set by the trend 
lines. Thus , in general, for the rate to be considered constant for a given time interval , 
as suggested by Case 2 of Part II, all timing marks should be plotted between the two 
trend lines during that interval, and this establishes the limit within which constancy can 
be detected. For example, Figs. lb-5b show the timing marks which do not fall between 
the two trend lines. It can be seen first from Figs. lb, 4b, and 5b that for these two 
timepieces the timing marks generally fall between the trend lines. For the marine 
chronometer (Fig. lb, a single-line record*), there are some timing marks which fall 
outside the limits set by the trend lines; but these may be attributed, it is felt, to the use 
of the microphone and its associated sensitive preamplifier as a tick transducer. For the 
marine chronometer, because only a single trend line is involved, it appears safe to con­
clude without measuring individual values of r i that within the limits of measuring error, 
the rate remained constant, up to the time when the temperature change occurred. 

Examination of Fig. 3b shows that NW 6033 departs slightly from constancy and 
exhibits what might be called erratic behavior. It should be noted that the departures 
from the trend lines appear to be as great or greater than the error represented by the 
trend lines, indicating that a significant change in rate occurs during the daily interval. 

In the case of NW 3753 (Fig. 2b), it is significant to note that there is a wide departure 
from constancy of rate during the first of the two days. Any attempt to give an explanation 
requires the use of a far greater amount of data t than is presently available. However, 
it is significant to note how readily the chronograph method permits the measurement of 
departures from constancy. It is interesting to point out , furthermore, that on the second 
day a radically different record (for NW 6979) was obtained: there is a tendency toward 
constancy, but erratic behavior is still evident. By way of comparison, it may be 
recalled that in Part IV the data for NW 3753 were not used in presenting the rate­
temperature characteristics because it was found that both the rate-value:j: and recovery** 
criteria were not fulfilled. Figure 2b is perhaps further justification of the value of the 
employment of such criteria. 

,:,There are more timing marks than should occur for a single-line record because both 
ticks were recorded each second. 

tSufficient data to compare the performance of CW and NW to indicate any effect introduced 
by the break-circuit contacts would be required. 

:j:See Part IV. 

,:,*See Part IV. 
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It must be pointed out that many of the timing marks of NW 6979 (Figs. 4b and 5b) 
were not recorded; the cause of this failure was not determined , However, from the 
available data, the recorded points do fall within the limits set by the trend lines. Since 
more than a single line segment is involved, a rate constancy criterion is required to 
indicate lack of constancy. 

In the cases where D > 1 and the record has more than one trend line segment, the 
individual segments provide indication of constancy of the rate within that interval. It is 
necessary, however, that the segments be inter compared; for example, the slope may be 
used. Thus, for the case where D > 1 two conditions must be satisfied: (1) the timing 
marks must occur between the trend lines, and (2) the slopes of the individual segments 
must be constant; and these conditions are included in the approximate criterion, 

( 48) 

which, as expected, is similar to the rate value criterion given by Eq. (47). Thus, 
regardless of the number of line segments, tests of constancy may be made by measuring 
specific values of r i. This con~tancy criterion may be express~d in terms of the measured 
value of the average daily rate R , and an equivalent daily rate R' obtained by measuring 
any specific segment or portion of a line, as, approximately , 

In Eq. (49) 

where R' is the measured value of rate corresponding to C' sampling intervals, and 
C' < C. The fraction R'/C' gives ri, which may be extrapolated to an equivalent daily 
rate value when multiplied by c to permit the comparison, Eq. (49) , to be made in 
proper units. Furthermore, the errors associated with the values R' and R are, 
respectively 

and 

+ E ' 2 
X 

Hence, the rate constancy criterion can be written as 

(49} 

(50) 

(51) 

(52) 

(53) 

Consider the application of this criterion, which may be used in comparing the 
equivalent daily rate values represented by any trend line segment. Since it is advisable 
to keep the limits of this criterion as small as possible,* only two values need be con­
sidered. And during any daily interval only the cases involving the maximum and mini­
mum values of R' need be considered. Note that no such comparison is necessary for 
timepieces having single line records, e.g., MC 4746 on both days, and NW 3753 on the 
first day. Also, the criterion does not have to be applied if it can be determined by visual 

*More values tend to add error terms. 
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examination of the record that the rate is not constant, e.g., NW 3753 or NW 6033. 
Furthermore, because of the temperature change which occurred on the second day only 
the data for the first day are presented in Table 8. Since it has been determined al~eady 
that NW 3753 and NW 6033 show erratic behavior, and MC 4746 does have constant rate 
NW 6979 is the only timepiece for which, on the first day, the rate constancy criterion ' 
need be applied; the first five line segments were recorded before the temperature change 
occurred. The procedure of calculation is indicated in Table 8 . It can be concluded that 
the rate of the timepiece was not constant. 

TABLE 8 
Application of Rate Constancy Criterion with Data 

of NW 6979 Taken from Fig. 4b 

R•* 
(spd) Rt 

(spd) 
Max Min 

(13.60) (7. 19) (8 . 84) 
-34 .40 -40.81 -39.16 

*data from Table 6 

Tdata from Table 7 

IR ' - RI 
(spd) 

Max Min 

4 . 76 1. 65 

:):based on data from Tables 6 and 7 

+ E~ 2 + ~ + /E•2 Eh+ y 
(spd) 

0. 190 

6 /E•2 + E'2 
(lpd) X 

+ Ei 

1.14 

Consider now the third use of the data, that of measuring changes t,R in rate which 
occur within a daily interval. In this case, while Eq. (30) still applies for calculating 
ER from E~ and Ex, Eq. (36) rather than Eq. (42) must be used to obtain Ex; hence , 
another value of ER different from that given in Table 4 must be calculated, from which 
the value of E6R , using Eq. (34) can be obtained. To illustrate the procedure the over­
all error associated with observed rate differences, e.g., that caused by a temperature 
change which occurred during the tests, will be calculated. Figures lb, 2b, and 3b show 
the time interval being considered. For each of the timepieces represented by the three 
figures, in the record for the second day, there are three regions of the trend to be con­
s idered. In the first region , the initial temperature, +30 °C, exists. The second region 
shows the interval during which both the chamber and timepiece are adapting to the new 
temperature, a period of stabilization. The third period represents the performance at 
the second temperature, +25° C. 

The determination of E6R involves calculation of the individual values, ER 1 and ~ 
which are associated with the rate values whose difference is desired; values of ¾ are 

2 

given in Table 9, for each line segment of significance shown in Figs. lb, 2b, and 3b 
(using the record for the second day only). In Fig . lb both parts of the middle line were 
considered, leaving out the portion included within the indicated stabilization interval. 
In Figs. 2b and 3b, the line segments were considered individually, again leaving out the 
portion within the stabilization interval. 

Because rate differences are of interest., the over-all error of the differences is 
obtained from the statistical combination of the values of ¾ associated with the specific 
rate values involved. Of immediate concern is the rate difference obtained as a result 
of the temperature change indicated in Figs. lb, 2b, and 3b. The record shown in 
Fig. lb is a simple example because the record has a single trend line. The rate dif­
ference of interest is represented by the change in slope of the line segment just prior 
to the temperature change and that after stabilization has occurred; these two values are . 
the only two obtained (see Fig. lb and Table 6) for MC 4746. The value of E6R , obtainec 
by using Eq. (34), i.s given in Table 10. 
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TABLE 9 
The Individual Over - A 11 Errors 
Involved in Determining Rate Val­
ues from Segments of Trend Lines 

ER = h; 2 + E ,2* 
Timepiece (sec) 

MC 4746 0. 0025 
Fig. lb 0.0030 

NW 3753 
o. 015ot 

Fig. 2b 0. 0151 
0.0150 

0. 0048 
NW 6033 0.0049 
Fig. 3b 0.0050 

0.0048 

*.data from Table 6 

tapplie s for the fir st 3 lines 
shown in Fig . 2b 

TABLE 10 
The Over -All Measuring 
Errors Associated with 
Rate Difference Values 
Obtained with the Chrono­
graph Method 

Timepiece 
E6 R 

Type Ser . No. (spd) 

MC 4746 0.004 

NW 3753 0.021 

NW 6033 0.007 

X 

TABLE 11 
Experimental Rate Differences Resulting 

from a Temperature Change 

Timepiece IR1 I IR 2I 
(+30 °C) (+25 °C) 6R ±E6R 

Type Ser. No. (spd) (spd) (spd) 

MC 4746 0.91 0.81 -0. 10 ±0, 004 

NW 3753* 3.12 2.62 -0. 50 ±0, 021 

NW 6033* 3. 07 3.28 -0. 21 t0. 007 

*ignores lack of constancy of rate 

In the case of the records shown in Figs . 2b 
and 3b, there are several line segments to be 
considered in obtaining the value of the r ate dif­
ference. Certainly a pessimistic result, insofar 
as the over-all error is concerned , is obtained 
if the two greatest values of ~ (given in Table 9) 
are used . These results are given in Table 10. 

The rate differ ence values obtained from the 
experimental records can be written 

6R = R - R ± E A~• 2 1 ut< 
(54) 

It should be r emembered that E6R is the standar d 
deviation of a distribution of possible err or values . 
This difference is obtained easily from Fig. lb, 
since there are only two values. For the data 
represented by Figs . 2b and 3b, it is considered 
appropriate to use the two values associated with 
the longest line segments for the two particular 
climatic conditions, or the equivalent rate values 
obtained for the largest values of C' (see Table 6) . 
The results obtained by this procedure are given 
in Table 11. 

It is significant to obtain rate differences as indicated particularly by the record. 
shown in Fig. lb because it permits the possibility of rapid investigation of rate variations , 
e.g. , as a function of pressure and temperature. Some of the problems associated with 
such an investigation are considered in Appendix F where it is shown that the combined 
error associated with the temperature rate of change of rate (the partial der ivative or/o0) 
is estimated to be 

E' = + 
E 2 

0 
. (55) 
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where 82 - 81 ( °C) is the temperature difference; r 0 - r 0 (spd) the difference in rate value~ 
obtained at those temperatures; EL.R (spd) the value2given\n Table 11 ; and E

0 
the variation 

associated with the control of temperature. 

The rate of change of rate with respect to temperature may be written in incremental 
form as 

oR 
08 

(56) 

Using the value of EL.R given in Table 11 and from Part I: 3E
0 

= 1 •C, E
8 

= 0 . 33 °c. The 
two temperature values are +30 °C and +25 °C for the experimental data being considered; 
and the corresponding rate differences are given in Table 11. Thus, average values of the 
derivative and estimated values of E' can be calculated and are found to be as follows: 

6R 
E' -

68 Timepiece 
(spd/" C) (spd/ °C) 

MC 4746 0.02 0.002 

In connection with the above tabulated data it should be noted that the calculated 
results for the two watches (NW) are not included as additional examples. Up to this 
point data for these watches have been included as a means of illustrating the procedures 
and differences to be expected for the several kinds of records obtained. But it will be 
recalled that these timepieces were shown above not to have a constant rate. Hence, it 
cannot be considered significant to use this data for the purpose of calculating rate 
derivatives. 

It should be pointed out that the values of EL.R represent the error to be expected in 
obtaining the differences between any two rate values. It can be used to compare the rate 
values obtained by measuring the various segments in a multi-line record (such as those 
of Figs. 2b, 3b, 4b, or 5b) . The comparison made above in Table 8 is an example. 

SENSITIVITY AND OVER-ALL MEASURING ERROR 
OF FOUR RATE MEASURING METHODS 

In conclusion, it is of interest to compare the sensitivities and measuring errors of 
all four methods of rate measurement considered in this series of reports. These results 
have been included (Table 12) with the previous results of Part III and it should be noted 
that sensitivities for certain uses of the chronograph method can be greater than those 
of the three previously considered methods. This is so because there are no comparable 
data for these additional uses for the previous methods. It is significant also to note the 
greater accuracy obtainable by the chronograph method for measuring either R (see ER ) 

or 6R (see ER /2). 
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TABLE 12 
Sensitivities and Over-All Measuring Errors of Four Rate Measuring Methods 

Sensitivity (spd) 
Over-All Measuring 

Method , v'2 •CT~ 1e* E /2 2E Error (spd) 
o·s s s 

MC cw MC cw MC cw MC cw .... ,.., cw Symbol !Y.l \., 

Visual 0. 50 0.20 0.35 0.36 E 
V 

0.11 
Photo 0.50 0.20 to 0. 79 E 

0.33 
p 

Photo- 0.006 0.11 0.79 
E' = 

Record 0.003 to to to p 

0.070 0.33 0.82 IE; + ~ 

0.015 
Interval- 0.006 0.040 0. 006 0.009 0.005 to ER t 
Record 0.003 to 0.018 to 0. 0028 to 0. 004 to 0.182 

or 0.070 0.480 0. 080 0.108 0.007 
Chronograph 0.004 to E6Rt 

0.021 

*c = 48 

tfrom Eq. (30), for measuring rate v alues cR), see Table 4 (for one timepiece) 

tfrom Eq . (34), f or measuring differences in rate (C>R), see Table 10 (for two timepieces) 

* * * 



APPENDIX A 
Mathematical Description of the Interval-Record 
and Chronograph Methods of Rate Measurement 

Measuring Methods and Equations of Rate 

The three rate measuring methods already described and analyzed in Part III involve 
two determinations of the timepiece indications (i.e., readings), at the start and end of a 
24-hour interval. The rate values R obtained by using these three methods can be repre­
sented, using the nomenclature of Part Il, by the general equation 

R = ~ ± e; , (Al) 

where~ is the total error accumulated in the interval T, and the term e; arises from 
the "end-effects" which occur because the measured interval T cannot be determined 
exactly from actual timepiece indications. The term e; represents a theoretical limita­
tion imposed by the timepiece period of oscillation and is independent of any measuring 
errors which may be present in these three methods of rate measurement. But the quantity 
e; may be shown to have a negligible effect on R. * Thus, R is the quantity which it is 
desired to measure and ~ is its value in the absence of measuring errors or mistakes. 

The magnitudes of the over-all measuring errors, including probable mistakes, were 
estimated for each of the three measuring methods. The results obtained and the distinc­
tion between the methods can be illustrated by writing the individual equations that hold. 
Let I denote a visual timepiece reading and P a photographic reading. Then 

(A2) 

for the visual method, 

(A3) 

for the photo method, and 

(A4) 

for the photo-record method. The subscripts f and i are used to indicate final and initial 
readings in each case; t. is used to indicate the difference obtained in readings . It should 
be noted that in each of these equations, the quantity T is not actually involved in the 
determination of daily rate t because the indications of timepieces are not totalized beyond 
12 or 24 hours; the indicating system effectively having the capability of automatic zero­
reset by virtue of the circular dials used. 

In each of the foregoing equations R is measured approximately as :l¼ , with ar1 
accuracy E as estimated in Part III (a subscript is used to indicate the associated method); 
Er'.! combined with E describes a distribution of measured values which has for its mean 

*At least for the values encountered in this series of reports. 

tR is the daily rate when T = 86,400 seconds. 

28 
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value F'N. Thus, EN is allowed to differ, because of inherent features of the measuring 
process, from Er, , the quantity which is being estimated by the measurement. Hence the 
equations may be rewritten as follows: 

(visual method) 

(photo method) 

(photo-record method) 

or 

¾ = ~ ±. EP; 

EN = ~ ± EP ± ~ 

(A2a) 

(A3a) 

(A4a) 

(A4b) 

where 

(A5) 

Actual values for the quantities Ev , EP, ~ , and E' are tabulated in Table 12 in the 
main body of this report. It should be noted that E/ and E; are almost the same values , 
hence ~ is quite a small quantity (~ « EP). 

These equations show that the difference to be expected in using each of the three 
methods arises from the difference in the values of E which actually exist when compared 
with the theoretically exact value of R expected . These equations are useful , in discussing 
the interval-record or chronograph method, to show the improvements to be expected. 

Equations of the Interval-Record and the Chronograph Method* 

An improvement in the accuracy of rate measurement is obtained by a reduction in the 
value of the over-all measuring error E . A further improvement can be expected if the 
end-effects can be eliminated from the measurement. It will be shown that the chrono­
graph method permits this twofold improvement over the other three methods to be 
achieved because: (1) the interval T can be measured more exactly, and (2) the over-all 
measuring error is dependent upon ~, rather than Ev , EP, or E; . 

To show how the improvement is possible it is necessary to point out the essential 
measuring differences existing between the chronograph method and the three previous 
methods. To make this comparison let us use the results of Part Il, in which it is found 
that 

or 

where R (not an integer) represents the total number of timepiece periods (partial or 
complete) in the interval T, and N' (an integer) represents the number of nominal or 
standard periods in the interval T • 

*The interval-record and chronograph methods are compared in Appendix B and their 
equivalence is established. The methods will be referred to herein simply as the 
chronograph method. 

(A6) 
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For the first three methods, the measuring process may be considered to be one 
in which two lengths (Rt s and N' t 5) are measured and compared, the unit of length being 
t 5 • An uncertainty exists because the start and end of the interval T cannot be defined 
exactly in terms of events occurring within the timepiece; this uncertainty is included 
in the value R. * 

The improvements attained by using the chronograph method are as follows: (1) a 
more accurate measure of T in terms of timepiece events which permits an effective 
shift of the start of this interval to be coincident with the initial timepiece timing mark;* 
(2) a measure of the accumulation, which, from Part II, is 

(A7) 

and (3) the rate value only depends on measurement of y on the record which only involves 
the error ¾ , where 

(A8) 

It should be noted that because the chronograph method samples the entire sequence 
of Eq. (A 7), it furnishes more information than the other three methods from which the 
behavior of particular timepieces is observable. The corresponding rate equation for the 
chronograph method is 

(A9) 

The Algebraic Sign of R and its Meaning 

It is found from Eqs. (A 7) and (A9) that the algebraic sign of R (and of r, as will be 
shown later) is dependent upon the sign of EN , which is dependent upon the sign of e (the 
average error per period) ore. (the actual error per period).t Because of the manner 
of defining+ e. and e , both R aiid r represent the cumulative effect of comparing the 
actual (t)with'the nominal(t

5
) timepiece periods of oscillation. This comparison gives 

the following result: 

1. If t>t s, e is negative and the timepiece runs slow (R and rare negative) 

2. If t < ts, e is positive and the timepiece runs fast ( R and r are positive) 

While it is true that smaller over-all errors permit measuring a smaller rate magni­
tude, it is impossible to measure zero rate** because of end-effects. 

,,see Eq. (30A) Part II 

lSee Part II 

+ See Appendix F 

''*Zero rate means that T = t
5

, 

N EN 

or e = ~ E e j = N = 0. 

1 
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A further indication of the meaning of the algebraic sign of R is obtained by consider­
ing Eq. (A2), which, by transposing terms and negle~ting T, is a ~t~t~m~nt _of t~e fact that 
the final indication may be obtained from the algebraic sum of the m1hal md1cahon and the 
rate (or total error during the elapsed interval). Therefore, if the timepiece ru1:s slow or 
R is negative If < I- · and if the timepiece runs fast or R is positive, If > Ii. This reason-

' i ., 

ing applies of course for Eqs. (A3) and (A4). 

The above convention of algebraic sign of R or r will be used in discussing the chrono­
graph method. In developing the mathematics both positive and negative values of R and 
r are anticipated; in certain cases separate expressions are required, and in such cases 
both expressions will be given, otherwise the use of either sign is implied. 

Considerations of the Record 

Since the chronograph method centers about the recording of samples of the sequence 
given by Eq. (A 7) let us first consider the record which is expected . The timepiece 
timing marks might be recorded continuously or samples might be taken periodically. The 
record which may be either of a linear type or of a drum type can be made to accommodate 
continuous or sampled recordings of the timing marks (of both timepieces and standards). 
The two types of records for the same arbitrary situation are shown in Figs . Al and A2. 
To provide a reasonable measuring accuracy for such a record, the spacing between timing 
marks might be made to equal the linear temporal equivalent of Part ill (4. 484 inches 
= 1 second); but an unreasonable length of record paper would be required for a con-
tinuous record . Furthermore, unless the entire record were examined, there would be 
difficulty in obtaining directly the value of the rate. A continuous record of the drum 
or chronograph type might be used to give a much more compact record than the linear 
type. It must be kept in mind that Fig. A2, for a continuous type of recording, repre-
sents successive timing marks on an exaggerated horizontal scale . In practice, the lead 
screw of a chronograph determines the x-displacement between timing marks;* for all 
reasonable lengths of lead screw a number of timing marks would overlap. The over­
lapping of timing marks is exaggerated by the effects of the errors associated with the 
rate measuring process. In Appendix C it is concluded that the drum type of record is 
easier to interpret, because the effect of overlapping marks is less pronounced if the 
timing marks are sampled, and if the sample consists of a small number of marks. 
Figure A3 illustrates a sampled record of the drum type. 

STANDARD TIMING MARKS 

0 

I --

Yo 

I--- t I ------1 
TIM EPIECE TIMING MARKS 

Fig. Al - Linear type of record. ( t
8 

is the nominal period of oscillation 

and t is th.e actual period of oscillation.) 

*This matter is discussed in Appendix B. 
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0 N-3 N - 2 N- 1 N 

TTT. 
i e, 

Yo Y1 Y2 

l ! 1 
Fig. A2 - Drum or chronograph type of record. (A possible 
met}10d of recording timing marks, either continuously or in 
samples. The situation shown is taken from Fig. Al, using a 
record scale factor of Y = t

5 
• ) 

0 
I 

T 
c 
I 

1--1. c· 
r1 , I ei 

I 

T 
! C- I IC 

I 

Fig. A3 - A sampled drum or chronograph type 
of record . (The rate r i for a marking interval 
T/ C is shown. The first and last marking 
sample ordinates, taken· from Fig. A2, have 
been exaggerated to show the use of the average 
ordinate in determining r i . ) 

The process of sampling may be described as follows. Let the interval T be divided 
into C subintervals. During each subinterval (of duration T/C sec), the error accumu­
lated is 

N/ C 

ri =Lei, (AlO) 
1 

where N is the total number of nominal periods in T (see Part II). The total error • 
accumulated in the interval T is 

(All: 

By sampling, a recording of timing marks is required only once during each subinter­
val.. Figure A2 shows the sampled portion obtained in the first subinterval, ignoring the 
effect of overlap. The first timepiece timing mark is shown by locating the point a 

arbitrarily between standard timing marks. · Figure A3 shows the situation of Fig. A2, 
for the first subinterval, in the manner the timing marks actually might be recorded. ThE 
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effect of overlap is shown, but the random effect in which the measuring errors might 
occur is not shown. From Fig. A3, the recorded sampled sequence will be as follows; 

tl = ts - Yo + Y1' 

t2 = t - Y1 + Y2• s 

33 

t3 = ts - Y2 + Y3• (A12) 

th t - yh:_-1 + yh, s 

where t ~• ti, t 3 , .••• th re?re~ent the actual timepiece periods of oscillation, t • represents 
the nommal period of osc11lat10n, and the y-teJ.1ms are used to designate the actual time 
the successive timepiece timing marks are recorded. These equations are shown in 
Fig. A2 and may be written in terms of e, the error per period, as follows: 

~ o : Y 1 : ts : t 1 : e 1} 
y 1 Y 2 ts t2 - e 2 

yh-1-yh=ts th=eh 

(Al3} 

(If this sample, of which only a few , h , terms are to be used,* is continued through the 
entire subinterval, the sum of the individual terms must lead to the value 

In using the sampling technique the average position of the timing marks should be 
used to represent the entire sample. From Eq. (Al2} 

(Al4} 

Associated withy, ignoring the rate measuring errors, will be half the error accumulated 
in taking the sample, or from Eq. (A13) 

(A15} 

but for all practical purposes, especially for small samples, the value of ey is negligible 
and can be ignored.t Thus, a single timing mark y can theoretically represent the entire 
sample; it can be expected with certainty that eY « ~- Of course, the effect of ~ can­
not be ignored; the timing marks occur at random depending upon the actual magnitude of 
~ :j: • 

The complete record is to consist of C samples obtained at intervals T/C, each 
sample being represented by a mark y. Each of the samples is a term of the sequence 
expressed by Eq. (Ail). Figure A3 shows two of the samples of the type of record 
expected. 

*To provide redundancy of information to make the recording process more_ effective. 

tSee Appendix B. 
:j:The extent of the scatter is dependent upon both ER and the record parameters yet 

to be discussed . 
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I 

I I 
'"'----ts~ 

I 
I 

t < t S , e pos. 

~er- e neg. ----t -------<-

e as def ined in Pt. II 

e -
pos. e = o e neg. 

-
t< ts t5 = t t >ts 

t •• -r 
e ' --,--•, I 

I 
I ' I t t 
T I 

/ 
I I 

I I I~ 

0 t ,t 1::::• e 
♦ 

Fig . A4 - Effect of the algebraic sign 
of e on the r e cord. (The type of rec­
ord to be expected for positiv e, nega­
tive, and zero values of e, and hence 
of both r and R, is shown for the types 
of record in Figs . Al and A 2 ; this ap­
plie s also to the record show n in Fig. 
A3. The v a 1 u e s of e have been 
exaggerated.) 

The effect on the record of the algebraic sign of e, and hence of r and R, is illustrated 
in Fig. A4. The two parts of Fig. A4 show in an exaggerated way how e has been defined 
(see Part II) and the expected appearance of positive, negative, and zero values of e on 
both the linear and drum types of records. These results, of course, apply to the sampled 
type of record shown in Fig. A3. Thus, the slope of the line joining recorded points plays 
an important part in the interpretation of the records obtairn~d with the chronograph method. 
The slopes shown in Fig. A4 can be used as a guide in the interpretation of actual records . 

Approximate Straight-Line Equation to Represent 
the Record (Trend Lines) 

A straight line can be drawn between any two points of the record (to indicate the 
trend for purposes of interpretation) and the general equation for a straight line, in its 
slope (m )-intercept (h) form is 

y = mx + b. (A16) 

The slope 

{:,;x 
(Al 7) 



where the y-increment is 

N A V A L R E S E A R C H L-A B O R A T O R Y 

6y = -r. 
l 
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(A18) 

(the minus sign is necessary to account for the algebraic sign inherent in the definition 
of e given in Part II and illustrated in Fig. A4), and the x-increment is 

T 
tsx = c , (A19) 

the duration of the subintervals. Hence, 

Cri 
m = -- . 

T 

Note that m has a sign which is opposite to that of r i. 

The y-intercept is the initial point of the record (at x = o), y O , or 

where the limits of y O will be considered later. Therefore 

Y = (-~ri) x + y 0 , 

(A20) 

(A21) 

(A22) 

where x will have integral values given in terms of T/ C if the sampled record is to be 
reproduced. If 

T 
X = - X ' 

C ' (A23) 

then Eq. (A22) becomes, 

(A24) 

and 

(A25) 

for the complete record for the interval T. Equation (A22) or (A24) describes the line, 
to be called a trend line, and describes the actual record obtained if r i is constant. 

Equation (A24) can be rewritten in terms of the cumulative error or t;y = EN, tsx = T , 
from which m = EN/ T, and from Eq. (A23) it follows that 

~ 
y=-cx'+y0 , (A26) 

for which Eq. (A25) must apply. It is interesting to note that 

(A27) 

and that 

y = -r x' + Yo• (A28) 

The limits of Yo can now be given as 

(A29) 
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It is of further interest to find that by using the upper limit of Eq. (A25), or x' = C, in 
Eq. (A26) there is obtained the maximum traverse of recording marks across the record 
during the interval T, or 

(A30) 

which, incidentally, proves that the sampling technique can be used to measure EN. 
directly. This proof having been obtained in general terms, the result can be obtamed 
for the daily rate R which represents the special value of EN for which T = 86, 400 seconds. 
Hence, Eqs. (A26) and (A27) may be rewritten as , 

R ' 
Y = - c x + Yo (A31) 

where x' = C 

and 

(A32) 

and Eq. (A28) may be used as a general straight-line equation using record coordinates . 

The result expressed by Eq. (A31) suggests that at least the average rate may be 
obtained by measuring they-displacement between the initial and final marks on the recor< 
In addition, the line represented by Eq. (A28) shows the trend of the daily timing mark 
pattern for a 24-hour interval, and is called a trend line because in practice random varia­
tions occur in timepiece timing marks and in the recording process; see Appendix C. 

By using the straight-line equations given in Eqs. (A22} , (A28) , or (A31}, further 
factors regarding the interpretation of the recorded pattern are to be considered. 

Considerations for Selecting the Scale Factor Y 

To obtain a practical record for interpreting the rate data it is necessary to consider­
what is involved in selecting the scales of the y - and x-axes, or the displacement driving 
axes . As an illustration of some of the problems encountered, the complete records of 
several actual subintervals have been joined, as shown in Fig. A5. 

Using only the first four subintervals, the generation of a straight-line type of record 
is shown in Fig. A5, thereby illustrating the application of Eq. (A26} or (A31). In Fig. A5 
the timing marks of two timepieces in each of the four subinterval records are joined by a 
straight line, one full and the other dotted. It should be noted that a complete daily recor, 
fo rmed in this way, would require 48 subintervals to be placed side-by-side; this is an 
unwieldy means of interpreting the recor ded data. An additional objection to the use of 
this type of record is in the possible intersection of the lines of the various timepieces. 
A more compact record which can be interpreted without ambiguity is required . Com­
pactness and ambiguity are to be considered by examining the factors which affect selec­
tion of the scales. 

The choice of a scale factor Y depends on the expected minimum and maximum values 
of IR I . * If Y is substituted for Y max in Eq. (A30}, Y can be chosen to be large enough to 
detect a sufficiently small value of i RI , but small enough to obtain a simple pattern of 
timing marks ; or 

(A33} 

for a single line record . 

*Use of IR I, the magnitude of R , indicates that the choice of Y is independent of the algebra 
sign of R, ; the record is to be used for plotting R with either algebraic sign. 

I 





N AVAL RESEARCH LABORATORY 39 

From a practical point of view the smallest value of rate to be measured IR I min should 
be consistent with the measuring capabilities of the rate measuring method employed (i . e. , 
ER, for this case). Hence, 

(A34) 

A lower limit different from zero indicates that any practical method of rate measurement 
will only be capable of measuring small values of rate to within limits imposed by the 
measuring errors which are present. This limitation must be kept in mind when interpr eting 
records obtained with the chronograph method. 

Practical considerations are also useful in determining the value of IR lmax . In 
general, a knowledge of the value of IRl max will be unknown unless an auxiliary method is 
used to obtain it. The experimental results given in Part IV can be used; approximate 
values are: 

chronometers 

watches 

10 spd, 

50 spd. 

The choice of a value of Y = IR I max = 50 sec* would have assured obtaining a single-line 
(simple) record for all timepieces. In general, for a single-line record, 

(A35) 

Let us examine the practicability of attempting to obtain single-line recordings for 
the case in which the measuring limits of R are known in advance. To set the value of Y 
at 50 seconds would require , preferably, that only a single timepiece (and standard) 
timing mark be made (in 50 seconds) to provide an unambiguous record. t This effect 
may be seen in Fig. la of the main body of this report, where both ticks of the chronom­
eter are recorded on the record. It is required furthermore that the interval for isolating 
the single timing mark to be recorded be established with sufficient precision that there 
will be no confusion in interpreting the record to decide which of successive timepiece 
timing marks should be used. The confusion results from the fact that in 50 seconds the 
entire sample of h timing marks given by Eq. (A12) would undoubtedly be recorded. To 
avoid such confusion precise timing of the start of the sample is required, and the pre­
c ision required is related to the nominal period of oscillation of a particular timepiece; 
or the marking inter.val must be Y ± 3o-m, for a normal distribution of the actual intervals, 
where 

(A36) 

which represents the allowable timing tolerance for the desired measurement. It will be 
recalled that for watches ts =0. 2 second. Hence, •o-m -~ 0. 03. Therefore, the marking 
interval of 50 seconds must be established within -t0. 1 second, representing an accuracy 
of 99. 8 percent. In practice it is considered easier to use the timepiece and standard 
timing marks in the form in which they are made available without the introduction of 

*For a discussion of the units of the terms and the definition of R see Appendix G. 

tTru,,s suggests the need for gating and/or counting circuits since timepiece timing marks 
are obtained generally as electrical impulses at the same frequency as generated, except 
for the navigating watches, which are fitted with break-circuit contacts. 
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g_ating or count-down circuits . Hence, multiple-line records or segments of the trend 
lme expressed by Eqs. (A22), (A24), or (A31) are to be expected . The scale factor y 
is then determined from the standard timing mark interval or the timepiece timing mark 
interval. 

A Criterion for Selecting the x-Interval TIC 

The choice of a scale for the x or stylus-driving axis , in units of TIC for a sampled 
record, depends on theyossible use to which the record is to be put. If only the average 
value of the daily rate R is desired, only the initial and final recorded timing marks 
are of importance . However, by noting deviations from the line connecting the initial and 
final recorded marks in each segment, departures from the average rate during the 24-
hour interval become obvious. Therefore, if it is desired to investigate tim~piece varia­
tions within any 24-hour interval, then the x-interval should be made large enough to 
permit the desired accuracy in locating a particular subinterval . 

While the choice of the x-interval is relatively unimportant, some simplification of 
the interpretation of the record may be obtained if a value is chosen for the x or sampling 
interval, TIC . If the limiting value of r is r ,{, and from Eq. (A32) Cr = R, the correspond­
ing limiting value of C is 

R 2R 
c,{, = =- = 

r ,{, y 
(A37) 

Therefore, if the sampling interval TIC is chosen by using Eq. (A37) , 

T TY 
- < -. 
c,{, 2R 

(A38) 

Of course, Eq. (A38) is useful only if the maximum expected value of R is known, e . g. , 
from previous results. 

The Unambiguous Interpret ation of the Record 

The formation of multiple-line records is shown in Fig. A6 in which, as is to be 
expected, Y < IRI . The representation of Fig. A6 suggests the following: 

\RI =DY+F, 

where Dis an integer (O, 1, 2, ••• ), and 

(A39) 

(A40) 

Equation (A39) results from the division of the magnitude of IR I. by Y ; i.e. , Y is the 
divisor . D the integral quotient, and F the remainder. Note that if D = o, a single-line 
record ·is obtained, and D gives the number of lines which the record will contain. 

Now we must consider Eq. (A39) from the viewpoint oi possible ambiguities. The 
slope of each line will be the same as that given by Eq. (A20). Of course, Eq. (A28) 
gives the expression for the complete line, but it may be used to obt_ain an~ segment of 
the line. It will be recalled that x' in Eq. (A28) is the number of umts of time, TIC 
seconds, required for the record to reach a particular value of y. This fact may be used 
to find the x interval for a line segment to make a complete travers:E! a_cross the record, 
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and the y interval is Y. Thus this x interval for the first expected complete line, * is 
obtained from Eq. (A28) as follows: ' 

y 

r (A41) 

and represents a possible limiting value for the x interval. But more will be said of this 
below. 
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Fig. A6 - Formation of segments 
or multiple lines on a drum type of 
record ( lRl > Y or lRl = DY + F) . 

(A partial record for an arbitrary 
v alue of R is shown.) 

If the initial point of the record is ignored, as it was in obtaining Eq. (A41), a limiting 
value of r

1
may be obtained for an unambiguous record. Two points are necessary in order 

to draw a line between successive points. For a limit case, in which r < Y, the plotted 
situation will appear on the record as shown in Fig. A 7. To interpret such a record, let 
t:,.y = -rs , where rs .:5. r < Y. For the situation shown in Fig. A 7, there are two ways of 
writing the difference: 

or 

y - Ya + Yb = •r • 

*The first segment, in general, will be incomplete because of the arbitrary value 
which y

0 
can assume. 

(A42) 

(A43) 
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From the latter , 

hence, 

y 
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~~ Yb I 
.L 

6. Y '-rs 
Y -1 -0 I I 

-+l6. x ~ 
I I 

0 ----------

Fig . A7 - The problem oi interpreting the re­
cord. (Either /';y = -rs, or t,y =r; rs = Y -r, 
for r s ·:5. ,within limits given in the test of 
Appendix A; d r awing the minimum length of 
the line between g

8 
and gb will in general give 

the distance /-z;;;,_ 2 - rs 2.) 

r = y - r. s (A44) 

It is to be expected that the length of line drawn directly between Ya and yb will be 

.j t,x 2 + t,y 2 

or, in general 

from which by use of Eq. (A44), a limiting value of r is obtained as 
y 

lr,1',I = 2 

(A45) 

(A46) 

and this value will assure obtaining an unambiguous record; the subscript ,f, is used to 
denote the limiting value. This result may be used to obtain a limit value for R; from 
Eq. (A32) , 

CY 
2 

(A47) 

And the corresponding limit number of lines for an unambiguous interpretation is, from 
Eqs. (A39) and (A43), 

DP = 
C 

'\, 2 
F 
y (A48) 

Thus, I R,t I represents the maximum daily rate measurable wUhout ambiguity, D,f, 
is the number of lines to be expected for that value of JR,t J, In general; the expected valw 
of I R,r I will not be known, hence, unambiguous records cannot be certain and other rate 
measuring means should be used to obtain a rough indication of the magnitude and sign 
of R ; e.g. , the visual method might be used. 

The limit given by Eq. (A46) may be written as 

(A49; 
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where rs = r; to 1::_epresent the limit of unambiguous results obtainable for positive, negative, 
or zero values of r. Furthermore, it can be written that 

y -

2 ·~ Ir!·~ Y, (A50) 
where from Eq. (A44), rs = Y - r . 

..,, ~ T? ve~ify t~~ d~erence to be exp~cted in th.e record between the limits given by 

.c..q::,. lA49J and l~5vJ, let us set down ihe recora as generated for each case. 

Case 1: For values of r within the limits given by Eq. (A49), with exact values of r for 
purposes of generality, i.e. , O ·~ Ir I -~ Y/ 2: 

1st mark Y0 

2nd mark 

3rd mark 

Yo + r 1 

(A51) 

The L1 th mark represents the last mark made before the end of the record, whose scale 
factor is Y, has been reached. Or, 

(A52a) 

where, Yo < Y , and 

(A52b) 

where y0 < Y and y 1 < r i" In Eqs. (A51) and (A52) y0 , the arbitrary initial start of the 
record (see Fig. Al), is positive, which means that it occurs after the initial standard 
timing mark. In both Eq. (A51) and Eq. (A52) the sign of ri is retained and determines 
the pattern obtained as shown in Fig. A4. These equations apply for all values r i within 
the limits given by Eq. (A49). In Eq. (A52), the quantity y 1 is introduced to represent 
a fraction of the quantity r i , i. e . , y 1 < r i • 

Equation (A52) expresses the formation of the first line of the record. It should be 
pointed out that if 

(A53) 

then the complete record is a single line. However, if such is not the case then the daily 
record may have several lines, the first complete line of which may be expressed as 

(rL
1 
+1) - y 1 +t ri + y 2 = Y, (A54) 

where L1+ 1 
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The slope of either of the lines given by Eqs. (A52) and (A54) can be found to agree 
with Eq. (A20) or m = -c r JT, which verifies that for Case 1 and its limits, an unambiguou 
result for R can be obtained. It should be pointed out that a daily record would contain the 
number of lines D given in Eq. (A39). Of course, the value of y 0 may alter the value of D; 
hence the value of F would be altered correspondingly. By combining Eqs. (A39) and (A30) , 
it is found that EN or R is obtained from the record in terms of Ymax - Yo . Therefore in • 
practice, by using for measuring purposes a horizontal line through y0 , Eq. (A39) will 
be found to hold and D is the number of segments which cross the horizontal line through 
Yo. Otherwise, Eq. (A39) is modified as follows: 

y max = DY + F + Yo 

or 

Ymax = DY + F'' 

where 

F' = F + Yo· 

Because of the limiting values of F and y 0 , 

Thus, 

DY+ F'' ·~ Ymax ·~ (D+l)Y + F'' 

where 

Of course, for the lower limit in Eq. (A59) F' = F'' '<- Y. 

(A55) 

(A56) 

(A57) 

(A58) 

(A59) 

(A60) 

Qg_se 2: The generation of the record may be investigated in the manner used for Case 1: 

1st mark Yo 

2nd mark Yo + l r1 ! - Y1 = y 

3rd mark y 1 + l r2I - Y2 = y 

(A61) 

Kth mark YK + I rK+l I + I rK~:;, I - YK+2 = y 

Cth mark Ye_, + I re I = F' ' 
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where y0 < Y, and y 1 , y
2 

... < ri. In Eq. (A61) it can be seen that the markings occur 
at the points Y0 , Y1 ••• YK , Yx +i •• • Yc _ 1 , and Yc-i + re and that no two adjacent marks 
contain the sum r i + r i + 1 < Y. It is to be expected that subsequent points will be joined 
to form an apparent record, since, for any record the natural tendency will be to join these 
points with the shortest line . The slope of this apparent record as shown in Fig. A4 is 

A value for ms can be obtained from Eq. (A61), for the 3rd mark, 

C C _ 
ms = T(Y-r2 ) = T(Y-r) (A62) 

or 

(A63) 

where 

rs ( Y-r) . (A64) 

In Eq. (A63) it should be noted that there is a reversal of sign; compare this result with 
Eq. (A2O). This knowledge is necessary in interpreting the records; tn.e sign of r s deter­
mines the sign to be given r. Using a process similar to that used to obtain Eq. (A32), 

Rs = Cr s. (A65) 

From Eq. (A62) Rs = C(Y-r) = CY - Cr, which, with Eq. (A32} reduc es to 

(A66) 

Thus, Eq. (A66) provides a means for converting apparent values of Rs to true values, 
R, for Case 2. * 

Since Eqs. (A42) and (A43) give the maximum values which can be obtained from the 
record unambiguously, the results obtained from considering the above two cases can be 
used to express the values of r and R in general terms and thereby permit the true values 
to be obtained from an interpretation of the record, with the aid , of course, of another 
rate measuring method of lesser accuracy. The limiting values of r for the two cases 
can be written in the general form 

v 1- 1 v s- ·< r ·< ( s +l)- (s = 0, 1, 2, ... ), 
2 - - 2 (A67) 

where Case 1 occurs for s = 0 , and Case 2 for s = 1. A general expression for r may be 
written in two ways, 

- y 
r = s- + r 

2 s 

or 

r = - [cs +l )~ - r,] 

where the minus sign signifies that r takes the sign opposite to rs , 

y 
Ir 1 ·< - , 

s ...., 2 (A68) 

*Note that Eq . (A66) only gives the magnitude of the rate ; the sign is d e termined from 
the sign of rs, and hence of R. , Eq. (A65). 
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and r is expressed in terms of either the lower or upper limits. The statement Eq. (A68) 
is merely another way of expressing Eq. (A46). From Eq. (A68) and Eq. (A65) it follows 
that 

(A69) 

which is the maximum value of daily rate which can be measured from the record· this 
is a restatement of Eq. (A47). ' 

If Case 1 is reconsidered with the generalized results (s = O) , and the first way just 
given for expressing r, then r = rs and Cr = Cr s = R = Rs , as expected. Now, if the 
value Y is added to rs , then r = Y + rs or r = 2Y + rs , etc., would all show the same 
y increment r 

8
• Therefore, 

y 
r :.: s2 + rs ( even values of s). (A70) 

Hence 

sCY 
R = - + R 

2 s (even values of s) (A71) 

gives the true value R from the measured value Rs, for even values of s in Eqs. (A71) 
and A67). 

In reconsidering Case 2 ( s = 1 ), the second way of expressing F is found to apply, if 
odd values of s are used or, 

(odd values of s), (A72) 

where the minus sign signifies that r takes the sign opposite to rs . Ifs = 1, it is seen 
that the results agree with Eq. (A64), as expectedo For s = 3, r = 2Y - rs and for 
s = s, r = 3Y - rs; the y increment rs of the record is the same and the same record will 
be generated . The true rate R is 

R = - [cs +l)~ - Rs] (odd values of s}, (A73) 

from which a proper interpretation of the record can be obtained . 

The results given by Eqs. (A71} and (A73) permit, along with the use of Eq. (A67}, a 
general means of interpreting records of the type which have been discussed. It is pos­
sible also to make use of the results in selecting values of Y to be used in specific tests. 

* * * 



Description 

APPENDIX B 
The Chronograph 

An instrument for recording data directly on the drum type of record (see Appendix A) 
was built* for use with the instrumentation described in Part I. This chronograph had four 
relay-operated styli to record the timing marks of three timepieces and a standard for a 
complete 24-hour interval; the standard timing marks were to serve as a check on the 
timing calibration of the record. Each stylus was provided with a separate ribbon of a 
distinctive color to avoid confusion in obtaining the results from the record. It was neces­
sary to stop the instrument to change the record. 

It was possible to record timing marks with all four styli continuously . However, it 
was felt that there would be less confusion in interpreting the record if the timing marks 
were sampled at regular subintervals during the 24-hour interval. The program device , 
described in Part I, thus was expected to be used with the chronograph. This device was 
set to provide a sampling subinterval T/ C of 30 minutes, or C = 48 subintervals in 24 hours 
(using the nomenclature of Appendix A). Once during each subinterval, as determined by 
cam settings, each of the four styli was permitted to record sequentially the timing marks 
of the three timepieces for five seconds, while recording the standard for 15 seconds. 

Some flexibility in the· use of the chronograph was made available by providing 7 sets 
of gears which permitted as many rotational speeds of the drum containing the record 
paper to be obtained. Hence, there was available a choice of the scale factor Y; the 
values of Y were 0. 5, 0. 2, 0.1, 0. 05, 0. 033, 0. 025, and 0. 020 seconds. Thus, measure­
ments of R for the timepieces under test should have given, generally, multiple -line 
records, because in the nomenclature of Appendix A, Y < I RI max• 

For any 24-hour interval the scale factor Y would have a fixed value as determined by 
the rotational speed of the drum, thus establishing the units of the y axis of the record. 
The x interval was established by the program device as well as the length and pitch of the 
lead screw, a complete traverse of which took 24 hours. Since the length of the lead 
screw between stops was 10 inches, the fixed x interval between timing mark samples 
was 10 in/48 = O. 21 inches. 

Since a complete traverse of the lead screw carrying the styli required 24 hours, in 
the design of the chronograph it was considered expedient to reverse its direction when it 
was restarted each day. This design feature, which required that the marking direction 
be correctly established in order that the resulting record be interpreted properly 
when removed from the drum, t introduced a possible record ambiguity not covered in 
Appendix A, and necessitated the use of an additional rate measuring method for establish­
ing the approximate value of rate so that a correct interpretation of the value of the rate 
could be made. 

*Only the constant-frequency power source was not completed , 

tOtherwise there are two possible slopes which can be used to _obtai~ the meas~red value 
of rate, R , from the record, thereby increasing the complexity of interpretation. 

s 

47 
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The chronograph record can be interpreted in accordance with the factors considered 
in Appendix A. The ambiguities to be expected are those considered in Appendix A which 
depend upon values of C and Y. The value of C which was to have been used has already 
been given as 48 for T = 86, 400 seconds (24 hours). Limit values of y available for the 
chronograph are tabulated with the corresponding values of R which could be measured; 
this table may be used as an aid in interpretation of records, once the value of s has been 
determined from an approximate rate measurement. 

Included in Table Bl are the corresponding values for the interval-record method, 
for purposes of comparison. It can be readily seen that smaller values of rate can be 
measured by using the chronograph, because of the values of Y it is possible to obtain. 
It is interesting to note that the theory of Appendix A applies to both the interval - record 
and the chronograph methods. Included in Table Bl are the values of I Rt I which, inci­
dentally, define the limit of the approximate rate measuring method to be used, and of D,t, 
the maximum number of lines expected. 

s 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

TABLE Bl 
Limiting Values of Rate Measurable with the Chronograph 

and Interval-Record Methods 

IRI (spd) 
CY CY 

s2 ·.::_ IRI < (s+l)-
- 2 

Interval-Record Chronograph Method 
Method 

Y = 1 Second Ymax = 0. 5 Second Ymax = 0. 02 Second 
C = 48 C = 48 C = 48 

IR,tl = 24 Spd* IR,t l = 12 Spd* I R,t I = 0. 48 Spd* 
D,t = 24 Linest D,t = 12 Lines t D,t = 1 Linet 

24s 24 (s+l) 12s 12 (s+l) 0.48s 0. 48(s +l) 

0 24 0 12 0 0.48 

24 48 12 24 0. 48 0.96 

48 72 24 36 0.96 1. 44 

72 96 36 48 1. 44 1. 92 

96 110 48 60 1.92 2.40 

110 144 60 72 2.40 2. 88 

144 168 72 84 2.88 3.36 

168 192 84 96 3.36 3.84 

192 216 96 108 3.84 4.32 

216 240 108 120 4.32 4.80 

240 264 120 132 4.80 5.28 

*accuracy of approximate rate measuring method to aid interpretation 

t JR\ =DY-,. F; F = o, for integral values 6£ JRJ 

Comparison of Interval~Record and Chronograph Methods 

In the foregoing description of the chronograph method of rate measurement it may 
be noted that in many respects it is similar to the interval-record method. Because of 
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this similarity a comparison of the two methods is considered appropriate. To make this 
comparison, the features of both methods are to be listed side-by-side, as follows: 

A. Interval-Record 

1. 20-Pen Recorder 

2. Recording instrumentation 
(relays actuated for record) 

3. Continuous -type record 

4. Record capacity - up to 20 sets of 
timing marks 

5. Interpreted after replotting; see 
Table Bl (separate record for each 
timepiece and more convenient) 

6. Long, bulky record 

7. Timepiece timing marks always 
associated with same column 
on record 

8. Equations of Appendix A apply in 
interpretation together with 
associated ambiguities which are 
possible 

9. Additional ambiguity possible if 
direction of marking not noted on 
record 

10. Approximate value of rate by less 
accurate method necessary to obtain 
correct interpretation 

11. Scale factor Y chosen on basis of 
standard timing mark interval 
(sec) and driving speed of record 
(4. 484 in/sec); it is possible to 
use scale factors which are multi­
ple values of Y 

12. Sensitivity = s; over-all measuring 
error ~ - see Table 3 

B. Chronograph 

1. Chronograph Drum 

2. Sarne circuits as in A (relays 
actuated for record) 

3. Drum-type record 

4. Record capacity - up to 4 sets 
of timing marks 

5. Interpreted direction from 
record (see Table Bl) 

6. Compact record 

7. Timepiece timing marks dis­
tinguished by use of four 
colors 

8. Same as A 

9. Same as A 

10. Same as A 

11. Limits of scale factors given 
in Table Bl 

12. Approximately the same as A 

The twelve points of comparison of the two methods of rate measurement reveal 
their similarity, and indicate the reasons for treating them as one. 

* * * 



APPENDIX C 
The Case for Using a Sampled Type of Record 

The drum type of record, which represents the most compact record obtainable, is 
particularly well suited for use with the chronograph; this type of record was to have been 
used with the instrument designed for this experiment. As indicated in Appendix A the 
timing marks may either be recorded on such a record continuously or they may be sample, 

If the timing marks are recorded continuously, a certain number of marks can be 
expected to overlap. The number which overlap depends upon the motion of the styli acrosi 
the record. If r is the length of the lead screw, the styli travel at the rate of r./86, 400 
(in/sec) . If .0,.r represents the minimum movement of the styli which can be detected upon 
examining the record, then the time t,.T required for this movement is 

6T = (6J) (86,400) s e c. (Cl) 

By using Eq. (Cl) the number of timing marks which will be recorded during 6T , or 
which will overlap , can be determined for the three cases of interest: (1) for watches 
(i.e., CW with 5 ticks per second), 56T ; (2) for chronometers (MC with 2 ticks per 
second), 26T ; and (3) for timepieces with only a single tick per second, 6T . The third 
case is that represented by timepieces such as NW which are provided with break-circuit 
contacts.* 

During any time interval an accumulation of errors per period, E.0,.1 , can be expected. 
For the above cases, the accumulated error using the nomenclature of Part II is 

for CW 
SL'>T 

EL'\T =Z e. = 56Te , 
J 

(C2) 
1 

for MC 
26T 

E1,:r =5-: e. = 26Te 
' ~ 

J 
(C3) 

1 

for NW 
6T 

EM =I e. 
J 

= t,.Te (C4) 

1 

The quantity EL':i indicates that the record, in the absence of measuring errors, can be 
expected to sho~ a smear; the magnitude of E6T is a measure of how far the smear will 
extend on the record. Thus; E61 may affect the sensitivity for the recording situation 
being considered and hence must be added to the over-all measuring error ER (Appendix 
A). Since substantially all measuring errors are included within the range 6ER c ±3F'R) , 

the added effect of overlap in a continuous record is given by • 

,· such contacts provide an el ctrical impulse onc:e each second, exc.ept for the 59th 

second during each rrrinute. 

50 
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For the sampled type record, however, Appendix A shows that the individual marks are 
spread over the range 

where h « 56T . Therefore, 

h 

Eh =-I ej =he' 
1 

(C5) 

(C6) 

In fact, for small samples, Eh may be considered to be zero.* Extreme magnitudes of 
measuring error are less probable for small samples than for large ones, hence it may 
be inferred that on the average 

(C7) 

where 3ER, is used as a measure of the maximum expected spread of the sampled timing 
marks, or 

(C8) 

Of course, as the number of timing marks in a sample is increased, ER, approaches the 
value ~ . 

It is of interest to calculate the magnitudes of some of the quantities just considered. 
The length .C of the lead screw, for the chronograph which was built, was 10 inches. If 
it is assumed that 6.C = 0. 01 in, then 6T = 86. 4 seconds, and for the three cases con­
sidered the number of timing marks recorded in a continuous record will be: 

CW, 56T = 432 timing marks, 

MC, 26T = 172 timing marks, and 

NW, 6T = 86 timing marks. 

Values of E6T may be calculated by using values of e obtained from Appendix A, 
Part ill; for MC, take e = 58 x 10-5 (for EN = 10 spd), and for CW or NW, take e = 93 x 10-5 

(for EN = 40 spd). Hence, for 

CW, E6T = 0. 04 sec, 

MC, E6T = 0. 01 sec, and 

NW, E6T ~ 0. 01 sec. 

The corresponding value, for the sampled record, Eh , may also be calculated for the 
purpose of comparison; for a sample of 4 timing marks, and with the foregoing values 
of e, 

CW or NW, Eh=- 0. 0004 sec, and 

MC, Eh =- 0. 0002 sec. 

For the scale factor used in the interval-record method ( Y = 1 sec), the effect of 
either EL'iT or Eh is negligible when compared with ~ . The effect, using different 

*This may be verified by considering the magnitudes of ei given in Appendix A of Part III. 
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scale factors, of the spread of timing marks may be seen in the data given in Table Cl. 
In this tabulation, both continuous and sampled recordings are compared for Y values of 
both the interval - record and the chronograph methods; for the latter method only the larges 
and smallest available values have been used to show the range of values expected. The 
s maller values of Y for the chronograph method can produce records which may be either 
difficult or impossible to interpret. 

TABLE Cl 
Comparison of Continuous and Sampled Recordings for the Interval-Record 

and Chronograph Methods of Rate Measurement 
E.0,r Eh 

E6T 
y X 100 

Eh yx 100 

(sec) (% of scale (sec) (% of scale 

Method 
y factor) factor) 

(sec) 
Continuous Sampled 
Recording Recording 

Interval- 1.00 0.01 1 (1, 3) 0.0002 0.02 ( 1) 

Record 0. 04 4 (2) 0.0004 0. 04 (2, 3) 

0.01 2 (1, 3) 0.0002 0.04 (1) 
0.50 0.04 8 (LJ 0.0004 0. 08 (L, 5 ) 

Chrono-
graph 0.01 50 (1, 3) 0.0002 1.00 ( 1 ) 

0.02 0, 04 200 (L, 'I) . 0.0004 2.00 (L,.5) 

*from Table III, where trend lines are employed 
(1) applies to MC 
(2) applies to CW 
(3) applies to NW 
(4) not interpretable 

* * * 

2ER 
2ER* yx 100 

(sec) (% of scale 
factor) 

Continuous or 
Sampled Recording 

0.006 0.6 (1) 

0.140 14.0 (2, 3 

0.006 1. 2 (1) 

0.140 28.0 \<'.:, 5 

0.006 30.0 ( 1) 

0.14:0 700.0(2, 3,4) 



APPENDIX D 
Trend Lines 

Interpretation of_the record can be facilitated by drawing trend lin:es which are straight 
lines whose slope is R .* In Appendix A it has been established that a sample of timing marks 
only need be recorded once during each subinterval T/C . As the program device was set 
up and used there was a maximum of four timing marks in each marking subinterval T/ C , 
each sample consisting of the values y 1, y 2, y 3, and y 4 or fewer .t Each sample has a mean 
ordinate 

(Dl) 

A straight line between any two values of y will determine R . Since the values of y . 

for a given sample are statistically distributed about Y, two parallel trend lines can be 
1 

drawn to include any given percentage of recorded marks. The separation between these 
two lines is determined by the standard deviation E tot of all values of y - y i which occur 
between the two samples used in constructing them. This standard deviation has two com­
ponents, one resulting from the measurement and the other resulting from the use of only 
4 values of y i to determine y. 

The first of these components, for a single sample, is 

E 
·a-e r' == /2 (D2) 

where •a-er, is the standard deviation of the universe of values of y - Yi (obtained in Part 
III) and Eis the over-all y-axis measuring error. The second component, for a single 
sample, can be represented by 

er' 
E- =­

y /h' (D3) 

where h is the number of marks used in the sample . .The two independent components add 
statistically to give 

-= / E-2 + ·(T·2 , V y er (D4) 

or 

(D5) 

Thus, a measurement of y can be written as 

- ER y ± -_- 1 + - . /2 h 
(D6) 

*In Appendix A the equation of a straight line was used to approximate the trend. This 
implies that the rate is constant, and for purposes of presenting the experimental results 
this appears to be reasonable. 

tVvhile there are bothy- and x-axis errors to be considered, this discussion will consider 
only the former. It is shown in the body of this report that the x-axis errors can be 
included later. 
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The interpretation of the patterns and the ultimate determination of the values of R 
involves the measurement of 6y as indicated in Appendix A, Eq. (A6) ; e.g., the quantity 

in terms of the final and initial values or, in general, 

for use in drawing any trend line or segment. Since by Eq. (A29) 

R "' 6y , 

(D7) 

(D8) 

the variation in rate as determined from two independent measurements of y may be repre. 
sented in general as 

or 

(D9) 

The actual method of constructing the trend lines must be considered. Equation (D5) 
gives the error associated with a given point y; It will be recalled from Part m that the 
over-all measuring errors ~ were given as the standard deviations of nearly normal 
distributions. The quantity used in Eq. (D5) is also the same statistical quantity. An 
entire line or segment may be drawn by using these limits. Two limit lines can be drawn, 
indicating the trend of the recorded marks; for the upper limit, the connecting points are 

(DlO) 

and for the lower limit, the connecting points are 

(Dll) 

The trend, represented by the two lines (DlO) and (Dll) for a timepiece whose rate is con­
stant, should include within the line limits 68 percent of the recorded marks, since normal 
distributions are expected . 

1t may be desired, however, to obtain a pattern in which more of the marks will be 
included within the limit lines. To do so it is only necessary to increase the spread from 
±Etot to ±2Etot • Therefore, to include within the limit trend lines 95 percent of the marl.l 
lines should be drawn as follows: for the upper limit, between the points 

(D12) 

and fo r the lower limit, between the points 

(D13) 

The process might be continued further, if desired. The limit lines expressed by (D12) anc 
{Dl3) are those chosen for presenting the data of this report. 
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There may be some question concerning the number of timing marks which should be 
used in each sample. It appears that a balance must be struck between some minimum 
number and the number required to provide the necessary redundancy to obtain a reason­
ably correct indication of the location of y. A reasonable number of marks should be used 
if it is expected that the recording process is to be made automatic and unattended. Suf­
ficient data is not available from the use of the methods being considered in this report on 
which to base a realistic redundancy requirement. However, in the experiment, the redun­
dancy requirement was almost eliminated by using the secondary standard. In fact, the 
secondary standard proved to be capable oi being used with greater reiiance than wwV, 
because there were no propagation effects involved in its use. 

Having adopted a convention for constructing the trend lines, (D12) and (D13), it is 
possible either to determine the accuracy obtained when using a specific value of h, or to 
select a suitable number of marks (h) to obtain a desired accuracy or separation of the 
trend lines. In either case, the separation of the trend lines is obtained by calculating the 
value of Eto t from Eq. (D5), which is a function of h. To aid in making this calculation 
and to show the effect of increasing h, Fig. Dl has been drawn; the ratio Etotl ¾ is 
drawn as a function of h . 

100 

\ 
>- 8 0 z 
w u 
0: 
w 
a. 

0-1 60 - "' .., w 

40 

20 
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'-.... 

10 20 30 40 50 60 70 
h ( NUMERIC) 

Fig. Dl - The ratio Etot/ER ·as a function of the 
number h of timing marks 

80 

By considering Eq. (D5), it is found that the ratio EtotfER has the limits, 

which also may be expressed as 

(D15) 

For the values of h shown in Fig. Dl, it is seen that the lower limit is an asymptote. 
Figure Dl shows a rapid reduction for values of h up to 10 and for values greater than 25 
an almost negligible reduction is obtained. Thus, it would be of questionable value to use 
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more than 10 marks in a sample and probably it would be uneconomical to use more than 
25 marks. It is interesting to point out that for the interval-record method as described 
in this report, 

for h = 4. The number 4 was chosen arbitrarily by setting the program device to record 
for 5 seconds; the first second was not used. For the chronograph method, recordings 
would have been obtained during the entire 5 seconds, all timing marks being recorded. 
Hence, for the three cases considered in Appendix C, for an interval of 5 seconds_,_ the 
values of h and Etot/ ¾. are given in Table Dl. 

TABLE Dl 

Values of E tot/ ER Used 
in Evaluating Chronograph 

Record Data 

Etot 
Timepiece h --

¾ 

CW 26 0.72 
MC 10 0.74 
NW 5 0.78 

* * * 



APPENDIX E 
The Error Introduced by Variations in the Sampling 

Interval T/ C (X-Axis Error) 

The program mechanism described in Part I as used in the experiment established the 
sampling interval T/ C . The switching times were set by means of continuously rotating 
cams, driven through reducing gears by a synchronous motor from a 60-cps commercially 
supplied power source. It is considered that the greatest variation in the sampling interval 
results from frequency variations in the power source. The resulting error in T or T/ C 
will be determined in terms of the causal variation, M that is to be expected. Thence, it 
is possible to relate the variation Lff or l ff / C to the effect expected on measured rate 
values, or 6R . 

Variations in the frequency of the power source may be represented as follows: 

f=f+M, (El) 

where f is the actual frequency, f, the nominal frequency, and 6f the difference between 
the two frequencies; the uni ts are cycles per second. The relative frequency error is 6f/f. 

If the frequency f is constant for an interval T seconds, it can be shown by using 
Eq. (El) that the frequency error causes an error in time of 

M 
6T =-=- T. 

f 
(E2) 

The total error 6T represents the error with which the final sample is marked, along the 
x or driving axis. For T = 86,400 sec and I = 60 cps, the values of most direct concern, 

6 T = 1440 M. (E3) 

The occurrence of this error affects the record and its proper interpretation in the 
following way . The samples are obtained either later or earlier than desired, or the 
x-axis shift previously mentioned is obtained. Consider the case of linear trend lines; a 
shift along the x-axis introduces a shift along the y axis with a consequent effect 6R 
on the rate; this effect, from Eq. (E2), is 

(E4) 

The effect on the rate may be obtained by using Eq. (E4); the relative frequency error 
introduces an equivalent error in the measured rate value, or 

(E5) 

and values of 6R may be calculated for a given value of f if 6f and R are known. 
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Since the error given by Eq. (E5) is to be combined statistically with other errors, let 

(E6) 

where ·o-f is the standard deviation of the distribution of frequency variations. Hence, 

(E7) 

Equation (E7) may be used in the design of a chronograph to specify acceptable limits 
of error in measuring rate and thereby establish the frequency accuracy· of the power 
source required to drive the lead screw. For such an application, it will be desirable to 
have the range 

2t-R « Y (E9) 

or 

(ElO) 

or it follows that 

(Ell) 

By using Eq . (E7) it can be shown that 

or 

(El2) 

1f Eq. (8 ) in the main body of this report, is substituted in Eq. (E12) , 

(E13) 

which represents a useful criterion for specifying the allowable frequency er:rnr of .the. 
driving source, for a given over-all error ER and a maximum value of rate which 1t is 
desired to measure. 
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While Eq. (E7) gives the desired result for the daily rate, it is useful to express that 
result for the case where trend lines are drawn. Thus, R' is used instead of R, where 

(E14) 

in which C' is the number of sampling intervals T/ C used in drawing the particular line 
or segment. Hence, letting E~ = L'iR ' * 

3 

or 

E' 
X (E15) 

(El6) 

It is of interest to show the effect on measured rate values of the actual use of a com­
mercial source of power fo r determining the sampling interval. Through conversation with 
the local power company, it has been found that the frequency stability may be described 
as follows : -cr f _:::_ 0.25 cps, the standard deviation for normal 24-hour intervals, and 
IM l max ·_:::_ 3 cps, the greatest deviation in any hourly interval. From Eq. (E7), the value 
normally to be expected will be* 

Ex = 4. 17 X 10-3 R. (El 7) 

Equation (El 7) applies in all cases where the record is a single line . For all other cases 
Eq. (E16) applies. For the 60-cps commercial power used in the experiments, Eq. (E16) 
becomes* 

E~ = 8.68 x 10- 5 C' R. (El8) 

* E' is associated with R' ; E,. with R . 
X 

* * * 



APPENDIX F 
Design of an Experiment for the Application of the Chronograph Method 

to the Investigation of Rate-Pressure and Rate-Temperature Characteristics 

Consider the application of the chronograph method to the investigation of specific 
rate characteristics, i.e., rate-pressure and rate-temperature . Preliminary measure­
ments will show whether r i is constant, within the criterion given by Eq. (51) in the main 
body of this report, when the climatic conditions are maintained constant, and also indicate 
the difference in rate for the range of pressure and temperature being investigated. The 
following readings may be expected: 

(0) r ref 

(1) 

(2) rr e f 

(4) r ref 

(,6) rref 

(7) [r e -re . ] Pmin 
max min 

(8) r re f 

,11here Pmax and Pmin refer to the limiting pressure values, e max and e min, t.11.e limit­
ing temperature values for the conditions being investigated, and the subscript "ref" is 
used to denote the conditions of P and e selected as reference conditions. For the fore­
going readings, the symbol outside of the brackets denotes the parameter being held 
constant. 

While using the chronograph in these preliminary tests an auxiliary rate meas~ing 
method (e.g., one of those described in Part III) will give an average value of rate R equa 
to the sum of the individual rate values obtained in each step. The rapidity with which 
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these preliminary readings are obtained depends upon (1) the time required for stabilizing 
both the chamber and timepiece ambient climatic conditions , *and (2) the time required 
for obtaining each of the required preliminary rate values. A reasonable number of 
samples is recommended both during the transitional interval when climatic conditions 
are stabilizing and during the measuring interval when these conditions cari be considered 
to be constant. During the latter interval there should result a reasonable indication of 
possible erratic performance (lack of constancy of r) and a good measurement of the 
value of r. 

A possible sequence of events for a preliminary test is: 

1. Set selected reference conditions and stabilize 

2. Maintain constant reference conditions (step 1) for a sufficient length of time for 
rate measurement 

3. Change climatic conditions and stabilize (maximum pressure at maximum 
temperature) 

4. Maintain conditions of step 3 constant for rate measurement 

5. Change climatic conditions and stabilize (minimum pressure at maximum 
temperature) 

6. Maintain conditions of step 5 constant for rate measurement 

7. Same as step 1 

8. Same as step 2 

9. Change climatic conditions and stabilize (maximum pressure at minimum 
temperature) 

10. Maintain conditions of step 9 constant for rate measurement 

11. Change climatic conditions and stabilize (minimum pressure at minimum 
temperature) 

12. Maintain conditions of step 11 constant for rate measurement 

13. Same as step 1 

14. Same as step 2 

15. Change climatic conditions and stabilize (maximum temperature at maximum 
pressure) 

16. Maintain conditions of step 15 constant for rate measurement 

17. Change climatic conditions and stabilize (minimum temperature at maximum 
pressure) 

18. Maintain conditions of step 17 constant for rate measurement 

>!<Tests similar to those described in Part I, the results of which are included in the 
appendixes of that report, may be required to provide such information. 
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19. Same as step 1 

20. Same as step 2 

21. Change climatic conditions and stabilize (maximum temperature at minimum 
pressure) 

22. Maintain conditions of step 21 constant for rate measurement 

23. Change climatic conditions and stabilize (minimum temperature at minimum 
pressure) 

24. Maintain conditions of step 23 constant for rate measurement 

25. Same as step 1 

26. Same as step 2 

If each event is assigned a duration which can be represented by the number of samp­
ling intervals required, C' , the total duration of the preliminary test is 

for the eight rate values corresponding to the four rate differences desired, the five 
reference values, and the 13 stabilization intervals. 

(Fl) 

An estimate of c~ot is required to interpret rate values obtained from the records 
and may be made by attempting to select values for each C' . By considering the stabili­
zation time required from tests similar to that shown in Fig. lb of the main body of this 
report or to those whose result are given in the Appendixes of Part I, it might be assume< 
that a number c~ might be selected with assurance that an adequate interval will be 
allowed for each stabilization; if another number, c~ , be chosen to determine the 
duration of the measuring interval, such that 

(F2) 

where n is a positive integer, 

(F3) 

Furthermore, if it is assumed that C~ (from Fig. lb in the main body of this report) is 
about 5, and if n = 3, C' = 52. This would indicate that, provided the timepiece rate 

tot 
is constant, the preliminary test (depending on the actual duration represented by C') for 
the specific values of T/ C used in the interval-record method might be accomplished in 
about 26 hours, or the entire test might conceivably be recorded in a single traverse of a 
chronograph lead screw, i.e., 24 hours. 

The five rate measurements at the reference conditions should give not only sufficie 
data for use of the recovery criterion derived in Part IV, but the actual rate values may 
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be used also (together with allowable tolerances) in an application of the rate-value criter­
ion, also derived in Part IV. These two criteria may be used for a measure of unacceptable 
or acceptable performance . As a result, in the former case, detailed investigation of 
faulty timepieces is avoided; and for those timepieces which satisfy both criteria, testing 
may continue. 

Following the preliminary measurements, the detailed investigation can be continued 
to obtain the two families of characteristics: (1) rate-pressure at constant temperature , 
and (2) rate-temperature at constant pressure. 

The rate-pressure family is obtained by measuring the rate at values of pressure 
differing by increments li p for each of the temperatures 

The values 01 , 0 2 , e3 .•• can be selected as close together as desired, allowing the 
family to be obtained in as much detail as is deemed necessary for the temperature range 
being considered. 

A value for 6 p can be determined by considering the expected change in rate indicated 
by the preliminary measurements; i.e., 

Prnax-pmin 
LI P1::: _j_r ___ -r--1--- l6r1 ] 

p 8 max Pmax min 

(F4) 

or 

(F5) 

and the greater of these two values should be used. It is seen that the value I':{> depends 
upon the value \6r I, for which a limiting value exists (±E6R which determines the over­
all separation between the trend lines); thus, 

(F6) 

for the rate difference to be detected. The error E represents the statistical combination 
of the over-all rate measuring error and the error associated with the degree of climatic 
control actually achieved. This composite error must be evaluated for specific instances. 
This procedure for estimating the minimum I':{> to be used for investigating the rate­
pressure characteristics, of course, is an approximation based on a linear. characteristic. 
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The composition of the error E and its derivation may become evident if Eq. (F4) or 
(F5) is rewritten in incremental form as a partial derivative . 

cip - p + E p + E 
max - pres - min - pres 

where the component errors are: Ep, e s , resulting from the degree of pressure control 
available, and EL'I R , the over-all error for obtaining rate differences, assuming the tem­
perature is constant. Upon statistical combination of the errors in the denominator, 

The errors of numerator and denominator may be combined by the method of Worthing and 
Geffner, * to give , for this case 

(F7) 

In the same way, an approximation of the minimum value of L'I e can be obtained for 
investigating the rate-temperature characteristics within the pressure range 

the values p 1, p 2 , p 3 , ... being selected as desired to obtain as much of the family as may 
be required. As before, either 

emax - emin 
IM3I (F8) M l 

Ir e -r e . I Pmax 
max min 

or 

e max - Gmin 
IM4I (F9) M 2 = 

I r e -re j Pmin 
max mi.n 

*A.G. Worthing and J. Geffner, "Treatment of Experimental Data, "p.207, New York: 
Wiley, 1946 



NAVAL RESEARCH LABORATORY 65 

where 

(FlO) 

where E' is the composite error similar to and derived in the same way as E in Eq. (F7); 
or 

(
re -re ) ma x min 

E' .= 
e -e . max m1.n 

E2 
6 R 

le -e )2 
\' max min 

(Fll) 

In evaluating the test results of this report an estimate of the values of E and 
' • pres 

Ee may be obtained using the results given in Part IV. Using the rate-pressure and rate-
temperature characteristics together with the results obtained for the degree of climatic 
control obtained, the approximate variations are: 

and 

E pr es 
6 R 

= (pressure tolerance) x -
b. p 

6 R 
Ee= (temperature tolerance) x t.E 

(F12) 

(F13) 

where, for a conservative estimate, maximum values of . oR/op and oR/oe should be 
obtained from the experimental characteristics given in Part IV. In general, the standard 
deviation of the variation represented by the pressure or temperature tolerance may be 
taken as 1/3 of the tolerance (i.e., the half-range), or 

and 

1 
Ee = -(range of temperature control) 

6 

E 
1 = -(range of pressure control). pres • 6 

(F14) 

(F15) 

The two families of rate characteristics can be investigated within the above limits. 
Of course, these minimum values serve only as a guide to indicate how closely pressure 
or temperature points can be obtained. Sufficient information undoubtedly will be obtained 
from the first of each family to serve as a test for obtain~ng the remainder of the family ; 

* * * 



APPENDIX G 
Glossary of Abbreviations, Definitions, and Symbols 

Many of the following terms are either errors per timepiece period of oscillation, 
sums of such errors, or the rate for various intervals. Such terms can be recognized 
from the context and their units are those of time, usually seconds. The terms e and 
t , in particular, may be used individually or collectively. When used individually the 
units are understandably those of time. However, when they are used collectively to 
obtain such a term as ER, the term rate becomes involved. When the term rate is used, 
there is involved both an accumulated error and an interval (e.g., T ) during which the 
accumulation has taken place. As long as the interval is understood, the accumulated 
error can be expressed unambiguously in units of time; this of course is partly taken care 
of by the assignment of particular symbols . Thus, where the term rate is used the units 
a r e those of time (representing the error accumulated) and the interval of accumulation 
is either expressed or to be understood from the context. 

A specific problem of units of measurement arises in the case of readings or indicati 
of timepieces. Any particular reading of a timepiece represents an observation of the poi: 
tions occupied by the hands or the indicating system at a particular instant of time. Henc1 
each reading must have the units of time. Where a time difference or the determination o 
an indicated elapsed time interval is concerned, the idea of rate becomes involved. As 
before, the difference between the standard and the indicated intervals, is expressed in 
convenient units of time; the term rate may be applied in units of time as long as the 
interval for which the time difference applies either is known or is understood . 

a,b,c , ... k, l - time intervals (sec) measured with respect to standard or reference 
timing marks;a, b,c, ..• k, 1 < t

6 
orY. 

C - number of marking subintervals in the interval T ; for the interval­
record method, C = 48, when T = 86,400 sec. 

2R - the limiting value of C which should be used in case the maximum 
C,t ·- y expected value of R is known . Note: This limit value will assure a 

(numeric) 
record which can be interpreted unambiguously without requiring tests 
to determine the value of s • 

C 
D,t = 

2 

D - an integer (numeric) used to represent the expected number of lines in: 
recorded pattern, D = 0, 1, 2, 3 ... 

F 
- the maximum possible number of lines expected in any recorded patterr 

Y when the scale factor is Y and the number of marking subintervals is C 

¾ - the total error accumulated after N periods of oscillation t, i.e., 
seconds accumulated during the indicated time interv:3-l; 

E . cc f, e. 
N k l 

1 

(see introductory note regarding units). 

~ - the value of EN obtained in the measurement of rate by a particular 
method, Er. being the true value; see introductory note regarding units 
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EP - the over-all measuring error which results from the use of the photo­
record method of rate measurement; see introductory note. regarding units . 

E' - the over-all measuring error which results from the use of the photo method 
p 

of rate measurement; 
E' .I E2 + F.2 ?; E • 

p ~ p ~ p' 

see introductory note regarding units. 

~ - the over-all error associated with the measurement of the quantity tr , 
from records; associated with the photo-record, interval-record, and 
chronograph methods of rate measurement; see introductory note 
regarding units. 

Ev - the over-all measuring error which results from the use of the visual 
method of rate measurement; see introductory note regarding units. 

e - the error per period (sec) of a timekeeping instrument (e = ts - t ); sub­
scripts denote specific values as indicated in context; specific values of 
e will be associated with corresponding values of t ; e, mean value which 
is associated with t. 

e; - the combined errors (sec) introduced by the initial and final periods; for 
Case 1, 

and for Case 2, e; = 2ce - m( e i + e f) (see Part II for details). 

- a specific average value of e • 

F - a fraction of y ,o ·~ F -~ Y, (sec); see R; also F' = F + Y0 , where 
o ·2 F' ·2 2Y; and o ·2 F'' '2 Y when Ymax = IRI +Yo = (D+l)Y + F' '. 

I - the time (sec) read or indicated visually by a timepiece at a particular 
instant; subscripts i an_d f are used to specify the initial and final 
indicated readings which may be obtained at the start and end of an 
interval, such as T.. 6I = If - Ii sec per measuring interval T (spd 
when T = 86,400 sec) is the indicated elapsed time interval between 
initial and final visual timepiece readings or indications. 

L - an integer (numeric) representing the number of timing marks in a seg­
ment of a complete trend line; used especially where L < C, and the 
pattern includes more than a single traverse across the record (see 
Figs. 1, 2, 3, 4 in the main body of.this report). 

temporal - 4,484 in= 1 sec (interval-record and photo-record methods). 
equivalent 

m - slope of a straight line, see Y • 

C - y 
m

8 
= T(Y - r) - apparent slope (numeric) for Case 2 of Appendix A, where 2 2 ri 2 Y. 

n - an integral number of timekeeping instrument periods of oscillation t , 
comprising the least-count of the instrument when tc > t . 
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N - an integer representing the number of complete periods of oscillation t 
of a timekeeping instrument registered during the time interval 
T (N " T/ t ). 

~ - number of nominal timepiece periods in the subinterval determined by thE 
value C. 

P - the time (sec) read or indicated photographically by a timepiece at a 
particular instant; subscripts i and f are used to specify the initial 
and final indicated readings obtained at the start and end of an interval, 
such as T . L'iP = Pf - Pi sec per measuring interval T (spd, where 
T = 86,400 sec) is the indicated elapsed time interval between initial 
and final photograph timepiece readings or indications . 

p - absolute pressure (mm Hg). L'i P is used to denote pressure differences; 
various subscripts are used to denote specific values as taken from the · 
context. 

r - the error accumulated during a subinterval (sec / subinterval T/ C ), used 
in the interval-record and chronograph methods; subscripts are used to 
denote specific values as indicated in the context, e ;g., 

the error accumulated during any subinterval. 

R C EN 

r = C = ½ ,L ri = ri = C - the average value of r (sec/ subinterval T/ C ). 
1 

rs - the apparent value of r obtained by measurement from the record; 

for even values of s 

y 
r = (S+l)- -2 rs ' 

for odd values of s 

the actual limits of values it is possible to measure from records. 
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R - the true value of the rate (spd) ; equals 

for Case 1 and equals 

for Case 2 [IR I = DY + Fl . 

CY 
Re, - 2 sec/ interval T (spd when r = 86,400 sec), the maximum value of 

rate which can be measured from a record with scale factor Y and 
having c marking subintervals during T . 

Rs - the apparent or measured value of the rate as obtained from a record; 

sCY 
R = - + R 

2 s 

for even values of s ; 

R = (s+l)CY _ R 
2 s 

for odd values of s ; R = Rs for s = 0. 

R - the effective number of both complete and incomplete periods of oscilla­
tion in the measuring interval T; R = N ± 2(m+c). 

s - an integer (numeric), s = o, 1, 2, 3 ... ; its value is obtained once R is 
approximately known from the limits 

sCY < R ·< (s+l)CY 
2 - - 2 

S - sensitivity of a rate measuring method (sec/ interval T, or spd when 
T = 86,400 sec); s may be considered to be the ultimate accuracy or 
the lower limit of total error, hence the smallest time difference which 
can be detected by a daily rate measuring method; s ·.::: R spd. 

spd - seconds per day, a unit of R, the daily rate. 

t - the period of oscillation of any timekeeping instrument, i.e., the time 
(sec) between successive ticks; t is the average period. 

th - specific values of t, for .h = 1, 2, 3 ... 
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t - nominal period (sec) of oscillation of a. timekeeping instrument chosen 
so that 1/t is an integer which is constant for a given timepiece. 

T - total measured time interval (sec). 

T 
- the sampling or marking interval (sec) used in the interval-record or 

c chronograph methods. 

T TY - the critical marking interval to be used, when the maximum expected 
c,f, < 2R value of R is known, for obtaining an unambiguously interpretable 

record. 

T 
X = - X ' - introduced to simplify the equation of a linear trend line (for y); x ' is 

given in units of C/ T , o ·:: x ' '.'.: c . C 

y '" mx + b - the slope-intercept equation of a straight line, a trend line, see m h i1:: 
the y intercept. 

y0 -- tl1e position on a record of the initial timing mark, measured. from the 
standard or reference timing mark; y0 < Y sec. 

Yma x - the greatest value of y (includes Yo) obtained for the trend line when 
x ' = C. 

Y - the record scale factor (sec), or the maximum possible value of y whi< 
can be measured unambiguously. 

au - standard deviation; the context and subscript indicates the quantity ass, 
ciated with this statistic; e.g., •crw , '()" t , and au~ have the same meanir 
as used in Part III. 

e - temperature (°C); M is used to denote a temperature difference; var1 
subscripts are used to denote specific values as taken from the context 

* * * 
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