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Technical objectives 

The grant has supported theoretical and computational research work on materi­
als of interest to the ONR Division 332, specifically ferroelectrics, piezoelec~rics, 
flexoelectrics , magnetoelectrics, and multiferroics. 

Our research concerns some geometrical observables of the electronic gound 
state, whose archetype is the macroscopic electric polarization of solidi::, for 
which first-principle understanding dates since 1992 onwards. The other gecmet­
rical observables investigated recently look quite different among themselves­
from a phenomenological and applicative viewpoint-yet they share many ~om­
mon features on the theoretical, algorithmic, and computational sides. 

The list of geometrical observables addressed in this research work inc:udes 
physical properties as diverse as electrical polarization, orbital magnetization, 
anomalous Hall effect, X-ray circular dichroism, longitudinal conductivity, as 
well as the general theory of the insulating state. 

Technical approach 

It is now clear that the geometrical observables come in two very different classes. 
The observables of class (i) only make sense for insulators, and are defoed 
modulo 21r (in dimensionless units) , while the observables of class (ii) are de"ined 
for both insulators and metals, and are single-valued. 

As for class (i), two observables are known: electrical polarization and the 
"axion" term in magnetoelectric response; for both observables the modulo 21r 
ambiguity is fixed only after t he termination of the insulating sample is spec fled . 
Furthermore in presence of some protecting symmetry only the values zero or 
1r (mod 21r) are allowed: the observable becomes then a topological Z2 index: a 
Z2-odd crystalline insulator cannot be "continuously deformed" into a Zreven 
one without closing the gap. 

Owing to their single-valuedness, the geometrical observables in class (ir can 
also be defined locally in coordinate space: they admit therefore a "density". 
We have extended their definitions to the cases of a noncrystalline and; or a 
macroscopically inhomogeneous sample, and even a bounded sample: in all these 
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cases there is no k vector to speak of. The observables in class (i) instead, being 
multiple valued, do not admit a density. In particular "polarization density" is 
a nonsensical concept. 

The established approach to the geometrical ground-state properties is via 
reciprocal-space (k-space) integration- eve::- the Brillouin zone for insulators, 
over the Fermi volume for metals- of the appropriate function of k. As said 
above, we have also successfully pursued a different and innovative path, provid­
ing a "dual" formulation of the same class-(ii) observables in coordinate space, 
thus extending the scope of the theory to noncrystalline and inhomogeneous 
materials as well. 

Accomplishments 

Dissemination 

We have written an invited Chapter for a nE-w edition of the "Handbook of Ma­
terisl Modeling" (Springer, 2020) , where the state of the art about the theories 
of polarization and orbital magnetization is presented [8]. 

We have written an invited popular presentation of the geometrical ground­
state observables in condensed matter, publi3hed on "11 Nuovo Saggiatore" (Ital­
ian analog of Physics Today) [5]. 

We have published Lecture Notes for an international school, focussing on the 
many-body (i.e. beyond band-structure) formulation of the known geometrical 
observables [7]. 

We have published a thorough review (invited) about the "theory of the 
insulating state", originally developed mostly by the PI over more than 20 years 
[l] . 

Electrical polarization 

The theory of macroscopic electrical polarization has been completed in the 
1990s, both at the band-structure level (1993) and in a many-body framework 
(1998). Even today this outstanding breakthrough is little known beyond the 
community of electronic structure specialists, owing to the occurrence of some­
what "exotic" concepts (Berry phases and ,he like), while instead no reference 
to the familiar dipole of a bounded crystallite is made. We have in a sense 
reversed the approach, by showing that one can define the dipole of a bounded 
sample in an alternative way, from which the results of the modern theory fol­
low quite naturally. The paper [12] has been written targeting a readership of 
chemical physicists, and in fact it has been selected as an "Editor's Pick" by J. 
Chem. Phys. 

We also published a paper [2] addressing the long-standing problem of po­
larization within DFT, clarifying the reasons for an apparently paradoxical sit­
uation. Within DFT, the exact Kohn-Sham potential yields the exact electron 
density, ergo the exact dipole of a bounded system (e.g. a crystallite). In-
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stead, for an unbounded system DFT does not provide (in principle) the =xact 
polarization of an interact ing-electron system. 

Anomalous Hall conductivity and orbital magnetization 

The anomalous Hall conductivity is by definition the Hall conductivity i:i ab­
sence of an external magnetic field; it manifests itself in ferromagnetic metals 
and, more generally, when the material spontaneously breaks time-reversal sym­
metry. Besides extrinsic effects, there is also a geometrical contribution which 
only depends on the pristine material. We have proved that the phenomenon is 
local and does not require un unbounded solid with periodic boundary condi­
tions. It can be defined and computed for bounded samples and inhomogeneous 
systems, as well as for ribbons, polymers, layered materials; a similar fo-~mal­
ism applies to orbital magnetization in the same kind of reduced-dimensionality 
materials [6]. 

X-ray circular dichroism 

An incorrect belief widespread among experimentalists holds that synchntron 
radiation can measure orbital magnetization M. The belief owes to a "celebrity" 
paper bearing the misleading title "X-ray circular dichroism as a probe of or­
bital magnetization" (Thole et al., Phys. Rev. Lett. 1992). Contrary t::i the 
claim, such probe measures a quite interesting and useful geometrical property 
of the electronic ground state, yet different from M . I have thoroughly clarified 
the issue and discussed the properties of this observable in comparison to M . 
Both observables are a measure of spontaneous time-reversal (T) breaking in 
the given material: by definition, M is the derivative of the free-energy dE-nsity 
with respect to the magnetic field (orbital term thereof, with a minus sign). 
Synchrotron radiation accesses the free-energy derivative with respect to :t dif­
ferent T-breaking probe; the said probe has the virtue of coupling to or·::iitals 
degrees of freedom only. 

We have presented and discussed the issue in [5] , [7]. and [9]. Since, as said 
above, our result is regarded as "revolutionary" in the synchrotron-physics com­
munity, our paper [9] has received a Comment from a knowledgeable synchr::itron 
theorist (Masssimo Altarelli); our answer, providing further clarification, is pub­
lished as [11]. But despite our best efforts, the wrong idea that synchntron 
radiation can access orbital magnetization remains strongly entrenched in the 
minds of all synchrotron physicists. 

Drude weight and de conductivity 

The Drude weight measures the inverse inertia of a many-electron system, when 
probed by a de electric field: it is therefore the key entry in the theory of de 
longitudinal conductivity. We have proved its- hitherto unnoticed- geometrical 
nature, and we have shown that, geometry-wise, the Drude weight has a re­
markable affinity to orbital magnetization [3] . 
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A bounded sample does not support a de current, therefore one could guess 
that the Drude weight is ill-define therein. We have shown instead that by 
probing the many-electron system with low-frequency fields the actual value of 
the Drude weight can be retrieved. Simulations on a very simple model system 
validate our theory [10]. 

Theory of the insulating state 

In our previous work- also reviewed in [1]- we have shown that the insulat­
ing character of a material is a geometrical property of the electronic ground 
state and does not require an energy gap. The theory so far was only capa­
ble of addressing macroscopically homogeneous systems; more recently, we have 
addressed, geometry-wise the insulating/me-:;allic character of a region in an in­
homogeneous system. We have defined a geometrical "marker" which probes 
the insulating state locally, and we have validated it by means of computer 
simulations; the paper appeared on Phys. Rev. Lett. [4]. 

Signature 

Signed: Raffaele Resta, Principal Investigator 'p--~ 
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