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1 Recapitulation of the Proposed Effort 

Most of the research on a turbulent boundary layer (TBL) have focused on equilibrium 
t urbulence found in idealized zero-pressure gradient flows over flat plates . However, the 
vast knowledge of equilibrium turbulence gained over t he last 50 years has had limited 
impact on our ability to predict practical flows of interest . The reason is that TBLs in 
realistic flows are affected strongly by non-equilibrium effects cont rolled by flow-dependent 
boundary condit ions. Additionally, regarding prediction of practical flows, wall-modeled 
large-eddy simulation (WMLES) is now perceived as an alternative to costly wall-resolved 
LES. However, its performance in complex flows involving the three-dimensional TBL (3-D 
TBL) has not been assessed thoroughly to increase the technology-readiness level of the 
emerging WMLES methodology. 

The major goals of t he project are 1) to elucidate structural changes in the inner and 
outer layers of wall t urbulence at high Reynolds numbers subjected to non-equilibrium 3D 
effects (see figure 1), and 2) to assess t he predictive capabilit ies of wall models for large-eddy 
simulation (LES) in non-equilibrium turbulent boundary layers (TBLs) wit h mean-flow t hree 
dimensionality, including t hose in a bent square duct and over a skewed bump. The overall 
goal of t his project is to explain fundamental physical phenomena and mechanisms associ­
ated with changes of high Reynolds number wall turbulence subjected to non-equilibrium 
effects through high-fidelity numerical simulations. This project will also assess WMLES 
techniques for t heir application to flows exhibit ing three dimensionality and separation. A 
robust predictive capability is thus needed for design and control of watercrafts and aircrafts 
with increased speed, maneuverability, and efficiency. By understanding t he fundamental 
flow physics in non-equilibrium TBLs and extending WMLES techniques to such complex 
flows, t his project will augment the U.S. Navys knowledge required to fulfill t his objective. 
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2 TASK 1: DNS and WMLES analysis of a 3-D TBL 
in a planar channel 

2.1 Introduction 

Our current understanding of wall turbulence is largely rooted in studie1c of equilibrium 
boundary layers wit h two-dimensional (2-D) mean velocity profiles (i. e., contained in a 
plane). However, non-equilibrium t urbulence wit h mean-flow three-dimer_sionality is the 
rule rather than the except ion in most geophysical and engineering flows. P rominent exam­
ples of the former are flows in complex terrain, tornadoes, and river bends, while industrial 
flows include flow over swept-wing aircrafts and hulls of marine vehicles, around buildings 
and obstacles, wit hin turbomachines, etc. Despite the ubiquity of s·--1ch flows, fundamen­
tal questions remain unanswered regarding the structural changes of wall turbulence under 
t hree-dimensional (3-D) non-equilibrium condit ions, challenging our intellEctual ability to 
comprehend and predict wall t urbulence in broader scenarios. In the present work, we study 
the transit ion of statistically stationary 2-D turbulence to non-stationary 3-D states induced 
by t he sudden application of a spanwise pressure gradient. Our emphasis is on t he mult iscale 
structure of wall-bounded turbulence at moderately high Reynolds numberE. 

The vast majority of the fundamental studies on wall t urbulence has focused on a narrow 
subset of equilibrium 2-D wall-bounded flows (2DTBL) such as turbulent channels (Kim 
et al. , 1987; Lee & Moser, 2015), pipes (Wu et al., 2015; Pirozzoli et al. , 2018), and flat­
plate boundary layers (Spalart, 1988; Sillero et al., 2013, 2014; Wu et al., 2017). These 
studies have unravelled constitut ive characteristics of t he near-wall t urbu.ence, including 
its self-sustaining nature (Jimenez & Moin, 1991 ; Jimenez & PinellL 1999; Panton, 2001 ; 
Flores & Jimenez, 2010; Hwang & Cossu, 2011 ; Hwang, 2015; Farrell et al., 2016, 2017) , 
the coherent structure and geometry of the flow ( del Alamo & Jimenez, 2006; Kawahara 
et al., 2012; Lozano-Duran et al., 2012; Dong et al., 2017; McKean, 2017), the life cycle of 
the momentum-carrying eddies (Lozano-Duran & Jimenez, 2014b; Hwang & Cossu, 2010; 
Cossu & Hwang, 2017), and t he wall-attached structure of the flow in t he logarit hmic layer 
(Marusic et al., 2013 ; Hwang & Bengana, 2016; Chandran et al. , 2017; Ma usic & Monty, 
2019; Cheng et al. , 2019), among others. Unfortunately, t heories built upon equilibrium wall­
turbulence have had limited impact on our ability to predict 3-D boundary layers (3DTBL) 
and to grasp t he physics underlying t he extensive collection of numerical and experimental 
observations. This is principally due to the violation of t he temporal/spatial homogeneity of 
the flow and t he unidirectionality of the mean shear , which are foundationa: assumptions of 
2DTBL absent in 3DTBL. Consequent ly, the knowledge established largely for equilibrium 
2DTBL, such as t he law-of-t he-wall (Prandtl, 1925; Millikan, 1938; Coles & Hirst , 1969), 
the scaling laws for the velocity and energy spect ra (Perry & Abell, 1975, D77; Zagarola & 
Smits, 1998; Morrison et al. , 2004; del Alamo et al., 2004; Marusic et al. , 2012; Vallikivi et al. , 
201 5; Hoyas & Jimenez, 2006; Klewicki et al. , 2007; Chandran et al., 2017), structural models 
of the flow (Townsend, 1976; Adrian et al. , 2000; Meneveau & Marusic, 2)13; Agostini & 
Leschziner , 2017; Lozano-Duran & Bae, 2019; Jimenez, 2018; Marusic & Monty, 2019), and 
reduced-order models (Rowley & Dawson, 2017; Durbin, 2018; Bose & Park, 2018), cannot 
be generalised trivially to non-canonical 3DTBL. 
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Often, 3DTBL are classified according to t heir state as eit her in equilibrium or in non­
equilibrium. Townsend (1961) was the first to coin the term 'equilibrium layer ' to define a 
portion of the boundary layer in which the rates of production and dissipation of turbulent 
kinetic energy are equal. De Graaff & Eaton (200,)) suggested a more restrictive definition 
in which the total shear stress is balanced by t he ~hear stress at the wall. A comprehensive 
theory of equilibrium and self-similar flow motions in the outer region of turbulent boundary 
layers can be also found in t he works by Castillo & George (2001) and Maciel et al. (2006, 
2018). Here, we refer to equilibrium flow simply as that in statistically stationary state. 
Despite equilibrium 3DTBL, such as the Ekman layer , being of paramount importance (see 
e.g. Spalart (1989); Coleman et al. (1990); Littell & Eaton (1994); Wu & Squires (1997)) , the 
subj ect of the present work is the non-equilibrium response of 3DTBL, which is one of the 
most challenging cases for the current turbulence theories. In addition to their equilibrium 
state ( or lack thereof), 3DTBL are also classified according to the mechanisms by which the 
t hree-dimensionality is incorporated into the flow. In this respect , 3DTBL can be labelled 
as 'viscous-induced' when the three-dimensionality is a direct consequence of the viscous 
effects propagating from the solid boundaries (e.g. , moving walls, accelerating frames of 
reference, .. . ), or as 'inviscid-induced ' when t he 3-D flow is the result of space-varying body 
forces or pressure gradients (such as those triggered by the presence of complex geometries 
or by baroclinic effects in atmospheric flows). These two mechanisms are usually referred 
to as shear-driven and pressure-driven in the literature, although such a nomenclature may 
lead to confusion in some situations. Here we are concerned with the first kind, i. e. 'viscous­
induced ' 3DTBL, which are relevant for turbomachinery applications and large-scale wind 
farms, just to mention two examples, albeit it is wo::th noting that in many real life scenarios 
three-dimensionality is induced by a combination of the two mechanisms. 

From t he early works by Bradshaw & Terrell (1969) and Van den Berg & Elsenaar (1972), 
it was readily noted that 3DTBL exhibit a response contrary to t he common expectations 
from their 2-D counterparts. Such counter-intuiti-.re effects manifest themselves in the re­
duction of the tangential Reynolds stress and the misalignment of the Reynolds stress and 
mean shear 'vectors '. These observations have been reported for both equilibrium and non­
equilibrium 3DTBL, albeit the effects are exacerbated in the latter. The pioneering studies 
on 3DTBL were laboratory experiments. Bradsha-v.r & Terrell (1969) presented the first set 
of Reynolds-stress measurements in a yawed flat plate as a surrogate of an 'infinite' swept 
wing. They observed a lag between the Reynolds stress angle and the mean velocity gra­
dient angle despite the mild t hree-dimensionality Jf the flow. Subsequent experiments by 
Johnston (1970) , Van den Berg et al. (1975) and Bradshaw & Pont ikos (1985) confirmed 
the aforementioned behaviour in similar set-ups. In a succeeding series of studies, Van den 
Berg & Elsenaar (1972), Elsenaar & Boelsma (1974) and Van den Berg et al. (1975) further 
showed that the intensity of the Reynolds stress for a given amount of turbulent kinetic en­
ergy (a.k.a. Townsend's structure parameter) dropped below t he commonly reported value 
in 2-D flows, establishing the second main counter-intuitive effect of 3DTBL. 

Over the past decades, a variety of addit ional experimental studies on 3DTBL have 
been performed, each characterised by the differEnt mechanism ut ilised to induce three­
dimensionality in the flow. Among them, we can highlight 3DTBL over wedges (Anderson 
& Eaton, 1987, 1989; Compton & Eaton, 1997), rotating cylinders (Furuya & Fujita, 1966; 
Bissonnette & Mellor, 1974; Lohmann, 1976; DrivEr & Hebbar, 1987, 1989, 1991) , rotating 
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disks (Littell & Eaton, 1994), flow within the bend of ducts (Schwarz & B:-adshawt, 1993; 
Schwarz & Bradshaw, 1994; Flack, 1993; Flack & Johnston, 1994) , swept steps and bumps 
(Flack, 1993; Webster et al., 1996), and wing-body junctions (Olc;men & Simpson, 1992, 
1995). More recently, Kiesow & Plesniak ( 2002 , 2003) used particle-image ve~ocimetry (PIV) 
to acquire detailed information of the flow structure at varying degrees of cros.a-flow generated 
by moving belts. The large body of literature on experimental 3DTBL until the 1990s is 
summarised in the reviews by Fernholz & Vagt (1981), van den Berg et ai. (1988) , Eaton 
(1995) and Johnston & Flack (1996). 

The advent of direct numerical simulation (DNS) and large-eddy simula.tion (LES) led 
to an increase in the number of numerical investigations of 3DTBL. Computational studies 
carried out to date include channel flows subject to transverse pressure gradients (Moin 
et al. , 1990; Sendstad & Moin, 1992; Coleman et al. , 1996a; He et al., 2018) , flat plates 
with time-dependent free-stream velocity (Spalart , 1989) , rotating disks (Littell & Eaton, 
1994; Wu & Squires, 2000), Couette flows with spanwise pressure gradient (Holstad et al. , 
2010) , and concentric annulus with rotating inner wall (Jung & Sung, 2006), among others. 
Coleman et al. (1996a ,b, 2000) computed DNS of initially 2-D fully-developed turbulence 
subjected to mean strains, emulating the effect of spatially varying changes of the pressure 
gradients in ducts or diffusers. Wu & Squires (1997, 1998) performed LES of ~he swept bump 
proposed experimentally by Webster et al. (1996) , while other numerical inv~stigations have 
introduced three-dimensionality in flow by the impulsive motion of walls .n the spanwise 
direction (Howard & Sandham, 1997; Le, 1999; Le et al., 1999), by spanwise oscillating walls 
(Jung et al. , 1992) , and by a sustained lateral displacement of a finite sec~ion of the wall 
(Kannepalli & Piomelli, 2000). 

The current consensus among the experimental and numerical studies abcve is that three­
dimensionality of the mean flow is typically accompanied by a decrease o: the tangential 
Reynolds stress, the reduction of drag, and the misalignment of the mean Reynolds stress 
vector and mean shear vector. Given that equilibrium 2-D turbulence is commonly enhanced 
by the addition of mean shear, the previous results are non-trivial to interpret. Accordingly, 
there have been multiple attempts to reconcile the non-intuitive flow response with the tra­
ditional structural organisation of near-wall turbulence (Jimenez & Moin, 1991; Jimenez & 
Pinelli, 1999; Schoppa & Hussain, 2002). Most structural studies of 3DTBL depart from 
the premise that 2DTBL are structurally 'optimal' for the generation of Reynolds stress, 
and that 3DTBL are essentially a distorted, less efficient version of the former. Lohmann 
(1976) postulated one of the first structural pictures of the flow by suggesting that transverse 
shear was responsible for the break up of quasi-streamwise vortices into smc1ller structures. 
Bradshaw & Pontikos (1985) further hypothesised that eddies were tilted away from their 
preferred alignment by the spanwise strain, which impeded the production of Reynolds stress. 
Eaton (1991) stated that low-speed streaks are inhibited by the mean cross-flow, which re­
duces the number of ejections ( and hence of Reynolds stress) generated via s~reak instability 
and breakdown. Kannepalli & Piomelli (2000) also observed significant d:sruption of the 
near-wall streaks at both the leading and trailing edge of the moving wall section as the 
flow adjusts to the new wall boundary conditions. Later PIV measuremen~s by Kiesow & 
Plesniak (2002) confirmed a significant alteration of the near-wall flow phys_cs, with signifi­
cant disruption of the streak length compared to 2DTBL. On the other hand, the works by 
Anderson & Eaton (1989) , Sendstad & Moin (1992) , Littell & Eaton (199{ , Eaton (1995) , 
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and Chiang & Eaton (1996) , have centred the attention on the strong asymmetry between 
vortices of different sign rather than on streaks as the main cause for stress reduction. They 
argued that the intrinsic structure of 3DTBL fa-rnur either a sweep or a ejection, which 
reduces the efficiency of the boundary layer to produce Reynolds stress. The LES by Wu & 
Squires (1997) supported the structural model proposed by Littell & Eaton (1994). However, 
Jung & Sung (2006) rendered the latter scenario in-✓alid in a concentric annulus by analysing 
the distinctive flow features using conditional analysis. 

Previous numerical studies on 3DTBL focused on relatively low Reynolds numbers in 
which half or a larger portion of the boundary layer is dominated by viscous effects. Ex­
perimental studies are capable of attaining higher Reynolds numbers , but the current mea­
surement techniques have limitations in accessing the near-wall region and generating fully 
resolved datasets in space and time. To date, it is unclear whether distinctly different mech­
anisms are at work at Reynolds numbers in which the inviscid core region occupy more than 
80% of the boundary layer thickness. Moreover, important questions remain unanswered at 
high Reynolds numbers such as the scaling propert:.es of t he Reynolds stress reduction under 
3-D non-equilibrium effects, the structural modifications in the flow responsible for these 
changes, and t he formulation of a structural model consistent with t he previous observa­
tions which accounts for the multiscale nature of turbulence. Therefore, t he rich information 
provided by high-fidelity simulations at higher Reynolds numbers is needed for a detailed 
understanding of 3DTBL present in most real-world applications. In the present work, we 
address these questions and show that our higher Reynolds numbers, even if moderate, al­
lows us to unravel the scaling laws and multiscale structural changes in the flow previously 
obscured by the lack of scale separation. 

Finally, it is worth mentioning that the peculiarities of 3DTBL are expected to under­
mine the performance of modelling techniques built on and validated for 2DTBL. Especially 
concerning is t he development and testing of wall models for LES, motivated by t he need 
to bypass the inner wall region in order to reduce computational costs (Chapman, 1979; 
Choi & Moin, 2012). Early wall models relying on equilibrium assumptions have yielded fair 
predictions in simple flows , but are known to be suboptimal in more complex configurations 
(Larsson et al. , 2016). This has mot ivated recent eEorts to develop new wall models account­
ing for non-equilibrium effects (Balaras et al. , 1996; Wang & Moin, 2002; Yang et al. , 2015; 
Park & Moin, 2014), free of tunable parameters (Bose & Moin, 2014; Lozano-Duran et al., 
2017; Bae et al. , 2018b), and capable of delivering robust predictions for non-canonical flow 
settings (see for instance the recent review by Bose & Park, 2018). Note that, in general, 
wall models are not effective at transferring inform::1tion of the flow structure from the inner 
to the outer layer (Piomelli & Balaras, 2002). Hence, the current flow set-up characterised 
by a spanwise boundary layer growing from the wall is a challenging test bed for wall-model 
LES (WMLES). 

The primary foci of this work are the investigation of the scaling properties of 3DTBL, 
absent in previous numerical studies at low Reynolds numbers, and the elucidation of the 
structural mechanisms responsible for Reynolds stress deficit during the init ial transient. The 
insight gained is used to envision a multiscale stru,:tural model consistent with the scalings 
and structural changes observed. We also inspect the implications of three-dimensionality 
and non-equilibrium state for WMLES. A prelim:nary version of this work can be found 
in Giometto et al. (2017). The paper is organise:i as follows. The numerical set-up and 
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Figure 1: Schematic of the numerical set-up of a 2-D fully-developed turbulent channel flow 
subjected to a sudden transverse pressure gradient at t = 0. The profiles .n blue and red 
represent the streamwise and spanwise mean velocity profiles, respectively. The channel flow 
is driven by a streamwise dP / dx1 and spanwise dP / dx3 mean pressure gradient applied in 
the streamwise and spanwise direction, respectively. 

database are presented in §2.2. The analysis of the scaling and flow structure of the flow is 
dis :::ussed in §2.3. In §2.4, we focus on the comparison of selected quantiti~s for DNS and 
waJ-modelled LES. Finally, conclusions are offered in §2.8. 

2.2 Problem set-up and numerical database 

We perform a series of DNS of incompressible turbulent channel flow subjected to a sudden 
imposition of a transverse pressure gradient (Moin et al., 1990) . The pr,Jblem set-up is 
sketched in figure 1. This flow configuration, despite its simplicity, has prov€n successful in 
capturing t he essential features of non-equilibrium 3DTBL. The calculation iE initialised with 
a 2-D fully-developed equilibrium channel flow. At t = 0, a mean spanwise p::essure gradient 
is c.,pplied, inducing a sudden acceleration of the flow in the spanwise direction. During this 
prc,cess, the channel flow is driven in the streamwise direction by the usual mean streamwise 
pressure gradient. The current set-up is formally equivalent to the sudden application of 
an in-plane spanwise acceleration to the walls in the opposite direction (Par_ton, 1984, page 
253). Our focus is on the initial transient succeeding the applicat~on of the transverse 
pressure gradient. 

Two Reynolds numbers are considered, namely Rer = hur / v :=::::: 500 and Rer :=::::: 1000, 
both defined at t = 0, where h is the channel half-height , Ur is t he fric~ion velocity at 
t = 0, and v is the kinematic viscosity. The density of the fluid is p. The streamwise, 
waJ-normal, and spanwise directions are represented by x1, x2 , and x3 , respectively, and 
the corresponding velocit ies are u1, u2 , and u3 . The pressure is denoi:;ed by p. The size of 
the computational domain is L1 x L2 x L3 = 4nh x 2h x 2nh for cases at Rer :=::::: 500, and 
8nh x 2h x 3nh for cases at Rer :=::::: 1000. According to previous studies (Lozano-Duran & 
Jimenez, 2014a), these domain sizes should suffice to accommodate the la:·gest structures 
populating the region x2 < 0.4h (Marusic et al., 2013), which is the main foc-1s of t his study. 
Wall (or inner) units, (,)+, are obtained by normalising flow quantities by Ur and v , and 
out er units, (-) *, are defined in terms of Ur and h. Note that (-) + and ( ·) * are referred to 
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934 

L* 1 

41r 
81r 

L* 6 + 3 1 

21r 8.92 
31r 7.36 

4.46 
4.29 

6+ 
2 min 

0.26 
0.35 

A + 
u 2max 

6.51 
6.72 

.385 1 
401 1 

0,5,10,20,30,40,60,80 10 
0,10,30,60,100 5 

Table 1: Geometry and parameters of the DNS n:ns. Re7 is t he friction Reynolds number. 
Li = Li/ h and L3 = L3/ h are the streamwise and spanwise dimensions of the numerical box, 
respectively, and h is the channel half-height. 6f and 6 t are the spatial grid resolut ions 
in wall units for the streamwise and spanwise direction, respectively. 6 i min and 6 ! max are 
the finer (closer to the wall) and coarser (further from the wall) grid resolutions in the wall­
normal direction in wall units. N2 is the number of wall-normal grid points. The simulations 
are integrated for a time T * equal to one eddy turnover t ime defined as T * = Tu7 / h = l , 
where U 7 is the friction velocity at t = 0. II = (dP/dx3)/(dP/ dx1 ) is the spanwise to 
streamwise mean pressure gradient ratio driving the channel flow. NR is the total number 
of runs performed per each case given by the pair (R eT) II). 

t = 0. The streamwise and spanwise mean pressure gradients are dP/ dx1 = pu~/ h and 
dP/ dx3 , respectively. A campaign of simulations at different R e7 and multiple spanwise 
mean pressure gradients are performed with spanwise to streamwise mean pressure gradient 
ratios ranging from II= (dP/dx3)/(dP/dx1) = 1 to 100. Several runs (NR) are considered 
for each Re7 and II by initialising the simulations with various temporally-uncorrelated 2-
D equilibrium turbulent channel flows. The set of simulations is summarised in table 1. 
Examples of the instantaneous streamwise velocity at two t ime instants are shown in figure 
2 for II= 60 at Re7 ~ 1000. 

The simulations are performed by discretising the incompressible Navier-Stokes equations 
with a staggered, second-order accurate, cent red, finite difference method (Orlandi , 2000) 
in space, and an explicit third-order accurate Runge-Kutta method (Wray, 1990) for t ime 
advancement. The system of equations is solved via an operator splitting approach (Chorin, 
1968). Periodic boundary conditions are imposed in the streamwise and spanwise directions, 
and t he no-slip condition is applied at the walls. he code has been validated in turbulent 
channel flows (Lozano-Duran & Bae, 2016; Bae et .2l. , 2018c) and flat-plate boundary layers 
(Lozano-Duran et al., 2018). The validation for channel flows under t he sudden imposition of 
a lateral mean pressure gradient is presented in appendix 2.5. The streamwise and spanwise 
grid resolutions are uniform and denoted by 6 1 and 6 3 , respectively. The wall-normal grid 
resolution, 6 2 , is stretched in the wall-normal direct ion following an hyperbolic tangent. 
The time step is such that t he Courant-Friedrichs-Lewy condition is always below 0.5 during 
the run. Details on the parameters of the numerical set-up are included in table 1. The 
sensitivity of the results to the grid resolution and size of the computational domain are 
discussed in appendix 2.6. 

2.3 Analysis of non-equilibrium 3DTBL 

The present section is devoted to, first , the identification of universal scaling laws for the 
tangential Reynolds stress in the 3-D transient channel flow described in §2.2, and second, 
the scrutiny of the structural and energetic alterations of the flow during the transient . 
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Figure 2: Instantaneous x1- x3 planes of the streamwise velocity at x2 = 0.25 for (a) t* = 0, 
and (b) t* = 0.6. The data is for II = 60 at Re7 :::::::; 1000. The colour bars show the magnitude 
of the streamwise velocity normalised in wall units. The arrows represent t he direction of 
dF / dx1 in blue and dP / dx3 in red, but note that lengths of the arrows are not at scale. 
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A large number of studies have been dedicated to the scaling of quant it ies of interest in 
fully-developed 2DTBL (see e.g., Millikan, 1938; Klewicki et al. , 2007; Monkewitz et al. , 
2008) . Recent efforts have been facilitat ed by the increased availability of numerical data 
at high Reynolds numbers with an appreciable scale separation between the inner and outer 
layers. In contrast , advances in non-equilibrium 3=::>TBL have been hindered by t he lack of 
high Reynolds number flow dataset s. Similar limitations apply to t he analysis of structural 
changes on the flow. 

The next section offers an overview of the evolut ion of the one-point statistics during t he 
transient period, followed by a discussion on the roL of the no-slip wall. Then, we classify the 
flow regimes and analyse the scaling laws concerni:J.g t he history of t he tangent ial Reynolds 
stress. The time-dependent , 3-D structural changEs undergone by the flow are discussed at 
the end of the section, where we propose a structural model consist ent with our observations. 

2.3 .1 Overview of one-point statistics 

We select the channel flow at R e7 ::::: 500 with II = 60 as a representative case to illustrate 
the non-equilibrium response of the flow succeeding the imposit ion of the lat eral pressure 
gradient. The systematic analysis for various R e7 a,nd II is presented in §2.3.2. For t ---t oo, 
t he system attains a new statistically steady state corresponding to a 2-D channel flow at 
higher Re7 and mean-flow direction parallel t o the vector (dP/ dx1 , 0, dP/ dx3 ). We focus 
on the initial t ransient dominated by 3-D non-equilibrium effects for t * < 1. The statistical 
quant ities of interest are computed by averaging t he flow in the homogeneous directions, 
over the top and bottom halves of t he channel, and among different runs. The averaging 
operator is hereafter denoted by ( ·), and velocity :luctuations are signified by ( · )' . Fluctu­
ating velocities are measured with respect to t he t ime-evolving mean velocity profiles in the 
streamwise and spanwise direction, (u

1

)(x
2

, t) and (u
3

)(x
2

, t ), respectively. 
The mean velocity profiles are shown in figure .3 at several t imes. The streamwise mean 

velocity undergoes mild changes in shape (figure 3a), and the main outcome of the lateral 
pressure gradient is the development of a spanwise boundary layer of thickness 53 ( figure 
3b). The growth of 53 is initially governed by viscous diffusion, i.e., 63 ~ Jvt for t < tv . A 
rough est imation of t v is given by t t ::::: 70 (Moin et al., 1990), such that t he initial viscous 
growth period becomes a smaller fraction of T as Re7 increases. For t > tv, t urbulent 
diffusion prevails and 63 ~ y'vJ, where Ve is t he t urbulent eddy viscosity. Assuming t he 
mixing-length hypothesis, Ve ~ U7 63, t hen 53 ~ U7 t , i. e. the spanwise boundary layer 
grows linearly in t ime regardless of dP / dx3 in first-order approximation. The agreement of 
the approximation St ::::: 0.445t+, included in figure 3(b) with 53 , highlights the validity of 
the previous assumpt ions after the init ial viscous phase. The inert ial core of the channel, 
(-) 00 , is accelerated by the mean spanwise pressure gradient such that p(u3) 00 ::::: (dP/ dx3)t , 
which controls t he addit ional spanwise shear , 8(u3)/8x2 ~ (u3 ) 00 /c53 ~ (dP/ dx3)/(pu7 ). In 
summary, the sudden imposit ion of dP / dx3 results in the emergence of a spanwise boundary 
layer diffusing upwards from the wall linearly in t ime, 83 ~ u7 t , accompanied by an addit ional 
mean shear proportional to dP/ dx3. 

The evolut ion of t he mean Reynolds stresses is shown in figure 4. Considering t hat the 
flow is subjected to the addit ional strain 8(u3) / 8x2, the classic theory ant icipates an increase 
of the Reynolds stresses under the equilibrium assumpt ion - (u~uj) + (l / 3)(u~u~) c5ij ex: ve(Sij), 
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Figure 3: Mean velocity profile in (a) the stream wise direction and (b) the span wise direction 
fort+ = 12, 72 , 132, 192, 252 , 312, 372, and 432. Colours indicate time from ;;+ = 0, black, to 
t+ = 432, red. The vertical dotted lines (- .... ... ) are the boundary layer thickness 53 defined 
by the wall-normal distance at which (u3 ) = 0.99 (u3) 00 = 0.99(u3)(h, t) , :=1,nd the vertical 
dashed lines (---) are the estimated boundary layer thickness given by ot = 0.445t+. 

where S ij is the rate-of-strain tensor and Oij is the Kronecker delta. Figue 4 shows that 
the behaviour of (u~uJ) is consistent with the equilibrium prediction for la:-ge times. How­
ever, during the first stages of the transient (u~u~) and -(u~u;) experience a vigorous de­
pletion, whereas (u;u;) and (u;u;) remain roughly constant . Thus , the initial transient 
exhibits a counterintuitive behaviour of Reynolds stresses, inconsistent with t he equilib­
rium assumption. The reduction in magnitude of those stresses comprisi:1g u~ hints to a 
deficiency in the streak generation cycle triggered during the transient; tl:e structural ori­
gin of such a deficiency is discussed in §2.3.4. A similar equilibrium argument applies to 
the angle of Reynolds stress direction, "'(7 = atan[ (u;u;) / (u~u;)], and mean shear direction 
"Is= atan[(8(u3)/8x2)/(8(u1)/8x2 )], which are expected to satisfy "'(7 ~ 'Ys in an equilibrium 
2DTBL. As seen from figure 5(a), the equilibrium condition is not met fo::- the angles; the 
Reynolds stress direction lags behind the mean direction closer to the wall and leads fur­
ther away. We will focus most of our attention on the tangential Reynolds stress, - (u~u;), 
because the initial non-equilibrium response is most vividly manifested on that component, 
although other coordinate-dependent metrics can be defined to measure non-equilibrium ef­
fects . In particular , it was assessed that the conclusions drawn below are also valid when 
non-equilibrium effects are quantified in terms of the classic Townsend (197 6) structure pa­
rameter as shown in appendix 2. 7. 

It could be argued that the drop in -(u~u; ) in figure 4(d) is an artefact o:the static frame 
of reference F : (x1 , x2 , x 3 ). The direction given by F is no longer co-planar to the mean 
shear vector, which is the primal source responsible for the injection of kbetic energy into 
the turbulence intensities. To show that the depletion of - (u~u;) is not the consequence 
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Figure 4: Mean Reynolds stress for II = 60 at Re7 ~ 500. Different lines correspond to 
different times at t+ = 12, 72, 132, 192, 252,312, 372, and 432. Colours indicate time from 
t+ = 0, black, tot+ = 432 , red. The arrows indicate the direction of time. 
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Figure 5: (a) Angle of the mean Reynolds stress direct ion rr (- - ) and mean shear direction 
rs ( .. .. .... ) wit h respect to x1 . (b) Mean tangent ial Reynolds stress in t he wall-normal and 
t ime-dependent frame of reference :i aligned wit h t he mean-shear directior_ rS· The arrow 
in panel (b) indicates t he direction of t ime. Different lines correspond to d fferent times at 
t + = 12, 72, 132, 192, 252, 312, 372 , and 432. In bob panels, the colours denote t ime from 
t+ = 0, black, to t+ = 432, red. The data is for II= 60 at Re7 ~ 500. 

of observing t he flow from the point of view of F , we define the wall-nc-rmal and t ime­
dependent frame of reference :i : (i\, x2 , x3 ) such tha,t x1 points in the direction of t he local 
mean shear vector (8(u1)/8x2 , 0, 8 (u3)/8x2 ) at each wall-normal location a::id time instant. 
The angle between x1 and x1 is given by rs (figure 5a) . The velocity components in the 
frame of reference :i are denoted by ii,1 , ii,2 ( = u2), and ii,3 . Figure 5 (b) de~onstrates that 
the shear-aligned tangent ial Reynolds stress, - (ii,~£.; ), also experiences a Etrong reduction 
in magnitude. An alternative frame of reference is bat aligned wit h the principal Reynolds 
stress direction defined by t he angle rr (Moin et al. , 1991). The difference between rs and 
rr is small (figure 5a) , and the history of t he Reync,lds stresses in t he frame of reference of 
t he principal Reynolds stress direction (not shown) is similar to the results from figure 5(b). 

2.3 .2 Flow regimes 

We quantify the flow regimes of t he transient response of the momentum-carrying eddies (re­
sponsible for - (u~ u;)) subjected to non-equilibrium effects. It is assumed t t at t he Reynolds 
number of t he channel flow is sufficient ly high to develop a mult i-scale collection of randomly 
distributed momentum-carrying motions with their roots attached to t he wall, as first con­
jectured by Townsend (1976) and current ly support~d by a growing numbe:: of studies ( e.g. 
Davidson et al., 2006; Lozano-Duran et al. , 2012; Hw:mg, 2015; Hellstrom et 1,l. , 2016; Hwang 
& Bengana, 2016; Dong et al., 2017; Baars et al., 2017; Hwang & Sung, 2018; Yang et al., 
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2019; Cheng et al. , 2019). We can ant icipate t hat for low values of II , the perturbation 
int roduced by t he lateral forcing is very gent le and eddies evolve in a quasi-equilibrium state 
irrespective of their size and lifespan. Conversely, large values of II are expected to drive 
t he entire population of eddies at all scales across t he boundary out of equilibrium. The 
non-dimensional parameters governing t hese flow regimes are R eT and II. 

The level of non-equilibrium endured by t he momentum-carrying eddies can be estimated 
by assuming that, prior to the application of II, tl1e boundary layer is populated by a col­
lection of wall-attached self-similar eddies with sizes le proport ional to the distance to the 
wall, le ~ x2 , and characteristic velocity uT (Townsend, 1976) . Consequent ly, the charac­
teristic lifet ime of eddies of size le is t e ~ x2 /uT. The smallest momentum-carrying eddies 
are found close to t he wall at x2 ~ v /uT due to t he limit ing effect of viscosity, and their 
lifet imes reduce to te ~ v /u; . The largest eddies are constrained by the channel height 
x2 ~ h , with lifet imes te ~ h/uT. The lateral mean pressure gradient introduces an addi­
tional t ime-scale associated with t he spanwise acceleration of t he flow tp ~ puT / ( dP / dx3). 
The condit ion for non-equilibrium is tp < t e, i.e. the characteristic t ime to accelerate the 
flow in the spanwise direction is shorter t han the lifet ime of t he moment um-carrying eddies 
in order to shove the latter out of the equilibrium state. A similar conclusion is drawn by 
reasoning in terms of the minimum strength of the lateral shear layer fJ ( u3) / 8x2 necessary 
to disturb t he local-in-x2 mean shear of the wall-attached eddies 8(u1)/8x2 . The former was 
shown to be 8(u3 )/8x2 ~ (dP/ dx3 )/(puT) in §2. 3. 1, while t he latter can be approximated 
by assuming a logarit hmic mean velocity profile of the form (u1) ~ (uT/ K,) log(x!) such t hat 
8 ( u1) / 8x2 ~ uT / x2. Then, the lateral mean shear required to overcome t he mean stream­
wise shear is uT/x2 < (dP/ dx3)/(puT) which is equivalent to t ime-scale argument, tp < t e, 
discussed above. 

Based on the flow scales discussed above, we different iate three flow regimes as sketched 
in figure 6(a). For II < 0 (1) (tp > te) , t he spanwise pressure gradient is categorised as weak, 
and all flow scales relax instant ly to a quasi-equilibrium state during t he t ransient period. 
Conversely, for II > O (R eT ) (tp < t e), the momentum-carrying eddies are unable to adjust 
to t he prompt imposit ion of the shear regardless of their size. For intermediate values of II , 
eddies coexist in both quasi-equilibrium and non-equilibrium states, the former being t he 
eddies located in the region closer to t he wall. 

The analysis above is corroborated in figures 6(b) and (c) , which show t he maximum 
percentage drop of the tangential Reynolds stress during the t ransient period after the im­
posit ion of t he lateral mean pressure gradient , mint{DT(x2 , t)} , where DT is defined as 

(1) 

Note that the Reynolds stress in (1 ) is referred to t he frame of reference F aligned with t he 
mean shear. Similar conclusions are drawn when the stress is referred to F . The results in 
figure 6(b) reveal that the relative reduction in t he Reynolds stress attains up to 30%, and 
t hat the drop accentuates for increasing II and x2. Figure 6 ( c) confirms that the t rend holds 
at higher R eT . 

The scaling of mint{ DT} is inspected in figure 7, which contains various cuts of the (II, x2)­
maps shown in figures 6(b) and (c). Within the buffer region (figure 7a), the response of the 
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Figure 6: (a) Schematic of self-similar , wall-attached, momentum-carrying eddies, and dif­
ferent flow regimes as function of the spanwise to streamwise mean pressure gradient ratio TI. 
Tl-_e eddies coloured in green are in a quasi-equilibrium state, whereas eddies coloured in red 
are out-of-equilibrium. Panels (b) and ( c) are the percentage drop of tangential Reynolds 
stress, mint{ DT}, in the frame of reference of t he mean shear F as a function of the span­
wise to streamwise the mean pressure gradient ratio TI and wall-normal di~ance x2 for (b) 
RET ~ 500 and ( c) ReT ~ 1000. The vertical lines in (b) represent flow stat es ranging from 
the equilibrium regime (green) to non-equilibrium regime (red). 
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Figure 7: Maximum percentage drop of the tangential Reynolds stress mint{ D7 } in the 
frame of reference of the mean shear. Colours are black for cases at Re7 ::::::: 500 and red for 
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flow is controlled by the viscous scales. The momentum equation in inner units is given by 

V u+ &p'+ dP+ 82u+ 
V t~ = - &xt - dxt 

6
i
3 + &xt &~t ' 

(2) 

where V denotes material derivative and dP+ / dxt = 0 (1/ Re7 ) has been neglected. From 
(2), we conclude that a similar reduction in the Reynolds stress is obtained across different 
Re7 for identical values of dP+ / dxf = IT/ Re7 , which is the relevant spanwise to streamwise 
mean pressure gradient for the buffer region. 

For the logarithmic layer, for which the high Re7 analysis holds ( figure 7b) , wall-attached 
eddies of a given size le ~ x 2 experience a similar drop in the Reynolds stress when the mean 
spanwise pressure gradient is normalised by t he characteristic scales, x 2 and Un controlling 
the eddies. Analysis of the nondimensional equations obtained by introducing the similarity 
variable 'r/ = t /te = tu7 /x 2 reveals that the condit ior_ for self-similar Reynolds stress depletion 
at a given wall-normal distance is obtained by a common value of t he compensated spanwise 
to streamwise mean pressure gradient ratio, ITx2, consistent with the results from figure 7(b). 

From the scaling analysis above and the numerical results in figure 7, the quantitative 
drop in Reynolds stress for the flow motions free of viscous effects at a given x 2 location is 
well approximated by 

(3) 

If we further assume that the self-similar scaling of the flow motions with x2 does not hold 
below xt ::::::: 160, t he inner-layer scaling law for the Reynolds stress decrease implied by (3) 
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(4) 

which is valid for the buffer region and serves as an approximation to the trEnds observed in 
figure 7(a). 

Finally, a tentative relation delimiting the necessary spanwise forcing to achieve the fully 
non-equilibrium regime ( eddies out of equilibrium across almost the entire toundary layer) , 
arbitrarily delimited by mint{ DT} < -5%, is given by 

II > 0.03ReT . (5) 

Eq·1ation (5) shows that the lateral mean pressure gradient required to attain the fully non­
equilibrium regime increases proportionally to the Reynolds number. Note that (5) is a 
non-equilibrium condition for xt > 30. Prescribing a lower wall-normal limit would result in 
an even more stringent condition than (5). The meaning of II in this particular flow cannot 
be unambiguously extrapolated to more general flows configurations. Nonetheless, the time­
scaile argument used to derived (5) suggests that, in external aerodynamic applications, the 
inner layer is most likely to be found in a quasi-equilibrium state given thE high Reynolds 
numbers typically encountered in these situations. 

2.3.3 Evolution of the tangential Reynolds stress 

In the previous section we were concerned with the maximum drop in the tangential Reynolds 
stress without consideration of its time response. Here, we discuss the scaling of the evolution 
of DT for 3-D channels in the fully non-equilibrium regime, i.e., II > 0.03ReT, which is the 
most intriguing case from the physical viewpoint. As in §2.3.2, we perform the analysis 
separately for the buffer region and logarithmic layer, although the former can be thought 
of as the near-wall limit of the latter. 

The evolution of DT in the buffer layer is plotted in figure 8 for various pairs of (Ren II). 
Th:·ee scalings are inspected. Figure 8(a) shows the evolution of DT as a hnction of time 
normalised in outer units. Unsurprisingly, both the intensity of DT and the t ime instant for 
the maximum drop varies considerably among distinct combinations of ( Ren II). Inasmuch 
as the near-wall eddies do not scale in outer units , the results in figure 8(a) are included only 
to expose the lack of collapse among cases under an inadequate normalisation. The time­
scajng using wall units is tested in figure 8(b). It was argued in §2.3.2 that the depletion of 
Reynolds stress within the inner layer is proportional to II/ ReT. Consequently, the results in 
figcre 8(b) are plotted against the compensated Reynolds stress drop, DTReT/ II . The new 
scajng improves the collapse of the results , especially fort+ < 150, above which the evolution 
of DTReT / II diverges among cases. The absence of collapse for t+ > 150 coincides with 
the typical lifet ime of the momentum-carrying eddies in the buffer layer (Lozano-Duran & 
Jirr.enez, 2014b) . Thus, uT (defined at t = 0) is representative of the originally-in-equilibrium 
near-wall eddies until the generation cycle is restarted and newborn eddies emerge under 
diff~rent flow conditions. Following the previous reasoning, the collapse can be further 
improved under the assumption that the length and time scales of the newly created eddies 
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Figure 8: Evolut ion of t he percentage change of tangent ial Reynolds stress D7 in the buffer 
layer for xt = 30 in panels (a) and (b), and for x2 = 30 in panel (c) . The lines are (--) 
for Re7 ~ 500 and (--- ) for Re7 ~ 1000. For cases at Re7 ~ 500, colours are II = 20, 40, 
and 60 from dark red to light red. For cases at Re~ ~ 1000, colours are dark red for II= 60 
and light red for II = 100. 

are controlled by the local-in-t ime friction velocity 

(
v8(u1) )

2 
+ (v 8(u3) )

2
1 . 

OX2 OX2 XFO 

(6) 

The local wall units, denoted by ( · )*, are analogously defined in terms of v and u; ( t), and 
the local friction Reynolds number is Re;(t) = u;(t)h/ v. The results in figure 8(c) confirm 
that the local scaling (t* versus D7 Re;/ II ) holds for longer t imes. 

The evolut ion of D7 for the momentum-carrying eddies across the logarithmic layer is 
shown in figure 9, where three scaling laws are investigated. The evolut ion of D7 in outer 
units is include in figure 9(a) . Wall-attached eddies follow an ordered response in t ime after 
the sudden imposit ion of the transverse pressure gradient: eddies closer to the wall react 
earlier and are t he least perturbed, while larger eddies experience a more acute Reynolds 
stress reduction at later t imes. The preceding analysis for the buffer region is extended to 
t he logarithmic layer by taking into consideration that the lifet imes of t he wall-attached 
eddies scale as ~ x2/un with a consistent drop in the Reynolds stress proport ional to IIx2. 
The self-similar response of wall-attached eddies under t he lateral force is evidenced by t he 
improved collapse in figure 8(b) , at least for tu7 /x 2 ,S 1. Analogously to the inner layer , u7 

stands as the characteristic velocity scale of t he original eddies in t he equilibrium state, but 
does not hold as such for t imes longer t han the lifespan of individual wall-att ached eddies, 
tu7 /x2 ~ 1 (Lozano-Duran & Jimenez, 2014b). he collapse among cases is perfected by 
using t he local t ime-scale tu;/x 2 (figure 8c) , which accounts for variations in the momentum 
transfer controlling the eddies during the transient. We close the section by highlight ing 
that t he scaling propert ies of the flow studied above are conspicuous only at moderate/ high 
Reynolds numbers. The response of t he flow at lower Reynolds numbers is discussed in 
appendix 2.5, where it is shown t hat 3-D channels at Re7 ~ 180 lack the necessary scale 
separation to exhibit a mult iscale depletion of the Reynolds stress. 
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Figure 9: Evolution of the percentage change of tangential Reynolds stress D7 in the loga­
ritl-_mic layer for x; = 0.15 , 0.2 , 0.3 , and 0.4 represented by lines coloured fnm dark red to 
ligr_t red. Lines are (--) for cases at Re7 ~ 500 and (--- ) for cases at Re7 ~ 1000, both 
for II= 60. The arrow in panel (a) indicates increasing wall-normal distance. 

2.3.4 Structural changes in the conditionally averaged flow field 

We examine the structural evolution of the flow in the surroundings of be momentum­
carrying eddies. To that end, we identify three-dimensional structures of the intense mo­
mentum transfer using the methodology introduced by Lozano-Duran et al. ,:2012) (see also 
Lozano-Duran & Jimenez, 2014b ; Lozano-Duran & Borrell, 2016). An individual structure 
(or object) of intense momentum transfer at t ime tis defined as a spatially connected region 
in the flow satisfying 

(7) 

where His a thresholding parameter (hyperbolic-hole size, Bogard & Tiederman, 1986) equal 
to 1.75 obtained following the analysis by Moisy & Jimenez (2004). It was tested t hat varying 
H within the range 0.5 < H < 3 does n.9t change the conclusions below. The original frame of 
reference defined by F is preferred to F in order to avoid artificial disto::tions in the flow due 
to the time and space variations in J:. Hereafter , we refer to individual structures of intense 
-u~ u; events as -u~ u;-structures. Numerically, three-dimensional structures a,re constructed 
by -:;onnecting neighbouring grid points fulfilling (7) and using the 6-connectivity criteria 
(Rosenfeld & Kak, 1982). Figure 10 shows the wall-attached -u~ u;-structures identified 
before and after the imposition of the spanwise pressure gradient. Figure 10 also includes 
one individual -u~ u;-structure highlighted by the box with red edges. 

We focus our attention on the channel at Re7 ~ 1000 and II = 60, but similar results are 
obtained consistently across different Re7 and II , provided that the latter is large enough to 
attc..in the fully non-equilibrium regime. We select three time instants to assess t he structural 
changes in the flow, namely, t* = 0, t* = 0.25, and t* = 0.50. The evolution of D7 is plotted 
in figure ll (a) , which shows that t he maximum drop in the tangential Reynolds stress occurs 
at t• ~ 0.50. 

The identification procedure above yields about 105 structures at each t ime instant after 
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(a) (b) 

Figure 10: Instantaneous - u~u;-structures definec. by (7) for II= 60 and Re7 :::::: 1000 at (a) 
t* = 0 and (b) t* = 0.5. Only -u~u;-structures attached to the bottom wall are shown. The 
colours represent the distance to the wall from yellow ( closer to the wall) to blue ( farther 
from the wall). The box with edges coloured in red is the bounding box of one individual 
-u~ u;-structure with streamwise, wall-normal, a::id spanwise sizes equal to li , l2 , and l3 , 

respectively. 
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Figure 11: (a) Evolution of the percentage change of tangential Reynolds st::-ess D7 at x2 = 
0.2.5 . The vertical lines are the times selected to study the flow structure in addition tot* = 0, 
namely t * = 0.25 (--- ) and t* = 0.5 (· ······· ). (b) Joint probability density functions of the 
loga,rithms of the streamwise l1 and wall-normal l2 sizes of wall-attached -u~ u~-structures, 
p(lt, zt). The contours plotted contain 50% and 99.8% of the probability. The lines are 
(--) fort* = 0, (--- ) fort* = 0.25, and (········ ) fort* = 0.5. The straight dashed line is 
zt = 3lt and the arrow indicates the direction of time. The results are for Re7 ~ 1000 and 
II = 60. 
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discarding those objects with volumes smaller tha::1 303 wall units. The sizes of the objects 
are measured by circumscribing each structure within a box aligned to the Cartesian axes, 
whose streamwise, wall-normal, and spanwise sizes are denoted by li , l2 , and l3 , respectively. 
The minimum and maximum distances of each object to the closest wall are X2,min and X2,max, 

respectively, and such that l2 = x2,max - x2,min . An example of an individual -u~ u;-structure 
and its bounding box is included in figure lO(a). The bounding boxes of the structures are 
aligned with the original flow direction. At t* = 0.5 , the mean shear at t he centre of gravity 
of a -u~u;-structure of size x; ~ 0.4 is rotated by , s ~ 15 degrees (see also figure 10b). 
This low turning angle justifies the selection of F to study t he flow for short times, as it 
is the case here, but the investigation of structurd changes for longer t imes would require 
a properly chosen rotating frame of reference. V,!e cent re our attention on wall-attached 
-u~ u;-structures, defined as those with xt min < 25 (Del Alamo et al. , 2006). For the value 
of H selected, wall-attached structures are' responsible for more than 60% of the tangential 
Reynolds stress at all three t imes considered. Figure 11 (b) shows the joint probability 
density function (p.d.f.) of the sizes of the wall-att:1ched structures, p( lt, lt). At t* = 0, the 
distribution of sizes is consistent with a geometrically self-similar population of structures 
akin to t he wall-attached eddies envisioned by Townsend (1976) at high Reynolds numbers. 
The mode of the p.d.f. follows a reasonably well-d3fined linear law, li ~ 3l2 consistent with 
previous studies (Lozano-Duran et al., 2012) . From t * = 0 tot* = 0.50, the most pronounced 
modification in t he geometry of the structures is a gradual shortening of their streamwise 
length, while their wall-normal heights are barely affected. 

Each -u~ u;-structure can be classified as eiber an ejection, when the average wall­
normal velocity within its enclosed volume is positive, or as a sweep otherwise. Sweeps and 
ejections are known to be spatially organised in pain side-by-side along the spanwise direction 
(Ganapathisubramani , 2008; Lozano-Duran et al. , 2012; Wallace, 2016; Osawa & Jimenez, 
2018). This sweep-ejection group, representative of a streamwise roll, is the predominant 
logarithmic-layer flow structure responsible for the generation of tangential Reynolds stress. 
Consequently, we are interested in examining the modification of the flow around sweep­
ejection pairs during t he transient period. We denote t he centre of gravity of the bounding 
boxes of then-th sweep and its paring ejection as x~ and x;, respectively. The wall-normal 
size of the sweep is l2 s and of the ejection l2 e· The averaged flow field conditioned to t he , , 
presence of a sweep-ejection pair is computed by averaging the velocity vector in a rectangular 
domain along different n-th pairs , whose cent re coincides with x; = (x; + x~)/2, and it 
edges are r t imes the average wall-normal height l; = (l2,e + l2,5 )/2. Then, the condit ionally 
averaged flow around sweep-ejection pairs is given by 

{ua (r) = t u~(x;: l; r) ) (8) 
n = l 

where n = l , .. , N is the set of sweep-ejection pairs selected to perform the conditional 
average, and r = (r1 , r 2 , r 3). We also take advantage of t he spanwise symmetry of the flow, 
and r 3 is always chosen to be positive towards the sweep. The reader is referred to Lozano­
Duran et al. (2012) and Dong et al. (2017) for additional details on the procedure to obtain 
conditional flow fields. 

The averaged flow field conditioned to sweep-ejEction pairs with 0.2 < l;* < 0.3 is plotted 
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in figure 12. At t* = 0 (figure 12a) , the characteristic flow structure consistent with the 
statistically-in-equilibrium flow state is a streamwise roll flanked by one lov..--velocity streak 
and one high-velocity streak. At succeeding times (figure 12b,c), the roll persist, while the 
intensity and size of the low-velocity streak have already decreased at t* = 0.5. The high­
velocity streaks and roll are also weakened, but the variations are less pronounced. Another 
observation is the loss of coherence in a developing layer underneath the low-velocity streak. 
This effect is demonstrated by the low values of { uD represented by the green regions 
below the white dashed lines in the figure 12 (right panels). The nearl:r zero averaged 
streamwise velocity for t * > 0 is an indication that , from the viewpoint of the larger rolls , 
the fluid motions below cancel out and are perceived as incoherent. During the transient, 
both low- and high-velocity streaks shorten in the streamwise direction in accc,rdance with the 
geometric analysis in figure 11 (b). Although not shown, the results above are also applicable 
to sweep-ejection pairs across different ranges of z; when the times are appropriately scaled 
by z; /u;, implying that the modifications in the flow are self-similar in space and time. 

The message from figure 13 is that the main structural alteration during the transient is 
the weakening of the low-velocity streaks, which is in turn associated with b_e loss of coher­
ence of the flow within a growing layer underneath the streamwise rolls. The aforementioned 
loss of coherence may be attributed to (i) the relative displacement of wall-parallel layers at 
different heights and (ii) the additional mean spanwise shear which enhances the generation 
of smaller-scale momentum-carrying eddies (as shown by Mizuno & Jimenez (2011); Jimenez 
(2018); Lozano-Duran & Bae (2019)). This is illustrated in figure 13, which contains the 
instantaneous streamwise velocity at two wall-normal distances; one closer to the wall at 
x2 = 0.1 influenced by the additional shear from the lateral boundary lay3r, and another 
farther from the wall at x2 = 0.3 still unaffected. 

2 .3 .5 Structural model 

On the basis of the above observations, we propose a conceptual model that :1ccounts for the 
changes undergone by the flow. The model is sketched in figure 14. The key elements are 
the low- and high-velocity streaks and their relative alignment with respect to the stream­
wise roll. Although the flow can be conceptually divided into streaks anc rolls, both are 
interdependent flow entities which interact in a self-sustaining cycle (Waleffe, 1997; Jimenez 
& Pinelli, 1999; Hwang & Cossu, 2011; Cossu & Hwang, 2017; Lozano-Duran et al. , 2020a). 
At a given wall-normal distance x2 and t = 0, the flow is configured in an equilibrium array 
of rolls and streaks with their centres at x2 , sizes 2x2 , and lifetimes 2x2/ Ur (Lozano-Duran 
& Jimenez, 2014b). The tangential Reynolds stress (u~u;) at x2 is the result of the wall­
normal momentum transport conducted by the rolls and the arrangement of streaks in the 
equilibrium state. The momentum transfer at t = 0 can be modelled as the sum of two 
contributions, 

(9) 
(10) 

where (u~5 u;R)top represents the wall-normal transport of the high-velocity :::treak, u? ~ Un 

by the downward motion of the roll, u;R ~ -ur / 2, above x2. Conversely, (u?u;Rhot is the 
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Figure 12: Averaged flow fields conditioned to wall-attached pairs of sweeps and ejections 
with wall-normal sizes in the range 0.2 < z;* < 0.3 at (a) t* = 0, (b) t* = 0.25, and (c) t* = 
0.50. Panels on the left contain isosurfaces of the low- (blue) and high- (red) velocity streaks 
defined by ±a of the maximum positive and nega-:;ive, respectively, fluctuating streamwise 
velocity of the average flow with (a) a = 0.6, (b) ,)( = 0.55 , and (c) a = 0.43. The arrows 
indicate the mean flow direction. Panels on the right display the cross-flow velocity vector 
field ( { u~} , { u;}) (arrows) and the fluctuating velocity { u~} ( colours). The dashed white line 
shows the wall-normal extension from t he wall of the incoherent streamwise velocity field 
represented by low values of { uD in green. Velocities are normalised by U7 . Results are for 
II= 60 at Re7 ~ 1000. 
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Fig;ure 13: (a) Schematic of the channel flow domain with the wall-normal planes shown in 
panels (b) and (c) . Panels (b) and (c) contain the streamwise velocity at (b) x2 = 0.1 and 
( c) x2 = 0.3 at the same time instant t * = 0.5 for II = 60 at Re7 ::::: 1000. The red straight 
lines in (b) and ( c) indicate the mean flow direction. Velocities are normalised by u7 . 
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wall-normal t ransport of the low-velocity streak, u~R ~ - uT/2, by the upward motion of 
the roll, u;R ~ uT, below x2. The intensit ies of uf and u;R are adjusted to produce a total 
momentum transfer equal to - u;, although the discussion is extensive to ot her values. 

At half t he lifespan of t he eddies t ~ x2 /un -:;he spanwise boundary layer extends up 
to 8v ~ 0.445x2, based on the estimations in §2.3.1, and remains below t he centre of 
the rolls located at x2. Simultaneously, the upper flow is laterally displaced by b,.r ~ 
(l / p)(dP/ dx3 )(x2/uT)2

. For values of b,.r larger t han t he spanwise coherence of the roll­
streak structure, namely b,.r > 2x2, the centre of t l:.e rolls is misaligned with t he underneath 
streaks within the lateral boundary layer. The latter streaks are also altered by fJ (u3) / 8x2 , 

which increases the local Reynolds number and t riggers the emergence of smaller scales ( as 
discussed in §2.3.4, figure 13). These changes origir:.ate a new flow configuration which is less 
efficient in producing -(u~u;) compared to the equilibrium state. The rationale behind such 
a reduction is a loss of flow coherence underneath t he rolls, as supported by figure 12, which 
weakens the vertical momentum t ransported by the rolls from the layers closer to the wall. 
The new momentum t ransfer at t ~ x2/uT can be modelled similarly to (9) by assuming that 
( u~8u;R)top is barely affected, whereas ( u~8ulh ot provides a deficient momentum transfer 
such that 

(11) 

(12) 

where ,\ is a damping factor account ing for the reduction in the Reynolds stress generation 
due to the loss of streak coherence within t he lateral boundary layer. The functional form of 
,\ is modelled by assuming that the loss of streak c,)herence is, in first order approximation, 
linearly proport ional to t he relative spanwise mean shear , 

(13) 

such that (u~ u; ) = - u; for 8(u3) / 8x2 = 0. If we consider the approximations 8(u3) / 8x2 ~ 
dP/ dx3/(puT) and 8(u1)/8x2 ~ uT/(2x2 ) (see §2.3.1), t hen 

( 1 ' ) ( / )model 2 ( X2dP/ dx3 ) U1U2 X2, t = X2 U T ~ - 'l.,T 1 - 2 . 
P UT 

(14) 

Equation (14) can be re-arranged as mint{D~odel} ~ -IIx2, which coincides with the maxi­
mum Reynolds stress depletion from (3) . 

Additionally, the model above predicts t hat t l:.e condit ion for non-equilibrium of flow 
structures at height x2 is given by b,.r > 2x2, which in non-dimensional form yields IIx2 > 2. 
In order to disturb the wall-parallel layers at all heights across the boundary layer , x2 should 
be fixed in wall units and such that II > O(ReT), also consistent with t he estimation of 
II > 0.03ReT provided in §2.3.2. 

The scenario promoted above is self-similar: the cont inuous depletion in t ime of the 
Reynolds stress in figure 5(b) is t he result of the t ime-ordered disrupt ion of streaks and 
rolls from their natural equilibrium by t he growtr_ of the spanwise boundary layer. The 
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(a) t = 0 
Equilibrium roll-streak configuration 

Roll -streak confi guration and additional shear layer underneath 

X2 

Figure 14: Structural model of self-similar wall-attached eddies subjected -:;o a st:dden mean span­
wise pressure gradient . The figure shows one building block structure which comprises a streamwise 
roll flanked by one low-velocity streak and one high-velocity streak. Note that the complete flow 
fie~d consist of the superposition of multiple building block structures of differe::it sizes. (a) Sta­
tistically in equilibrium wall-attached momentum-carrying eddies of size 2x2 at t = 0 generating 
a momentum transfer ~-u;. (b) Non-equilibrium wall-attached momentum-c-:Hrying eddies at 
t = x2/u7 after the imposition of a transverse mean pressure gradient generat.ng a momentum 
trE.,nsfer ~-u; / 2(1 + >,. ). In panel (a), (u~8u~R)top and (uf ut)bot represent tte downward and 
upward , respectively, wall-normal momentum transfer by the streamwise roll. b panel (b), 811 is 
the spanwise boundary layer thickness and b.r is the lateral displacement of the :fow above 811 due 
to the uniform acceleration (l / p)dP/ dx3 imposed by the mean spanwise pressure gradient. The 
srr_aller-scale low- and high-velocity streaks underneath the larger roll in panel (b) represent the 
incoherent fluid motions discussed in §2.3.4 (figures 12b,c) and visualised in figure 13(b). At t = 0, 
the flow also contains smaller streamwise streaks underneath the larger roll; alttough in this case 
they are aligned with the x1 direction. However , smaller streaks are not represe::ited in panel (a) , 
as they do not contribute to the destruction of the near-wall coherence of the rolls above (figure 
12a,) . 
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present model complements and generalises previc-us studies formulated in terms of single­
scale near-wall streaks and quasistreamwise vortic8s to the analogous log-layer streaks and 
rolls of arbitrary size x2 . The mechanism above also shares some similarities with the physical 
arguments pertaining to the modification of near-wall turbulence in the presence of oscillating 
walls characteristic of drag reduction studies (Jung et al. , 1992; Laadhari et al., 1994; Choi 
& Clayton, 2001 ; Choi et al., 2002; Ricco & Quadrio, 2008) , although our model is tailored 
for multiscale flows and uniform accelerations. 

It is worth noting that the reduction of the Reynolds stress has been mainly modelled on 
the basis of non-equilibrium effects rather than on the three-dimensionality of the mean flow 
and, therefore, is not constrained to the application of additional mean pressure gradients 
only in the spanwise direction. Accordingly, the model also predicts that a sudden forcing in 
the streamwise direction would encompass a decrease of the Reynolds stress as long as the 
relative shift between wall-parallel layers is capabL of misaligning the cores of the roll and 
the streaks underneath. As it is well-known that streaks are longer than wider across the 
logarithmic layer by a factor of 3 to 6, we can anticipate that suddenly imposed streamwise 
mean pressure gradients are less efficient in decreasing the Reynolds stress than their spanwise 
counterparts. This view is supported by the studies by He & Seddighi (2013), He & Seddighi 
(2015) Seddighi et al. (2015), and Mathur et al. (2018), who showed that channel flows 
subjected to streamwise mean pressure gradients exhibit a similar, but less exacerbated, 
counter-intuit ive response of flow consistent with tie model presented here. 

To conclude, we comment on the similarities and differences of the present structural 
model with respect to previous models in the literat·1re. We should stress first that our model 
relies on the multiscale organisation of the flow, while past models are usually formulated 
under the assumption of a single-scale flow at low Reynolds number. From figure 13, it 
was argued that the flow structures produced under the additional mean shear are smaller 
in size, and that this contributes to the loss of coherence from the viewpoint of the upper 
flow layers. The generation of smaller eddies is supported by the work of Lozano-Duran & 
Bae (2019), who showed that the characteristic len.sth scale of the flow structures decreases 
proportionally to the mean shear. Our model is also consistent with t he generation of 
smaller fl.ow features postulated by Lohmann (197 6) and corroborated experimentally by 
Kiesow & Plesniak (2002) for the near-wall region. Bradshaw & Pontikos (1985) suggested 
that the mechanism responsible for the reduction in the Reynolds stress is the tilt ing about 
the streamwise direction of pre-existing fl.ow structl:.res caused by the "instant" introduction 
of 8(u3) / 8x2 by inviscid skewing. In the present flow configuration, 8(u3) / 8x2 diffuses 
upwards from the wall in a finite time. Yet, the aforementioned tilting mechanism is not 
completely incompatible with the model depicted in figure 14, as the relative displacement 
between wall-parallel flow layers still entails some degree of inclination of the eddies in the 
x 1- x2 plane. Coleman et al. (1996b) noted t hat the toppling of eddies dominates when the 
three-dimensionality is introduced by inviscid skewing, but its role might be secondary in 
cases with uniform lateral acceleration as in the present study. Comparisons with previous 
models framed in terms of the evolution of streaks, ejections, and sweeps are complicated 
due to the lack of interaction between flow structures at different scales. Eaton (1991) and 
Kannepalli & Piomelli (2000) hypothesised that the cross-flow could inhibit the intensity of 
the low-velocity streaks and, consequently, the assJCiated Reynolds stress from the streak 
breakdown. Other works advocate for an asymmetric distribution of sweeps and ejections 
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as a key requirement for the Reynolds stress reduction (Anderson & Eaton, 1989; Sendstad 
& Moin, 1992; Littell & Eaton, 1994; Eaton, 1995; Chiang & Eaton, 1996; Wu & Squires, 
1997). Although the weakening of the streaks and the asymmetry of sweeJs/ejections are 
not necessarily incompatible with our model, they are not essential ccmpoll€nts to attain a 
Reynolds stress reduction. 

2.3.6 Evolution of the tangential Reynolds stress budget 

We examine the reduction of -(u~u;) from the Reynolds-stress budget viewpoint to com­
plement the physical insight gained from the structural analysis in §2.3.4. We use the static 
frame of reference F to avoid the complexity of additional terms of the fcrm o / ot in the 
budget equation. Following Mansour et al. (1988), the dynamic equation for the component 
(u~ui) is given by 

V (u~ui) 
Vt = Pij + Eij + Tij + PSij + PDij + ¼j, (15) 

where the terms in the right-hand side of (15) are the Reynolds stress p:--oduction (Pij), 
dissipation ( Eij), turbulent diffusion (~j) , pressure strain ( P Sij), pressure diffusion ( P Dij), 
and viscous diffusion (¼j) defined as 

pij ( 1 1 ) ( OUj ) ( 1 1 ) ( OUi ) - uiuk oxk - ujuk oxk , (16) 

Eij -2v --
\ 

ou~ oui ) 
OXk OXk , (17) 

Tij _ ( ou~uiu~ ) , 
OXk 

(18) 

PSij 
\ 

, op' , op' ) 
- ui OXj + uj oxi ' (19) 

¼j -
\ 

o
2
u~ui ) . (20) 

OXkOXk 

In order to obtain quantities that are only a function of time, we introduce t he average 
along x2-bands, which is indicated by(-). The wall-normal bands inspected are xt E [5, 50] 
and x; E [0.2, 0.3], which lie within the buffer region and logarithmic lay~r, respectively. 
The gains produced by the budget components ¢ij for (i,j) = (1, 2), (i,J) = (1 , 1) , and 
(i , j) = (2 , 2) are defined as 

Gain-12 
- ¢12(t) + ¢12(0) 

(21) 
-P12(0) 

Gainn 
¢n(t) - ¢n(0) 

(22) 
Pn(0) 

Gain22 
¢22(t) - ¢22(0) 

(23) -
PS22(0) 

where Gain_12 , Gainn , and Gain22 represent the gain in the Reynolds-stress budget equation 
for -(u~u;), (u~uD, and (u;u;), respectively. Note that Gain_12 is defined such that -P12 > 

28 



0 contributes to increasing the magnitude of -(u~u;). We analyse the channel flow at 
Re7 ~ 500 and IT= 60, in which case the maximum drop in -(u~u;) occurs at t+ ~ 170 and 
t* ~ 0.7 for the bands in the buffer region and logarithmic layer, respectively. 

The gains are reported in figure 15 as a function of time. We discuss first the results for 
the buffer layer region xt E [5, 50]. Figure 15(a) shows the Evolution of -P12 , -T12 , and 
-PS12 . The remaining terms are not significant in magnitude nor they play any relevant role 
in the discussion below and they are omitted for the sake of simplicity. The main contributor 
to the destruction of - (u~u;) is the drop in production -P12 , which can be traced back to 
a deficit on the pressure-strain correlation in the budget equation for (u;u;) (figure 15c). 
Similarly, the decline of the streaks is the consequence of a lower production Pu (figure 
15e) , also caused by the drop in -(u~u;) . 

The sequence of events is similar farther away from the wall as seen in figures 15(b,d,f) 
for x; E [0.2, 0.3]. The main sink of tangential Reynolds stress arises from the turbulent 
production -P12 . The reduction in -?12 is connected to the lower pressure-strain correlation 
PS22 in t he budget equation of (u;u;) akin to the situation described for the buffer region. 
The decay of the streaks is similarly governed by the drop in the production of streamwise 
Reynolds stress Pu , with some additional contribution by the turbulent diffusion Tu. 

The process of Reynolds stress reduction is then sequentially described by (i) the growth 
of the spanwise boundary layer 8(u3) / 8x2, which (ii) inhibits the redistribution of energy 
to (u;u;) via pressure-strain correlation, followed by (iii) the weakening of the production 
of tangential Reynolds stress, which (iv) eventuall:r causes the drop in -( u~ u;) . The terms 
involved at each step of the process are summarised in figure 16. A similar effect has been 
observed in transitional boundary-layer flows subjected to spanwise wall oscillations (Hack 
& Zaki, 2015). Our findings are consistent with the previous theory on transversely strained 
boundary-layer flows by Moin et al. (1990) and Coleman et al. (1996a) and extends the 
results to the outer layer of wall bounded turbulence. The leading role of 8(u3) / 8x2 in the 
drop of -(u~u;) is also consistent with the structural model promoted in §2.3.4, where it 
was argued that the deficient transport of momentum by the streamwise rolls has its origin 
on the displacement among fluid layers induced by 8(u3)/8x2 . 

2.4 Applications to wall-modelled LES 

We study the predictive capabilities of WMLES in non-equilibrium 3-D channel flows at 
Re7 ~ 1000. As discussed in previous sections, this relatively simple flow set-up entails 
fundamental features of 3DTBL that may challenge the available model formulations. The 
rapid temporal and wall-normal variations in the strain and vorticity, as illustrated in figure 
17, have the potential of rendering turbulence clos·1re models calibrated to equilibrium tur­
bulence of limited utility. Additionally, the accurate prediction of the wall-shear angle and 
Reynolds stress magnitude is also of paramount importance in external flows over wings or 
bluff bodies, as it can directly affect the force exerted on the bodies through modification of 
circulation, downwash effects, pressure redistributi,)n, and strength of separation. 

Recent studies of WMLES in transient 3-D channel flows include the works by Carton de 
Wiart et al. (2018), Yang et al. (2019) and Bae et cl. (2018b). Carton de Wiart et al. (2018) 
investigated the performance of WMLES in an arr_ple set of cases including acceleration in 
the streamwise direction, and showed that WMLES is capable of predicting the wall stress 
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anc. panels on the right are for x2 E [0.2, 0.3]. The results are for II= 60 at ReT ~ 500. Zero 
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Figure 16: Summary of the sequent ial process of Reynolds stress reduction from the sudden 
imposition of a spanwise pressure gradient up to the final decrease in tangential Reynolds 
stress. Time goes from left to right. See text for details . 

with a reasonable degree of accuracy. Yang et al. (2019) also attained good results using 
wall modelling via physics-informed neural netwo::-ks, while Bae et al. (2018b) employed a 
novel parameter-free dynamic wall model to predict t he wall stress in a flow configuration 
similar to the present set-up. 

2.4.1 Wall models 

At the coarse near-wall grid resolut ions of WMLES, the usual no-slip condit ion ceases to 
produce an accurate estimate of the momentum drain at the wall. Hence, wall models are 
responsible for estimating the wall-shear stress. The LES equations are integrated in t ime 
using the wall-shear stress provided by the wall model as a Neumann boundary condit ion 
instead of the no-slip condit ion. The kinematic no-penetration condition is maintained for 
the impermeable walls of the channel. Three wa 1 models are investigated in the present 
work: the equilibrium wall model by Kawai & Larsson (2012), and the non-equilibrium wall 
models by Park & Moin (2014) and Yang et al. (2015) . We briefly summarise the main 
characteristics of each model and the modifications performed in the present work with 
respect to their original formulations. 

The model by Yang et al. (2015) accounts for non-equilibrium effects while retaining 
a moderate complexity. This model assumes a parametric velocity profile in the near-wall 
region, where t he coefficients are determined by enforcing a set of physical constraints. These 
include the continuity of t he profile, the LES matching condition at a specified wall distance, 
and t he compliance with the vertically integrated momentum equation, among others. The 
model is usually referred to as integral wall model (IWM) , since the momentum integral 
constraint is crucial in accounting for non-equilibrium effects. In the original formulation, 
the wall-model input is averaged in time to regulaiise the wall-shear stress, which otherwise 
was found to cause numerical instabilities. In the present study, given the statistically 
unsteady nature of the flow, the time averaging is replaced by spatial averaging along wall­
parallel planes. To comply with the outer LES equations, we modify the original formulation 
by Yang et al. (2015) to account for the spanwise :;:,ressure forcing. 

The non-equilibrium wall model by Park & Moin (2014, 2016) solves the full Reynolds­
averaged Navier-Stokes equations on a separate near-wall mesh with a mixing-length type 
eddy-viscosity closure which dynamically accounts for the resolved portion of t he turbu­
lence in t he wall-model domain. This formulation is t he most comprehensive amongst the 
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Figure 17: (a) Sketch of a typical grid for WMLES of a turbulent ·::,ouncary layer. The 
background colours represent the streamwise velocity from zero velocity ( dark blue) to the 
free stream value (dark red). (b) First grid cell of size 6- at the wall, and (c) comparison 
with the potential directional changes in the mean velocity profile along -:;he wall-normal 
coordinate in 3DTBL. 

considered wall-stress models, and accounts for non-equilibrium effects em·)edded into the 
original Navier-Stokes equations. Herein, this model is termed NEQWM. In order to avoid 
an over-prediction of the skin friction , the resolved turbulent stress is evah:.ated on the fly, 
and it is then subtracted from the modelled stress. Similarly to the IWM, the formulation 
by Park & Moin (2014) was adjusted to account for the spanwise pressure forcing. This 
turned out to be particularly important in order to provide the requi::-ed dominant balance 
in the momentum conservation equation for the initial times of the transient. 

Lastly, the equilibrium wall model (EQWM) of Kawai & Larsson (2012) is derived from 
the EQWM by retaining only the wall-normal diffusion terms. The model involves a simple 
ordinary differential equation, which is solved along the wall-normal direction on each wall 
face (Wang & Moin, 2002). Consistent with the one-dimensional nature ol t he model, the 
spanwise mean pressure gradient vector was projected to the local flow direction at the 
matching location, and this was added to the EQWM equation as a moment.1m source term. 
A similar term was added to the energy equation for consistency. 

2.4. 2 Numerical set-up 

The codes used for wall-modelled calculations are different from the solver presented for DNS, 
mainly because the wall models were conveniently available in other well-valicated LES codes. 
The calculations using the NEQWM and EQWM are conducted using the code CharLES, 
which is an unstructured-grid finite-volume LES code for compressible flo·Ns developed at 
the Center for Turbulence Research and currently maintained by Cascade 'r.Jchnologies, Inc. 
The nominal spatial accuracy of the code is second order, but the reconstruction scheme 

32 



upgrades to a fourth-order accuracy on uniform Cg,rtesian grids (Herrmann, 2010; Khalighi 
et al. , 2011). The dynamic Smagorinsky model (Yloin et al. , 1991; Lilly, 1992) is used as 
subgrid-scale (SGS) model in the filtered conservation equations. The bulk Mach number is 
fixed at 0.2 for comparison with the incompressible DNS solution. 

For the IWM, we use the LESGO solver (LESGO, 2019). The code solves the incom­
pressible filtered Navier-Stokes equations in a half channel with a staggered grid, using a 
pseudo-spectral approach in the wall-parallel directions and a second-order central finite­
difference scheme in the wall-normal direction. The scale-dependent Lagrangian-dynamic 
Smagorinsky model is used as SGS model (Bou-Zeid et al. , 2005). One of the most im­
portant impediments of the wall models considered above is that they rely explicit ly or 
implicitly on a Reynolds-averaged parametrisation of the flow, usually through an eddy vis­
cosity, and their coefficients are adjusted by assuming fully-developed turbulence which is 
statistically in equilibrium. By construction of these models, the imposition of additional 
mean shear is accompanied by an increment in thE magnitude of the Reynolds stresses (see 
the reviews by Piomelli & Balaras, 2002; Bose & Pak, 2018) , which might not be case under 
non-equilibrium conditions. 

The LES grid resolution is uniform in the threes_ atial directions and equal to (6.t, 6.!, 6.f) 

= (180, 60, 133) or (6.i , 6.2, 6.j) = (0.2, 0.06, 0.14). The size of the computational do-
main is (Li , L2, L3) = (81r, 2, 3n) , which yields a -:;otal of 265,980 grid cells distributed as 
(N1, N2 , N 3) = (130, 31, 66), in the streamwise, wall-normal, and spanwise directions, re­
spectively. The internal grids for EQWM and NEQWM have 30 to 40 cells stretched along 
the wall-normal direction. Additionally, the NEQ\VM shares the same wall-parallel resolu­
t ion as the LES grid. The wall-normal exchange between the wall model and the LES is 
located at the centroids of the third grid cell away from the wall, x2 ~ 0.16. 

The calculations are initialised with a 2-D char:.nel flow in a statistically steady state at 
Re7 ~ 1000. Then, a spanwise pressure gradient of II = 10 is applied to induce a cross­
stream shear layer, as in §2.2. The transverse mean pressure gradient selected is relatively 
low in order to mimic the fact that at high Reynolds numbers, the near-wall layer is in a 
quasi-equilibrium state, as discussed in §2.3.2. The simulations are run for one eddy-turnover 
time based on the streamwise friction velocity and channel half-height, t* ~ 1. The results 
are averaged in the homogeneous directions and among runs starting from ten uncorrelated 
initial conditions. 

2.4.3 Results and discussion 

Figure 18 shows the evolution of the streamwise and spanwise mean wall-stress components 
denoted by (T1) and (T3), respectively. We discuss first the predictions for (T3). A general 
observation from figure 18(a) is that the NEQWM produces a fairly accurate prediction of 
(T3) throughout the transient. For short times (t* < 0.1) , the NEQWM predictions are closely 
followed by those from IWM, while the EQWM results in 50% to 25% under-prediction of 
(T3 ) throughout the initial transient. The EQWM and the IWM still capture correctly the 
growth rate of (T3) for t* 2: 0.1. For t* ~ 1, the errors by NEQWM and IWM are roughly 
2%, whereas the error for the EQWM is 10%. As a reference, the laminar response of the 
flow is also included in the figure, which shows that the spanwise wall stress agrees with the 
laminar solution fort* < 0.1. 
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Figure 18: Evolut ion of (a) the mean spanwise wall-stress (T3) and (b) the mean streamwise 
wall-stress (T1) for WMLES and DNS. The stresses are normalised by the value of the init ial 
2-D streamwise wall-stress (T1),2n. The lines and symbols are (--), DNS; (0), WMLES 
(NEQWM); (.0.), WMLES (IWM); (o) , WMLES (EWQM); (- · - -) , laminar solution. Note 
that the variations in the vertical axis of panel (b) are up to 70% of { T1 ) ,2r , while those in 
pa::iel (b) are only up to 15%. 

The evolution of (T1) is plotted in figure 18(b). Note that the variations in (T1) are 
only up to 10% and well below t he changes undergone by (T3), which are up to 70%. The 
EQWM and the IWM predict t he wall-stress t hroughout the transient within 5% and 2% 
error , respectively. The NEQWM predicts a relatively faster variation in <T1 ) for t* ;S 0.4 
compared to IWM and EQWM, with deviations from the DNS up to 7%. In all cases, the 
errors decay as t ime advances. As expected, none of the wall-models is able -:;o reproduce the 
initial reduction in (T1) fort* ;S 0.4. Such a decrease in the streamwise wall-s ress component 
is the result of t he complex flow dynamics discussed in §2 .3. The wall-models investigated 
are based on the eddy-viscosity assumption; increasing shear rates in the flow results in 
addit ional strain rates . Hence, it comes as no surprise t hat WMLES consistently exhibits 
an approximately monotonic increase in (T1) after the sudden spanwise pre3sure gradient is 
applied due to the additional transverse straining of the flow in the near-wall region. 

Evolution of the wall-shear angle, defined as 'Yw = tan- 1( (T3) / (T1) ), is shown in figure 
19(a). The performance of the wall models resembles the trends reported for (T3). This 
sio.ilarity is easily understood by noting that the relative time-variations in (T1) are modest 
compared to t he variations in (T3 ). The development of the mean spanw.se velocity over 
one eddy-turnover time is shown in figure 19(b) . All the WMLESs consicered provide an 
excellent prediction of the boundary layer growth. The spanwise velocity profile develops 
its own logarithmic region for t* > 0.6, although the slope is substantially smaller t han 
t hat of equilibrium channel flows. The agreement in the spanwise profile is observed in the 
turbulent flow region, where contributions from the SGS models and the wall-models are 
expected to play a role in the mean spanwise momentum balance. These findings highlight 
the capability of current WMLES and SGS models to predict the mean s;:>anwise velocity 
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Figure 19: (a) Evolution of the wall shear-stress angle, '"Yw = tan-1((T3)/ (T1)). (b) Mean 
spanwise velocity at t* = 0, 0.21 , 0.405 , 0.615, 0.825 , and 1.02 (from bottom to top). The 
lines and symbols are (- ), DNS; ( □), WMLES ( IEQWM); (6) , WMLES (IWM); (o), 
WMLES (EWQM) ; (- · -·), laminar solution; (--- ), standard logarithmic law, (u3)+ = 
(1 / 0.41)ln(xt) + 5.2. 

~+ 
2 min 

186 47f 27f 9.06 4.53 0.32 

A + 
u 2max 

6.51 129 1 
II 

5, 10, 20, 30, 40 , 60, 80 

Table 2: Geometry and parameters of the additional DNS runs to assess the effect of low 
Reynolds number. The parameters are defined as i:1 table 1. 

profile t hat arises in response to mild transverse pressure perturbations. Although not shown, 
the mean streamwise velocity undergoes only minor changes in time from its initial 2-D state, 
and good agreement is also found between DNS and WMLES. 

In summary, our results show that the expected errors in WMLES under moderate non­
equilibrium 3-D effects are reduced for increasing degree of modelling complexity. However, 
factors such as intricacy in model implementation or computational cost can favour the 
adoption of the simplest wall-models for some flow configurations. Future efforts should be 
devoted to enhance the capabilities of wall models -:;o accurately capture the flow physics in 
the presence of strong non-equilibrium effects. 

2.5 Response of non-equilibrium 3DTBL at low Reynolds number 

For completeness, we present the results for turbulEnt channels with a sudden imposition of 
a mean spanwise pressure gradient at Re7 ~ 180. The discussion is relevant as a large body 
of the previous numerical studies have been carried out at this low Reynolds number. The 
channels are computed using the same numerical S-3t-up as in §2.2 and the cases are listed 
in table 2. 
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Figure 20: Validation case. Mean velocity profiles and Reynolds stresses for II = 10 at 
R e7 ~ 180. Solid lines are for the present DNS result s and the symbols f::-om Moin et al. 
(1990). The results are plotted for t imes intervals of 0.15h/u7 . 

Our numerical set-up is first validated in figure 20 against the original results by Moin 
et al. (1990) at R e7 ~ 180 and II = 10. The differences in t he mean velocity profiles 
and Reynolds stresses are below 0.5%, which provides confidence in our results. The t ime 
response of the tangent ial Reynolds stress for Re7 ~ 180 and II = 30 is shown in figure 
21(a) , which should be compared wit h t he response for Re7 ~ 500 and II = 80 from figure 
21(b ). In spite of t he marginal change in R en t he evolution of t he tangent ial Reynolds stress 
is substant ially different from R e7 ~ 500 to R e7 ~ 180. In the former, t he drop in - (u1u2) 

occurs almost simultaneously across the channel height , while at higher R e7 the stress follows 
a self-similar response in t ime as discussed in §2.3.3. Figure 21(c) shows the percentage drop 
of mint{ D7} as a function of II and x; for R e7 ~ 180, which is analogom to figures 6(b) 
and ( c). In contrast to the results obtained for t he moderate Reynolds nunbers considered 
in §2.3.2, the Reynolds stress depletion at R e7 ~ 180 exhibits a very weak dependence on 
x2 . Consequent ly, the higher Reynolds numbers investigated in the present work, alt hough 
still moderate, enable the mult iscale analysis of 3DTBL, whereas cases at R e7 ~ 180 do not 
exhibit a mult iscale response precluding t he elucidation of new potent ial scaling laws and 
physics relevant for high-Reynolds-number wall turbulence. 
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Figure 21: Evolut ion of the tangential Reynolds s-:;ress for (a) R e7 ;:::::: 180 and II = 30 and 
(b) Re7 ;:::::: 550 and II = 80. Different lines correspond to different times with increasing 
time from black ( t* = 0) to red ( t * = 1). The time intervals are equally spaced. ( c) The 
percentage drop of tangential Reynolds stress, mi~-it{D7 }, in the frame of reference of the 
mean shear J- as a function of the spanwise to streamwise the mean pressure gradient ratio 
II and wall-normal distance x2 for R e7 ;:::::: 180. 

Case R eT 
Large500 546 
Finer500 546 

L* 1 

41T 
41T 

81T 8.92 
21r 3.68 

4.46 
2.15 

0.26 
0.18 

6.50 
3.40 

385 
769 

T * 
1 
1 

II 
80 
80 

10 
10 

Table 3: Geometry and parameters of the addit ional D S runs to assess the effect of the 
computational domain and grid resolution. The parameters are defined as in table 1. 

2.6 Sensitivity to the size of the computational domain and grid 
resolution 

As the flow changes direction, the skin friction increa.ses and the flow structures reorganise to 
be preferent ially elongated in the spanwise directio::i. The former implies a reduction of t he 
effective resolution of the simulations as time increases, whereas the latter could potentially 
yield spurious results due to the constrain imposed by t he limited spanwise length of the 
domain. The most critical condition is attained at the latest time analysed, i.e. t* ;:::::: 1 and 
the largest values of II . We have performed two addit ional simulations to assess the effect 
of the computational domain and grid resolution. We take as baseline case the channel at 
R e7 ;:::::: 500 and II= 80 from table 1. The details of the two additional numerical set-ups are 
summarised in table 3. 

Simulation Large500 aims at evaluating whether the computational domain is large 
enough to avoid nonphysical constrains on the flow structures. The parameters considered 
are R e7 ;:::::: 500 and II = 80. The size of the domain is quadrupled in the spanwise directions 
from L; = 21r to L; = 81r . Figure 22 compares the one-point statistics o.r Large500 with the 
original domain from table 1. The results suggest t hat our analysis is barely influenced by 

37 



25 70 1.8 

60 1.6 
20 + 

+ + ............... 1.4 
50 C'> 

-------
...----... ;s 1.2 

EIS M .-; ;s40 ;s I ---- ---- ----10 30 0.8 

20 

5 
10 

0.2 

0 
10' x+ 102 10' 

xt 
102 50 100 1:,0 -1-200 250 300 

2 X2 
(a) (b) ( c) 

16 8 

+ 
14 + 

7 

~12 "' ~ ,, 

~ IQ ~5 
;s ;s 

---- 8 
----4 

2 

0 0 
50 100 150 -1-200 250 300 50 100 150 --1-200 250 300 50 100 15) -1-200 250 300 

X2 X2 X2 
(d) (e) (f l 

Figure 22: Mean velocity profiles and Reynolds stresses for II = 80 at Rer ~ 500. Solid 
lines are for the baseline case. Dash-dotted lines (greenish) and dashed ibluish) are for 
cases Large500 and Finer500, respectively. Lines with different colour intemity correspond 
to different times at t+ = 12, 72, 132, 192 , 252 , 312, 372, and 432. Colours indicate time from 
t+ = 0, dark, to t + = 432, light. 

the size of the computational domain. The effect of grid resolut ion is tested in case Finer500 
by doubling the number of grid points in each spatial direction while maintaining the original 
size of the computational domain. The results, included in figure 22, s~1.ow differences up to 
~3% at the latest times, but the grid resolution of the baseline case still suffices to capture 
the evolution of the mean velocity profiles and Reynolds stresses. 

2.7 3-D non-equilibrium response in terms of the Townsend's struc-
ture parameter 

An alternative marker to quantify 3-D non-equilibrium effects is the magnitude of the tan­
gential Reynolds stress vector , Tm = ✓ ( u~ u;) 2 + ( u; u~) 2 , which is shown in figure 23 (a) . 
The stress undergoes first a depletion similarly to the trend observed for (u~u; ). To account 
for the simultaneous growth of turbulent kinetic energy, the intensity of ✓(u~u; ) 2 + (u;u~) 2 
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Figure 23: (a) Magnitude of t he Reynolds stress vector Tm = ✓(u~u;) 2 + (u;u;) 2 and (b) 
Townsend's structure parameter for II = 60 at Re7 ~ 500. Different lines correspond to 
different t imes at t+ = 12, 72, 132, 192, 252, 312, 372, and 432. Colours indicate t ime from 
t+ = 0, black, tot+ = 432, red. (c) Maximum percentage drop of t he Townsend's structure 
parameter (Ds) as a function of t he spanwise to streamwise the mean pressure gradient ratio 
II and wall-normal distance x*. 

is normally quant ified by t he Townsend (1976) structure parameter , 

✓(u~u;) 2 + (u;u;) 2 

Sp(x2, t) = (u~u~) + (u·~u;) + (u;u;) ' (24) 

which measures the intensity of the Reynolds stress for a given amount of turbulent kinetic 
energy. The history of Sp also exhibits an initial drop followed by a rapid increase (figure 
23b). The relative drop in Sp can be measured analogously to D7 in (1) as 

D ( ) 
= Sp(x2 , t) - Sp(x2, 0) lOO 

s X2 , t Sp(X2 , 0) X • (25) 

The maximum reduction in t ime of D8 (x2 , t ), shown in figure 23(c) , is consistent wit h the 
results in figure 6 using D7 . 

2.8 Conclusions 

In t he present work, we have investigated the t ransient response of t he tangent ial Reynolds 
stress in a turbulent boundary layer wit h 3-D mean velocity under non-equilibrium condi­
tions. We have focused our analysis on the multiscde response of t he self-similar moment um­
carrying eddies in t he flow, which is the scenario expected at the Reynolds numbers encoun­
tered in real-world applications. 

We have performed a series of D S of fully-ceveloped incompressible turbulent chan­
nel flow subjected to a sudden spanwise mean pressure gradient. A variety of spanwise to 
streamwise mean pressure ratios have been considered ranging from II = 1 to 100. The 
sudden imposit ion of t he forcing is followed by a cont inuous change of the mean-flow mag­
nitude and direction, in which 3-D non-equilibrit..m effects prevail. The present set-up is 
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one of the simplest flows enabling the study of 3-D non-equilibrium wall turbulence, while 
maintaining homogeneity in the streamwise and spanwise directions. We have considered 
two moderately high Reynolds numbers, namely Re7 ~ 500 and Re7 ~ 1000. to uncover the 
scaling properties of realistic 3DTBL. 

Non-equilibrium effects are observed in both the original frame of referer:.ce as well as in 
t he t ime- and wall-normal-dependent frame of reference aligned with the mean shear . The 
non-equilibrium response of t he flow is controlled by the two non-dimensional parameters of 
the problem, namely Re7 and II. By assuming that wall turbulence can be cc,mprehended as 
a multiscale collection of wall-attached momentum-carrying eddies with sizes and lifetimes 
proportional to x2 and x2/u7 , respectively, we have established that the rr_aximum deple­
t ion of the tangential Reynolds stress is proportional to IIx; . Therefore, luger eddies are 
more prone to experience non-equilibrium effects than the smaller eddies ckser to the wall. 
Accordingly, the flow can be classified into three distinctive flow regimes. For II < 0(1) , 
the sudden spanwise pressure gradient is too modest to alter the statistical equilibrium of 
the momentum carrying eddies. Conversely, for II > 0.03Re7 the imposed mean spanwise 
pressure gradient is strong enough to leave out-of-equilibrium eddies at all the scales across 
t he boundary layer , i.e., from the smallest buffer-layer eddies up to t he very large scale mo­
tions populating the outer region. For 0(1) < II < 0.03Ren the boundary Jayer attains an 
intermediate state in which eddies closer to the wall evolve in quasi-equilibrium, whereas 
eddies further from t he wall are influenced by t he non-equilibrium effects. 

We have examined the history of t he tangential Reynolds stress :or cases in the fully 
non-equilibrium regime. The momentum-carrying eddies undergo an ordered response in 
t ime: first , the smallest eddies ( closer to the wall) reduced their Reynolds stress contribu­
t ion, followed by the larger eddies (farther from the wall) , and so forth. During the init ial 
transient, the results collapse across several wall-normal distances and the two Reynolds 
numbers inspected when the Reynolds stress drop is assumed to be proportional to IIx; and 
the t ime is scaled by x2 /un consistent with the multiscale population of eddies discussed 
above. The collapse is furt her improved for longer t imes by noting that the characteristic 
equilibrium velocity and t ime scales ( U 7 and x2/ Un respectively) are no longer representa­
t ive of eddies in a non-equilibrium state, which are instead controlled by the local-in-time 
scales u;(t) and x2/u;(t). Our results unveil for the first time the self-similar response of 
non-equilibrium 3DTBL at moderately high Reynolds numbers and provides t he appropriate 
scaling framework for future flow comparisons. 

We have proposed a structural model for non-equilibrium 3DTBL rooted in the insight 
obtained from the physical analysis of the flow. The model comprises streamwise rolls and 
streaks at different scales which are initially in statistical equilibrium. Th,3 imposition of 
the mean spanwise pressure gradient results in the misalignment between the core of rolls 
and the flow underneath, which leads to a less efficient configuration of t he ::leynolds-stress 
production. The formulation of the model is consistent with the self- similar nature of the 
eddy response, and describes in a comprehensive manner the findings reported above. The 
scenario promoted here is supported by D S results of the averaged velocity fr~ld conditioned 
to regions of intense Reynolds stress, which corroborate the loss of coherer:.ce of t he layer 
underneath the core of t he rolls. The new structural representation of the flow entails a 
quantitative advance of the previous theories on transversely strained boundary layers by 
providing specific scaling laws for the t ime scale and magnitude reduction cf the Reynolds 
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stress at mult iple scales. The model also offers a t heoretical ground for the different regimes 
observed in the flow from t he quasi-equilibrium sta.te to the fully non-equilibrium response. 
Inspection of the Reynolds stress budget reveals that the effect of pressure-strain correlation 
is key in the reduction of Reynolds stress within t he additional spanwise shear layer , and 
that this is the case for all wall-normal heights. 

Finally, the predictive capabilit ies of three stat e-of-the-art LES wall-modelling techniques 
have been assessed for 3-D channel flows at Rer ~ 1000 and II = 10. The models in­
vestigated are the equilibrium wall model by Kawai & Larsson (2012) (EQWM), and the 
non-equilibrium wall models by Park & Moin (2014) (NEQWM) and Yang et al. (2015) 
(IWM). As expected, wall models with a higher degree of complexity yield more accurate 
predictions of the mean wall-shear , alt hough the c-verall performance of the three models is 
similar. For short t imes, the NEQWM yield the best prediction of the magnitude of the 
span wise wall-shear and the angle of the mean wall stress vector. The prediction by IWM 
and EQWM follow in accuracy those by EQWM. The larger deviations between wall mod­
els are obtained during the early t imes of t he transient (t* < 0.1), while the three models 
are in relatively good agreement with the DNS results for longer t imes (t* > 1). None of 
t he wall models considered is able to account for the init ial reduction of the Reynolds shear 
stress and drag, presumably due to t heir eddy-viscosity formulations. We have argued that 
t he near-wall layer remains in a quasi-equilibrium state at high Reynolds numbers, which 
explains the fair performance of WMLES based on equilibrium assumpt ions in transient 3-D 
boundary layers. 
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3 TASK 2: WMLES analysis of a 3-D TBL in a 30-
degree bend 

3.1 Introduction 

Large-eddy simulation (LES) has become an essential tool for both fundame:ital studies and 
real-world engineering applications. However, industrial use of LES has been hampered by 
its prohibitive grid-point requirements near the wall. This limitation motivates the need for 
wall models to perform LES at a reduced cost by modeling small-scale near-wall eddies, while 
resolving large-scale eddies in the outer region Larsson et al. (2016); Bose & Park (2018); 
Chapman (1979); Choi & Moin (2012). Although wall-modeled LES (vVMLES) has emerged 
as a viable alternative to the computationally more expensive wall-resolved LES Slotnick 
et al. (2014) , the performance of wall models in non-equilibrium turbulent boundary layers 
with mean-flow three-dimensionality (3DTBLs) has not yet been carefully assessed. This 
assessment is particularly important as most widely used wall models to d.:1te are built on 
equilibrium assumptions such as mean-flow two-dimensionality and statistically steady state. 

Skewed mean velocity profiles and non-equilibrium effects can be caused by the lateral 
motion of the walls or the spanwise pressure gradient imposed by the bounding geometry, 
among others. These 3DTBLs exist in a variety of practical problems, such as the bow and 
stern regions of a ship, swept-back wings, curved ducts , and turbomachinery to name a few. 
From the point of view of WMLES, 3DTBLs have peculiar features t hat ar~ challenging to 
model. Among these, we can highlight the misalignment of the Reynolds stresses and the 
mean rate-of-strain, and the counter-intuitive depletion of wall friction and Reynolds stress 
magnitude (e.g. Bradshaw & Terrell, 1969; Johnston, 1970; Van den Berg & Elsenaar, 1972; 
Elsenaar & Boelsma, 1974; Bradshaw & Pontikos, 1985). 

Recently, WMLES of a temporally-developing 3DTBL in a channel flow with a sudden 
imposition of spanwise pressure gradient was conducted by Lozano-Duran et al. (2020). The 
authors considered three wall-model approaches: an ordinary-differe t ial-equation (ODE)­
based equilibrium wall model Kawai & Larsson (2012), an integral non-Equilibrium wall 
model Yang et al. (2015), and a partial-differential-equation-based non-equilibrium wall 
model Park & Moin (2014) . The performance of the wall models was asses3ed in the tran­
sient channel flow at R eT = uTh/v ;::::: 1000, where uT is the wall-shear velocity, h is the 
channel half-height, and v is the kinematic viscosity. Lozano-Duran et al (2020) quanti­
fied the accuracy in predicting t he magnitude and direction of the wall stress for increasing 
complexity of the wall model. While the most comprehensive wall-model in terms of in­
corporating non-equilibrium effects outperformed the simpler approaches, the equilibrium 
wall model provided the best trade-off between accuracy when considering ease of model 
implementation and computational cost. 

Recent studies of WMLES in transient 3-D channel flows also include the works by 
Carton de Wiart et al. (2018) , Yang et al. (2019) and Bae et al. (2018a). Carton de Wiart 
et al. (2018) investigated the performance of WMLES in several cases including acceleration 
in the streamwise direction, and showed that WMLES is capable of predicting the wall stress 
with a good degree of accuracy. Yang et al. (2019) also attained accurate results using wall 
modeling via physics-informed neural networks, while Bae et al. (2018a) employed a novel 
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RANS-free dynamic wall model to predict the wall stress. In addition to the 3-D channel flow 
configuration, Cho et al. (2018) examined the performance of the ODE based equilibrium 
wall model for a spatially-developing 3DTBL inside a bent square duct at Re7 = 1200 -2400, 
following the experiment of Schwarz & Bradshaw (1994). The aut hors reported a fairly good 
prediction of velocity and pressure distributions, but with a measurable discrepancy of the 
crossflow angles in the bend region where the mean t hree dimensionality is most pronounced. 
However , only one WMLES mesh was considered without a grid convergence study. 

Another important example of non-equilibrium flows can be found in separated turbulent 
boundary layers. WMLES have demonstrated success in predicting trailing-edge separation 
of hydrofoils and airfoils (Wang & Moin, 2002; Park & Moin, 2014; Bose & Moin, 2014) , and 
airfoils in high-lift configuration (Bodart & Larsson, 2011). In the recent NASA Juncture 
Flow Experiment (Rumsey et al., 2019) , WMLES was successful in recovering the trailing­
edge separation bubble to within 10% error using on average ten points per boundary layer 
thickness (Lozano-Duran et al. , 2020b) , which is ::-emarkable considering the notably finer 
resolutions ut ilized by RANS-based approaches (Rumsey et al., 2019). onetheless, it is 
unclear whether separated regions should be tackled with WMLES, and the question of 
whether a wall model is needed in the separated region remains unknown. The recent review 
by Bose & Park (2018) has also pointed out that the use of the no-slip boundary condition 
might be justified in the separated region since the::-e the flow is governed by slow and large­
scale eddies. In that case, it remains to establish how to switch between t he no-slip and wall 
model boundary conditions. 

In this article, we investigate the performance ,)f WMLES with ODE-based equilibrium 
wall-model to predict 3DTBL in a bent square d·1ct and a skewed bump. A preliminary 
version of t he present work can be found in Cho et al. (2018) and Cho et al. (2019) . The 
manuscript is organized as follows. We first report on the performance of the ODE-based 
equilibrium wall model in a spatially-developing 3DTBL inside a bent square duct, which 
is accompanied by a mesh convergence study in Section 3.2. In Section 4.1 , we assess the 
ODE-based equilibrium wall model for LES predictions of 3-D separated flows. A recent 
experimental study by Ching et al. (2018b) on flow3 over a wall-mounted skewed bump with 
3-D flow separations is chosen for comparison. Concluding remarks are offered in Section 
4.3. 

3.2 WMLES of a spatially-developing 3DTBL 1n a bent square 
duct 

3.2.1 Computational details 

The flow configuration of the bent square duct is shown in figure 24, which follows the experi­
mental setup by Schwarz & Bradshaw (1994). The square duct has a 0.762m x 0.762m cross­
subsection and a streamwise length of 4.561 m. In Schwarz & Bradshaw (1994), t he bound­
ary layer became turbulent by a trip wire with 1.6 mm diameter. A spatially-developing 
3DTBL was generated by a 30° bend that imposes a cross-stream pressure gradient , where 
the boundary layer thickness are about 3 - 7% of the duct side length. The surface stream­
lines were deflected by up to 22° relative to the centerline velocity vector. Downstream of 
the bend, the developed 3DTBL gradually relaxes back to a turbulent boundary layer with 
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two-dimensiorml mean-flow. 

Figure 24: Flow configuration of the bent square duct. Here, the coordiLa-:;e system ( x', y', z') 
is aligned witr_ the local duct centerline. 

We define two coordinate systems following the reference experiment (see Figure 24). The 
first coordinate system (x, y, z) is aligned with the upstream subsectio:1 ::: f the bend, where 
x , y, and z denote the streamwise, wall-normal, and spanwise directioIB, respectively. The 
velocity vector in this coordinate system is denoted by (U, V, W) . The 3econd coordinate 
system ( x' , y' , z') is aligned with the local duct centerline. 

WMLES i~ conducted using the code charLES with Voronoi mesh gEnerator Bres et al. 
(2018). It solves the compressible LES equations with constant-coefficien:; Vreman model as 
the SGS mode~ (Vreman, 2004). For all simulations, the coefficient of bE Yreman model is set 
to 0.07. The u::istructured Voronoi mesh generator, based on a hexagonal close packed (HCP) 
point-seeding method, is employed to automatically build meshes for abitrarily complex 
geometries wi: h minimal user input. Using this platform, high-quality rr_eshes are generated 
suitable for low-dissipation kinetic energy and entropy preserving nuo:Erical methods for 
high-fidelity LES Chandrashekar (2013). To generate the grid, a suface geometry of the 
square duct iE needed to describe the computational domain, as shown i:1 Figure 24. Then, 
the user speci:1.es the coarsest grid resolution of the uniformly seeded HCP points, ~Smax· 
Clipped Voro-10i diagrams are used to generate arbitrary polyhedral cells, where the cell 
centers are related to these HCP points. To efficiently distribute the r:;o:n-:;s within a volume, 
sphere packed arrangements are utilized, which generates uniform cell3 in regions far from 
boundaries. F :nally, the user can introduce local mesh refinement by Epe-::i:ying volumes (i.e. 
refinement wir_dows). The length scale discontinuities at the interface of rEfinement windows 
are handled b:r introd-icing nested refinement layers between the refine:nent windows and 
the coarsest resolution (~smax) , so that these length scale jumps are ::ieve:::- worse than 1 : 2. 
Additionally, Lloyd itErations are used for mesh smoothing, which align -:;he near-wall cells 
normal to the surface and have a more uniform distance than the original seeding. Therefore, 
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the resulting Voronoi cells are mostly isotropic. For t he present WMLES, .6.smax is set to 
0.0lm and three different mesh refinements are co:isidered, as shown in Table 4 and Figure 
25. The number of Lloyd iterations is 20 in all cases. For case D1 , the meshes are refined 
in the near-wall region so that the number of grid cells across the local boundary layer 
thickness ( N8 ) ranges from 8 to 11 along the stream wise direction. The minimum cell size 
in the wall units is .6.s!in = .6.sminu,,./v = 140, and 30.4 million control volumes are used 
in total. Case D2 has additional grid refinement , such that the number of control volumes 
across the boundary layer thickness within the bend subsection (N8,bend) increases from 9 
(case D1) to 13 - 15 (case D2) using 38 million control volumes. In t he finest grid resolution 
( case D3), .6.smin is further reduced to 0.00125 m, r3sult ing in N8,bend = 24 using 76.4 million 
control volumes wit h 16 to 26 points per boundary layer thickness. 

Table 4: Case setup for the bent square duct 

Case .6.s (m) N e v N8 N8,bend 

D1 0.0025- 0.01 30.41\.1 8- 11 9 
D2 0.0025- 0.01 38M 8- 21 13- 15 
D3 0.00125- 0.01 76.41-1 16- 26 24 

t 

(a) (b) (c) 

Figure 25: Cross-subsection grids (y' - z' plane): (a) case D1 ; (b) case D2; (c) case D3. 

The wall-shear stress from the ODE-based equilibrium wall model Wang & Moin (2002); 
Kawai & Larsson (2012); Bodart & Larsson (2012) is imposed as boundary condition at 
the bottom, top, and side walls. The wall-shear Etress from the equilibrium wall model is 
obtained by integrating 

0, 

= 0, 

(26) 

(27) 

in a layer between y = 0 and y = h wm , where y is tLe wall-normal direction, µ is the dynamic 
viscosity, µ t ,wm is the eddy viscosity, u 11 is the waJ-parallel velocity, Cp is the specific heat 
at constant pressure, Pr = 0.7 is the Prandt l number, Prt,wm = 0.9 is the turbulent Prandtl 
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number, and T is the temperature. The eddy viscosity is modeled using t h3 mixing length 
formula 

µt ,wm K,py~D, (28) 

D = [ 1 - exp ( - !: ) r , (29) 

where "' = 0.4 is the von Karman constant , p is the density, Tw is the wall-shear stress, D 
is the van Driest damping function, and A+ = 17 is a model coefficient. The walls (y = 0) 
are assumed to be isothermal. The matching location (y = hwm) of the Equilibrium wall 
model is at the cell centers of wall-adjacent control volume. Temporally-filtered LES data 
are provided to the wall model as proposed by Yang et al. (2017). The characteristic-based 
non-reflective outflow boundary condition is imposed at the outflow plane Poinsot & Lele 
(1992). For the inflow boundary condition, a synthetic turbulence boundary condition is 
im osed to provide a realistic turbulent inflow condition that matches the experiment in 
the upstream subsection of the bend. Note t hat t he experiment did not report the flow 
conditions near the trip wire (x' = 0 m) , and t hat the boundary layer measurements are 
avsilable far downstream of the trip wire (x' > 0.826 m) . This mandated us to adopt an 
iterative procedure to adjust a suitable set of inflow parameters to best match the flow 
condition at the reported stations upstream of the bend. For this purpose, the location of 
the computational inlet, the mean velocity t herein, and the fluctuations superimposed have 
been tuned. First , a uniform velocity of 26 .5 m/s (the freestream value in the experiment) 
in ~he streamwise direction is chosen as the mean velocity field in the inflow plane. Random 
fluctuations following the standard uniform distribution (±0.2% the freemttream velocity) 
are then applied to all velocity components. Lastly, the development length ( or the location 
of -he computational inlet relative to the bend) is determined by an iterative procedure: a 
series of preliminary WMLES of a straight square duct are conducted until tl-_e mean velocity 
profiles at x' = 0.978 in cases Dl , D2, and D3 match the reference experinent reasonably 
we] (see Figure 26). The compuatational domain so determined starts at x' = -0.813. 
Then, the performance of the WMLES is evaluated at downstream locatiom. The Reynolds 
number based on the duct side length (D = 0.762 m) and the inlet freestrea:n velocity (26.5 
m/ s) is 1,400 ,000. The Reynolds number based on the local momenbm thickness and the 
freestream velocity ranges from 4,000 to 9,000 (ReT = l , 200 - 2, 400) . 

3.2.2 Results and discussion 

Figure 26 shows the profile of the mean velocity magnitude ( Q = ✓U2 + 11/2 ) normalized 
with the local freestream value ( Q00 ) as a function of the wall-normal distance at various 
stBamwise locations. The velocity profiles from three grids (i.e., cases Dl , D2 , and D3) 
are almost on top of each other at each streamwise location, which indicate3 that the WM­
LES solution has reached grid convergence. For comparison, the resu~ts of the no-slip LES 
(w~thout wall model) using t he same coarse mesh for case Dl are also included in the figure. 

In the upstream subsection of the bend at x' = 0.978 m, the WMLES soh:.tion reproduces 
the upstream condition of the reference experiment . The mean velocity magnitude profiles 
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Figure 26: Mean velocity profiles at x' = 0.97E- m (upstream subsection of the bend), 
x' = 1.775 m and 2.075 m (inside the bend), and x' = 2.415 m and 2.948 m (downstream 
subsection of the bend). Here, the profiles at x' = 1.775, 2.075, 2.415, and 2.948 mare shifted 
by 1, 2, 3, and 4 on the horizontal axis , respectivel:;. Lines, present WMLES (cases Dl , D2, 
D3); circles, experiment Schwarz & Bradshaw (1994); dashed lines, no-slip LES on the case 
Dl mesh (without wall model). 

inside the bend (at x' = 1.775 m and 2.075 m) and downstream subsection (at x' = 2.415 m 
and 2.948 m) are also predicted with reasonable accuracy. On the other hand, the discrepancy 
between the experimental data and the result from no-slip LES is remarkable, indicating the 
importance of deploying the wall model at the present grid resolutions. In particular, the 
mean velocity profiles are overpredicted in the absence of wall-model. This is a common 
outcome of LES on coarse grids without wall model, in which the lack of support for near­
wall Reynolds stresses translates into an excess of streamwise momentum (Lozano-Duran & 
Bae, 2019). 

Figure 27 compares the Reynolds stress profiles from the WMLES to the experiment 
Schwarz & Bradshaw (1994) at various streamwise locations. Here, u' , v' , and w' indicate 
velocity fluctuations in streamwise, wall-normal, and spanwise directions, respectively, and 
Uref = 26.5m/ s. Consistent with the mean velocity profiles, the Reynolds stress profiles in 
all cases almost overlap each other at each streamwise location, and they are in reasonable 
agreement with the experiment. However, the profiles of the no-slip LES (without wall 
model) using the mesh for case Dl deviate significantly from the experiment. 

The local skin friction distribution along the certerline of the square duct is shown in 
Figure 28. The experimental data was reported with 5% uncertainty bands, and the average 
error between the present WMLES and the experimental data is 8%. Similar to the trends 
of mean velocity and Reynolds stress profiles, the s. in friction exhibits low sensitivity to dif­
ferent grid resolutions, and the no-slip LES (without wall model) significantly underpredicts 
the skin friction. 

The crossflow turning angles are defined as 'Y = tan-1(W/U), where W and U are span­
wise and streamwise mean velocity components with respect to the upstream coordinates 
(x , y, z). The variations of 'Y along the axial directions (x') are represented in Figure 29. 
Hereafter, 'Yoo is 'Y at the freestream, while 'Ys is 'Y at the surface. The results in Figure 29(a) 
show that the angle 'Yoo turns from 0° before the bend to 30° after the bend, in accordance 
with the specified geometry. Both WMLES (cases Dl , D2, and D3) and no-slip LES (Dl 
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Figure 27: Reynolds stress profiles at x' = 0.978 m and 1.435 m (upstream s·1bsection of the 
bend) , x' = 1.775 and 2.075 m (inside the bend) , and x' = 2.415 and 2.948 m (downstream 
subsection of the bend). Here, the profiles at x' = 1.435, 1.775, 2.075, 2.415, and 2.948 mare 
shi::ted by 6, 12, 18,24 and 30 on the horizontal axis , respectively: (a) u'2 /U'/:ef x 1000; (b) 
v'2 /U'/:ef x 1000; (c) w'2 /U'/:ef x 1000. Lines, present WMLES (cases Dl, D2, D3); circles, 
experiment Schwarz & Bradshaw (1994); dashed lines, no-slip LES on the case Dl mesh 
(without wall model). 

no-slip) predictions are almost on top of each other at the freestream regior:.. The values of 
--y00 from both the WMLES and no-slip LES calculations also show an excellent agreement 
with the experimental data. This can be ascribed to the essentially inviscid mechanism 
res:;)Onsible for the turning of the flow in the core region of the square duct. Assuming a 
inviscid core region, it can be shown that --y00 ::::::: 0, where 0 is the geometric turning angle of 
the duct along the bend. A small discrepancy with experiments (i 2°) is ob1:erved in Figure 
29 between the present simulation and the experiment close to L e end of -:;he test subsec­
tion (x' > 3). In a recent study, Hu et al. (2019) conducted WMLES of the same square 
duct configuration using non-equilibrium wall models and observed a tendency similar to the 
current WMLES for x' > 3. Schwarz & Bradshaw (1994) reported that th.3 flow direction 
uncertainty was ±1 °, where the mean velocity field was obtained using a three-hole pressure 
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Figure 28: Local skin friction distribution along the streamwise direction (x') . Lines, present 
WMLES (cases Dl , D2, D3) ; circles, experiment S-::hwarz & Bradshaw (1994); dashed lines, 
no-slip LES on the case Dl mesh (without wall model). 

probe. Therefore, the difference between WMLES and experiments in the downstream of 
the bend region may be partly due to experimental uncertainties. 
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Figure 29: Crossflow turning angles: (a) freestream turning angle (,00 ) distribution along 
t he streamwise direction (x'); (b) surface crossflow angle relative to freestream bs - 100 ) 

along the streamwise direction (x') . Lines, prese::it WMLES (cases Dl , D2, D3); circles, 
experiment Schwarz & Bradshaw (1994); dashed lines, no-slip LES on the case Dl mesh 
(without wall model). 

Figure 29(b) shows the streamwise development of 'Ys - 100 . The initial increase of the 
surface crossflow angle upstream the bend subsect:.on and its subsequent decrease are qual­
itatively captured by WMLES for varying grid resolutions (Dl , D2, and D3). However, 
the magnitude of 'Ys - 100 is underpredicted near the bend region by about 20%. These 
differences between the WMLES and experimental data are mainly localized within the 
bend, and they decrease as the 3DTBL gradually recovers to the two-dimensional turbu­
lent boundary layer in the downstream subsection. Refining the WMLES grid resolution 
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Figure 30: Crossflow angle relative to freestream: (a) crossflow inside the bend at x'(m) = 
1.676, 1.875, and 2.075; (b) crossflow in the downstream subsection of the b€nd at x'(m) = 
2.338 , 2.948, and 3.329. Here, the profiles at x' = 1.875 and 2.948 m are shi:ted by 30° and 
the profiles at x' = 2.075 and 3.329 m are shifted by 60° on the horizontal axis, respectively. 
Li _es, present WMLES (cases Dl , D2, D3) ; circles, experiment Schwarz & Bradshaw (1994); 
da1:.hed lines, no-slip LES on the case Dl mesh (without wall model) . 

(case D3) provides a slight improvement in the bend region compared to coa::-ser grids (cases 
Dl and D2) , but the difference is marginal. The mismatch between WMLES and exper­
iment along the duct bend can be attributed to various causes. The first one is related 
to t he methodology employed to obtain 'Ys · Strictly speaking, t he angle '"✓ at the wall is 
'Ys = limy➔0 tan- 1 (W/U) = tan- 1(Tw / Tu), where Tw and Tu are the averagEd spanwise and 
streamwise wall stress, respectively. In t he current WMLES, r s is obtained from the tan­
gertial wall-stress streamlines after the wall stress is averaged in t ime. Exp ~rimentally, the 
rs is measured by oil-flow visualizations at t he wall after initial transients o: the oil. Albeit 
both methodologies provide a reasonable description of rs, they do not allow for fully con­
sistent one to one comparison, which may prompt some disagreement betwe~n both results. 
The second cause for t he large errors in r s - 100 is probably more notewo::-thy, and arises 
fro~ the wall-modeling assumptions in Eq. (26) . The equilibrium approximation of the 
current wall model is such that t he wall stress vector is aligned with t he -.vall-parallel ve­
locity at the first off-wall location, rs = tan-1(W(x, 6.s, z )/U(x , 6.s, z)) , wh:ch might result 
in ~arge errors under the presence of acute mean three-dimensionality ~Lozano-Duran et al., 
2020) . It also implies that t he mesh refinement alone without the aid of ::ion-equilibrium 
wa 1 models will not improve the WMLES solution unless the LES grid is ab .e to resolve the 
three-dimensionality of the mean flow Hu et al. (2019) recently reported that the equilibrium 
wa 1 model with the minimum wall-normal grid size of 30 in wall unit (2 .3 times finer than 
thE finest case D3) still showed a discrepancy in predicting the mean threE-dimensionality 
in -:;he bend region. However, changing the equilibrium wall model to PDE :ion-equilibrium 
wall model was shown to improve the performance of the WMLES. 

Figure 30 shows 1 - 100 as a function of the wall-normal direction and complements the 
pioture provided by Figure 29. The crossflow angle increases until the end cf the bend sub-
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section (Figure 30( a)) and decays in the downstrEam subsection (Figure 30(b)). Figure 30 
also shows that the current WMLES predicts the c· ossflow development and decay, although 
t he angles are smaller t han t hose in t he experiment. Consistent wit h Figure 29, the discrep­
ancy between WMLES and experiments in 1 - 100 increases with the crossflow development , 
and decreases after the bend once t he flow starts relaxing to a turbulent boundary layer 
with two-dimensional mean-flow. Figure 30 also sl-_ows that no-slip LES significant ly under­
performs WMLES, but the lack of further improvements wit h mesh refinements in WMLES 
hints to the necessity of non-equilibrium wall-modeled account ing for 3-D non-equilibrium 
effects as discussed above. 
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Figure 31: Triangular plot of velocity: (a) crossflow development at x' (m) = 1.676, 1.875, and 
2.075; (b) crossflow decay at x' (m) = 2.338, 2.491, 2.948, and 3.634. Lines, present WMLES 
(cases Dl , D2, D3); circles, experiment Schwarz & Bradshaw (1994); dashed lines, no-slip 
LES on the case Dl mesh (without wall model). 

A common approach to quant ify the 3-D characteristics of the mean-velocity profile is 
to construct t he so-called t riangular plot , which comprises t he normal (Un) and streamwise 
(Us) components of the velocity with respect to the free-stream velocity (Ue)- Here, we use 
t he t riangular plot to furt her evaluate t he capability of WMLES to predict mean-flow t hree­
dimensionality. The results, included in Figure 31. show that current WMLES cases are in 
reasonable agreement with t he experimental data The free-stream flow is represented by 
(Us, Un) = (1, 0). Both WMLES and experiments match for Us/Ue > 0.7, which corresponds 
to the upper part of the boundary layer. Althought not shown, it was also assessed that 
in this region WMLES follows the expected inviscid relationship Un ~ 2(, - , 00 )(Ue - Us)­
The apex of maximum cross-flow occurs at Un/TJe ~ 0.2, which is also well captured by 
WMLES. The most not iceable difference between WMLES and experiments is t he absence 
of velocities in the range Us/Ue < 0.6 for cases Dl and D2, as t hese values of Us are located in 
the near-wall region of t he boundary layer which is unresolved by the their grids. However, 
t he refined grid from D3 is able to correctly predict the experimental values closer to t he 
wall. On the other hand, t he no-slip LES case (wit hout wall model) deviates significant ly 
from the experiment: t he values attained by Un are roughly half of t hose from WMLES 
and experiments , which points at a lack of three-dimensionality in t he mean profile of case 
Dlnoslip consistent with t he angles reported in figure 30. 
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4 TASK 3: WMLES analysis of 3-D TBL in a skewed 
bump 

4 .1 WMLES of a 3D flow separation behind a skewed bump 

4 .] .1 Computational details 

Figure 32: Flow configuration of the skewed bump. The coordinate origin is located on the 
bo-:;tom wall under the center of t he bump. 

Table 5: Case setup for t he skewed bump 

Case ~ s/H Nev Nfi,x/H=-4 
Bl 0.025- 0.1 6.7M 20 
B2 0.012- 0.1 19M 20 
B3 0.006- 0.1 10.8M 20 
B4 0.006- 0.1 22.3M 20 

The computational setup for the three-dimensional skewed bump is illustrated in Figure 
32 which follows the study by Ching et al. (2018b). The bump is mounted on the bottom 
wall of a square duct , and its surface is defined by (Ching et al. , 20l8b,a; 8hing & Eaton, 
2020) 

(30) 

x2 z2 1 
for p- + ~ < 4, where Xs, Ys and Zs denote the surface of the bump in the streamwise, 
wa.ll-normal, and spanwise directions, respectively; H(= 19mm) indicates be bump height , 
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Figure 33: Schematic diagram of the mesh refinement. 

and the parameters a and b are 57 mm and 42. 75 mm, respectively. Here, the coordinates 
x 8 and Z8 are defined with respect to the bump rotation angle 0, 

x cos ( 0) + z sin ( 0) , 
x sin ( 0) - z cos ( 0) . 

(31) 

(32) 

The bump angle in the present study is at 0 = 10°. The origin of the coordinate system is 
located on t he bottom wall below t he center of the bump and the Reynolds number based on 
the bulk velocity (0.83 m/ s) , and the bump height is 16,000. The Reynolds number based on 
the wall-shear velocity a:id the local boundary layer thickness at x/ H = -4 is 560. This is 
a relatively low Reynolds number case compared to the bent square duct simulation, where 
Re7 ranges from 1,200 to 2,400. 

We compare the WMLES results with those from experimental and LES studies Ching 
et al. (2018b); Ching & Eaton (2020) . Previous experiments and simulations of the present 
axisymmetric bump have shown that the flow over the bump separates near the top due to the 
development of an adverse pressure gradient , i.e. the separation point is not determined by 
the bump geometry (Ching et al. , 2018b ,a; Ching & Eaton, 2020). A large separation bubble 
is formed in t he wake of the bump, where a common-up vortex pair appears in the mean 
flow field. Further downstream, this common-up vortex pair evolves into a common-down 
vortex pair. 

We utilize the same flow solver , charLES, with Voronoi mesh generatcr. The boundary 
condit ions for the skewed bump are similar to those of the bent square duct (see Subsection 
3.2.1). At the inlet , we prescribed a synthetic turbulence boundary condit ion, with random 
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fluctuations (±1.5% the freemstream velocity) added to the spatially-uniform freestream 
velocity of 0.83 m/s. The length of the upstream development section is determined in a 
separate WMLES of a square duct with the bump removed by matching th~ mean velocity 
profiles at x / H = -4 in cases B 1 - B4 from t he reference experiment ( see Figure 35). 
Then, we examine the performance of the WMLES at downstream locaticns. The ODE­
based equilibrium wall model from Eqs. (26) and (27) is used to obtain the wall shear 
stress at bottom, top, and side walls, which are also assumed isothermal. The avier-Stokes 
characteristic boundary condition is imposed at the outlet Poinsot & Lele (1992). 

The computational domain size is Lx x Ly x Lz = 575. 7 mm x 50 mm x 100 mm. We 
investigate the grid requirements to capture the correct flow physics of different flow regions 
by considering a set of four grid resolutions, which are summarized in Table 5 and depicted 
in Figure 33. For all the cases, the coarsest grid resolut ion is set to 0.lH, anc. t he meshes are 
refined around the bump and the bottom wall (-4.5H < x < 5.5H, O < y < 1.7H, - 2H < 
z < 2H, see red-colored region in Figure 33) such that the grid size in that region is 0.025H. 
The boundary layer t hickness at x/ H = -4 is half the height of t he bur!lp (0.5H ), and 
the boundary layer thickness increases in the streamwise direction until it is affected by 
the adverse pressure gradient as the boundary layer approaches the wall-mounted bump. 
The present isotropic Voronoi cells result in 20 cells across the boundary layer thickness at 
x/ H = -4. For case B2, an additional refinement window with grid size Equal to 0.012H 
is added to the case Bl around t he bump and the bottom wall ( -1.5H < x < 3.5H, 0 < 
y < 1.2H, -1.8H < z < 1.8H , see green-colored region in Figure 33). FJr case B3, the 
refinement window with the grid size of 0.006H is added to t he case Bl on top of the bump 
(-0.4H < x < 0.4H , 0.7 < y < 1.lH, -1.2H < z < 1.2H, see blue-colored region in Figure 
33). Lastly for the case B4, both refinement windows used in cases B2 and B3 are included 
into case Bl to assess grid convergence. The total number of smoothing iterations is 20 in all 
cases. It is worth nothing t hat our grids are in the range of~ 7- 22M contro _ volumes (table 
5) , while Ching et al. (2018b) employed SOM control volumes to perform t:1e wall-resolved 
LES of the bump. This outlines t he computational savings of WMLES, about x4- 8, despite 
the moderate Reynolds number of the present case. 

4.2 Results and discussion 

U/Ubulk 
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 

y/H 

1.5 

1 

0.5 

0 2 4 
x/H 

Figure 34: Contours of mean streamwise velocity at z/ H = 0 from th~ case B3. 
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To illustrate the mean flow configuration across the bump, Figure 34 shows the mean 
streamwise velocity contours on the centerplane (i.e. , z/ H = 0) for case B3. The flow sep­
arates near the top of the bump (x/ H ~ 0) and reattaches at x/ H ~ 2, generating a large 
separation bubble behind the bump. Figures 35, 36, and 37 contain the mean streamwise 
velocity profiles at various streamwise locations for WMLES along with the reference experi­
ment and LES data Ching et al. ( 2018 b) ; Ching & Eaton ( 2020). At the upstream section of 
the bump (Figure 35) and windward side of the bunp prior to the separated region (Figure 
36(a)), WMLES predicts velocity profiles to within 1% error regardless of the mesh distri­
bution. The good agreement of the mean velocity with LES data at the upstream section of 
the bump (x/ H = -4) also verifies the adequacy of the inlet boundary condition generated 
by the synthetic turbulence. 

--81 
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- - - - 83no-slip 

1.5 - - 84 
-•-• LES 
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~ ._ 0.1 
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I 
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I 
I 
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j I 
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4 

Figure 35: Mean velocity profiles in the upstream section of the bump at x/ H = -4 and -2. 
Here, the profile at x / H = - 2 is shifted by 2 on the horizontal axis. Lines, present WMLES 
(cases B1 ,B2,B3,B4); dashed lines, no-slip LES on the case B3 mesh (without wall model) ; 
dash-dot lines, LES Ching & Eaton (2020). Panel (a) shows the profiles up toy/ H = l.7, 
and panel (b) up to y / H = 0.2 to highlight the diEerences in the near-wall region. 

Further downstream, the velocity profiles at be leeward side of the bump (Figure 36 
(b)) and at x/ H = 3 in the downstream section of the bump (Figure 37) are sensitive to 
the grid resolution. In case Bl , the mean velocity distributions at the leeward side of the 
bump (Figure 36(b)) and at x/ H = 3 (Figure 37) disagree with the reference experiment and 
LES by up to 20% error. These locations are inside and right behind the main separation 
bubble, respectively, where WMLES predictions are expected to be the most challenging. 
Nonetheless, the discrepancy between the WMLE3 and reference cases is greatly reduced 
with the additional grid refinements from cases B2-B4, bringing the predictions to within 
1 % agreement with the reference LES and experiments. ote that case B2 is set to contain 
the main separation bubble within the green-colored refined region and the case B3 is set to 
include additional grid cells around the separation point. Overall, the statistics from case B2 
and case B3 show remarkable differences, while the statistics from case B3 are comparable 
to B4 as well as those from the reference studies. CJnsequently, resolving the thin separated 
shear layer near the apex (i.e., the blue refinement ·nindow in Figure 33) plays an important 
role in the successful prediction of the 3-D separated region. This is in agreement with 

55 



2.5 

-- 81 
-- 82 

2 -- 83 
--- - 83 I 

no-slip I 

1.5 
-- 84 I 

-•-• LES I 

b::: I 
.......__ I 

~ I 

0.5 

0 

(a) 0 4 6 

2.5 
-- 81 
-- 82 

2 -- 83 
- - - - 83no-slip 

1.5 
b::: .......__ 

-- 84 
-·-• LES 

• Exp . 
~ 

0.5 

0 

(b) 
2 

U /Ubu lk 

0 4 6 

Figure 36: Mean velocity profiles over the bump: (a) windward side at x/ H = -l , -0.8, 
and. -0.4; (b) leeward side at x/ H = 0.4, 0.8, and 1. Here, the profiles at x/ H = -0.8 and 
0.8 are shifted by 2 and the profiles at x/ H = -0.4 and 1 are shifted by 4 on the horizontal 
axis, respectively. Lines, present WMLES (cases Bl,B2,B3,B4); dashed lines, no-slip LES on 
the case B3 mesh (without wall model) ; dash-dot lines, LES Ching & Eaton (2020); circles, 
ex?eriment Ching et al. (2018b). 

previous WMLES studies in complex geometries Bose & Moin (2014); Park & Moin (2014); 
Kawai & Asada (2013); Park (2017) , which have shown the importance ofres:Jlving separated 
shear layers with proper grid resolution to accurately capture the flow in their vicinity (Bose 
& Park, 2018) . This observation is also consistent with the analysis from Lozano-Duran 
& Bae (2019) , who showed that the errors incurred by WMLES in a given region of the 
flow scale with the mean shear. Finally, in the far downstream of the sepa:-ation bubble at 
x/ H = 5, the effect of the 3D separation is weakened and WMLES predicts velocity profiles 
for all mesh resolutions with reasonably good accuracy. 

A better insight into the separation zone is shown in Figure 38 , which portrays a zoomed­
in view of the streamwise velocity contours at z/ H = 0 from cases Bl-B4. In the reference 
LES study Ching & Eaton (2020), the separation point on the centerplar_e was shown to 
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Figure 37: Mean velocity profiles in the downstream section of the bump at x / H = 3 and 5. 
Here, the profile at x / H = 5 is shifted by 2 on the horizontal axis. Lines, present WMLES 
(cases Bl ,B2,B3,B4) ; dashed lines, no-slip LES on the case B3 mesh (without wall model); 
dash-dot lines, LES Ching & Eaton (2020); circles, experiment Ching et al. (2O18b). 
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Figure 38: Contours of mean streamwise velocity at z / H = 0 showing the separation point 
and the secondary separation bubble: (a) case Bl ; (b) case B2; (c) case B3; (d) case B4. 

be located around x/ H = 0. Here, the separation point is delayed in cases Bl and B2, 
whereas B3 and B4 exhibit a similar separation point to that of Ching & Eaton (2020). The 
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difference between figure 38 (b) and ( c) highlights again the importance of resolving shear 
layer near the apex of the bump, which largely affects the bubble size and reattachment . In 
addition to the main large separation bubble discussed above, a thin secondary separation 
bubble was also observed at the leeside of the bump by Ching & Eaton (2020) in the range 
0-.1 < x/ H < 0.3 . In WMLES, this secondary bubble is too thin to be accurately captured 
with the current grid resolution; however , Figure 38 shows that cases B2-B4 are able to 
capture an incipient separation zone. 

For comparison, the velocity profiles from the no-slip LES (i.e., without the wall model) 
on the same mesh as B3 are also included Figures 35, 36, and 37 and denoted by B3no-slip (red 
dashed lines). In the upstream section of the bump (Figure 35) , B3no- slip deviates slightly 
from WMLES and the experimental results in the near-wall region. However, velocity profiles 
over the bump (Figure 36) predicted from the no-slip LES coincide with thos~ from B3. This 
indicates that the contribution of the equilibrium wall model in these regicns is negligible, 
hence, the equilibrium wall model naturally deactivates in the separated re.?;ion at the grid 
resolution of case B3. We can also argue that further grid refinements woulc most probably 
lead to similarly accurate results, as the ODE-based equilibrium wall model is consistent 
with the no-slip condition in the limit of y+ ➔ 0. Consequently, the use of t he equilibrium 
wall model in the present 3-D separated region does not hinder the performE.,nce of WMLES 
for grid resolutions equal or below those in B3. Finally, right after the separation bubble 
at x / H = 3, no-slip LES slightly underperforms the WMLES, but this de•1iation becomes 
marginal at x/ H = 5 in Figure 37. 
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Figure 39: u'w' / U;ulk contours at y/ H = 0.5: (a) WMLES from the case B3; (b) LES Ching 
& Eaton (2020) . 

Figure 39 compares the Reynolds shear stress ( u'w') contours at y / H = 0.5 from the case 
B3 to the reference LES Ching & Eaton (2020). Ching & Eaton (2020) rep:)fted that these 
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contours suggest spanwise movements of the wake, because positive streamwise fluctuations 
are correlated with spanwise fluctuations toward the centerline. The Reynolds shear stress 
contours predicted from the WMLES show reasonable agreement with the LES, implying 
t hat the flow physics in the bump wake region is accu ately captured. 
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Figure 40: Mean streamwise velocity contours with in-plane veloci-:;y vectors from the case 
B3: (a) x/H = 1.5; (b) x / H = 4; (c) x/H = 8. 

Figure 40 illustrates the vortex structures downstream t he bump. As reported in previous 
studies Ching et al. (2018b,a) ; Ching & Eaton (2020), a common-up vortex pair is captured 
in the separation bubble right behind the bump. This vortex pair evolves into a common­
down vortex pair in t he far downstream at x/ H = 4.0. Not only t he mean structures, but 
also t he shedding frequency behind the bump is captured in t he current WMLES as shown 
by the velocity power spectra from the probes in the wake region in Figure 41. Following 
Ching et al. (2018b); Ching & Eaton (2020), the Strauhal number is defined as 

St = fv!J4 
U bulk ' 

(33) 

where f is the shedding frequency, Ab is t he blockage area, and Uaulk is the bulk velocity. 
The shedding frequency from the WMLES matches the reference LES. 

59 



.,d -< 0 -,: 
.;;; ._, 

Cl.. ,] 
~

-< 

w - 2 

1()- J 

10- 1 

10-1 

10- 6 

w - ; 

w-, 

10- 9 

10- lfl 
10 1 J() I Hl'' 

f ~-5 

bulk 

JOI 

Figure 41: Velocity power spectra in the wake region from the case B3. The vertical line 
der_otes Strauhal number from LES Ching & Eaton (2020). 

4.3 Conclusions 

We have investigated the performance of wall-modeled LES in predicting turtulent boundary 
layers with mean-flow three-dimensionality using an ODE-based equilibriLm wall model. 
Two cases were considered: a spatially-developing 3DTBL inside a bent square duct Schwarz 
& Bradshaw (1994) and 3-D separated flows in a skewed bump Ching et al. (20l8b ,a); Ching 
& Eaton (2020). In the square duct simulation, WMLES was capable of r:redicting mean 
velocity profiles and crossflow angles in t he outer region of the flow to within 1- 5% error 
using ten points per boundary layer thickness. However, 20% error was observed in the 
cro3s-flow angles near the wall in the bend region where the non-equilibrium ~ffects are most 
significant. This error persisted with increased grid resolution implying that grid refinement 
alo::ie without the use of non-equilibrium wall models may not improve the solution in the 
presence of skewed mean velocity profiles in the near wall region. WMLES of the wall­
mounted skewed bump showed that the ODE-based equilibrium wall model with a grid 
resolution of about forty points across the 3-D separation region predicts mean velocity 
profiles, shedding frequency, and separation location to within 13% error. Grid refinement 
andysis of t he bump simulations showed that resolving the incipient flow separation and 
associated thin shear layer is crucial to attain accurate predictions. Within the separation 
zone, our results indicate that WMLES performs well, and reverting to no-slip boundary 
condition is not necessary provided adequate grid resolution is used across t e bubble. 

5 Summary 

Non-equilibrium wall turbulence with mean-flow three-dimensionality is ubiquitous in geo­
physical and engineering flows. Under these conditions, turbulence may exper.ence a counter-
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intuitive depletion of the turbulent stresses, which has important implications for modelling 
and control. Yet, current turbulence theories have been established mainly for statistically 
two-dimensional equilibrium flows and are unable to predict the reduction in the Reynolds 
stress magnitude. We have proposed a multiscale □odel which captures the response of non­
equilibrium wall-bounded turbulence under the imposition of three-dimensional strain. The 
analysis is performed via direct numerical simulation of transient three-dimensional turbu­
lent channels subjected to a sudden lateral pressure gradient at friction Reynolds numbers 
up to 1,000. We show that the flow regimes and scaling properties of the Reynolds stress are 
consistent with a model comprising momentum-carrying eddies with sizes and time scales 
proportional to their distance to the wall. We have further demonstrated that the reduc­
tion in Reynolds stress follows a spatially and temporally self-similar evolution caused by 
the relative horizontal displacement between the core of the momentum-carrying eddies and 
the flow layer underneath. Inspection of the flow energetics reveals that this mechanism 
is associated with lower levels of pressure-strain ,::orrelation which ultimately inhibits the 
generation of Reynolds stress, consistent with prevfous works. Finally, we have assessed the 
ability of the state-of-the-art wall-modelled large-eddy simulation to predict non-equilibrium, 
three-dimensional flows. 

We have also examined the performance of wall-modeled large-eddy simulation (WMLES) 
to predict turbulent boundary layers (TBLs) wi-:;h mean-flow three-dimensionality. The 
analysis was performed for an ordinary-differentir 1-equation-based equilibrium wall model 
due to its widespread use and ease of implementation. Two test cases are considered for 
this purpose: a spatially-developing TBL in a square duct with a 30-degree bend, and the 
flow behind a wall-mounted skewed bump with a three-dimensional separation bubble. In 
the duct simulation, WMLES is capable of predicting mean velocity profiles and crossflow 
angles in the outer region of the flow to within 1- 5% error using ten points per boundary 
layer thickness. The largest disagreement (20% error) is observed in the crossflow angles 
in the bend region, where three-dimensional effects are the most significant. In the skewed 
bump simulation, it is shown that the present equilibrium wall-model with a grid resolution of 
about forty points across the 3-D separation region predicts mean velocity profiles, separation 
location to within 1- 3% error. The bubble size and vortex structures in the bump wake are 
also correctly represented. It is demonstrated that WMLES is capable of achieving accurate 
results in the separated region and its vicinity, provided that the strong shear layer generated 
at the apex of the bump is well-resolved. 
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