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ABSTRACT 

Unmanned vehicles necessitate extreme autonomy by the nature of being unmanned. 

Onboard systems must sense, decide, and act with minimal or no human interaction. This 

manuscript elaborates the brief, sixty-day study of recent autonomy developments for unmanned 

underwater vehicles beginning with a rigorous review of very recent literature and culminating 

with initial efforts to create computer simulations in MATLAB®/SIMULINK® of the recent 

seminal publication of deterministic artificial intelligence. The methods were developed for highly 

nonlinear circuits and later extended to spacecraft guidance and control before recently being 

developed for unmanned underwater vehicles. Mathematical expressions of the governing physics 

are used to formulate self-awareness statements, where optimal learning is used to discern 

unknown or unknowable properties. Critical analysis and selection of discretization and 

differential equation solvers is offered using numerical precision as the key figure of merit for 

selection. Machine precision of the utilized software version was achieved in validating 

simulations, where the simulation illustrated autonomous navigation without any kind of manual 

controller tuning.  
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I. INTRODUCTION

A. LITERATURE REVIEW 

Autonomy advancements are the broad context of the study described in this 

manuscript. Such advancements are important enablers of operations at sea, such as search 

and rescue (amongst others), where life-and-death circumstances are possible eventualities 

(see Figure 1). The purpose of this work is primarily to review the very latest developments 

in the field to establish the current state of the art (with a specific, slight emphasis on 

reinforcement learning), but is also to highlight promising methods for future 

developments.  

Figure 1. Unmanned underwater vehicle employment: (a) In the Sea of Japan an MK 18 
MOD 2 Kingfish is prepared for deployment during Exercise Noble Vanguard in 
May 2022 (image credit U.S. Navy, MC2 Pickett, [1]), and (b) Remote 
demonstration of autonomous operations in Bethesda, Maryland, USA, at the US 
Naval Surface Warfare Center, Carderock Division [2]. 
 

Developments using stochastic artificial intelligence methods [3] are introduced, as 

well as deterministic artificial intelligence as an emerging, divergent hypothesis. Scientists 

and engineers outside the field may benefit from a thorough explanation of deterministic 

artificial intelligence, and the method is therefore elaborated in Section 2, “Materials and 

Methods.” The method is also simulated in Section 3 so that it may be compared to the 

classical, optimal methods used to produce Figure 2, which depicts autonomous mission 

execution through minefields. 

  

(a) (b) 
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Figure 2. Unmanned underwater vehicle employment benchmarks.  
(a) Phoenix vehicle from the development of deterministic artificial intelligence in 
reference. (b)  Benchmark task: avoidance of mines while navigating in realistic 
ocean currents [4]. 

1. Review of the current state of research field 

The review is loosely organized to present operational innovations first, followed 

by developments key to cooperative interoperability, then design developments, and finally 

advances in localization and positioning. The review of reinforcement learning is 

presented, somewhat unusually, as Section 2 to serve readers who scan the manuscript with 

a primary interest in reinforcement learning developments.  

a. Operational developments 
Unmanned underwater vehicles share maritime information and data comprising 

domain awareness [4]–[5]. Yang [6] analyzed signal properties of communications 

channels under various random conditions, including surface waves in shallow waters, and 

hypothesized reasons for loss of coherence in phase and amplitude variations and 

individual path’s temporal coherence. According to Sinisterra, information sharing 

facilitates utilization of unmanned underwater vehicles as mother ships for unmanned 

aerial vehicles executing surveillance and sensing missions [7]. Allard et al. [8] elaborated 

on two vehicles collaboratively employing systems for imaging based on bistatic lasers 

autonomously to image ocean bottoms, a process enhanced by a novel “M-hull” design for 

unmanned surface vehicles. As an alternative to laser systems, acoustic channels can be 

used; Cen et al. [9] identified that the key dynamics of such channels are driven by coding 

(a) (b) 
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rate, modulation method, and transmission power, allowing adaptive prediction of the 

states of channels for double-scale adaptive signal transmission. Collaborative navigation 

while minimizing collisions necessitates short-range transmission through the sea, and 

Savkin et al. illustrated a law utilizing sliding-mode navigation which was validated 

computationally in [10].  

Controlling multilink manipulators attached to unmanned underwater vehicles 

operating on the dynamic position of objects on the seafloor has recently been proposed by 

Konoplin et al., using a multi-level system with machine-vision systems to generate point 

clouds to aid locating and shape-determination [11]. Simulations validated high efficiency 

sensor information processing. Addressing rapidity and maneuverability challenges 

encountered during gas and oil pipeline or seabed fiber cable repair, in 2022, Liu et al. [12] 

used numerical models to investigate vehicle hydrodynamic performance focusing on the 

propeller interaction with the hull; one finding was strong coupling where performance 

tended towards stability.  

b. Cooperation 
Cooperation between unmanned surface vehicles and unmanned underwater 

vehicles can be facilitated by acoustic communications. Since unmanned surface vehicles 

have a relatively wider range, they are more efficient at tracking unmanned surface vehicles 

compared to vice versa. Kang et al. [13] proposed an algorithm usable by unmanned 

surface vehicles for tracking unmanned underwater vehicles, consisting of an extended 

Kalman filter, pattern-based re-searching, and multi-mode guidance. The algorithm proved 

to be stable and efficient at tackling (in simulated environments) underwater 

communications environments that are quite complex, where experimental validation was 

performed in sea trials.  

Kotis et al. [14] investigated autonomous swarm formations of unmanned 

underwater vehicles, paying particular attention to interoperability and cybersecurity as 

they relate to water variety, velocity, volume, and data transmission veracity with 

necessarily low bitrates as applied to operations for search-and-rescue. Yan et al. [15] 

proposed approaches for swarm formation control, including collision avoidance in 

disturbance environments (e.g., currents and waves). One approach proposed included 

using a disturbance observer based on a sliding mode for identification of dynamic 
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disturbances. Another option was inclusion of an artificial potential function in the collision 

avoidance control law, the stability of which was illustrated by boundedness of errors in 

accordance with Lyapunov theorem where Barbalat’s lemma is used to illustrate 

convergence.  

Yun et al. proposed having the unmanned underwater vehicle be towed by an 

unmanned surface vehicle, where wired communications can provide higher speed 

communications and stable power supply [16]. Seeking to address weak signals, amongst 

other complications, Wang et al. proposed a gated recurrent unit network with a cubature 

Kalman filter [17]. The proposed network is trained using the filter gain, prediction error, 

and filter innovation, where learning is used to predict the current target state, and tracking 

prediction is converted to a problem of time-series prediction for target motion uncertainty 

resolution. Stability and accuracy improvements were validated in simulation experiments. 

A high-gain observer was proposed by Yan et al. for adaptive formation control, including 

collision avoidance, using radial basis functions to estimate unknown disturbances; 

stability was evaluated using the theorems of Lyapunov [18]. Zhu et al. proposed 

fractional-order control for transient robustness of depth control, based on the genetic 

algorithm, fuzzy control, and fractional calculus [19]. Experiments were presented to verify 

effectiveness and robust steady-state and dynamic performance.  

Swarming, multiple, dissimilar vehicles were investigated by Wu et al. who 

proposed addressing vehicle allocation using a consistency algorithm to develop an ex-

tended, dynamic consensus-based bundle algorithm [20]. Multiple tasks were allocated to 

each unmanned vehicle in a task-matching matrix and cost functions, while reward and 

marginal utility functions were used to establish vehicle paths and travel times amidst 

communications constraints. Optimization of vehicle load balances was expressed in 

discrete time. Simulation experiments were presented merely to validate algorithm speed 

and efficiency.  

c. Design 
Several subsystem technologies suggest improvements in power generation, noise 

reduction, vibration reduction and hydrodynamic efficiency. For example, ocean currents 

encountered during operations may be used for in situ power generation. Wang et al. 

introduced a model of coupling between vehicle hulls and a counter-rotating turbine [21]. 
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A sliding-grid method was used to analyze characteristics of surrounding flow and yaw 

moments during generation of power. Drift angle effects on the counter-rotating turbine 

were also assessed, where fourteen percent increased longitudinal drag was discerned 

despite negligible change in the surrounding flow field, while the variation in 

hydrodynamic coefficients was seven percent. Yaw moments were increased as well. Hull 

stability in the moored state was not reduced by the counter-rotating turbine, but the turbine 

performance was impacted greatly at drift angles greater than fifty percent, where thrust 

and power coefficients were respectively raised by over seventeen percent and over thirty-

five percent.  

Chen et al. used computational fluid dynamics to study the unsteady flow field and 

sound field of ducted propellers at four disparate speeds, revealing that inflow condition 

strongly relates to noise radiated underwater and flow structure of the water [22]. As 

vehicle speed increased, ducted propeller propulsion efficiency initially rose, then fell. 

Simulations matched experiments very closely: 0.1% difference in thrust and 0.5% 

difference in power. The optimal speed happened to also coincide with the minimum 

hydrodynamic noise, while the importance of turbulent noise increased with navigation 

speed. Noise and vibration reduction are key to detecting targets underwater with high 

resolution estimation of direction of arrival, detection distance, and noise rejection. Xu et 

al. proposed a virtual (large aperture) array comprised of many smaller aperture arrays 

spread across swarms of unmanned underwater vehicles [23]. Data processing and analysis 

is complicated by unobserved and corrupted samples, so matrix completion techniques 

were recommended to recover the corrupted or unobserved data based in the virtual array. 

The traditional direction of arrival methods seemingly may be employed for bearing 

estimation using the recovered matrix. Simulations presented in [23] indicate restoration 

of high resolution and precision. Target recognition, positioning, and navigation may also 

be facilitated by using low-cost cameras.  

d. Localization and positioning 
A review of literature on vision-based positioning and navigation was provided in 

[24] by Qin et al. divided into two categories of state-of-the-art methods: deep-learning 

based, and geometry-based methods, where the cited reference presented a comparison of 

the two methods experimentally using a public underwater dataset. Deep-learning methods 
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were seen to produce images five hundred percent faster than geometric-based methods. 

Lambertini presented a prototype system named “Blucy” to derive accurate digital replicas 

of unobserved environments with a goal of creating digital twins for georeferenced 

underwater surveys [25]. Khawaja et al. provided another, broader survey of unmanned 

vehicles (both underwater and aerial vehicles) including challenges and threats plus 

countermeasures against the threats [26]. Amongst the countermeasures was detection, 

tracking, and classification. Recommended for future development were two additional 

concepts: employment of unmanned underwater vehicles on the ocean’s surface with radio 

beacons, and establishment of sensor networks with cognitive acoustic and software-

defined sonar networks for the detection and tracking of other vehicles.  

Small, low-cost side–scan sonar was recommended by Xie et al. for both unmanned 

underwater and surface vehicles to provide wide coverage and high resolution, particularly 

when bathymetric data is not available [27]. Data reconstruction using global optimization 

with a sinusoidal representation network was used in [27] to represent the albedo and beam 

profile, with modeling of Lambertian scattering used for joint estimation. Using high 

resolution multi-beam echo sounders yielded bathymetry errors on the order of twenty 

centimeters aiding unmanned surface or underwater vehicles navigation in shallow water.  

Environmental noise susceptibility, low resolution, and slow refresh rate challenge 

the use of acoustic devices for localization amidst complex terrain, rapid electromagnetic 

wave attenuation, uncertainties, and disturbances. Furthermore, illumination condition 

changes, sparse features and phenomena like scattering interfere with visual sensors used 

for creating depth maps. The combination of an inertial measurement unit with a light 

detection and ranging camera was proposed by Yang et al. to generate depth maps [28]. 

The bundle adjustment method was suggested to recalculate the rotation matrix utilizing 

sensor fusion for prediction of positioning of other vehicles. Reference trajectories in a 

tank were provided by an ultra-wideband positioning system that proved experimentally to 

be robust and stable.  

Waypoint tracking in strong disturbances can be attempted using machine learning-

based control as suggested by Sola et al. [29] who used a soft actor–critic algorithm with 

deep reinforcement learning that is entropy-regularized. In [29], comparisons were made 

against a benchmark classical controller comprised of proportional, integral, derivative 
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components. The proposed method proved capable of simultaneously exploring the 

environment and managing waypoint tracking, where validation was provided using an 

unmanned underwater vehicle simulator. Software in the loop simulations were also 

utilized by Zhang et al. to integrate models, motion controllers, sensors, and programming 

interfaces for task scheduling, swarm formation control, and path planning [30]. Seeking 

to simultaneously perform well in the cross-domain environments on the surface and sub-

surface, Shi et al. designed a vehicle with four hydrofoils capable of silent diving using a 

vertical propeller and high-speed surface navigation with a water jet propeller with 

hydrofoils for improved stability and speed [31]. Experiments illustrated fourteen knots 

surface sailing speed by an unmanned under-water vehicle. 

Magnetic sensor accuracy improvements were proposed by Listewnik et al. based 

on polynomial regression infrastructure modeling in three dimensions [32]. Ultrasonic 

sensing was proposed to be countered by a novel smart vehicle skin that controls reflected 

signals [33]. Two–dimensional reflection experiments validated sound absorption up to 

28.6 decibels. Acoustic underwater communications between surface and sub-surface 

vehicles were presented by Kang et al. who proposed augmentation by smoothing of an 

extended Kalman filter for the surface vehicle’s tracking of the sub-surface vehicle [34].  

Alrayes et al. recommended enhanced classification and secured communications 

between surface and subsurface vehicles using artificial intelligence [35]. Facilitating the 

necessarily large data requirements, Cho et al. [36] passed large amounts of information 

(camera and sonar data) between two vehicles using an umbilical cord that simultaneously 

provided electrical power. Validation was offered in [36] using a catamaran–type surface 

vehicle and torpedo–shaped undersea vehicle utilizing waypoint guidance tracking with 

sonar and underwater cameras. Raigoza elaborated ubiquitous utility of waypoint guidance 

for precision-vehicle-trajectory tracking with autonomous collision avoidance [37], while 

navigation tracking in such algorithms was proven susceptible to computational rate and 

discretization of actuator controllers.  

In [38], Bourgeois et al. describe the efforts of the U.S. Naval Research Laboratory 

for development in these technologies, particularly applied to teaming of unmanned 

underwater vehicles [39]. Following the publication of [40], utilizing autonomous 

unmanned vehicles for under-ship inspection, Eldred et al. [41][42] described a novel 
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spherical vehicle invention: implementation after construction of a novel design called 

wreck–interior exploration vehicle (WIEVLE) for unique shipwreck interior exploration 

using open-loop control testing that demonstrated stable four-degree-of-freedom 

maneuvering capability. Using tethered communications, the vehicle could secure itself to 

the seabed, release an anchor, and passively loiter at length. Sea trials performed by Eldred 

et al. validated performance in three types of seabed sediment under varying conditions.  

 Thus far within this broad review of the literature for unmanned underwater 

vehicles, developments in operational features, cooperation, design, and localization or 

positioning have been reviewed and presented where the review emphasized developments 

in the past 1–2 years.  

2. Reinforcement learning 

A particular focus on reinforcement learning follows: reinforcement learning is 

highlighted in this section, while the novel introduction of deterministic artificial 

intelligence is presented in section 3, followed immediately by validations by simulation 

in section II., “Methods and Materials.” Machine learning paradigms are generally 

categorized in three manners: supervised learning, unsupervised learning, and 

reinforcement learning, which often uses recursive instantiations of Bellman’s equation to 

maximize a declared reward function. Utilization of reinforcement learning for underwater 

mapping was seminally proposed using robot teams in [40]. Although millions of samples 

are usually required for deep reinforcement learning, the method in [40] was illustrated to 

be faster than a benchmark lawnmower trajectory method. Asynchronous multithreading 

proximal policy optimization was proposed by Miller et al. for path planning and trajectory 

tracking of unmanned underwater vehicles [44]. The methods were applied to different 

scenarios necessitating offline training to produce autonomous capabilities for planning, 

tracking, and obstacle avoidance. Reward sparsity was avoided by using a so–called 

reward-shaping trick, refining the reward at each timestep. 

Multi-agent deep reinforcement learning was suggested by Wang et al. for 

cooperative target capture, using a swarm of unmanned underwater vehicles in dynamic 

adversarial environments, where polar coordinate control indicators were selected as 

angular spacing, while the desired capturing radius was subsequently converted to 

Cartesian coordinates [45]. Dynamics allocation was performed adaptively, and adversarial 
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training was required. Claimed results were mild: the unmanned underwater vehicles were 

able to form a circular formation near the target without collision. Trajectory tracking was 

alternatively presented using a line-of-sight algorithm with fixed look-ahead distances. 

Seeking to overcome limitations of such algorithms, Wang et al. proposed reinforcement 

learning guidance using an adaptive line-of-sight [46]. Experiments in Tuandao Bay 

validated path tracking of a Sailfish autonomous underwater vehicle and also validated 

performance improvements over nominal line-of-sight approaches, where a short-term 

memory neural network was used to pre-train the reinforcement learning algorithm, and 

optimization was performed using a deterministic policy gradient.  

a. Swarms 
Swarms of autonomous vehicles must simultaneously track targets while 

maintaining swarm formation, and Wang et al. utilized a search method based on deep 

deterministic policy gradient using both temporal and spatial data with specialized reward 

function.  Success rates were improved twenty percent in simulations. [47] Another 

optimization alternative is utilization of the Hamilton–Jacobi–Isaac equation as proposed 

by Duan et al. for tracking control using reinforcement learning, where vehicle dynamics 

are not known [48]. The simulations presented validated algorithm convergence in about 

ten seconds. Target localization was proposed by Masmitja et al. using single-beacon 

range-only methods and improvements were claimed over ultra–short and long–baseline 

benchmarks using reinforcement learning to find the optimal path that manifest seventeen 

percent less error than analytically calculated trajectories [49]. 

b. Heterogeneous formations 
Search and tracking can be enhanced by integrating with autonomous aerial 

vehicles, where maneuvering decisions and perception of situational information remains 

key. Improvements suggested by Cao et al. incorporated a convolutional neural network 

(to process high-dimensional situations) and reinforcement learning (for environment 

interaction training), where game theory’s mini-max method was used to solve the Nash 

equilibrium [50]. Networking vehicles together using wireless technology was studied by 

Bu et al. who formulated an integer nonlinear problem minimizing consumed energy and 

age-of-information using a model-free, online, off-policy reinforcement learning method 

called the deep Q-network algorithm [51]. Numerical simulations were presented in  [51], 
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but merely validated convergence, and reduced energy and age of information. Lu et al. 

proposed vehicle stabilization when seeking to interact with other undersea objects using 

domain randomization by reinforcement learning with varying payloads and unknown 

dynamics. This method necessitated fewer samples for training, but errors merely converge 

to roughly two meters [52].  

The literature review thus far is less than impressive regarding the performance of 

stochastic artificial intelligence applied to autonomous underwater vehicles including 

reinforcement learning. Accordingly, examination of deterministic artificial intelligence 

follows and is further elaborated in “Materials and Methods.” 

3. Deterministic artificial intelligence 

Open-loop, feed-forward control is a logical starting point to limit the 

computational burden of the initially designed control system. Seeking to expand the 

mission of unmanned vehicles to include object grasping and manipulation, an adaptive or 

learning paradigm is necessary (augmenting the open-loop, feedforward control), albeit 

still constrained to slight computational burden. The architectures for robotic learning 

control are well understood for use in unstructured environments [53], leading to the recent 

proposal for so-called deterministic artificial intelligence. Five-degree-of-freedom control 

with optimal learning is a potential next step in the evolution of modern approaches. The 

approach might have the potential to provide transformational capabilities, but the nascent 

approach is not yet validated in challenging unknown and/or unstructured environments.   

Using system identification, or alternatively the governing physics equations, to 

substantiate self-awareness statements form the initiation of the recently proposed method 

called deterministic artificial intelligence [54]. Thus, the first step towards augmenting the 

current state of the art is to augment the statements of self-awareness to include disturbance 

environments of forces and torques. Emphasizing feedforward prior to feedback requires 

prescription of desired trajectory expression, and two prescription methods predominate in 

the literature: sinusoidal [55] and fuel-minimizing trajectory generation [56]. Since 

ordinary differential equations have exponential solutions which can be expanded as sums 

of transcendental sinusoids using Euler’s formula, use of such functions is justified as the 

structural form of commended desired trajectories. 
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Figure 3. Preliminary results using deterministic artificial intelligence with optimal learning [4]: 
(a) Maneuver angle (degrees) on the ordinant versus time (seconds) for a Phoenix 
vehicle using development of deterministic artificial intelligence, (b) Validating tight–
turn maneuvering while navigating in realistic ocean currents [54].  

  

  
(a) (b) 
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II. MATERIALS AND METHODS

Carrying forward the notion of deterministic artificial intelligence in the face of 

unimpressive performances of stochastic methods, subsection II.1. expresses the governing 

differential equations representing the related laws of physics (e.g., those of Newton, Euler, 

etc.). These mathematical representations are used to formulate vehicle self–awareness in 

subsection II.2., while optimal learning of unknown parameters is elaborated in subsection 

II.3. The complete system topology is displayed in Figure 4; corresponding equations 

belonging to each subsystem are described in the figure caption. The topology is a 

screenshot of the SIMULINK® simulation used to produce the results later presented in 

section III., “Results.” While the original development of deterministic artificial 

intelligence for unmanned underwater vehicles presented in [50] merely elaborated five 

degrees of mechanical motion (where depth control was merely assumed), the simulation 

developed in section II and used in section III articulate for the first time the seminal six 

degrees of mechanical motion manifestation.   

 
Figure 4. MATLAB®/SIMULINK® simulation topology, where the desired position 

and attitude are user-provided inputs.  
The attitude controller subsystem contains equations (10) and (11), while equation (4) 
is contained in the Euler’s moment equations subsystem, equations (5) – (8) are 
contained in the rotational kinematics subsystem, equation (3) is contained in 
subsystem labeled Newton’s translational equations. Disturbance forces and torques 
are simplified as sinusoids. Only the desired attitude is necessary for motion control. 

1. Governing physics differential equations  

Six-dimensional mechanical motion is manifest as three degrees of rotational 

motion plus three degrees of translation motion expressed respectively by Euler’s moment 

equations Error! Reference source not found. and Error! Reference source not found.

and Newton’s law expressed in equations Error! Reference source not found.) and 
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Error! Reference source not found.). The kinematics relationship in equations (5)–(7) 

and (8) allow the necessary expressions relative to a non-rotating, non-accelerating 

reference frame to be transformed into coordinates of rotating reference frames, so that 

operators have access to motion expressed in terms of their particular preferred reference 

frame (e.g., body frame, sensor frame, etc.).  

F| = ma| = mv| = mx|  (1) 

= J | = m |  (2) 

Variable /  
acronym 

Definition F|  Vector sum of external forces expressed in non–accelerating, non–rotating coordinates  a|  Acceleration expressed in non–accelerating, non–rotating coordinates v Timed rate of change of velocity expressed in non–accelerating, non–rotating coordinates x|  Twice differentiated position expressed in non–accelerating, non–rotating coordinates 
m Mass (matrix of nine elements) 

 Vector sum of external torques expressed in non–accelerating, non–rotating coordinates  
J Mass moments of inertia (matrix of nine elements) |  Acceleration expressed in non–accelerating, non–rotating coordinates |  Angular velocity rate of change expressed in non–accelerating, non–rotating coordinates 

1 Such tables are offered throughout the manuscript to aid readability. 

Table 1. Table of proximal variable and acronym definitions. 

Equations (1) and (2) respectively represent Newton’s Law for translation and 

Euler’s moment equations for rotation, where motion is expressed in the coordinates of a 

non-rotating, non-accelerating reference frame of arbitrary location. Since operators need 

to express operations in coordinates of a meaningful reference frame often placed for 

convenience (e.g., a reference frame fixed in the vehicle’s body). Expressing motion (both 

translational and rotational) in coordinates of the preferred frame of reference modifies 

equations (1) and (2) through the so–called transport theorem (equation (7) in [56] and 

equation (1) in [58]) leading to equations (3) and (4).  

While equations (1)–(4) elaborate the kinetics, the field of dynamics comprises both 

kinetics and kinematics which provides disparate expressions of the vehicle’s attitude. 

Attitude kinematics are elaborated in equations (5)–(8) including matrices of direction 

cosines, Euler angles, and quaternions. Direction cosines express the orientation of a 

vector, while Euler angles imposes a specific paradigm to produce at least three orientation 
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angles permitting expression of three degrees of freedom of rotational motion. Euler angles 

are ubiquitously preferred by operators familiar with “roll,” “pitch,” and “yaw” angles to 

respectively express attitude angles with respect to the vehicle’s longitudinal axis, the 

wings, and the vertical. Since the calculation of these preferred Euler angles contains 

mathematical singularities, a four-dimensional representation is often used to negate the 

issue of singularities, and that four-dimensional representation is called the quaternion, and 

consists of a single real variable and three imaginary variables.  

F = mx + m ddt × r + 2m × v + m × ( × r ) (3) 

= J + × J  (4) 

Variable /  
acronym 

Definition (3–element vectors expressed in accelerating, rotating coordinates of choice) 

F Vector sum of external forces 
 Translational velocity  
 Vector sum of external torques 
 Position  
 Angular velocity of chosen frame relative to nonrotating, non–accelerating frame 
 Angular acceleration of chosen frame relative to nonrotating, non–accelerating frame 

1 Such tables are offered throughout the manuscript to aid readability. 

Table 2. Table of proximal variable and acronym definitions. 

The matrices of direction cosines from a prescribed rotation sequence are displayed 

in equations (5) and (6) and equated to an equivalent rotation matrix in equation (7) derived 

using the quaternions which must obey the necessary normalization condition in equation 

(8). In section III, “Results,” attitude errors will be expressed in terms of the roll, pitch, and 

yaw Euler angles that were calculated using the quaternion-derived direction cosine matrix. XYZ =  1 0 00 cos ( ) sin ( )0 sin ( ) cos ( )  (   
cos( ) 0 sin ( )0 1 0sin( ) 0 cos ( )  (  )

cos ( ) sin ( ) 0sin ( ) cos ( ) 00 0 1  (  )
XYZ   

(5) 

XYZ =  cos( ) cos ( ) cos( ) sin ( ) sin ( )sin( ) sin( ) cos( ) cos( ) sin ( ) sin( ) sin( ) sin( ) +cos( ) cos ( ) sin( ) cos ( )cos( ) sin( ) cos( ) + sin( ) sin ( ) cos( ) sin( ) sin( ) sin( ) cos ( ) cos( ) cos ( ) XYZ  (6) 

XYZ = [DCM] XYZ ( )
= 1 2(q + q ) 2(q q + q q ) 2(q q + q q )2(q q + q q ) 1 2(q + q ) 2(q q + q q )2(q q + q q ) 2(q q + q q ) 1 2(q + q ) 

XYZ  (7) 
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q q + q = q + q + q + q = 1   (8) 

Variable Definition Variable Definition 
 Roll attitude angle about body’s x–axis q  Imaginary x–coordinate of Euler axis 
 Pitch attitude angle about intermediate y–axis q  Imaginary y–coordinate of Euler axis 
 Yaw attitude angle about inertial z–axis q  Imaginary z–coordinate of Euler axis 

DCM Direction cosine matrix q  Rotation angle about Euler axis X  x–axis in the body reference frame X  x–axis in the inertial reference frame Y  y–axis in the body reference frame Y  y–axis in the inertial reference frame Z  z–axis in the body reference frame Z  z–axis in the inertial reference frame 
1 Such tables are offered throughout the manuscript to aid readability. 

Table 3. Table of proximal variable and acronym definitions. 

The governing differential equations expressed so far will be used as the structure 

of self-awareness statements in deterministic artificial intelligence, and after 

reparameterization into standard regression form become able to facilitate optimal learning 

(in the 2-norm sense). 

2. Deterministic artificial intelligence self-awareness statements 

Self-awareness statements were first expressed by Cooper and Heidlauf in [57] as 

applied to nonlinear differential equations of chaotic circuits, while the specific articulation 

for motion mechanics was first expressed by Smeresky and Rizzo a few years later in 2020 

[58]. 

F mx + m ddt × r + 2m × v + m × ( × r ) (9) 

J + × J [ ]  (10) 

Variable Definition Variable Definition 
F Externally applied resultant force  Externally applied resultant force m Learned estimates of masses J Learned estimates of mass moments x  Desired translational acceleration  Desired rotational acceleration d /dt Desired rotational acceleration  Desired angular velocity r  Desired translational position  Regression matrix of “knowns” v  Desired translational velocity  Regression vector of “unknowns” 

1 Such tables are offered throughout the manuscript to aid readability. 

Table 4. Table of proximal variable and acronym definitions. 

The key feature is to re-parameterize the system of coupled nonlinear equations 

into a standard regression form depicted in equation (10) noting the nature of the 
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reparameterization is also represented in equation (9). While the manifestation of self-

awareness statements for unmanned underwater vehicles in [50] merely represented five 

degrees of mechanical motion, the representation described here elaborates six degrees of 

freedom. 

3. Deterministic artificial intelligence optimal learning 

Optimal learning as elaborated generically by Smeresky and Rizzo in [58] is 

expressed in equation (11) which, together with equation (10), is the content of the attitude 

controller subsystem of the topology in Figure 4. Note that the final term in equation (11), 

, must be estimated by observers that are not specified in this work permitting easy 

identification of the next steps in the research lineage for formulating recommendations 

for future research. High-gain Luenberger observers were utilized here with no attempts 

made for optimization to minimize a particular reward function.  

= + ([ ] [ ])– [ ]  (11) 

Theorem 1 and the accompanying proof validate the optimality of the learned 

parameters, since the chosen learning rule is the pseudoinverse solution of the governing 

equations of motion formulated as self-awareness statements. 

 
Variable Definition Variable Definition 

 Learned estimates  Regression matrix of “knowns” 
 Initial estimate  Estimated control deviation 

1 Such tables are offered throughout the manuscript to aid readability. 

Table 5. Table of proximal variable and acronym definitions. 

Theorem 1. Assuming mechanical motion over time will produce tall matrix with 

full column rank, i.e., rank( ) = n m. Then the pseudoinverse of  is displayed in 

equation (12). = ([ ] [ ])– [ ]  (12) 

Proof of Theorem 1. Verification of four conditions for being a pseudoinverse 

suffices and is elaborated in equation (13): [ ][ ] [ ] = [ ] ([ ] [ ])– [ ] [ ] = [ ] [ ] [ ][ ] = ([ ] [ ])– [ ] [ ] ([ ] [ ])– [ ] = [ ] (13) 
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[ ][ ] = [ ]([ ] [ ])– [ ]  symmetric [ ] [ ] = ([ ] [ ])– [ ] [ ] = [I ] symmetric 

Therefore = ([ ] [ ])– [ ]  is the pseudoinverse of [ ]  

4. Discretization and numerical precision 

Since the assertion of self-awareness with optimal learning is validated in simulation 

experiments in section III, a brief discussion of errors in numerical computation is 

mandatory.  

Simulations suffer from precision issues, particularly with nonlinear equations or 

coupled sets of equations. Since the governing equations elaborated in subsections II.1.–

II.2. are both nonlinear and coupled, special attention is paid to numeric solver selection 

and computational discretization intervals using the accuracy of calculating the sums of 

transcendental sines and cosines as a figure of merit for numerical precision.   

Table 3 displays general guidance for initial solver selection based on necessary 

accuracy and time-varying nature of the simulated equations. This initial solver selection 

guidance was used to initiate a particularized comparative analysis for selecting both solver 

and discretization step-size in section III.1. 

Method Solver Problem1 Order of 
accuracy When to use 

Explicit Runge–Kutta ode45 Nonstiff Medium Most of the time 

 ode23 Nonstiff Low With crude error 
tolerances 

Adams–Bashforth–Moulton ode113 Nonstiff Low to high With stringent error 
tolerances 

Numerical differentiation ode15s Stiff Low to 
medium 

If ode45 is slow due to 
stiffness 

Modified Rosenbrock ode23s Stiff Low With crude error 
tolerances 

Trapezoid rule ode23t Moderately 
stiff Low With crude error 

tolerances 
Trapezoid rule with back 

differentiation ode23tb Stiff Low  
1 Such tables are offered throughout the manuscript to aid readability. 

Table 6. An ordinary differential equation problem is stiff if the solution being sought is 
varying slowly, but there are nearby solutions that vary rapidly, so the numerical 
method must take small steps to obtain satisfactory results 
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III. RESULTS

The mathematical relationships in section II. were implemented in

MATLAB®/SIMULINK® as depicted in Figure 4, and the simulation results are presented 

here in section III. Foremost, analysis is provided to justify the selection of computational 

solvers and discretization step-size. Transcendental functions elaborated in equation (14) 

were used to indicate the ability of the software to accurately perform calculations with 

numerical precision.  

{  } = 111 – sin + cos  (14) 

Fourth-ordered Runge–Kutta (RK) is utilized with a discretization step-size of 0.01 

seconds, where iterations are displayed in Figure 5 with corresponding figures of merit 

displayed in Table 7. Subsequently, simulation model check-out is validated by 

commanding a specified navigation task displayed in Figure 6, where no specific tuning of 

control parameters is necessary. 

 

Table 7. Numerical precision for different solver 
schemes using MATLAB® R2022B 

1 Machine precision = 2.2 × 10– ; RK = Runge Kutta 

Step-
size Solver Solver Type 

Mean 
precision
measure 1 

Auto Auto Auto Select FAILED 
0.1 ode4 4th-order RK FAILED 
0.05 ode4 4th-order RK FAILED 
0.01 ode1 Euler FAILED 
0.01 ode3 3rd-order RK 2.1 × 10–
0.01 ode4 4th-order RK 3.5 × 10–  
0.01 ode5 5th-order RK 2.3 × 10–  

(a) (b)
Figure 5. Comparison of numeric precision  

Numerical precision was determined using the calculation of the root of the sum of 

squares of transcendental functions (sines and cosines) of the attitude angles (on the 

ordinate of figure 5). Time-steps were iterated and displayed on the abscissa for different 
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step sizes and solver schemes. Maximum error for each step-size and associated solver are 

displayed in Table 7 (inserted as subfigure (b) in Figure 5). 

 
(a) 

 
(b) 

  

(c) (d) 

Figure 6. Validating maneuvering simulation 
(a) Three-dimensional path trajectory tracking validation using the simulation 
depicted in Figure 4, (b) angular acceleration (radians per squared seconds) versus 
normalized time, (c) angular velocity (radians per second) versus normalized time, 
(d) rotation angle (radians) versus normalized time, where blue solid line is roll 
and red dashed line is pitch both measured using the left ordinant, while the solid 
black line is yaw (the maneuver axis) measure using the right ordinant. 

This section illustrates the complexity of the six-governing coupled nonlinear 

differential equations. Complexity was immediately evidenced by the struggle to choose a 

numerical solver and discretization timestep that permitted full simulation of the 

commanded maneuver. Euler angle errors were used in a combined measure of numerical 

precision to indicate precision. Machine precision is an upper bound on the relative 

approximation error due to rounding in floating point arithmetic, and the measure of 

machine precision for the utilized computer software was achieved for the full six–degree–

of–freedom simulation. 
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A. DISCUSSION 

Autonomy of underwater vehicles can be implemented using various stochastic or 

deterministic artificial intelligence methods and/or hardware improvements. Many such 

instantiations were reviewed here: a focus on reinforcement learning proved 

unimpressive. Generally, the strongest-claimed results in most of the reviewed literature 

were merely akin to “effectiveness was validated” in instances lacking direct comparison 

to benchmark approaches. A promising method called deterministic artificial intelligence 

has recently appeared in several publications, ubiquitously compared to state-of-the-art 

methods using multiple figures of merit representing accuracy, errors, effort minimization 

(e.g., fuel), and computational burden. Recently published applications include unmanned 

underwater vehicles [54] (vehicle guidance and control [55] and actuator motor controllers 

[56]), aerial drone electronics [57], autonomous spacecraft guidance and control [58], and 

chaotic circuits (e.g., van der Pol, Lorenz, etc.) [59]. Accordingly, the creation of a baseline 

six-degree-of-freedom simulation was presented and validated in this present manuscript. 

1. Recommended future research 

The final term in equation (11), u, must be estimated by observers that are not 

specified in this work permitting easy identification of the next steps in the research lineage 

for formulating recommendations for future research. High-gain Luenberger observers 

were utilized here with no attempts made for optimization. The observers are inside the 

attitude controller subsystem in Figure 4 and they are used to provide estimates of the 

control that resulted in the manifest motion. The observer gains are the only remaining 

portion of the proposed method that necessitates user tuning, so future efforts to utilize 

nonlinear observers should lead to improved system performance and additionally 

enhanced autonomy. Lastly, implementation in simulations and validating experiments 

concentrated on performing benchmark tasks such as avoidance of mines while navigating 

in realistic ocean currents (displayed in Figure 1 and Figure 2). A Broad Area Study has 

already been submitted to the FY2025 Naval Research Program sponsored by N2/N6-

Information Warfare under the Topic: NPS-25-N001 Adaptive and Learning Undersea 

Systems. 
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2. Patents 

While not specifically patented, the seminal expression of deterministic artificial 

intelligence [54] was awarded Best Paper honors [61] by the Journal of Marine Science 

and Engineering, and awards in 2021 and 2022 for Best Paper Awards in Engineering by 

the publisher MDPI who is among the largest publishers in the world in terms of journal 

article output, and is the largest publisher of open access articles. Subsequent sequels by 

other authors applying the methods to other vehicle systems have garnered two top-cited 

paper awards [62] in the journals Applied Sciences, Editor’s Choice Article award [63] in 

the journal Algorithms, Top-cited paper [64] in the journal Aerospace, and the Title Story 

Award [65] (Highly Accessed Article) in the journal Dynamics. Thus, deterministic 

artificial intelligence seems to be a highly promising, burgeoning technique.  
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APPENDIX A

 
Figure 7. Euler’s moment equation subsystem in Figure 4.

Figure 8. Newton’s translation equation subsystem in Figure 4. 

 
Figure 9. Rotational kinematics subsystem in Figure 4. 
 

 
Figure 10. Attitude controller subsystem (self–awareness statements) in Figure 4.
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Figure 11. Attitude controller subsystem (optimal learning) in Figure 4. 
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