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1 Introduction
In contested areas, where Naval forces may not be able to establish a permissive environment
for airborne or surface mine countermeasures (MCM), autonomous underwater vehicle
(AUV) teams can still conduct underwater MCM missions. In order for these systems to
operate clandestinely, without breaching the surface to obtain global navigation satellite
system (GNSS) fixes or receive radio frequency (RF) transmissions, AUVs must be able
to coordinate their actions using only intermittent, range-limited acoustic communications.
This need is heightened for time-critical missions.

The goal of this study was to investigate methods for an AUV team to conduct collaborative
search in a contested environment where intermittent, range-limited communications are
the only available coordination mechanism. A promising approach which has received a
great deal of attention in the literature is time-critical cooperative path following (CPF), or
TCCPF. Cooperative path following has played a key role in solving challenging problems
such as 1) search and rescue missions, where multiple vehicles progress in coordinated
fashion to cover a large area in a shorter amount of time; 2) sequential safe auto-landings,
where multiple aerial vehicles arrive at a specified glide slope safely separated by a prede-
fined time interval; and 3) oceanographic science missions, where multiple vehicles work
cooperatively to collect sample data from a region of interest. The key requirement that
the CPF framework was developed to address was guaranteeing the simultaneous arrival of
each vehicle at the end of its desired trajectory. The framework includes three steps:

1. Generate a set of collision-free desired trajectories to be assigned to each vehicle which
minimize a given objective function, guarantee obstacle avoidance, and satisfy the
simultaneous arrival requirement, defined boundary conditions, and vehicle dynamic
constraints [1], [2], [3].

2. Design a path-following control law [4] that steers a vehicle along its desired trajectory.
3. Develop a decentralized time-coordination algorithm that enables each vehicle to

a) transmit progress along its desired trajectory to its neighbors; and b) adjust its
speed of progression based on information from its neighbors. This step guarantees
simultaneous time of arrival by all vehicles, even in the presence of disturbances.

Previous work addressing Step 3, e.g., in [5] and [6], assumed that the topology of the under-
lying communication network is represented by a connected bidirectional graph with a fixed
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topology. However, this is a strong assumption less likely to be satisfied by a typical com-
munication network with time-varying network topology. To address this issue, researchers
in [7], [8] were able to guarantee convergence of the time-coordination algorithms for the
case where the network topology is represented by a time-varying bidirectional graph that
is connected in an integral sense. This condition was used in [9] and [10] to show that
collision avoidance can be achieved as well as time-coordination.

Our recent work [11] has shown convergence of time-coordination algorithms for a more
general connectivity condition, when the communication network is no longer required
to be bidirectional. In fact, we have shown that connectedness of the directed graph in
an integral sense is sufficient to achieve convergence. We note, however, that all of the
algorithms discussed above rely on continuous or piecewise continuous communications,
which may be undesirable or unavailable in real-world applications. Typical examples
include underwater MCM missions where communication bandwidth is severely limited
and stealth is of paramount importance.

This issue can be overcome by resorting to event-triggered communications (ETC) and
control algorithms. With this approach, the communication and control input updates occur
only when a predefined condition is satisfied, thereby significantly reducing inter-vehicle
communications needed to achieve consensus on the variables of interest. It was pioneered
by [12], [13]. Most of the current work in this area assumes that the network topology is either
a static bidirectional graph [12]–[15] or digraph [16], [17]. Recently, some algorithms have
been proposed which assume the network is a time-varying bidirectional graph [18]–[20]
or digraph [21]–[23].

The TCCPF framework has potential for both terrain-relative underwater navigation and
multi-vehicle coordination. For example, AUV navigation errors increase with distance
from known landmarks, but decrease as AUVs approach them. To bound accumulated lo-
calization errors, therefore, path planning must incorporate periodic excursions that revisit
these landmarks. Likewise, communications limitations require that AUVs must cooper-
atively plan to rendezvous at suitable locations for information exchange. Existing ETC
algorithms, however, must be modified to explicitly address time-coordination via inter-
mittent, range-limited communications. This report describes a novel ETC algorithm to
achieve TCCPF for clandestine MCM. To represent the limitations of acoustic commu-
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nications, the underlying network is assumed to be a time-varying digraph connected in
an integral sense. Moreover, each AUV transmits its progression information only when a
decentralized trigger condition is satisfied, thereby significantly reducing inter-vehicle com-
munication requirements, particularly compared to previous time-coordination algorithms
based on continuous communications, e.g., in [5]–[8].

The rest of this report is organized as follows. Section 2 provides a brief review of graph
theory. Section 3 formulates the time-coordination problem and presents assumptions on
the inter-vehicle information flow. In Section 4, the time-coordination control law based on
event-triggered communication is described, and the performance of the time-coordination
algorithm is analyzed in the main theorem. In Section 5, simulation results validate the
efficacy of the proposed algorithm. Finally, Section 6 presents some conclusions.

2 Preliminaries

2.1 Graph Theory

Adopting the notation of [11], a brief review of graph theory follows. A digraph of size
𝑛 is defined by D = (V, E,A), where V = {1, . . . , 𝑛} is the set of nodes, E is the set
of edges, and A is the Adjacency matrix. An edge is denoted by an ordered pair (𝑖, 𝑗),
which means information can be transmitted from node 𝑗 to node 𝑖. The Adjacency matrix
A is constructed as follows: if (𝑖, 𝑗) ∈ E, one has A𝑖 𝑗 = 1. Otherwise, A𝑖 𝑗 = 0. The
digraph D is represented by the Laplacian 𝐿 ≜ Δ − A, where Δ is a diagonal matrix with
Δ𝑖𝑖 ≜

∑𝑛
𝑗=1, 𝑗≠𝑖 A𝑖 𝑗 . The neighborhood of node 𝑖 is the set N𝑖 ≜ { 𝑗 ∈ V : (𝑖, 𝑗) ∈ E}. A

directed path from node 𝑖𝑠 to node 𝑖0 is a sequence of edges (𝑖0, 𝑖1), (𝑖1, 𝑖2), . . . , (𝑖𝑠−1, 𝑖𝑠).
The digraph D contains a directed spanning tree if there exists a node such that it can reach
every other node via a directed path.

Given a time-varying digraph D(𝑡), we consider the digraph represented by the integrated
Laplacian

∫ 𝑡+𝑇
𝑡

𝐿 (𝜏)𝑑𝜏. An edge (𝑖, 𝑗) in it is said to be a 𝛿-edge if
∫ 𝑡+𝑇
𝑡

−𝐿𝑖 𝑗 (𝜏)𝑑𝜏 ≥ 𝛿. A
path in it is said to be a 𝛿-path if every edge on the path is a 𝛿-edge.
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3 Time-coordinated Path-Following Framework

3.1 Path Following for a Single AUV
A trajectory generation algorithm such as [1], [2] produces a set of collision-free desired
trajectories for 𝑛 AUVs

𝑝𝑑,𝑖 (𝑡 𝑓 ) : [0, 𝑡 𝑓 ] → R3, 𝑖 ∈ {1, . . . , 𝑛}, (1)

where 𝑡 𝑓 is the simultaneous time of arrival. Introducing an adjustable non-decreasing
function 𝛾𝑖 (𝑡) as a coordination state or virtual time

𝛾𝑖 (𝑡) : [0,∞) → [0, 𝑡 𝑓 ], 𝑖 ∈ {1, . . . , 𝑛},

we can denote the desired position of the 𝑖th AUV as 𝑝𝑑,𝑖 (𝛾𝑖 (𝑡)). This simple idea introduces
an additional degree of freedom that allows one to adjust the progression speed of the AUV
along its trajectory by controlling 𝛾𝑖 (𝑡) and thus to guarantee simultaneous arrival at 𝑡 = 𝑡 𝑓

in the presence of disturbances. The control law for 𝛾𝑖 (𝑡) will be presented in Section 4.

To have the AUV track 𝑝𝑑,𝑖 (𝛾𝑖 (𝑡)), a path-following control law is needed. This can be done
by driving the path-following error

𝑒𝑃𝐹,𝑖 (𝑡) ≜ 𝑝𝑖 (𝑡) − 𝑝𝑑,𝑖 (𝛾𝑖 (𝑡)), 𝑖 ∈ {1, . . . , 𝑛},

to zero. In the above expression, 𝑝𝑖 (𝑡) represents the actual position of the AUV. In [4],
the authors formulated a path-following control law which ensures that the error converges
exponentially to zero with ideal performance of the inner-loop autopilot and to a neighbor-
hood of zero with non-ideal one. In other words, in the latter case, there exists 𝜌 > 0 such
that

∥𝑒𝑃𝐹 (𝑡)∥ ≤ 𝜌, ∀𝑡 ≥ 0, (2)

where 𝑒𝑃𝐹 (𝑡) = [𝑒𝑃𝐹,1(𝑡)⊤, . . . , 𝑒𝑃𝐹,𝑛 (𝑡)⊤]⊤.
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3.2 Time Coordination for Multiple AUVs
As discussed in the previous subsection, the progression of the AUV along its trajectory
can be controlled by adjusting 𝛾𝑖 (𝑡). As in [11], we also impose the following objectives.

First, the cooperating AUVs are said to be synchronized at time 𝑡, if

𝛾𝑖 (𝑡) = 𝛾 𝑗 (𝑡), ∀𝑖, 𝑗 ∈ {1, . . . , 𝑛}. (3)

Next, for a desired mission completion rate ¤𝛾𝑑 (𝑡) > 0, if

¤𝛾𝑖 (𝑡) = ¤𝛾𝑑 (𝑡), ∀𝑖 ∈ {1, . . . , 𝑛}, (4)

then the AUVs are progressing along their trajectories at the desired mission completion
rate.

To satisfy the above requirements, AUVs need to exchange the coordination states 𝛾𝑖 (𝑡) with
their neighbors over a time-varying directed network. This interaction among the AUVs can
be modeled using graph theory (see Section 2).

Finally, the nature of inter-vehicle communications used for our MCM application is based
on the assumptions in [11], which are restated below for convenience.

Assumption 1. The information flow between any two AUVs is directional without time
delays.

Assumption 2. The 𝑖th AUV can receive coordination state 𝛾 𝑗 (𝑡) only from other AUVs in
its neighborhood set N𝑖 (𝑡), where 𝑗 ∈ N𝑖 (𝑡).

The topology of the underlying communication network D(𝑡) described by the Laplacian
𝐿 (𝑡) varies in a way that satisfies the following assumption.

Assumption 3. For all 𝑡 ≥ 0, there exists 𝑇 > 0 such that the digraph represented by∫ 𝑡+𝑇
𝑡

𝐿 (𝜏)𝑑𝜏 contains a 𝛿-spanning tree. That is, a root node in it can reach every other
node via a 𝛿-path.

Remark 1. The network quality of service (QoS) is determined by the parameters 𝑇 > 0
and 𝛿 ∈ (0, 𝑇]. With a smaller value of 𝑇 and a value of 𝛿 closer to 𝑇 , the information flow
has stronger connectivity.
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Remark 2. Notice that Assumption 3 requires only connectedness in an integral sense, not
pointwise in time. Thus, even if the network is disconnected for a certain period of time or
at all times, this assumption can still be satisfied.

Problem (Time-Coordinated Path-Following Problem): Given a set of desired trajec-
tories (1) and a path-following control law that ensures (2), design a decentralized time-
coordination control law such that the coordination states 𝛾𝑖 (𝑡) converge for all 𝑖 exponen-
tially near the equilibrium (3) and (4) under Assumptions 1, 2, and 3.

Remark 3. Designing a time-coordination control law for the coordination states 𝛾𝑖 (𝑡) that
solves the Time-Coordinated Path-Following Problem guarantees the simultaneous arrival
of all the AUVs at their respective destinations.

4 Main Result
In this section, a decentralized time-coordination algorithm based on ETC is presented.

We propose the following decentralized control law:

¥𝛾𝑖 (𝑡) = −𝑏( ¤𝛾𝑖 (𝑡) − ¤𝛾𝑑 (𝑡))
−𝑎

∑︁
𝑗∈N𝑖 (𝑡)

(𝛾𝑖 (𝑡) − 𝛾̂ 𝑗 (𝑡)) + 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)), (5)

𝛾𝑖 (0) = 𝛾𝑖0, ¤𝛾𝑖 (0) = ¤𝛾𝑖0,

where 𝑎 and 𝑏 are positive coordination control gains and 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)) is defined as

𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)) =
¤𝑝𝑑,𝑖 (𝛾𝑖 (𝑡))⊤𝑒𝑃𝐹,𝑖 (𝑡)
∥ ¤𝑝𝑑,𝑖 (𝛾𝑖 (𝑡))∥ + 𝜂

(6)

with 𝜂 being a positive design parameter.

Remark 4. The term 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)) is designed in a way that helps the AUV remain inside the
region of attraction of the path-following controller [4]. When it precedes (falls behind of)
the desired place, the numerator becomes positive (negative), which accelerates (decelerates)
progression of the desired position along the trajectory leading to reduction in ∥𝑒𝑃𝐹,𝑖 (𝑡)∥.

In (5), an estimate 𝛾̂ 𝑗 (𝑡) of 𝛾 𝑗 (𝑡) is used because the 𝑖th AUV intermittently receives 𝛾 𝑗 (𝑡)
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from the 𝑗 th AUV employing ETC. Therefore, it is a reasonable strategy for the 𝑖th AUV to
estimate 𝛾̂ 𝑗 (𝑡) and to use this estimate to adjust its coordination state 𝛾𝑖 (𝑡). The estimator
of 𝛾 𝑗 (𝑡) is given below:

𝛾̂ 𝑗 (𝑡) :

¥̂𝛾 𝑗 (𝑡) = −𝑏( ¤̂𝛾 𝑗 (𝑡) − ¤𝛾𝑑 (𝑡)), 𝑡 ≥ 𝑡

𝑗

𝑘 𝑗 (𝑡)

¤̂𝛾 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡)) = ¤𝛾 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡)), 𝛾̂ 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡)) = 𝛾 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡))
, (7)

where 𝑡
𝑗

𝑘 𝑗 (𝑡) denotes the most recent time the 𝑗 th AUV transmitted its coordination state
𝛾 𝑗 (𝑡).

Let the estimation error be 𝑒 𝑗 (𝑡) ≜ 𝛾̂ 𝑗 (𝑡) − 𝛾 𝑗 (𝑡). Then (5) can be rewritten as follows:

¥𝛾𝑖 (𝑡) = −𝑏( ¤𝛾𝑖 (𝑡) − ¤𝛾𝑑 (𝑡)) − 𝑎
∑︁

𝑗∈N𝑖 (𝑡)
(𝛾𝑖 (𝑡) − 𝛾 𝑗 (𝑡))

+𝑎
∑︁

𝑗∈N𝑖 (𝑡)
𝑒 𝑗 (𝑡) + 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)), (8)

𝛾𝑖 (0) = 𝛾𝑖0, ¤𝛾𝑖 (0) = ¤𝛾𝑖0.

As it can be seen in (8), the error 𝑒 𝑗 (𝑡) has an explicit impact on the time-coordination
dynamics. The key point of the ETC algorithm is to ensure that |𝑒 𝑗 (𝑡) | remains bounded.
Therefore, when |𝑒 𝑗 (𝑡) | reaches a given threshold, i.e., a transmission event is triggered, the
𝑗 th AUV transmits the time instant 𝑡 at which this event occurred as well as 𝛾 𝑗 (𝑡), ¤𝛾 𝑗 (𝑡). To
be more specific, we define an event-triggering function 𝛿 𝑗 (𝑡) as

𝛿 𝑗 (𝑡) = |𝑒 𝑗 (𝑡) | − ℎ(𝑡), (9)

where ℎ(𝑡) = 𝑐1 + 𝑐2𝑒
−𝑎𝑡 , 𝑐1, 𝑐2, 𝑎 ∈ R≥0 is referred to as a threshold function, and

𝑐1 ≤ ℎ(𝑡) ≤ 𝑐1+𝑐2. Whenever 𝛿 𝑗 (𝑡) > 0, sampling and transmission take place with |𝑒 𝑗 (𝑡) |
reset to 0. With this ETC algorithm, boundedness of the error is guaranteed: |𝑒 𝑗 (𝑡) | ≤ ℎ(𝑡).

Remark 5. The 𝑖th AUV uses the estimator (7) to propagate the time-coordination controller
(5). On the other hand, the 𝑗 th AUV executes the same code to check whether the event
triggering condition |𝑒 𝑗 (𝑡) | > ℎ(𝑡) is satisfied.

Remark 6. Due to the time-varying nature of the underlying network, there might be no
available transmission channels when sampling occurs. Then the AUV continues sampling
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the data irrespective of the network topology and transmits the most recently sampled data
(𝑡 𝑗
𝑘 𝑗 (𝑡) , 𝛾 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡)), ¤𝛾 𝑗 (𝑡 𝑗𝑘 𝑗 (𝑡))) when it has available transmission channels.

For the ease of stability analysis, we introduce the coordination error state 𝜉𝑇𝐶 (𝑡) =

[𝜉1(𝑡)⊤ 𝜉2(𝑡)⊤]⊤ with
𝜉1(𝑡) = 𝑄𝛾(𝑡) ∈ R𝑛−1,

𝜉2(𝑡) = ¤𝛾(𝑡) − ¤𝛾𝑑 (𝑡)1𝑛 ∈ R𝑛,
(10)

where 𝛾(𝑡) = [𝛾1(𝑡), . . . , 𝛾𝑛 (𝑡)]⊤, and 𝑄 ∈ R(𝑛−1)×𝑛 is a matrix that satisfies 𝑄1𝑛 = 0𝑛−1

and 𝑄𝑄⊤ = I𝑛−1.

Remark 7. A matrix 𝑄𝑘 ∈ R(𝑘−1)×𝑘 , 𝑘 ≥ 2, satisfying 𝑄𝑘1𝑘 = 0𝑘−1 and 𝑄𝑘 (𝑄𝑘 )⊤ = I𝑘−1,
can be constructed recursively:

𝑄𝑘 =


√︃

𝑘−1
𝑘

− 1√
𝑘 (𝑘−1)

1⊤
𝑘−1

0 𝑄𝑘−1


with initial condition 𝑄2 = [1/

√
2 − 1/

√
2]. For notational simplicity, we denote 𝑄𝑛 by 𝑄,

where 𝑛 is the number of the AUVs.

It is shown in [24, Lemma 7] that 𝑄⊤𝑄 = I𝑛 − 1𝑛1⊤𝑛
𝑛

and the nullspace of Q is spanned by
1𝑛. Now suppose that 𝜉1(𝑡) = 𝑄𝛾(𝑡) = 0𝑛−1. Then since the nullspace of Q is spanned by
1𝑛, we obtain that 𝛾𝑖 (𝑡) = 𝛾 𝑗 (𝑡), ∀𝑖, 𝑗 ∈ {1, . . . , 𝑛}. Furthermore, 𝜉2(𝑡) = 0𝑛 implies that
¤𝛾𝑖 (𝑡) = ¤𝛾𝑑 (𝑡), ∀𝑖 ∈ {1, . . . , 𝑛}. Therefore, 𝜉𝑇𝐶 (𝑡) = 02𝑛−1 is equivalent to (3) and (4).

Using definitions of 𝛾(𝑡), 𝐿 (𝑡) and A(𝑡), the expression (8) can be rewritten in a more
compact form

¥𝛾(𝑡) = −𝑏𝜉2(𝑡) − 𝑎𝐿 (𝑡)𝛾(𝑡) + 𝑎A(𝑡)𝑒(𝑡) + 𝛼̄(𝑒𝑃𝐹 (𝑡)),
𝛾(0) = 𝛾0, ¤𝛾(0) = ¤𝛾0,

where 𝛼̄(𝑒𝑃𝐹 (𝑡)) = [𝛼̄1(𝑒𝑃𝐹,1(𝑡)), . . . , 𝛼̄𝑛 (𝑒𝑃𝐹,𝑛 (𝑡))]⊤ and 𝑒(𝑡) = [𝑒1(𝑡), . . . , 𝑒𝑛 (𝑡)]⊤.

Lemma 1. Consider the following dynamics:

¤𝑥 = −𝑎

𝑏
𝐿 (𝑡)𝑥, 𝑥(0) = 𝑥0 ∈ R𝑛. (11)
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Under Assumption 3 on 𝐿 (𝑡), the components 𝑥𝑖’s of 𝑥 reach consensus exponentially

𝑑𝑖𝑎𝑚 (𝑥 (𝑡)) ≜ max
𝑖

{𝑥𝑖 (𝑡)} − min
𝑖
{𝑥𝑖 (𝑡)} (12)

≤ 𝑑𝑖𝑎𝑚 (𝑥(0)) 𝑘𝑒−𝜆𝑡 , (13)

where 𝑘 ≜ 1
1−(𝛿′)𝑛 and 𝜆 ≜ − 1

𝑛𝑇
ln(1 − (𝛿′)𝑛) with 𝛿′ ≜ min

{
1, 𝑎

𝑏
𝛿
}
𝑒−(𝑛−1) 𝑎

𝑏
𝑇 .

Proof. The proof follows from the first half of the proof of [22, Theorem 1]. □

Lemma 2. The quantities ∥𝑄𝑥∥ and 𝑑𝑖𝑎𝑚(𝑥) satisfy the following inequalities:

1
√
𝑛
∥𝑄𝑥∥ ≤ 𝑑𝑖𝑎𝑚(𝑥) ≤

√
2∥𝑄𝑥∥. (14)

Proof. The first inequality in (14) follows from

∥𝑄𝑥∥2 = 𝑥⊤𝑄⊤𝑄𝑥 = 𝑥⊤
(
I𝑛 −

1𝑛1⊤𝑛
𝑛

)
𝑥 = 𝑛

{
1
𝑛

𝑛∑︁
𝑖=1

𝑥2
𝑖 −

(
1⊤𝑛 𝑥
𝑛

)2
}

=

𝑛∑︁
𝑖=1

(
𝑥𝑖 −

1⊤𝑛 𝑥
𝑛

)2
≤ 𝑛

(
max

𝑖
{𝑥𝑖} − min

𝑖
{𝑥𝑖}

)2
= 𝑛 {𝑑𝑖𝑎𝑚(𝑥)}2

The second inequality in (14) follows from

{𝑑𝑖𝑎𝑚(𝑥)}2 =

(
max

𝑖
{𝑥𝑖} − min

𝑖
{𝑥𝑖}

)2
=

(
max

𝑖
{𝑥𝑖} −

1⊤𝑛 𝑥
𝑛

+
1⊤𝑛 𝑥
𝑛

− min
𝑖
{𝑥𝑖}

)2

≤ 2
(
max

𝑖
{𝑥𝑖} −

1⊤𝑛 𝑥
𝑛

)2
+ 2

(
1⊤𝑛 𝑥
𝑛

− min
𝑖
{𝑥𝑖}

)2
≤ 2

𝑛∑︁
𝑖=1

(
𝑥𝑖 −

1⊤𝑛 𝑥
𝑛

)2
= 2∥𝑄𝑥∥2

□

Remark 8. When the elements 𝑥𝑖 of a vector 𝑥 reach consensus, i.e., 𝑥1 = · · · = 𝑥𝑛,
both ∥𝑄𝑥∥ and 𝑑𝑖𝑎𝑚(𝑥) are zero. Otherwise, they have positive values, which become
larger as 𝑥𝑖’s diverge away from consensus. In other words, ∥𝑄𝑥∥ and 𝑑𝑖𝑎𝑚(𝑥) quantify
the discoordination among 𝑥𝑖’s. Moreover, Lemma 2 implies that ∥𝑄𝑥∥ and 𝑑𝑖𝑎𝑚(𝑥) are
equivalent measures of the discoordination among 𝑥𝑖’s.
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The main results of the paper are presented in the following theorem.

Theorem 1. Consider a set of desired trajectories (1) and a path-following controller that
ensures (2). Let the evolution of 𝛾𝑖 (𝑡) be governed by (5) over the network D(𝑡) satisfying
Assumption 3. Then, there exist time coordination control gains 𝑎, 𝑏, and 𝜂 such that

∥𝜉𝑇𝐶 (𝑡)∥ ≤ 𝜅1∥𝜉𝑇𝐶 (0)∥𝑒−𝜆𝑇𝐶 𝑡

+𝜅2 sup
𝑡≥0

(
𝑎𝑛

√
𝑛ℎ(𝑡) + ∥𝑒𝑃𝐹 (𝑡)∥ + | ¥𝛾𝑑 (𝑡) |

)
with rate of convergence

𝜆𝑇𝐶 ≤ 𝜆

6𝑛𝑘2 , (15)

where 𝜆 and 𝑘 were defined in Lemma 1.

Moreover, the event-triggered time interval 𝑡𝑖
𝑘+1 − 𝑡𝑖

𝑘
is bounded below. Here, 𝑡𝑖

𝑘
denotes the

𝑘th event-triggered time of the 𝑖th AUV.

Proof. Motivated by [8], we introduce a new state

𝜒(𝑡) = 𝑏𝜉1(𝑡) +𝑄𝜉2(𝑡).

Then, the coordination error state 𝜉𝑇𝐶 (𝑡) = [𝜉1(𝑡)⊤ 𝜉2(𝑡)⊤]⊤ can be redefined as 𝜉𝑇𝐶 (𝑡) =
[𝜒(𝑡)⊤ 𝜉2(𝑡)⊤]⊤ with dynamics

¤𝜒 = −𝑎

𝑏
𝐿̄ (𝑡)𝜒 + 𝑎

𝑏
𝑄𝐿 (𝑡)𝜉2 + 𝑎𝑄A(𝑡)𝑒 +𝑄𝛼̄(𝑒𝑃𝐹)

¤𝜉2 = −𝑎

𝑏
𝐿 (𝑡)𝑄⊤𝜒 −

(
𝑏I𝑛 −

𝑎

𝑏
𝐿 (𝑡)

)
𝜉2 + 𝑎A(𝑡)𝑒

+ 𝛼̄(𝑒𝑃𝐹) − ¥𝛾𝑑1𝑛,

(16)

where 𝐿̄ (𝑡) ≜ 𝑄𝐿 (𝑡)𝑄⊤ ∈ R(𝑛−1)×(𝑛−1) .
In order to construct a Lyapunov function candidate for (16), we first show that the following
auxiliary system

¤𝜙(𝑡) = −𝑎

𝑏
𝐿̄ (𝑡)𝜙(𝑡), 𝜙(0) = 𝜙0 ∈ R𝑛−1 (17)
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is globally uniformly exponentially stable (GUES). As 𝑄 ∈ R(𝑛−1)×𝑛 is a full rank matrix,
there exists 𝑥0 ∈ R𝑛 such that 𝜙0 = 𝑄𝑥0. Let 𝑥(𝑡) be the solution of (11). Then 𝑄𝑥(𝑡) is a
unique solution of (17):

¤𝜙 + 𝑎

𝑏
𝐿̄ (𝑡)𝜙 = 𝑄 ¤𝑥 + 𝑎

𝑏
𝐿̄ (𝑡)𝑄𝑥 = 𝑄

(
¤𝑥 + 𝑎

𝑏
𝐿 (𝑡)𝑄⊤𝑄𝑥

)
= 𝑄

(
¤𝑥 + 𝑎

𝑏
𝐿 (𝑡)𝑥

)
≡ 0,

where the third equality follows from the fact that 𝐿 (𝑡)𝑄⊤𝑄 = 𝐿 (𝑡). Therefore, we have

∥𝜙∥ = ∥𝑄𝑥∥ ≤
√
𝑛 𝑑𝑖𝑎𝑚(𝑥) ≤

√
𝑛 𝑑𝑖𝑎𝑚(𝑥0)𝑘𝑒−𝜆𝑡

≤
√
𝑛
(√

2∥𝑄𝑥0∥
)
𝑘𝑒−𝜆𝑡 = 𝑘𝜙∥𝜙0∥𝑒−𝜆𝑡 ,

where 𝑘𝜙 ≜
√

2𝑛𝑘 , the second inequality follows from (13), and the other inequalities follow
from (14). The GUES of (17) can now be used to define a Lyapunov function candidate to
analyze stability of (16) as presented in the subsequent discussion.
Since the system (17) is GUES, Theorem 4.12 in [25] implies that there exists a continuously
differentiable, symmetric, positive definite matrix Ψ(𝑡) such that

𝑐1I𝑛−1 ≜
𝑏𝑐3
2𝑎𝑛
I𝑛−1 ≤ Ψ(𝑡) ≤

𝑘2
𝜙
𝑐4

2𝜆
I𝑛−1 ≜ 𝑐2I𝑛−1, (18)

¤Ψ(𝑡) − 𝑎

𝑏
𝐿̄⊤(𝑡)Ψ(𝑡) − 𝑎

𝑏
Ψ(𝑡) 𝐿̄ (𝑡) ≤ −𝑐3I𝑛−1, (19)

where 𝑐3 and 𝑐4 are any constants satisfying 0 < 𝑐3 ≤ 𝑐4.
Using Ψ(𝑡), we define a Lyapunov function candidate for (16) as follows:

𝑉𝑇𝐶 (𝑡) = 𝜒⊤Ψ(𝑡)𝜒 + 𝛽

2
∥𝜉2∥2 = 𝜉⊤𝑇𝐶𝑊 (𝑡)𝜉𝑇𝐶 , (20)

where 𝛽 > 0 and 𝑊 (𝑡) ≜

[
Ψ(𝑡) 0

0 𝛽

2 I𝑛

]
. Notice that 𝑉𝑇𝐶 (𝑡) satisfies 𝑧⊤𝑀1𝑧 ≤ 𝑉𝑇𝐶 (𝑡) ≤

𝑧⊤𝑀2𝑧, where 𝑧 ≜ [∥𝜒∥ ∥𝜉2∥]⊤ with

𝑀1 ≜

[
𝑐1 0
0 𝛽/2

]
and 𝑀2 ≜

[
𝑐2 0
0 𝛽/2

]
.
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The time derivative of (20) along the trajectory of (16) satisfies

¤𝑉𝑇𝐶 = 𝜒⊤
(
¤Ψ(𝑡) − 𝑎

𝑏
𝐿̄⊤(𝑡)Ψ(𝑡) − 𝑎

𝑏
Ψ(𝑡) 𝐿̄ (𝑡)

)
𝜒

−𝛽𝜉⊤2
(
𝑏I𝑛 −

𝑎

𝑏
𝐿 (𝑡)

)
𝜉2

+𝜒⊤
(
2
𝑎

𝑏
Ψ(𝑡)𝑄𝐿 (𝑡) − 𝛽

𝑎

𝑏
𝑄𝐿⊤(𝑡)

)
𝜉2

+
(
2𝜒⊤Ψ(𝑡)𝑄 + 𝛽𝜉⊤2

)
(𝑎A(𝑡)𝑒 + 𝛼̄(𝑒𝑃𝐹)) − 𝛽𝜉⊤2 ¥𝛾𝑑1𝑛,

which leads to

¤𝑉𝑇𝐶 ≤ − 𝑐3∥𝜒∥2 − 𝛽

(
𝑏 − 𝑎

𝑏
𝑛

)
∥𝜉2∥2

+
(
2
𝑎

𝑏
𝑛∥Ψ(𝑡)∥ + 𝛽

𝑎

𝑏
𝑛

)
∥𝜒∥∥𝜉2∥

+ (2∥Ψ(𝑡)∥∥𝜒∥ + 𝛽∥𝜉2∥) (𝑎𝑛∥𝑒∥ + ∥𝛼̄(𝑒𝑃𝐹)∥ + | ¥𝛾𝑑 |) ,

where we used (19), ∥𝑄∥ = 1, ∥𝐿 (𝑡)∥ ≤ 𝑛, and ∥A(𝑡)∥ ≤ 𝑛.
Applying ∥Ψ(𝑡)∥ ≤ 𝑐2 =

𝑘2
𝜙
𝑐4

2𝜆 in (18) yields

¤𝑉𝑇𝐶 ≤ − 𝑐3∥𝜒∥2 − 𝛽

(
𝑏 − 𝑎

𝑏
𝑛

)
∥𝜉2∥2

+
(
𝑎

𝑏

𝑛𝑘2
𝜙

𝜆
𝑐4 + 𝛽

𝑎

𝑏
𝑛

)
∥𝜒∥∥𝜉2∥

+
(
𝑘2
𝜙
𝑐4

𝜆
+ 𝛽

)
∥𝜉𝑇𝐶 ∥

(
𝑎𝑛∥𝑒∥ + 𝑣𝑚𝑎𝑥

𝑣𝑚𝑖𝑛 + 𝜂
∥𝑒𝑃𝐹 ∥ + | ¥𝛾𝑑 |

)
,

where 𝑣𝑚𝑎𝑥 = max𝑖{𝑣𝑖,𝑚𝑎𝑥} and 𝑣𝑚𝑖𝑛 = max𝑖{𝑣𝑖,𝑚𝑖𝑛}with 𝑣𝑖,𝑚𝑎𝑥 and 𝑣𝑖,𝑚𝑖𝑛 being the maximum
and minimum achievable speed of the 𝑖th AUV. Letting 𝑐3 = 𝑐4 and 𝜂 > 𝑣𝑚𝑎𝑥 − 𝑣𝑚𝑖𝑛, one
obtains

¤𝑉𝑇𝐶 ≤ −𝑧⊤𝑈𝑧 +
(
𝑘2
𝜙
𝑐4

𝜆
+ 𝛽

)
∥𝜉𝑇𝐶 ∥ (𝑎𝑛∥𝑒∥ + ∥𝑒𝑃𝐹 ∥ + | ¥𝛾𝑑 |) ,
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where 𝑧 = [∥𝜒∥ ∥𝜉2∥]⊤ and

𝑈 ≜


𝑐3 −1

2

(
𝑎
𝑏

𝑛𝑘2
𝜙

𝜆
𝑐3 + 𝛽 𝑎

𝑏
𝑛

)
−1

2

(
𝑎
𝑏

𝑛𝑘2
𝜙

𝜆
𝑐3 + 𝛽 𝑎

𝑏
𝑛

)
𝛽

(
𝑏 − 𝑎

𝑏
𝑛
)

 .
Next, we introduce𝜆𝑇𝐶 ≤ 2𝜆

3𝑘2
𝜙

= 𝜆

6𝑛𝑘2 which defines the time-coordination error convergence
rate. Consider

𝑈 − 3𝜆𝑇𝐶𝑀2

=


𝑐3 − 𝜆𝑇𝐶

3𝑘2
𝜙

2𝜆 𝑐3 −1
2

(
𝑎
𝑏

𝑛𝑘2
𝜙

𝜆
𝑐3 + 𝛽 𝑎

𝑏
𝑛

)
−1

2

(
𝑎
𝑏

𝑛𝑘2
𝜙

𝜆
𝑐3 + 𝛽 𝑎

𝑏
𝑛

)
𝛽

(
𝑏 − 𝑎

𝑏
𝑛 − 3

2𝜆𝑇𝐶

)  . (21)

Note that for a fixed value of 𝑎
𝑏
, all the terms in (21) are fixed except for 𝛽𝑏 in the (2, 2)

element. This is because the values of 𝑘𝜙 and 𝜆 are determined by the ratio of 𝑎
𝑏
. Thus,

choosing a sufficiently large 𝑏 with a fixed 𝑎
𝑏

makes sure that (21) is positive semi-definite.
Therefore, we obtain that −𝑧⊤𝑈𝑧 ≤ −3𝜆𝑇𝐶𝑧⊤𝑀2𝑧 ≤ −3𝜆𝑇𝐶𝑉𝑇𝐶 and thus the derivative of
𝑉𝑇𝐶 is bounded above by

¤𝑉𝑇𝐶 ≤ −3𝜆𝑇𝐶𝑉𝑇𝐶

+
(
𝑘2
𝜙
𝑐3

𝜆
+ 𝛽

)
∥𝜉𝑇𝐶 ∥ (𝑎𝑛∥𝑒∥ + ∥𝑒𝑃𝐹 ∥ + | ¥𝛾𝑑 |)

≤ −2𝜆𝑇𝐶𝑉𝑇𝐶 − 𝜆𝑇𝐶 min{𝑐1, 𝛽/2}∥𝜉𝑇𝐶 ∥2

+
(
𝑘2
𝜙
𝑐3

𝜆
+ 𝛽

)
∥𝜉𝑇𝐶 ∥ (𝑎𝑛∥𝑒∥ + ∥𝑒𝑃𝐹 ∥ + | ¥𝛾𝑑 |) .

By applying Lemma 4.6 in [25] and introducing the state transformation 𝜉𝑇𝐶 = 𝑆𝜉𝑇𝐶 ≜[
𝑏I𝑛−1 𝑄

0 I𝑛

]
𝜉𝑇𝐶 , we conclude that

∥𝜉𝑇𝐶 (𝑡)∥ ≤ 𝜅1∥𝜉𝑇𝐶 (0)∥𝑒−𝜆𝑇𝐶 𝑡

+𝜅2 sup
𝑡≥0

(
𝑎𝑛

√
𝑛ℎ(𝑡) + ∥𝑒𝑃𝐹 (𝑡)∥ + | ¥𝛾𝑑 (𝑡) |

)
,

(22)
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where ∥𝑒(𝑡)∥ ≤
√
𝑛ℎ(𝑡) was used and

𝜅1 ≜ ∥𝑆−1∥

√︄
max{𝑐2, 𝛽/2}
min{𝑐1, 𝛽/2} ∥𝑆∥, (23)

𝜅2 ≜ ∥𝑆−1∥

√︄
max{𝑐2, 𝛽/2}
min{𝑐1, 𝛽/2}

𝑘2
𝜙
𝑐3

𝜆
+ 𝛽

𝜆𝑇𝐶 min{𝑐1, 𝛽/2} . (24)

Lastly, we show that 𝑡𝑖
𝑘+1 − 𝑡𝑖

𝑘
is bounded below. From (7) and (8), it follows that the

estimation error dynamics can be written in the form of

¤𝜖𝑖 (𝑡) = 𝐴𝜖𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡), 𝑡 ∈ [𝑡𝑖𝑘 , 𝑡
𝑖
𝑘+1),

𝜖𝑖 (𝑡𝑖𝑘 ) = [0 0]⊤,
(25)

where 𝜖𝑖 (𝑡) = [𝑒𝑖 (𝑡) ¤𝑒𝑖 (𝑡)]⊤, 𝐴 =

[
0 1
0 −𝑏

]
, 𝐵 =

[
0
1

]
, and 𝑢𝑖 = 𝑎

∑
𝑗∈N𝑖

(𝛾𝑖−𝛾 𝑗 )−𝑎
∑

𝑗∈N𝑖
𝑒 𝑗−

𝛼̄𝑖 (𝑒𝑃𝐹,𝑖).

One can show that

|𝑢𝑖 | ≤ 𝑎∥𝐿𝛾∥ + 𝑎∥A𝑒∥ + ∥𝛼̄(𝑒𝑃𝐹)∥
≤ 𝑎∥𝐿∥∥𝑄⊤∥∥𝑄𝛾∥ + 𝑎∥A∥∥𝑒∥ + ∥𝑒𝑃𝐹 ∥

≤ 𝑎𝑛

(
𝜅1∥𝜉𝑇𝐶 (0)∥ + 𝜅2 sup

𝑡≥0

(
𝑎𝑛

√
𝑛ℎ(𝑡) + ∥𝑒𝑃𝐹 ∥ + | ¥𝛾𝑑 |

) )
+𝑎∥A∥∥𝑒∥ + ∥𝑒𝑃𝐹 ∥

≤ 𝑎𝑛𝜅1∥𝜉𝑇𝐶 (0)∥ + 𝑎𝑛𝜅2
(
𝑎𝑛

√
𝑛 (𝑐1 + 𝑐2) + 𝜌 + ¥𝛾𝑑,𝑚𝑎𝑥

)
+𝑎𝑛

√
𝑛(𝑐1 + 𝑐2) + 𝜌 ≜ 𝑢̄.

Therefore, we can show that the error 𝑒𝑖 (𝑡) is bounded above using (25) as follows:

|𝑒𝑖 | ≤ ∥𝜖𝑖∥ ≤
∫ 𝑡

𝑡𝑖
𝑘

(∥𝐴∥∥𝜖𝑖∥ + ∥𝐵∥|𝑢𝑖 |)𝑑𝜏

≤
∫ 𝑡

𝑡𝑖
𝑘

∥𝐴∥∥𝜖𝑖∥𝑑𝜏 + (𝑡 − 𝑡𝑖𝑘 )∥𝐵∥𝑢̄.
(26)
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Applying the Gronwall-Bellman inequality, see Lemma A.1 in [25], to inequality (26) leads
to

|𝑒𝑖 | ≤ ∥𝜖𝑖∥ ≤ (𝑡 − 𝑡𝑖𝑘 )∥𝐵∥𝑢̄ + ∥𝐴∥
∫ 𝑡

𝑡𝑖
𝑘

(𝑠 − 𝑡𝑖𝑘 )∥𝐵∥𝑢̄𝑒
∥𝐴∥(𝑡−𝑠)𝑑𝑠

≤ ∥𝐵∥𝑢̄
(
𝑒∥𝐴∥(𝑡−𝑡

𝑖
𝑘
) − 1

)
/∥𝐴∥.

Considering that the transmission event is triggered when |𝑒𝑖 (𝑡) | > ℎ(𝑡) ≥ 𝑐1, the inter-event
time interval is bounded below:

𝑡𝑖𝑘+1 − 𝑡𝑖𝑘 ≥ 1
∥𝐴∥ ln (1 + 𝑐1∥𝐴∥/(∥𝐵∥𝑢̄)) > 0.

This completes the proof of Theorem 1. □

Remark 9. We note that the rate of convergence 𝜆𝑇𝐶 in (15) is determined by 𝑇 > 0 and
𝛿 ∈ (0, 𝑇], which represent the QoS of the underlying network and also by the values of the
coordination control gains 𝑎 and 𝑏.

5 Simulation Results
This section presents simulation results of a coordinated path-following mission which illus-
trates the efficacy of the proposed algorithm. The trajectory generation algorithm described
in [2] and [3] first designs a set of Bezier curves with the following specification. From
starting points located on the 𝑦 = 0𝑚 plane, compute vehicle trajectories which simulta-
neously reach the 𝑦 = 150𝑚 plane after exchanging (𝑥, 𝑧) coordinates. The inter-vehicle
safety distance is 10𝑚 and the mission duration is 𝑡 𝑓 = 21.10 𝑠. The solid curves in Figure 1
depict the desired trajectories.

Considering a more general situation, the initial positions of the AUVs are not the same as
the initial points of the desired trajectories, i.e., they have initial path-following errors. The
path-following controller [4] steers each AUV onto its desired trajectory. The dotted curves
in Figure 1 show the paths travelled by the AUVs.

Suppose that the AUVs activate the transmission edges of Figure 2 and that they occur
in order D1 → D2 → D3 → D1 → · · · , each with a duration of 0.03 𝑠 due to tight

15



Figure 1. Time-coordinated path-following of five AUVs. The starting points
of the desired trajectories, blue dots, are on 𝑦 = 0𝑚. The final points, red dots,
are on 𝑦 = 150𝑚.

communication bandwidth. Even though D(𝑡) is not connected at all times, the integrated
graph represented by

∫ 𝑡+0.09
𝑡

𝐿 (𝜏)𝑑𝜏 (∀𝑡 ≥ 0) contains a 0.03-spanning tree, i.e., it is
connected in an integral sense, satisfying the Assumption 3. The coordination control gains
and the parameter 𝜂 in (6) are set to 𝑎 = 3.75, 𝑏 = 4.82, and 𝜂 = 12. The initial conditions
for the coordination state are 𝛾(0) = 0𝑛 and ¤𝛾(0) = 1𝑛.

(a) D1 (b) D2 (c) D3

Figure 2. Switching topology of available transmission edges.

Figures 3-6 illustrate how the coordination controller (5) works in combination with (7).
Initially, AUVs 1 and 2 start on the 𝑦 = 0𝑚 plane, while AUVs 3 and 5 start ahead of it, and
AUV 4 starts behind it. By the definition of (6), the term 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (0)) is positive for 𝑖 = 3, 5;
negative for 𝑖 = 4; and close to zero for the remaining 𝑖 values. As 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)) is added to the

16



right hand side of (5), it makes sense that 𝛾3(𝑡) and 𝛾5(𝑡) accelerate, while 𝛾4(𝑡) decelerates
for the first few secondsshown in Figure 3. This evolution of 𝛾𝑖 (𝑡) helps each AUV quickly

Figure 3. Convergence of ¤𝛾𝑖 (𝑡) to a neighborhood of ¤𝛾𝑑 (𝑡) = 1.

approach its desired position inside the region of attraction as shown in Figure 4. However,
this capability comes at the cost of increased inter-vehicle discoordination as illustrated in the
first few seconds of Figure 5. This initial discoordination is alleviated by the proposed ETC
algorithm. Comparing (5) with (7), we notice that the estimation error 𝑒𝑖 (𝑡) = 𝛾̂𝑖 (𝑡) − 𝛾𝑖 (𝑡)
stems from 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (𝑡)). With larger values of 𝛼̄𝑖 (𝑒𝑃𝐹,𝑖 (0)) for 𝑖 = 3, 4, 5, the corresponding
error 𝑒𝑖 (𝑡), 𝑖 = 3, 4, 5 evolves quickly. Sampling and transmission take place whenever
the error exceeds the threshold function ℎ(𝑡) = 0.03 in our simulation. Figure 6 confirms
that AUVs 3, 4, and 5 sample and transmit their data more frequently than the others do.
Transmitted data is used by the estimator (7) to update the second term of the controller (5)
used to achieve inter-vehicle coordination.
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Figure 4. Path-following errors.

In Figures 5 and 6 we observe that once coordination errors become sufficiently small,
inter-vehicle communication is triggered less frequently. Using this algorithm, therefore, a
team of AUVs will use their limited communications resources more intelligently, i.e., only
when needed. If they become discoordinated by disturbances such as wind or currents, they
will be able to restore coordination in the same manner.

In simulation, the AUVs simultaneously reach the 𝑦 = 150𝑚 plane at 𝑡 = 21.06 𝑠, which
is slightly earlier than the originally scheduled time of 𝑡 𝑓 = 21.10 𝑠. This occurs because
AUVs 3 and 5, initially starting ahead of the 𝑦 = 0𝑚 plane, made the mission unfold faster
than planned. Of course it is also possible to ensure the AUVs arrive precisely when planned
by adjusting ¤𝛾𝑑 (𝑡) during their mission from a value of 1 to a smaller value.

18



Figure 5. Convergence of the coordination error 𝛾𝑖 (𝑡) − 𝛾 𝑗 (𝑡) (𝑖 < 𝑗) to a
neighborhood of zero.

Figure 6. Event-triggered time instances.
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6 Conclusion
This report proposed a novel time-coordination algorithm using an event-triggered com-
munication strategy, where the exponential convergence of the coordination errors to a
neighborhood of zero was proven. Simulation results validated that coordinating the path
following of AUVs is possible using intermittent event-triggered communications. Incor-
porating this time-coordination algorithm into the existing TCCPF framework has utility
for AUV teams conducting underwater MCM missions which must plan trajectories and
coordinate their actions via intermittent, range-limited acoustic communications.
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