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CHAPTER 1:
Introduction

Quantum technologies offer many advantages over their modern counterparts and have garnered the
attention of global superpowers over the past decade. Notably, public investments in 2022 reached
unprecedented levels, with China surpassing all other actors in this sector. As reported by [1], the
total investment of China has amounted to $15.3 billion, while the European Union invested $8.4
billion, and the United States invested $3.7 billion. In fact, the journal goes on to claim this field
shows so much promise that it is expected to aggregate a value of $1.3 trillion by 2035. And by
the year 2040, quantum computing, communication, and sensing are expected to occupy the largest
percentages of market share.

Akin to these assertions, the Department of Defense (DOD), Defense Science Board of scien-
tific advisors, acknowledge in the Defense Primer report to Congress, quantum sensing, quantum
computing, and quantum communication are most likely to benefit the DOD [2]. According to
the board, quantum sensing is the most mature of the subcategories and “poised for mission use.”
Generally, quantum sensors are characterized by their ability to extend sensing capabilities beyond
the traditional limits of classical sensors in terms of precision, accuracy, bandwidth, speed, or other
factors such as size, weight, and power. They accomplish this by measuring quantum mechanical
phenomena such as spin, coherence, entanglement, or other quantum characteristics. Examples
of applications for quantum sensors include alternative position, navigation, and timing protocols
impervious to modern GPS-degrading efforts. Additionally, quantum sensors are theorized to
enhance the sensitivity of intelligence, surveillance, and reconnaissance (ISR) devices supporting
the detection of submarines, underground facilities, and electronic emissions [2].

Quantum communication focuses on using principles of quantum mechanics such as entangle-
ment and superposition to send and receive messages through the transmission of quantum states
of light. An important aspect of quantum communication is the protection of information channels
by encoding and transmitting data at large distances by allowing stakeholders to share a secure
encryption key. Quantum Key Distribution (QKD), for example, is considered one of the most
mature applications of quantum communication thus far. The first protocol describing QKD is the
BB84 protocol, proposed by Charles H. Bennett and Gilles Brassard in 1984 [3]. This protocol
uses polarized photons to create a secure key that is, in principle, secure against any eavesdropping
attempt that introduces detectable changes in the error rates introduced by an eavesdropper. Further-
more, the U.S. Department of Energy (DOE) Quantum Information Science Center in collaboration
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with The University of Chicago has been developing the largest quantum network in the nation and
recently completed a 35-mi extension of the communication channels in June, 2022. The extension
expands the network to include six nodes and more than 120mi of network communication [4], [5].

Lastly, quantum computing is the least developed of the three, but it leverages similar principles of
quantum mechanics to perform certain types of calculations much faster than classical computing.
It is an evolving technology with practical challenges in power, data storage, and fault tolerant
operations that need to be addressed before widespread commercial use. Reliable quantum-state
storage is a ubiquitous trend that appears across many quantum technologies and is the focus of
this research. While we continue this research through the lens of computing, we realize that many
overlapping fields of study may benefit from its application. For instance, Massachusetts Institute
of Technology (MIT) Lincoln Labs, reports in a quantum radar feasibility presentation to Emerging
Technology Analytic Panel (ETAP), quantum radar lacks the ability to achieve a quantum advantage
because current quantum-state storage devices cannot support necessary storage times [6].

1.1 Background
Through the history of computing, consumers have grown more dependent on the high-powered
and fast-processing attributes of the modern integrated circuit (IC) to meet throughput demands in
an increasingly competitive market. By quick inspection of macroeconomic trends, it is easy to
justify the overwhelming reliance and future investment in the IC. As reported by the Semiconductor
Industry Association (SIA), “global semiconductor industry sales totaled $574.1 billion in 2022, the
highest-ever annual total and an increase of 3.3% compared to the 2021 total of $555.9 billion” [7].
These trends have followed the IC since the invention of the planar silicon transistor in 1959. In fact,
six years later, the co-founder of Intel, Gordon Moore, published an article in the 35th anniversary
of the Electronics magazine that documented an astounding observation. Tasked to predict the
legitimacy of the IC in 10 years, Moore looked to chip complexity to tell the story. Gordon explains
his revelation in a Society of Photographic Instrumentation Engineers (SPIE) review:

On a semi-log plot these points fell close to a straight line that doubled the complexity
every year up until 1965. To make my prediction, I just extrapolated this line another
decade in time and predicted a thousand-fold increase in the number of components in
at the most complex circuits available commercially. The cheapest component in 1975
should be one of some 64,000 in a complex integrated circuit. I did not expect much
precision in this estimate. I was just trying to get across the idea this was a technology
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that had a future and that it could be expected to contribute quite a bit in the long
run [8].

Over time, this well-known straight-line approximation permeated across all semiconductor-related
components. Consequently, Moore’s Law was born. Fifty years later, Moore’s Law continues to
hold true in that the number of transistors on a single silicon wafer has nearly doubled every two
years. This means more power, faster processing times, and increased productivity for the con-
sumer. However, skepticism exists about the future of Moore’s Law and to what limit it may remain
true. Furthermore, as manufacturing techniques like enhanced ultra-violet lithography are refined
to support angstrom-level precision, understanding the quantum dynamics of the system becomes
increasingly necessary. At this scale, the atomic interactions of particles most definitely impact the
macro-performance. The academic journal, Nanotechnology, is a repository of published cutting-
edge work in the field of nanotechnology. In his editorial, Daniel Loss explains, “At the nanoscale,
quantum confinement effects dominate the electrical and optical properties of systems. They also
render new opportunities for manipulating the response of systems” [9].

However, finding alternatives to classical computing methods have long been explored. In 1980,
physicist Richard Feynman of the California Institute of Technology sought to model atomic systems
while conducting research. He quickly came to realize that the classical computer did not have the
computing capacity to perform such functions. Consider a system of electrons where an electron
can be present, or not present, in many different levels of the electron shell. By simple probability
there are 2𝑛 possible configurations that require 2𝑛 bits of storage capacity. The memory required
quickly exceeds that which is realistic when considering systems of a few hundred electrons; there-
fore, quantum dynamic simulations on conventional computers may never be efficiently modeled.
This realization is often why Dr. Feynman is considered the godfather of Quantum Computing [10].

Quantum storage devices, also termed quantum memory, continue to be an active research topic and
critical technology milestone to realize the broad spectrum of quantum technologies. The goal of
quantum memory is to map a transmitted signal encoded with a specific sequence of quantum states
into a stationary medium where the states are preserved and retrieved later. Through temporary
storage and retrieval, quantum memory plays a fundamental role in realization of quantum repeaters
which are hypothesized to overcome the loss limitation in optical fibers. Current approaches to
quantum memory are classified into three categories: (1) optically controlled memories; (2) engi-
neered absorption; and (3) a hybrid scheme of both combined [11].

This thesis will focus on the most common of the three schemes: optically controlled memory.
3_________________________________________________________
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There are two prevalent subsets of optically controlled memory, which include electromagnetically
induced transparency (EIT) and Raman quantum memory. Here, we will keep our focus on EIT and
explore its capabilities and limitations. This type of memory is typically comprised of two optical
beams and a storage medium. The first optical beam, termed the pump, controls the absorption of
the second beam, termed the probe, within the storage medium. This storage is possible because
the medium has a suitable energy structure that allows for isolation of two ground states and one
excited state. A probe beam tuned close to an atomic resonance will be absorbed by the medium.
A pump beam tuned close to another atomic transition modifies the absorption of the probe beam
in such a way as to reduce the absorption (hence increase transmission) of the probe. In this way,
the absorption and transmission of the probe can be controlled optically with the pump beam. The
mechanism behind this effect is discussed in Chapter 2. In using this effect, a probe pulse can be
stored inside an atomic medium, coherently mapping its quantum information to the particles of
the medium, for a finite amount of time.

Now consider a situation in which the storage medium is an integral component of a large quantum
information system, transmitting, receiving, and storing data for communication. Through rigor-
ous computations and introduction of a mixing angle, work conducted by [12] has shown how the
quantum information is mapped to the particles of the storage medium and controlled by an external
pump field. Similarly, since information is often transmitted through various modulation schemes,
this thesis aims to observe the impact storing a modulated pulse using an EIT scheme may have on
the information within the modulation.

1.2 Outline
In the following chapter, we provide a theory behind a semi-classical treatment of EIT as a foun-
dation. We extrapolate from this theory in subsequent sections by applying modulation schemes
to the probe field. We seek to understand how the modulation might impact the EIT condition and
note the effect on slowed group velocities. Lastly, we develop a theory that can be qualitatively
tested in the lab.

In Chapter 3, we introduce experimental procedures to confirm our findings from Chapter 2. Having
argued that pulse amplitude modulation may be recovered after transiting the storage medium, it
is useful to explore to what extent the medium effects the signal for post-processing procedures,
such as error correction coding. We discuss the procedures and techniques used to achieve the EIT
effect as well as difficulties.

4_________________________________________________________
NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU



Chapter 4 provides Experimental results and analysis. Here, EIT is confirmed by measurement
of its linewidth under continuous-wave conditions, showing the expected increase in transmission.
Then, we introduce a pulse whose frequency spectrum fits within the bandwidth of the transparency
window. We provide a demonstration of the light-slowing effect by comparing arrival times of
pulses that cross the medium, within and external to, the EIT window. Finally, we add modulation
to the pulse and explore the impact on light-slowing.

Finally, we address future work and conclude in Chapter 5.
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CHAPTER 2:
Theory

We begin by exploring an optical phenomenon known as electromagnetically induced transparency
(EIT), and specifically how it is manifested in a sample of room-temperature rubidium vapor (and
specifically the rubidium85 (85Rb) isotope). EIT as its name suggests, is the creation of a trans-
parency window for a probe field near an atomic resonance caused by the application of another
field close to a second atomic resonance. The application of the external control field leads to
destructive quantum interference of the absorption pathways available to the probe field, thereby
eliminating absorption and modifying the dispersion properties inherent to the medium under stan-
dard conditions [11].

Rubidium is an ideal candidate to observe EIT for multiple reasons. Rubidium is an alkali metal
with a single valence electron and therefore the energy level structure is well understood. Alkali
metals exhibit strong interactions with laser fields, allowing for easy control of their internal states.
This strong interaction also leads to wide optical transition linewidths allowing for greater error
tolerance in the laser frequency fluctuations (e.g., detuning). Greater error tolerance also plays
a monetary role; the laser system required to address the most common energy transition in ru-
bidium is relatively cheap as compared to other spectroscopy laser systems. Additionally, in very
low-pressure cells (of the kind we use) rubidium experiences very low decoherence rates, which
supports the preservation of quantum states and therefore longer information storage times.

The well-known electronic energy structure of rubidium is documented in [13], which conve-
niently catalogs widely accepted empirical data and provides analysis of the energy level structure
of 85Rb. In this section, we briefly review the physics giving rise to fine structure in the energy level
structure, as it pertains to later discussions (e.g., [14]). The fine structure is a result of coupling
between the orbital angular momentum, ®𝐿, of the outer electron and the electron spin angular
momentum, ®𝑆, of the atom [13]. The total electron angular momentum, ®𝐽, is thus

®𝐽 = ®𝐿 + ®𝑆, (2.1)

in which the magnitude of the total angular momentum, 𝐽, is bounded by

|𝐿 − 𝑆 | ≤ 𝐽 ≤ 𝐿 + 𝑆. (2.2)
7_________________________________________________________
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For the purposes of observing EIT, we are interested in the transitions originating from the ground
state up to some excited state. Because of selection rules that limit single-photon transitions to
changes in angular momentum of |Δ𝐿 | = 1 [14], single-photon transitions from the ground state
with 𝐿 = 0 can only go to states of orbital angular momentum 𝐿 = 1, the so-called P states. In the
ground state, 𝐿 = 0 and 𝑆 = 1/2, and since 𝐽 can only have positive momentum, 𝐽 = 1/2. However,
in the excited state, 𝐿 = 1 and 𝑆 = 1/2, therefore 𝐽 can assume two possibilities, 𝐽 = 1/2 or
𝐽 = 3/2. These two variations are denoted (for historical reasons) as the 𝐷1 (52𝑆1/2 → 52𝑃1/2) and
𝐷2 (52𝑆1/2 → 52𝑃3/2) transitions. The remainder of this paper focuses on the 𝐷2 line transition,
as this was the transition used in the experiments. Within the fine structure there exists hyperfine
structure, which arises due to interactions between the total angular momentum of the nucleus, ®𝐼,
with the total angular momentum of the electron, ®𝐽 [13]. Then, the total atomic angular momentum
is given by

®𝐹 = ®𝐽 + ®𝐼, (2.3)

in which the magnitude of the total atomic angular momentum, 𝐹, is bounded by

|𝐽 − 𝐼 | ≤ 𝐹 ≤ 𝐽 + 𝐼 . (2.4)

For the 85Rb isotope 𝐼 = 5
2 . Recalling that in the ground state, 𝐽 = 1

2 , there are therefore two
possible hyperfine levels, 𝐹 = 2 or 𝐹 = 3. In the excited state, 𝐽 = 3

2 , and thus 𝐹 = 1, 2, 3, or 4.

The two hyper-fine levels of the ground state result in the so-called Lambda (Λ) three-level atom
energy structure. Due to the various selection rules, a single photon electronic transition between
the two ground states is forbidden. The EIT process then involves the two ground states and a
single excited state. For the remainder of this thesis, we will employ the notation |𝑔⟩ to refer to the
ground state energy level with only fine structure. As we have just discussed, this state is actually
degenerate, so we will represent the two states that arise when hyperfine structure is concerned as
|1⟩ and |2⟩, with |1⟩ = |𝐿 = 0, 𝑆 = 0, 𝐽 = 1

2 , 𝐹 = 2⟩ and |2⟩ = |𝐿 = 0, 𝑆 = 0, 𝐽 = 1
2 , 𝐹 = 3⟩. Mul-

tiple hyperfine levels of the excited state denoted as |𝑒⟩ with only fine structure accounted for are
acceptable for use within our experiments (up to selection rules). However, we have chosen to use
the 𝐹′ = 3 excited state as the |3⟩ state, as it is the energy level with the largest frequency gap to
the nearest excited state. Figure 2.1 provides a visual reference of the 𝐷2 energy structure.
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Figure 2.1. 85Rb 𝐷2 transition hyper�ne structure, with frequency splittings
between the hyper�ne energy levels. Adapted from: [13].

2.1 Ordinary EIT of a 3-Level Atom
Understanding energy structure and the possible allowed electronic transitions is an important pre-
cursor to investigating EIT. We now examine the quantum dynamics of a closed, 3-level atomic
system in the Λ configuration interacting with two laser fields tuned close to the atomic resonances.
Multiple mathematical approaches have been documented to describe EIT since original publica-
tion of the theory [15] – [17]. In this section, we review one such technique following the formalism
described in [18] and [19].
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2.1.1 Outline
We begin with a semi-classical approach to the problem of a system of 85Rb atoms in thermo-
dynamic equilibrium (referred to as the storage medium) interacting with two laser fields. The
term semi-classical is in reference to the specific treatment of the laser fields and 85Rb particles.
The electric field of the laser is treated like a classical field whereas the energy level structure
of the atom is quantized. The laser fields are applied to the system causing an evolution in the
storage medium over time. Specifically, we seek to theoretically describe and experimentally ob-
serve the change in absorption and dispersion properties experienced by a probe field caused by
the influence of a control field on an atomic medium. The coupling of the two laser fields to
their respective transitions (as discussed previously) are depicted in Figure 2.2. We construct a
Hamiltonian expression to describe the interaction of an 85Rb particle to the presence of the two
fields, which perturb the system. However, the experiments involve the propagation of a probe
field through a macroscopic number of particles. Therefore, it is necessary to find an expression
that represents the ensemble of particles. We achieve a macroscopic description using the density
operator, 𝜌̂. Through a combination of convenient approximations and assumptions we arrive at an
understanding of how the electron population density changes over time. In this section, we assume
the applied perturbation fields are continuous over all time, enabling calculation of the steady state
of the system. Under these conditions, when we consider the full Maxwell wave equation for the
fields, we find that the macroscopic polarization is a function of population density. We derive a
Beer’s Law-like expression for the absorption of the probe field, which is described by the real and
imaginary parts of a component of the density operator which is then related to linear susceptibility
of the medium. Therefore, by controlling the population density of the system with the control
laser through quantum interference, we arrive at a mechanism to alter the index of refraction of the
storage medium and thereby control the group velocity of the probe beam.

2.1.2 Derivation

Defining the Hamiltonian
The interaction of a single electron orbiting a single proton (e.g., in a hydrogen atom) is a classic
textbook quantum mechanical problem and represents one of the very early successes of quantum
mechanics [14], [20]. By noting that the interaction of a laser field is weak compared to the
forces within the hydrogen atom, we can use perturbation theory to write the Hamiltonian for an
unconstrained atomic particle interacting with a laser field as the sum of the free atomic Hamiltonian
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Figure 2.2. Lambda energy structure of 85Rb. The frequencies, 𝜔13 and
𝜔23, correspond to the resonant frequency of the energy transition from their
respective quantum states. Ground state frequency splitting, Δ = 𝜔13 −𝜔23,
corresponds to the forbidden transition between states |1⟩ → |2⟩. Two
separate lasers, operating at frequencies 𝜔1 and 𝜔2 respectively, apply an
external electromagnetic �eld to the system where the laser detuning, 𝛿𝑛,
is de�ned by 𝛿𝑛 = 𝜔𝑛3 − 𝜔𝑛, and represents the distance o�-resonance the
laser is tuned.

(𝐻𝑜) and an interaction Hamiltonian (𝐻𝐼),

𝐻̂𝐸𝐼𝑇 = 𝐻𝑜 + 𝐻𝐼 . (2.5)

Of note, the caret identifier is used to indicate a quantum operator throughout this work. Also, we
recognize the right to define an advantageous reference point and assign a zero-energy value to the
state |1⟩ and simplify the free atom Hamiltonian to

𝐻𝑜 = ℏΔ |2⟩ ⟨2| + ℏ𝜔13 |3⟩ ⟨3| =

0 0 0
0 ℏΔ 0
0 0 ℏ𝜔13

 . (2.6)

In writing (2.6), we first used standard quantum mechnaics bra-ket notation to write the Hamiltonian
and then used standard linear algebra techniques to write the Hamiltonian in matrix notation. The
interaction Hamiltonian, as the name suggests, is a function of the the atom-field interaction. When
an atom interacts with the electromagnetic (EM) field, it undergoes a transition from its original
state to a final state through a coupling with the transition dipole moment. It is defined by the dot
product of the atomic dipole operator, 𝜇̂, and the external EM field, where the dipole operator is
given by

11_________________________________________________________
NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU



𝜇̂ =

3∑︁
𝑖=1

3∑︁
𝑗=1

|𝑖⟩ ⟨𝑖 | 𝜇 | 𝑗⟩ ⟨ 𝑗 | . (2.7)

Here, we have used the quantum bra-ket notation, in which |𝑖⟩ represents the ket basis vector for
the 𝑖th state and ⟨𝑖 | represents the corresponding bra. Our EM field is applied in the form of two
coherent laser sources to drive the two atomic transitions, |1⟩ → |3⟩ and |2⟩ → |3⟩. We note that
the interaction of the atom with the magnetic component of the laser field is a factor of 𝑐 smaller
than the interaction with the electric field, where 𝑐 is the speed of light [21]. Therefore, it can be
neglected in the interaction Hamiltonian equation,

𝐻𝐼 = −𝜇̂ · ®𝐸 = − ®𝐸 ·

®𝜇11 ®𝜇12 ®𝜇13

®𝜇21 ®𝜇22 ®𝜇23

®𝜇31 ®𝜇32 ®𝜇33

 , (2.8)

where we have used the notation ®𝜇𝑖 𝑗 ≡ ⟨𝑖 | 𝜇̂ | 𝑗⟩. To further simplify the interaction Hamiltonian,
we recall that the transition from |1⟩ → |2⟩ is dipole-forbidden, so that we can take ®𝜇12 = ®𝜇21 = 0.
Likewise, we can write ®𝜇𝑖𝑖 = 0 by observing that a state cannot be coupled to itself via a dipole
transition, which is a result of the dipole moment being an odd-parity operator. Finally, the
interaction is simplified to

𝐻𝐼 = − ®𝐸 ·


0 0 ®𝜇13

0 0 ®𝜇23

®𝜇31 ®𝜇32 0

 . (2.9)

Density Matrix
Schrödinger’s Equation allows us to write a single atom’s wave function as

𝜕

𝜕𝑡
|𝜓⟩ = − 𝑖

ℏ
𝐻̂ |𝜓⟩ . (2.10)

However, the wave function is a single atom wave function that needs to be connected to the
macroscopic response of the system. Therefore, to further our discussion we find an analog of
Schrödinger’s Equation in terms of the density operator and its time derivative below by writing
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𝜌̂ =
∑︁
𝑛

𝐶𝑛 |𝜓𝑛⟩ ⟨𝜓𝑛 | (2.11)

and

¤̂𝜌 =
∑︁
𝑛

𝐶𝑛

(
| ¤𝜓𝑛⟩ ⟨𝜓𝑛 | + |𝜓𝑛⟩ ⟨ ¤𝜓𝑛 |

)
, (2.12)

where 𝐶𝑛 are the coefficients that describe the superposition of wave functions. Substituting (2.10)
into (2.12), we arrive at the von Neumann Equation,

¤̂𝜌 = − 𝑖

ℏ
[𝐻, 𝜌] . (2.13)

This form of Schrödinger’s Equation is advantageous because it does not restrict the evolution to
pure states but rather generalizes the evolution to mixed states (e.g., when spontaneous emission is
taken into account). We are now able to solve for the density matrix components that describe the
change of population in each state and transitionally from one state to another. We use the notation
𝜌𝑖 𝑗 ≡ ⟨𝑖 | 𝜌̂ | 𝑗⟩ to form the density matrix. A 3 × 3 matrix is formed for a three level system and by
noting

¤𝜌𝑖 𝑗 = ¤𝜌∗𝑗𝑖 (2.14)

the density operator takes the form

¤̂𝜌 =


¤𝜌11 ¤𝜌12 ¤𝜌13

¤𝜌∗12 ¤𝜌22 ¤𝜌23

¤𝜌∗13 ¤𝜌∗23 ¤𝜌33

 . (2.15)

Using (2.13), we can derive coupled equations for each density matrix element:
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¤𝜌12 = 𝑖Δ𝜌12 +
𝑖

ℏ
( ®𝜇13𝜌32 − ®𝜇∗23𝜌13) · ®𝐸, (2.16a)

¤𝜌13 = 𝑖𝜔13𝜌13 +
𝑖

ℏ
( ®𝜇13(𝜌33 − 𝜌11) − ®𝜇23𝜌12) · ®𝐸, (2.16b)

¤𝜌22 =
𝑖

ℏ
( ®𝜇23𝜌32 − ®𝜇∗23𝜌23) · ®𝐸, (2.16c)

¤𝜌23 = 𝑖(𝜔13 − Δ)𝜌23 +
𝑖

ℏ
( ®𝜇23(𝜌33 − 𝜌22) − ®𝜇13𝜌21) · ®𝐸, (2.16d)

¤𝜌33 =
𝑖

ℏ
( ®𝜇∗13𝜌13 + ®𝜇∗23𝜌23 − ®𝜇13𝜌31 − ®𝜇23𝜌32) · ®𝐸. (2.16e)

Now, let us consider the electric field, ®𝐸 , which is defined in a classical vector-field manner. From
Figure 2.2, we recognize two fields are required to drive the two atomic transitions. The probe and
pump fields will drive the |1⟩ → |3⟩ and |2⟩ → |3⟩ transitions, respectively. The total electric field
is given by

®𝐸 = ®𝐸1 + ®𝐸2, (2.17)

where

®𝐸1 = ®𝜀1𝑒
−𝑖(𝜔1𝑡−𝑘1𝑧) + (𝑐.𝑐.), (2.18a)

®𝐸2 = ®𝜀2𝑒
−𝑖(𝜔2𝑡−𝑘2𝑧) + (𝑐.𝑐.). (2.18b)

Here, ®𝜀𝑖 is the product of the field amplitude and polarization vector, 𝜔𝑖 is the angular frequency,
and 𝑘𝑖 is the associated k-vector for the 𝑖th field (with 𝑖 = 1, 2). With some foresight, a direct
substitution of (2.17) into (2.16a)–(2.16e) will result in many complex exponential terms. In order
to remove dependence on time and terms oscillating at very high frequencies, it is advantageous
to apply a judicious change of basis followed by making the rotating wave approximation (RWA)
in which the counter-rotating terms that oscillate at twice the optical frequencies are ignored since
they make negligible contributions to the dynamics
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𝜌𝑖𝑖 = 𝜌̃𝑖𝑖, (2.19a)

𝜌𝑖 𝑗 = 𝜌̃𝑖 𝑗𝑒
𝑖(𝜔𝐿 𝑡−𝑘𝐿𝑧) , (2.19b)

where the tilde denotes the density operator in the transformed basis and where the following cases
apply:

𝑖 𝑗 =


12, 𝜔𝐿 = Δ and 𝑘𝐿 = (𝑘1 − 𝑘2),

13, 𝜔𝐿 = 𝜔1 and 𝑘𝐿 = 𝑘1,

23, 𝜔𝐿 = 𝜔2 and 𝑘𝐿 = 𝑘2.

(2.20)

The transformation allows (2.16a)–(2.16e) to be conveniently simplified into the following form:

¤̃𝜌12 = 𝑖 𝜌̃12(Δ − (𝜔1 − 𝜔2) + (𝑘1 − 𝑘2)𝑣) +
𝑖

ℏ
( ®𝜇13 · ®𝜀∗1 𝜌̃32 − ®𝜇∗23 · ®𝜀2 𝜌̃13), (2.21a)

¤̃𝜌13 = 𝑖 𝜌̃13(𝜔13 − 𝜔1 + 𝑘1𝑣) +
𝑖

ℏ
( ®𝜇13 · ®𝜀∗1( 𝜌̃33 − 𝜌̃11) − ®𝜇23 · ®𝜀∗2 𝜌̃12), (2.21b)

¤̃𝜌22 =
𝑖

ℏ
( ®𝜇23 · ®𝜀∗2 𝜌̃32 − ®𝜇∗23 · ®𝜀2 𝜌̃23), (2.21c)

¤̃𝜌23 = 𝑖 𝜌̃23(𝜔23 − 𝜔2 + 𝑘2𝑣) +
𝑖

ℏ
( ®𝜇23 · ®𝜀∗2( 𝜌̃33 − 𝜌̃22) − ®𝜇13 · ®𝜀∗1 𝜌̃21), (2.21d)

¤̃𝜌33 =
𝑖

ℏ
( ®𝜇∗13 · ®𝜀1 𝜌̃13 + ®𝜇∗23 · ®𝜀2 𝜌̃23 − ®𝜇13 · ®𝜀∗1 𝜌̃31 − ®𝜇23 · ®𝜀∗2 𝜌̃32). (2.21e)

We further identify laser detuning as the difference between the laser frequency and the frequency
of the respective atomic transition

𝛿1 = 𝜔1 − 𝜔13, (2.22)

𝛿2 = 𝜔2 − 𝜔23, (2.23)

𝛿2 − 𝛿1 = Δ − (𝜔1 − 𝜔2), (2.24)

where 𝛿1 and 𝛿2 represent the single-photon detuning of each laser from its respective transition,
and 𝛿2 − 𝛿1 is the two-photon detuning of the combined laser fields from the ground state transition
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frequency. It is also convenient to describe these equations in terms of the Rabi frequency, which
quantifies the frequency at which the system oscillates between its energy levels due to the applied
fields. The Rabi frequencies of the two transitions are given as

Ω1 =
2 ®𝜇∗13 · ®𝜀1

ℏ
, (2.25)

Ω2 =
2 ®𝜇∗23 · ®𝜀2

ℏ
, (2.26)

and thus (2.21a)–(2.21e) become

¤̃𝜌12 = 𝑖 𝜌̃12((𝛿2 − 𝛿1) + (𝑘1 − 𝑘2)𝑣) +
𝑖

2
(Ω∗

1 𝜌̃32 −Ω2 𝜌̃13), (2.27a)

¤̃𝜌13 = 𝑖 𝜌̃13(𝑘1𝑣 − 𝛿1) +
𝑖

2
(Ω∗

1( 𝜌̃33 − 𝜌̃11) −Ω∗
2 𝜌̃12), (2.27b)

¤̃𝜌22 =
𝑖

2
(Ω∗

2 𝜌̃32 −Ω2 𝜌̃23), (2.27c)

¤̃𝜌23 = 𝑖(𝑘2𝑣 − 𝛿2) 𝜌̃23 +
𝑖

2
(Ω∗

2( 𝜌̃33 − 𝜌̃22) −Ω∗
1 𝜌̃21), (2.27d)

¤̃𝜌33 =
𝑖

2
(Ω1 𝜌̃13 +Ω2 𝜌̃23 −Ω∗

1 𝜌̃31 −Ω∗
2 𝜌̃32). (2.27e)

Finally, we consider incoherent decay and recognize that the system experiences spontaneous decay
from the excited state that is not yet captured in our semi-classical approach. A method to properly
include these effects is presented in [19], by adding the following phenomenological decay terms,

¤̃𝜌𝑖 𝑗 = −𝛾𝑖 𝑗 𝜌̃𝑖 𝑗 , (2.28a)
¤̃𝜌22 = 𝑊32 𝜌̃33 +𝑊12 𝜌̃11 −𝑊21 𝜌̃22, (2.28b)
¤̃𝜌33 = −(𝑊32 +𝑊31) 𝜌̃33, (2.28c)

where 𝑊𝑖 𝑗 is the decay from level 𝑖 to 𝑗 and upward transitions are assumed to be zero. Likewise,
𝛾𝑖 𝑗 is the polarization decay rate for the 𝑖 → 𝑗 transition and given by
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𝛾𝑖 𝑗 =
1
2

3∑︁
𝑘=1

(𝑊𝑖𝑘 +𝑊 𝑗 𝑘 ). (2.29)

Finally, we use the fact that we are considering a closed system, subject to the constraint 𝜌̃11 + 𝜌̃22 +
𝜌̃33 = 1 must be satisfied (which represents the physical constraint that the population must be in
one of the three states or equivalently the population probability must add to one). Therefore, we
arrive at the following equations:

¤̃𝜌12 = 𝑖 𝜌̃12((𝛿2 − 𝛿1) + (𝑘1 − 𝑘2)𝑣) +
𝑖

2
(Ω∗

1 𝜌̃32 −Ω2 𝜌̃13) − 𝛾12 𝜌̃12, (2.30a)

¤̃𝜌13 = 𝑖 𝜌̃13(𝑘1𝑣 − 𝛿1) +
𝑖

2
(Ω∗

1( 𝜌̃33 − 𝜌̃11) −Ω∗
2 𝜌̃12) − 𝛾13 𝜌̃13, (2.30b)

¤̃𝜌22 =
𝑖

2
(Ω∗

2 𝜌̃32 −Ω2 𝜌̃23) + (𝑊32 𝜌̃33 −𝑊21 𝜌̃22), (2.30c)

¤̃𝜌23 = 𝑖(𝑘2𝑣 − 𝛿2) 𝜌̃23 +
𝑖

2
(Ω∗

2( 𝜌̃33 − 𝜌̃22) −Ω∗
1 𝜌̃21) − 𝛾23 𝜌̃23, (2.30d)

¤̃𝜌33 =
𝑖

2
(Ω1 𝜌̃13 +Ω2 𝜌̃23 −Ω∗

1 𝜌̃31 −Ω∗
2 𝜌̃32) − (𝑊32 +𝑊31) 𝜌̃33. (2.30e)

We can focus on the three transition densities that describe how the system transitions between
states: ¤̃𝜌12, ¤̃𝜌13, and ¤̃𝜌23. To model the experiment, we consider the conditions for EIT in which the
probe field is much weaker than the pump field (i.e., Ω2 >> Ω1). In this case, second order terms
of the probe field, Ω2

1, can be dropped as they will be dominated by the remaining first order terms.
Additionally, we find that 𝜌̃23 is first order in terms of the probe field; therefore, the expression
𝑖
2Ω

∗
1 𝜌̃32 can be neglected by the same logic, producing the coupled equations

¤̃𝜌12 = −[𝛾12 − 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)] 𝜌̃12 −
𝑖

2
Ω2 𝜌̃13, (2.31a)

¤̃𝜌13 = − 𝑖

2
Ω∗

2 𝜌̃12 − [𝛾13 + 𝑖(𝛿1 − 𝑘1𝑣)] 𝜌̃13 −
𝑖

2
Ω∗

1. (2.31b)

Solving in steady state, we have
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𝜌̃12 =
Ω∗

1Ω2

4[𝛾12 − 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)] [𝛾13 + 𝑖(𝛿1 − 𝑘1𝑣)] +Ω2
2
, (2.32a)

𝜌̃13 = −
𝑖[𝛾12 − 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)]Ω∗

1

2[𝛾12 − 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)] [𝛾13 + 𝑖(𝛿1 − 𝑘1𝑣)] +Ω2
2
. (2.32b)

These equations illuminate a controllable scheme to drive quantum state transition within the 3-
level 85Rb system and align with similar work published by [18], [22]. In the follow-on section, we
explore the relationship between population density and linear susceptibility of the storage medium.

Population Density to Susceptibility
To show how linear susceptibility of a medium is dependent on the population density, we consider
the wave equation for the full Maxwell field [22],

( 𝜕2

𝜕t2
− c2 𝜕2

𝜕z2

)
𝐸̄ = − 1

𝜖𝑜

𝜕2

𝜕t2
P, (2.33)

where P is the macroscopic polarization defined by the dipole moment per unit volume [18].
If we let N be the atomic density, we can express the macroscopic polarization in terms of the
microscopic polarization by

P = N⟨𝜇̂⟩,
= N[𝜇13 𝜌̃31𝑒

−𝑖(𝜔1𝑡−𝑘1𝑧) + c.c. + 𝜇23 𝜌̃32𝑒
−𝑖(𝜔2𝑡−𝑘2𝑧) + c.c.], (2.34)

where we have used the fact that ⟨𝜇̂⟩ = Tr[𝜌𝜇̂] where Tr denotes the trace over the atomic basis
vectors. Starting with the left-hand side of (2.33), we distribute the electric field term

(
¥𝐸 − c2 𝜕2

𝜕z2𝐸
)
, (2.35)

where,
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¥𝐸 = (−𝜔2
1𝜀1 − 𝑖2𝜔1 ¤𝜀1 + ¥𝜀1)𝑒−𝑖(𝜔1𝑡−𝑘1𝑧) + (−𝜔2

2𝜀2 − 𝑖2𝜔2 ¤𝜀2 + ¥𝜀2)𝑒−𝑖(𝜔2𝑡−𝑘2𝑧) + c.c., (2.36)

and,

𝜕2

𝜕z2𝐸 = (−𝑘2
1𝜀1 + 𝑖2𝑘1

𝜕𝜀1
𝜕z

+ 𝜕2𝜀1

𝜕z2 )𝑒−𝑖(𝜔1𝑡−𝑘1𝑧)

+ (−𝑘2
2𝜀2 + 𝑖2𝑘2

𝜕𝜀2
𝜕z

+ 𝜕2𝜀2

𝜕z2 )𝑒−𝑖(𝜔2𝑡−𝑘2𝑧) + c.c. (2.37)

Similarly, the right-hand side of (2.33) is found to be

¥P = N
(
𝜇13(−𝜔2

1 𝜌̃31− 𝑖2𝜔1 ¤̃𝜌31+ ¥̃𝜌31)𝑒−𝑖(𝜔1𝑡−𝑘1𝑧) + 𝜇23(−𝜔2
2 𝜌̃32− 𝑖2𝜔2 ¤̃𝜌32+ ¥̃𝜌32)𝑒−𝑖(𝜔2𝑡−𝑘2𝑧) +c.c.

)
.

(2.38)

Equating the left and right-hand sides, the resulting second order differential equation becomes very
complex. So, we consider a reduced wave equation in which a slowly varying envelop assumption
allows us to consider the second-order terms negligible, and we arrive at

(−𝜔2
1𝜀1 − 𝑖2𝜔1 ¤𝜀1)𝑒−𝑖(𝜔1𝑡−𝑘1𝑧) + (−𝜔2

2𝜀2 − 𝑖2𝜔2 ¤𝜀2)𝑒−𝑖(𝜔2𝑡−𝑘2𝑧)

− 𝑐2
(
(−𝑘2

1𝜀1 + 𝑖2𝑘1
𝜕𝜀1
𝜕z

)𝑒−𝑖(𝜔1𝑡−𝑘1𝑧) + (−𝑘2
2𝜀2 + 𝑖2𝑘2

𝜕𝜀2
𝜕z

)𝑒−𝑖(𝜔2𝑡−𝑘2𝑧)
)

=

− N
𝜖𝑜

(
𝜇13(−𝜔2

1 𝜌̃31 − 𝑖2𝜔1 ¤̃𝜌31)𝑒−𝑖(𝜔1𝑡−𝑘1𝑧) + 𝜇23(−𝜔2
2 𝜌̃32 − 𝑖2𝜔2 ¤̃𝜌32)𝑒−𝑖(𝜔2𝑡−𝑘2𝑧)

)
. (2.39)

However, further simplification is accomplished by recognizing the dominant terms (𝜔2 𝜌̃3𝑖 >>

2𝜔 ¤̃𝜌3𝑖, 𝑖 = 1, 2) and matching the resulting time-dependent exponential terms, which is also a
result of the slowly varying wave approximation. The resulting wave equation has two components
corresponding to the two applied laser fields. Their respective definitions are
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(−𝜔2
1𝜀1 − 𝑖2𝜔1 ¤𝜀1) − 𝑐2(−𝑘2

1𝜀1 + 𝑖2𝑘1
𝜕𝜀1
𝜕z

) = −𝜇13N
𝜖𝑜

(−𝜔2
1 𝜌̃31),

−𝑖2𝜔1 ¤𝜀1 − 𝑖2𝑐𝜔1
𝜕𝜀1
𝜕z

= −𝜇13N
𝜖𝑜

(−𝜔2
1 𝜌̃31),

¤𝜀1 + 𝑐
𝜕𝜀1
𝜕z

=
𝑖𝜇13N𝜔1

2𝜖𝑜
𝜌̃31, (2.40a)

(−𝜔2
2𝜀2 − 𝑖2𝜔2 ¤𝜀2) − 𝑐2(−𝑘2

2𝜀2 + 𝑖2𝑘2
𝜕𝜀2
𝜕z

) = 𝜇23N
𝜖𝑜

(−𝜔2
2 𝜌̃32),

−𝑖2𝜔2 ¤𝜀2 − 𝑖2𝑐𝜔2
𝜕𝜀2
𝜕z

=
𝜇23N
𝜖𝑜

(−𝜔2
2 𝜌̃32),

¤𝜀2 + 𝑐
𝜕𝜀2
𝜕z

=
𝑖𝜇23N𝜔2

2𝜖𝑜
𝜌̃32. (2.40b)

For a continuous wave, the time-derivative of the field is zero in (2.40a) and (2.40b). Having
derived an equation for the probe field amplitude 𝜀1, we can now convert the equation into one
involving the local Rabi frequency using (2.25),

𝑑

𝑑𝑧
Ω1 = 𝑖𝛼𝑊31 𝜌̃31, (2.41)

where 𝛼 is the absorption length scaled by the decay rate, 𝑊31,

𝛼 =
𝜔1 |𝜇13 |2N
ℏ𝜖𝑜𝑐𝑊31

. (2.42)

By inspection, (2.41) can be massaged into a common form of Beer’s Law,

𝑑Ω1
𝑑𝑧

= 𝑖𝛼𝑊31

( [𝛾12 + 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)]Ω1

−2𝑖[𝛾12 + 𝑖((𝛿2 − 𝛿1) − (𝑘2 − 𝑘1)𝑣)] [𝛾13 − 𝑖(𝛿1 − 𝑘1𝑣)] − 𝑖Ω2
2

)
,

𝑑Ω1
Ω1

= 𝛼𝑊31
𝑖𝛾13 − (𝛿1 − 𝑘1𝑣)

2[𝛾2
13 + (𝛿1 − 𝑘1𝑣)2] +Ω2

2

(
[𝛾13+𝑖(𝛿1−𝑘1𝑣)]

[𝛾12+𝑖((𝛿2−𝛿1)−(𝑘2−𝑘1)𝑣)]

) 𝑑𝑧. (2.43)

We make the substitution,
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𝜒 = 𝛼𝑊31
𝑖𝛾13 − (𝛿1 − 𝑘1𝑣)

2[𝛾2
13 + (𝛿1 − 𝑘1𝑣)2] +Ω2

2

(
[𝛾13+𝑖(𝛿1−𝑘1𝑣)]

[𝛾12+𝑖((𝛿2−𝛿1)−(𝑘2−𝑘1)𝑣)]

) , (2.44)

into Eq. (2.43), such that,

𝑑Ω1
Ω1

= 𝜒𝑑𝑧, (2.45)

and integrate both sides, to solve for the spatially dependent Rabi frequency of the probe beam. A
modulus square relationship exists between the Rabi frequency and field intensity by

𝐼 (𝑧) = |Ω1(𝑧) |2,
= |Ω1(0) |2𝑒2𝜒𝑧 . (2.46)

Known as linear susceptibility, 𝜒 describes the dissipation response, or absorption, and refractive
index, 𝑛, of the medium through its real and imaginary components, respectively. Here, the
controllable term is Ω2

2, which is proportional to the strength of the pump beam and will be an
important factor when considering slow light. Also, the forbidden transition of an ideal EIT medium
between two ground states implies the decoherence term, 𝛾12, is very small (Ω2 >> 𝛾12). The
susceptibility can be broken down into real and imaginary parts,

𝜒 = Re(𝜒) + 𝑖Im(𝜒), (2.47)

where if we assume an ideal EIT medium (𝛾12 → 0) and the pump is weak with respect to the
excited state polarization decay rate (Ω2 << 𝛾13),

Re(𝜒) = −𝛼𝑊31
𝛿1 − 𝑘1𝑣

[𝛾2
13 + (𝛿1 − 𝑘1𝑣)2]

, (2.48a)

Im(𝜒) = 𝛼𝑊31
𝛾13

[𝛾2
13 + (𝛿1 − 𝑘1𝑣)2]

, (2.48b)
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A plot of (2.48b) produces the natural Lorentzian curve, which describes absorption when the
probe beam is scanned over resonance. Similarly, (2.48a) converges to zero as the probe beam
approaches resonance indicating phase and group velocity of the beam is equal to that of light in a
vacuum by the relationships

𝑛 = 1 + 1
2
Re(𝜒), (2.49)

𝑣𝑝 =
𝑐

𝑛
, (2.50)

and

𝑣𝑔 =
𝑐

𝑛 + 𝜔 𝜕𝑛
𝜕𝜔

. (2.51)

Phase and group velocity of a beam are the speeds at which the individual carrier waves and the
envelope of the wave packet propagate in time, respectively. Group velocity is often the more
appropriate term when describing the speed of information bearing waveforms. Then, by simple
substitution, we see that the group velocity of the probe beam is controllable and behaves like

𝑣𝑔 =
𝑐

1 + 𝛼𝑊31
Ω2

2

. (2.52)

These equations support conclusions found in [11] and [18]. Indeed, under appropriate conditions,
these equations indicate that group velocities as low as 𝑐/106 to 𝑐/107 can be achieved [11]. These
findings have spurred a great deal of research in the realm of non-linear optics and have been critical
in the exploration of the optical phenomenon slow light. In the following section we consider these
procedures through the lens of communication systems and explore how a pulse behaves under the
conditions of slow light.

2.2 EIT Response of a Gaussian Pulse
As previously mentioned, this derivation is motivated through the lens of information systems where
data are often transferred on a carrier signal consisting of many pulses. To begin, we redefine the
probe field to take into account the fact that the field is now a pulse in time:
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𝜀1(𝑧, 𝑡) =
∫ ∞

−∞
𝐴(𝑧, 𝜔)𝑒𝑖𝜔𝑡 𝑑𝜔,

𝜀1(𝑧, 𝑡) =
∫ ∞

−∞
𝐴(𝑧, 𝛿)𝑒𝑖(𝜔1+𝛿)𝑡 𝑑𝛿. (2.53)

where 𝐴(𝑧, 𝛿) is the Fourier transform of the electric field pulse envelope and 𝛿 is the frequency
difference from the carrier frequency. We can directly substitute (2.53) into (2.40a) to arrive at

∫ ∞

−∞

(
𝑖𝛿𝐴 + 𝑐

𝜕𝐴

𝜕z

)
𝑒𝑖𝛿𝑡 𝑑𝛿 =

𝑖𝜇13N𝜔1
2𝜖𝑜

𝜌̃31. (2.54)

In a similar manner, 𝜌̃31 represents the atomic response to a field; therefore if the field is pulsed, it
makes sense that the response of the medium as captured by 𝜌̃31 is also pulsed. Thus, we can write

𝜌̃31 =

∫ ∞

−∞
𝐵(𝑧, 𝛿)𝑒𝑖𝛿𝑡 𝑑𝛿, (2.55)

where 𝐵(𝑧, 𝛿) is the Fourier transform of 𝜌̃31 and where we note that the carrier frequency was
already removed when we transformed 𝜌 to 𝜌̃. Equation (2.54) can be written as

∫ ∞

−∞

(
𝑖𝛿𝐴 + 𝑐

𝜕𝐴

𝜕z

)
𝑒𝑖𝛿𝑡 𝑑𝛿 =

𝑖𝜇13N𝜔1
2𝜖𝑜

∫ ∞

−∞
𝐵(𝑧, 𝛿)𝑒𝑖𝛿𝑡 𝑑𝛿. (2.56)

We see that both sides integrate over the same range and integration variable; therefore, we are
allowed to equate the integrands, solve the equation for each detuning term individually, and sum
the solutions to arrive at the atomic response to a pulsed field. The general solution to this equation
follows as such:

𝜕𝐴

𝜕z
= −𝑖 𝛿

𝑐
𝐴 + 𝑖

𝜇13N𝜔1
2𝑐𝜖𝑜

𝐵, (2.57a)

𝜕Ω1
𝜕z

= −𝑖 𝛿
𝑐
Ω1 +

|𝜇13 |2N𝜔1
ℏ𝜖𝑜𝑐

Ω1𝐵
∗, (2.57b)

𝜕Ω1
Ω1

= −𝑖 𝛿
𝑐
+ 𝛼𝑊31𝐵

∗𝑑𝑧, (2.57c)
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where we make the substitution for 𝐴(𝑧, 𝛿) from the relationship in (2.25) and condense the final
expression with

𝜒 = −𝑖 𝛿
𝑐
+ 𝛼𝑊31𝐵

∗, (2.58)

𝐵∗ =
𝑖𝛾13 − (𝛿 − 𝑘𝛿𝑣)

2[𝛾2
13 + (𝛿 − 𝑘𝛿𝑣)2] +Ω2

2

(
[𝛾13+𝑖(𝛿−𝑘 𝛿𝑣)]

[𝛾12+𝑖((𝛿2−𝛿)−(𝑘2−𝑘 𝛿)𝑣)]

) . (2.59)

We relate field intensity to local Rabi frequency as

𝐼 (𝑧, 𝛿) =
∫ ∞

−∞
|𝐴(𝑧, 𝛿) |2 𝑑𝛿,

=

∫ ∞

−∞
|𝐴𝑜 (0, 𝛿) |2𝑒2𝜒𝑧 𝑑𝛿. (2.60)

Applying the constraints of an ideal EIT medium and weak pump beam, linear susceptibility appears
similar to (2.48b) but with an additional non-zero term in the absorption response that depends on
the detuning factor:

Re(𝜒) = −2𝛼𝑊31

∫ ∞

−∞

(𝛿 − 𝑘𝛿𝑣)
[𝛾2

13 + (𝛿 − 𝑘𝛿𝑣)2]
𝑑𝛿, (2.61)

Im(𝜒) = 2
∫ ∞

−∞

(
− 𝛿

𝑐
+ 𝛼𝑊31

𝛾13

[𝛾2
13 + (𝛿 − 𝑘𝛿𝑣)2]

)
𝑑𝛿. (2.62)

We interpret these results in the following way. We have derived an expression for the suscepti-
bility of a continuous probe field. For pulses with sufficiently slow amplitude variations, we can
decompose the pulse into individual frequency components, solve for the susceptibility as we did
for the continuous field but with an added detuning, and then sum the results together with the same
decomposition weighting. In regards to slow light, we find a similar conclusion in comparison to
the case of a continuous wave. Group velocity of the probe beam is expected to be slow in the same
manner and behave in a similar fashion to (2.52).
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2.3 EIT Response of a Gaussian Pulse with Amplitude Modu-
lation

Finally, we seek to apply modulation to the pulsed probe. This is very similar to the previous
section except for the addition of a generalized time-varying amplitude term, which arises from
taking the Fourier transform of a modulated pulse instead of a simple pulse. We start by modifying
the probe field with a time-varying function, 𝑚(𝑡), and computing the Fourier transform of the
convolved frequency responses:

𝜀(𝑧, 𝑡) = 𝑚(𝑡)𝑎(𝑧, 𝑡), (2.63)

𝜀(𝑧, 𝑡) =
∫ ∞

−∞

(
𝑀 (𝜔) ∗ 𝐴(𝑧, 𝜔)

)
𝑒𝑖𝜔𝑡 𝑑𝜔. (2.64)

We define our time-varying function, 𝑚(𝑡), as the even function

𝑚(𝑡) = cos2(𝜔𝑚𝑡), (2.65)

which assumes the frequency response

𝑀 (𝜔) = 𝛿(𝜔) + 1
2

(
𝛿(𝜔 − 2𝜔𝑚) + 𝛿(𝜔 + 2𝜔𝑚)

)
. (2.66)

The computation of the convolution from (2.64) is then

𝜀(𝑧, 𝑡) =
∫ ∞

−∞

[
𝐴(𝑧, 𝜔) + 1

2

(
𝐴(𝑧, 𝜔 − 2𝜔𝑚) + 𝐴(𝑧, 𝜔 + 2𝜔𝑚)

)]
𝑒𝑖𝜔𝑡 𝑑𝜔, (2.67)

and can be written in terms of 𝛿 as

𝜀(𝑧, 𝑡) =
∫ ∞

−∞

[
𝐴(𝑧, 𝛿) + 1

2

(
𝐴(𝑧, 𝛿 − 2𝛿𝑚) + 𝐴(𝑧, 𝛿 + 2𝛿𝑚)

)]
𝑒𝑖𝛿𝑡 𝑑𝛿. (2.68)

To condense further derivations, we will refer to the integrand in (2.68) as 𝐴′. Applied to (2.40a),
we have
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∫ ∞

−∞

(
− 𝑖𝛿𝐴′ + 𝑐

𝜕

𝜕z
𝐴′
)
𝑒𝑖𝛿𝑡 𝑑𝛿 = −𝑖𝜇13N𝜔1

𝜖𝑜
𝜌̃31. (2.69)

As in the previous section, 𝜌̃31 is considered to have a pulse-like response,

𝜌̃31 =

∫ ∞

−∞

[
𝐵(𝑧, 𝛿) + 1

2

(
𝐵(𝑧, 𝛿 − 2𝛿𝑚) + 𝐵(𝑧, 𝛿 + 2𝛿𝑚)

)]
𝑒𝑖𝛿𝑡 𝑑𝛿, (2.70)

where we note 𝐵′ will, likewise, refer to the integrand and that the carrier frequency was already
removed when we transformed 𝜌 to 𝜌̃. Inspecting the equations, we expect three response peaks
that arise from our follow-on derivations. They will include the normal response peak around
resonance, with two shifted peaks on either side by a factor of 2𝛿𝑚. Our Beers Law equations are
then

𝜕𝐴′

𝜕z
= −𝑖 𝛿

𝑐
𝐴′ + 𝑖

𝜇13N𝜔1
𝑐𝜖𝑜

𝐵′, (2.71a)

𝜕Ω1
𝜕z

= −𝑖 𝛿
𝑐
Ω1 + 𝛼𝑊31Ω1𝐵

∗, (2.71b)

𝜕Ω1
Ω1

= −𝑖 𝛿
𝑐
+ 𝛼𝑊31𝐵

∗𝑑𝑧, (2.71c)

where we make the substitution for 𝐴′(𝑧, 𝛿) from the relationship in (2.25) and condense the final
expression with

𝜒 = −𝑖 𝛿
𝑐
+ 𝛼𝑊31𝐵

∗, (2.72)

𝐵∗ =
3∑︁
𝑖=1

𝑖𝛾13 − (𝛿𝑖 − 𝑘𝛿𝑣)

2[𝛾2
13 + (𝛿𝑖 − 𝑘𝛿𝑣)2] +Ω2

2

(
[𝛾13+𝑖(𝛿𝑖−𝑘 𝛿𝑣)]

[𝛾12+𝑖((𝛿2−𝛿𝑖)−(𝑘2−𝑘 𝛿)𝑣)]

) , (2.73)

where, in each case above,

𝑖 =


1, 𝛿1 = 𝛿,

2, 𝛿2 = 𝛿 − 2𝛿𝑚 + 𝑘𝑚𝑣,

3, 𝛿3 = 𝛿 + 2𝛿𝑚 − 𝑘𝑚𝑣.

(2.74)
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From here, we determine field intensity as

𝐼 (𝑧, 𝛿) =
∫ ∞

−∞
|𝐴′(𝑧, 𝛿) |2 𝑑𝛿,

=

∫ ∞

−∞
|𝐴′

𝑜 (0, 𝛿) |2𝑒2𝜒𝑧 𝑑𝛿. (2.75)

Extracting the real and imaginary components of linear susceptibility under ideal EIT medium and
weak pump conditions provide

Re(𝜒) = −2𝛼𝑊31

∫ ∞

−∞

[ (𝛿 − 𝑘𝛿𝑣)
[𝛾2

13 + (𝛿 − 𝑘𝛿𝑣)2]
+

1
2

(𝛿 − 2𝛿𝑚 + 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)
[𝛾2

13 + (𝛿 − 2𝛿𝑚 + 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)2]
+

1
2

(𝛿 + 2𝛿𝑚 − 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)
[𝛾2

13 + (𝛿 + 2𝛿𝑚 − 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)2]

]
𝑑𝛿, (2.76a)

Im(𝜒) = 2
∫ ∞

−∞

[𝛿
𝑐
+ 𝛼𝑊31

𝛾13

[𝛾2
13 + (𝛿 − 𝑘𝛿𝑣)2]

+

𝛿 − 2𝛿𝑚
𝑐

+ 𝛼𝑊31
1
2

𝛾13

[𝛾2
13 + (𝛿 − 2𝛿𝑚 + 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)2]

+

𝛿 + 2𝛿𝑚
𝑐

+ 𝛼𝑊31
1
2

𝛾13

[𝛾2
13 + (𝛿 + 2𝛿𝑚 − 2𝑘𝑚𝑣 − 𝑘𝛿𝑣)2]

]
𝑑𝛿. (2.76b)

Thus, we infer from (2.76a) that the change in index of refraction vs. detuning produces three
spectral regions where 𝜕𝑛

𝜕𝜔
is very large. With appropriate selection of the modulation scheme

such that its bandwidth does not exceed the transparency window, the underlying Gaussian pulse
and the applied modulation can be delayed. However, inspection of (2.76b) indicates that more
absorption-related signal distortion is likely, which aligns with conclusions made through explicit
experimentation by [23]. In the following chapter, we will describe the table-top experiment used
to test these theories.
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CHAPTER 3:
Experimental Apparatus

In this chapter we will review the experimental apparatus and examine techniques and procedures
used to observe EIT. As mentioned in [11], common experiments involving EIT typically center
around the storage medium. The two components of the experimental apparatus are shown in Figure
3.1. The workhorse of our experiment, as previously discussed, is a cell of gaseous 85Rb atoms. A
single distributed feedback laser of wavelength 780 nm drives the entire system through a network
of wave plates and mirrors. However, the system we desire to study consists of two laser frequencies
that must be both tuned near two-photon resonance and be mutually coherent. This is accomplished
with the use of a Brimrose acousto-optic frequency shifter (AOFS), which is used to provide a blue
and redshifted, pump and probe beam, respectively. The pump beam is vertically polarized before
being routed to a non-polarizing beam splitter where it will align with the probe beam. Meanwhile,
the probe beam passes through an Isomet acousto-optic modulator (AOM), which provides a scan-
ning and intensity-control mechanism with the appropriate tuning of an AOM driver. The probe
beam is horizontally polarized before aligned in a co-propagating manner with the pump beam.
The non-polarizing beam splitter allows the two beams to remain cross-polarized as they transmit
through the 85Rb cell. Ample space is provided between the non-polarizing beam splitter and
the cell for a removable beam expansion apparatus. A polarizing beam splitter filters the exiting,
coupled beam, allowing the probe beam to be collected in the aperture of a photodiode detector
and observed on a Tektronix Mixed Signal Oscilloscope.

To ensure the two laser frequencies are each on single photon resonance, 5% of the beam is
picked off and routed to the saturated absorption spectroscopy (SAS) experiment. The SAS appa-
ratus involves two weak, forward-propagating probe beams, and one strong, reverse-propagating
pump beam. The two probe beams are aligned parallel to each other and transit through a 85Rb
cell before being measured with a photodiode detector. The pump beam, which is propagating in
the reverse direction of the probe beams, is aligned such that it overlaps with one of the probe beams.

3.1 Techniques and Procedures
Various techniques and procedures were used throughout the evolution of this thesis to confirm or
deny the presence of EIT, among other expected results. The following subsections highlight the
most relevant and useful techniques for error avoidance.
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Figure 3.1. Table-top optical schematic for SAS and EIT.

3.1.1 Saturated Absorption Spectroscopy
The objective of SAS is to lock a laser onto the frequency of a particular hyperfine atomic transi-
tion. We are interested in the 52𝑆1/2 𝐹 = 2 → 52𝑃3/2 𝐹′ = 3, where the prime signifies an excited
state transition, which can be visualized in Figure 3.2. When the laser is tuned to resonance, the
atoms absorb the energy and transmittance drops resulting in absorption dips as the laser is scanned
across the resonance frequency. However, atoms at room temperature are traveling at many different
velocities and thus experience a Doppler-broadening effect. To reveal the hyperfine structure, a
strong counter-propagating pump beam is configured to spatially overlap with a probe beam. In
such a configuration, the atom sees two lasers fields with opposite Doppler-shift and hence the two
fields are not in-resonance at the same time. However, for atoms in the zero-velocity group, the
Doppler shift is small, and the atom sees two laser fields that are both on resonance. The pump field
excites the atoms, which then cannot absorb light from the pump. This results in an enhancement
of the transition (i.e., transmission peaks). Since this effect only occurs for atoms with small
Doppler-shift, it is a convenient way to determine the natural frequency of a transition (i.e., without
Doppler-broadening) and to confirm the laser is operating in the appropriate linewidth where EIT
may be found. Section 4.1 applies this in a lab environment and provides data in Figures 4.1 and 4.2.
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Figure 3.2. Beat frequency relationship of the hyper�ne structure ground
states, |1⟩ and |2⟩. Adapted from [13]

3.1.2 Acusto-Optic Frequency Shifter and Modulator
There are multiple methods to ensure that the beat frequency (e.g., the difference in the two laser
frequencies) is close to or on two-photon resonance. In our apparatus, we chose to implement a
double-pass technique through the Brimrose AOFS, which provides the desired beat frequency.
Another common technique is to implement an Electro-Optic Modulator as discussed in [18].

In the AOFS scheme, the incident optical beam passes through the internal quartz crystal of
the AOFS. The optical beam’s first-order diffraction is shifted in frequency by the RF controlled
acoustic carrier frequency. If the acoustic carrier is incident on the optical beam in the propagation
direction of the beam, the first order diffraction is blueshifted. Conversely if it is in the opposite
direction, the first order diffraction is redshifted. This mechanism enables us to achieve our desired
beat frequency between the blue and redshifted beams, or pump and probe beams, respectively.
The probe beam is routed through an additional low-frequency AOM because we need to scan
across the resonant frequency without altering the pump beam. Again, we orient the probe beam in
a double-pass configuration because the incident angle depends on the radio frequency driving the
AOM; but the double-pass configuration removes this dependence, allowing us to scan the probe
frequency without changing either the pump frequency or the alignment of the pump and probe on
top of each other. We establish our desired acoustic carrier frequency in the following manner:
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Δ = (𝜔𝐿 + 𝜔𝐻𝐹) − (𝜔𝐿 − 𝜔𝐻𝐹 + 2𝜔𝐿𝐹), (3.1)

Δ = 2(𝜔𝐻𝐹 − 𝜔𝐿𝐹), (3.2)

𝜔𝐻𝐹 =
Δ

2
+ 𝜔𝐿𝐹 , (3.3)

where Δ has been implicitly measured and documented in [13], 𝜔𝐿𝐹 is the center frequency of the
Isomet AOM given in the product data sheet, and 𝜔𝐻𝐹 is the acoustic carrier frequency required for
the Brimrose AOFS. The specifications for the Isomet AOM (model number 1205-1118) indicates
that the preferred driving frequency is 80 MHz and so we scan around this value. The resulting
value for the driving freqency of the AOFS is 1597.866 MHz.

3.1.3 Modulation Generation
An Arbitrary Waveform Generator (AWG) is used to produce a Gaussian pulse with a slowly varying
envelope and a Gaussian pulse with amplitude modulation. The Agilent Intuilink Waveform Editor
program allows the user to create an arbitrary waveform to upload on an Agilent/Keysight 33220A
AWG. The MATLAB script provided in Appendix A.4 is used to generate our Gaussian pulses and
allows us to manipulate the pulse characteristics as needed. This proved to be a very simple and
reliable method to shape the probe beam amplitude.

3.1.4 Determining Time Delay
The goal of this thesis is to predict and observe effects caused by propagation of a modulated pulse
signal through an EIT medium. To do so, it makes sense to compare the output pulse, measured
after the storage medium, to the input pulse, measured before the storage medium.

In our experimental scheme, we use two photodiode detectors. One detector (labeled D1 in
Figure 3.1), is positioned to capture the input pulse from the combined signal exiting the 50:50
non-polarizing beam splitter just before the beam expansion device. The output pulse is captured
by detector two (denoted by D2 in Figure 3.1) positioned on the far side of the storage medium. The
oscilloscope is triggered by the output of the AWG such that the two signals are recorded simulta-
neously. Since the pulse incident on D1 has not gone through the cell, it will not be delayed. But
the pulse incident on D2 may have suffered a delay due to the light slowing effect we are looking for.

The oscilloscope exports the signals in a comma-separated value format, which is analyzed with
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the MATLAB script detailed in Appendix A.1. Initially, the noisy signals are filtered with the
wavelet denoising procedure outlined in Appendix A.2. A goodness-of-fit test applies the best
fitting method to the recorded data. This process allows us to better synthesize the data; however,
we acknowledge that the procedure of signal processing may inherently add factors of error and is
considered when interpreting the results.

Lastly, we approach the time delay calculations by considering the cross-correlation of the in-
put and output signals. After computing the cross-correlation, the maximum of the correlation
function indicates the moment in time where the two signals are most closely aligned, i.e., the
temporal distance one signal is delayed with respect to the other:

𝜏delay = argmax
(
( 𝑓 ∗ 𝑔) (𝑡)

)
, 𝑡 ∈ R. (3.4)

3.2 Difficulties and Resource Shortfalls
The majority of difficulties experienced throughout this process generally pertain to the sensitive
nature of beam alignment. In particular, the laser produces a 1-mm diameter beam, which is ma-
nipulated in size and position depending on the requirement of the optics. Specifically, to optimize
the the efficiency of the Brimrose AOFS, the light needs to be focused onto the 0.076 mm active
area of the modulator. To accomplish this, we positioned two large spheres on either side of the
AOFS to focus the laser and simultaneously collimate the shifted beams.

The internal crystal of the AOFS induces additional unwanted effects. The incident optical beam
can be reflected or refracted from either side of the crystal in such a way as to overlap with the
first-order diffraction. In order to minimize the reflection or refraction and maximize the intensity
of the first-order diffraction, we pulsed the AOFS radio frequency while tuning the x-y-z axes of
the modulator during the set up phase. This approach allowed us to distinguish the desired beam
from the unwanted beam.

An alternative approach that was considered includes the use of two Brimrose AOFS devices
driven in tandem to produce the two desired frequencies from a single laser. However, due to time
and existential logistical constraints (including the likely need to phase lock the two different RF
sources), this schematic was not pursued further. While this approach does have the drawback of
requiring more physical space, it has the advantage of less reflection and refraction interference.
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CHAPTER 4:
Data Collection and Analysis

Data collection was performed across multiple days. During each iteration of collection, operational
procedures were standardized to minimize as much deviation in component performance as possible.
However, we note that existential uncertainty exists, albeit relatively small, among collection
efficiency of the detectors and stability of the laser source to frequency drift.

4.1 Absorption Spectroscopy
These data were collected while using the SAS component of the experimental apparatus detailed
in Figure 3.1 and described in the surrounding text. The purpose of these data are to identify the
absorption spectrum of 85Rb and tune the pump beam to the appropriate transition frequency. Since
our cell is not isotopically pure, we expect to see four D-Line transitions comprised of both the 85
and 87 isotopes. Our findings are presented in Figure 4.1.

Figure 4.1. Laser transmission vs frequency. Frequency is centered on the
𝐹 = 3 �ne level. Scanning reveals all four sets of D2 lines. The absorp-
tion spectrum is Doppler-broadened because the storage medium consists of
atoms traveling with a Boltzmann distribution of velocities.
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Our scan reveals the fine structure of the rubidium cell; however, the Doppler-broadening effect
conceals the hyperfine structure, which is more important to this study. As addressed in Section
3.1, a counter-propagating beam is introduced to produce a Doppler-free hyperfine resolution of
the rubidium energy structure in Figure 4.2.

Figure 4.2. Laser transmission measured in arbitrary units vs frequency.
Frequency is centered on the 𝐹 = 3 �ne level. A counter-propagating beam
is used to reveal the hyper�ne energy structure in this Doppler-free absorption
spectrum.

More closely, Figure 4.3 reveals the hyperfine transitions of 𝐹 = 3 → 𝐹′ for reference. We isolate
the 𝐹′ = 3 energy level for reasons previously discussed in Chapter 2. Likewise, we identify a
similar transition for 𝐹 = 2 → 𝐹′ = 3, although not depicted.
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Figure 4.3. Laser transmission measured in arbitrary units vs frequency
speci�cally scanning over the 𝐹 = 3 → 𝐹′ energy transitions. Unlabeled
peaks indicate crossover resonances where the laser frequency is halfway be-
tween two di�erent hyper�ne transitions. Their details are unrelated to the
topic of this thesis; however, [24] provides more information for the curious
reader.

The laser frequency is controlled by a voltage ramp. By measuring the spectrum as a function
of the voltage ramp, we can determine the appropriate voltage that corresponds to the resonance
frequency. The pump beam will then drive the |2⟩ → |3⟩ transition, modifying the absorptive
properties of the 85Rb particles.

4.2 EIT Response
Now that the pump beam has been tuned to the appropriate transition, we divert our attention to the
probe beam. The ISOMET AOM allows us to independently scan a small frequency range including
the expected resonance frequency of the |1⟩ → |3⟩ transition. A second voltage ramp drives the
AOM to scan 16.0± 0.1 MHz around a center frequency of 80 MHz. Equation (2.48a) tells us that
as the detuning approaches zero, 𝛿1 → 0, the absorption of the probe beam also approaches zero,
i.e., we expect to observe a spike in transmission when the pump beam is present. Our results are
depicted by the trace in Figure 4.4.
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Figure 4.4. Laser transmission measured in arbitrary units vs frequency. The
x-axis is centered on the expected beat frequency, 3.035 GHz, of the two
ground-state transitions. On resonance, we expect an increase in transmis-
sion because the pump beam is optically modifying the absorptive properties
of the Rubidium atom through the EIT e�ect, allowing the probe beam
to propagate through the storage medium with increased transmission for
a range of frequencies as observed here. The linewidth of this feature is
measured to be 2.3 ± 0.1 MHz.

We know EIT to be a sub-natural linewidth phenomenon, whereas the natural full width at half
maximum linewidth of 85Rb is 6 MHz [13], [17]. The linewidth of our transmission peak is
measured to be 2.3 ± 0.1 MHz, supporting the conclusion that the feature is indeed caused by the
EIT effect. Additionally, the size of our transparency window is defined by the linewidth, in turn,
constraining the bandwidth of any probe signals to be stored in the medium.

4.3 Controlled Time Delay in EIT
By measuring the response of the probe beam in the EIT condition as a function of the control
volatge, we are able to precisely tune the probe beam in much the same manner as the tuning of the
pump beam described in the previous section. Equation (2.51) indicates that the group velocity of
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a probe beam is controllable while transiting an EIT medium on two-photon resonance. We expect
the control factor to behave like (2.52). To measure the slow light phenomenon, we seek to capture
time delay data from the probe beam using (3.4). The signal is recorded at two instances in time,
before the storage medium and after the storage medium. Their information is cross-correlated and
a time delay is generated across a range of pump beam intensities.

Prior to observing time delays in the transmitted pulse, it is imperative we understand the ef-
fect our Isomet AOM will have on the probe beam. To achieve the response we desire, we need to
operate the AOM in a linear region when a control voltage is applied to the probe beam intensity.
Thus, we recorded the probe intensity as a function of the intensity control voltage and chose a
region between the two dashed lines as being linear with the largest response in Figure 4.5.

Figure 4.5. The magnitude response of the ISOMET AOM is recorded as a
function of the applied voltage.

We begin with a simple continuous sinusoidal modulation scheme shown in Figure 4.6a and ap-
ply it to the probe beam. In Figure 4.7a, we note that the majority of the modulation energy
is present at frequencies less than 2 kHz and much less than the EIT transparency window. To
verify the light-slowing effect exists in our current experimental set up, we attempt to re-create the
results published by M. Kash et al. [25]. Figure 4.8 demonstrates four cases in which a delay is
observed while comparing the input to the output signal, supporting the existence of controllable
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light-slowing. We repeat this process and report a decaying exponential trend across many trials
in Figure 4.9a, which aligns with Kash et al. However, we note that our results are an order of
magnitude less. This is likely a result of a thinner EIT linewidth achieved by Kash et al., leading
to more pronounced delays. We construct the remaining modulation schemes and determine their
power spectral densities in Figure 4.6 and 4.7. Repeating the same process, we make note of the
results.

Our time delay results for all modulation schemes are recorded in Figure 4.9. In agreement
with our theoretical predictions, we observe exponentially decaying time delay in all of the applied
modulation schemes except the square pulse. In fact, to achieve the EIT delays we are after, a
slowly varying envelope with power spectral densities tightly coupled to the lower frequency range
is ideal. The sharp transitions of a square pulse distribute the signal energy over a large bandwidth,
likely exceeding the bounds of the EIT transparency window, as seen in Figure 4.7b and leading to
negligible time delay. As for the other three cases, the data appear to be in fairly good agreement
with (2.52) from Chapter 2. While the data provide promising results and are supported by similar
work [25], there are a few values that appear to differ by a sizable margin. To confirm a dependence
on the pump strength, we discuss future outlook in Chapter 5.
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(a) 500 Hz Sinusoid (b) 500 Hz Square Pulse

(c) 100 Hz Gaussian Pulse (d) 10 Hz Gaussian Pulse with Amplitude Modulation

Figure 4.6. Modulation schemes applied to the probe beam.
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(a) 500 Hz Sinusoid (b) 500 Hz Square Wave

(c) 100 Hz Gaussian Pulse (d) 10 Hz Gaussian Pulse with Amplitude Modulation

Figure 4.7. Power spectral densities of the applied modulation schemes.
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(a) Time Delay with 0.12 mW Pump Beam Power (b) Time Delay with 0.38 mW Pump Beam Power

(c) Time Delay with 1.84 mW Pump Beam Power (d) Time Delay with 3.84 mW Pump Beam Power

Figure 4.8. Time delayed sinusoidal modulation comparing the input signal
to the output signal.
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(a) 500 Hz Sinusoid (b) 500 Hz Square Wave

(c) 100 Hz Gaussian Pulse (d) 10 Hz Gaussian Pulse with Amplitude Modulation

Figure 4.9. Time delay as a function of pump strength.
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CHAPTER 5:
Conclusions

Although the advent of the field of quantum mechanics dates back to the early 1900s, we continue
to find new applications that carry the promise of revolutionizing existing technologies. With
increased investments, the field has rapidly progressed to the point where quantum devices have
emerged and are becoming commercialized. Early prototypes of quantum sensors and quantum
communication systems are being fielded, and even rudimentary quantum computers are beginning
to make an appearance on the market. Needless to say, further research and development are needed
to fully exploit the promise of quantum technologies.

The goal of this thesis is to lay the foundation for continued research at Naval Postgraduate
School (NPS) to explore the efficacy of EIT-based optical memory. In doing so, we accomplished
three main achievements: the successful establishment of a working EIT apparatus, the develop-
ment of the means to manipulate and transmit a signal beam, and the construction of a framework
for continued success in realization of quantum memory.

The experimental apparatus has been shown to clearly produce an EIT response with the in-
struments provided; however, it is not optimal. Further work can be done to amplify the probe
signal by considering alternative beam alignment methods. Initial difficulty was experienced while
attempting to combine the probe and pump signal into a single-mode, polarization-maintaining fiber
optic cable. While combining the two beams into the fiber has the advantage that the two beams
emerge automatically mode-matched, polarization mixing in the fiber caused bleed-through of the
pump into the probe detection channel, corrupting the output signal. As a rudimentary solution,
we chose to move forward with polarized beam-splitting cubes, which enhanced the experiment for
two reasons: first, we were able to achieve nearly perfect cross-polarization and second, we avoided
the losses in beam power associated with coupling losses into the fiber. The trade-off, however,
was beam alignment through the storage medium. A precisely aligned co-propagating beam will
amplify the two-photon EIT response and decrease its linewidth. Slowed group velocity is inversely
proportional to linewidth, therefore resulting in increased (and hence more easily detectable) delays.
Achieving delays on the order of milliseconds should be possible if the linewidth can be reduced by
a few orders of magnitude. Furthermore, manipulating environmental factors such as applied heat
sources may also lead to greater delays and is worth considering. Increasing the temperature of
the storage medium will proportionally increase atomic density and by extension promote a greater
chance of particle interaction with the laser beam. But care should be taken as the heating elements
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will produce a magnetic field that can interfere with the response.

In this thesis, four modulation schemes were applied in sequential order to assess the impact
of the EIT medium on the response of the probe beam. While our initial results are promising,
continued data collection is recommended to achieve a statistically large enough sample size for
verification. Moreover, the system is capable of transmitting data that provide significant oppor-
tunity to study the process of signal recovery and possible error correction methodologies. This
will be increasingly important as the apparatus develops to a state in which the probe signal is
successfully stored inside the EIT medium.

Lastly, this work has laid the foundation for continued cooperation on quantum technologies be-
tween the Departments of Electrical Engineering and Physics at NPS. Engineers have historically
approached complex problems pragmatically; however, the idiosyncratic characteristics of quantum
phenomena require deeper investigations that the domain of physicists are capable of providing.
Together, significant progress can be made toward advancing the state of quantum technologies.
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APPENDIX A:

A.1 Modulated EIT
%% Modulated EIT

% This function processes the input and output probe signal to

determine a time delay based on its cross correlation.

function [Tdelay,D] = ModulatedEIT(Data,Ts)

% Values to map Input/Output to

a = 1;

b = 0;

i = 1:16;

% Raw Data

Time = Data(:,1);

input = ( Data(:,2) );

output = ( Data(:,7) );

modulation = Data(:,4) ;

% processed input signal (denoized)

proc_input = Preprocess( input, i );

% processed output signal (denoized)

proc_output = Preprocess( output, i );

% amplitude modulation driving the AOM

proc_modulation = Preprocess( modulation , i );

% Rescale Input

m = (b - a) / (min(proc_input) - max(proc_input));

n_proc_input = m*(proc_input)-m*min(proc_input) + b;

% Rescale Output
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m = (b - a) / (min(proc_output) - max(proc_output));

n_proc_output = m*(proc_output)-m*min(proc_output);

% find max peak

ii = find( n_proc_input == max(n_proc_input) );

%[pks,locs] = findpeaks(n_proc_input);%,"MinPeakProminence",0.65)

;

%ii = find( pks == max(pks));

% center the input pulse

Tdur = 1/500; % pulse duration

newTime = -Tdur/2:Ts:Tdur/2-Ts;

L = length(newTime);

if ii-L/2 > 0 && ii+L/2-1 < length(Time)

b = ii-L/2;

e = ii+L/2-1;

elseif ii-L/2 > 0 && ii+L/2-1 > length(Time)

b = ii-3*L/2;

e = ii-L/2-1;

else

b = ii+L/2;

e = ii+3*L/2-1;

end

% cross correlation (b:e)

[Rx lag] = xcorr(n_proc_input ,n_proc_output);

% Plot Figures

figure()

plot(newTime,proc_output(b:e)); grid on, hold on

plot(newTime,proc_input(b:e))

hold off

axis("tight")

title('No Scaling - Processed Signals')

legend("Output","Input")
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figure()

plot(newTime,n_proc_output(b:e)); grid on, hold on

plot(newTime,n_proc_input(b:e))

hold off

axis("tight")

title('Normalized - Processed Signals')

legend("Output","Input")

% Compute Time Delay

[xa,ya,D] = alignsignals(n_proc_input(b:e),n_proc_output(b:e),"

Method","xcorr");

Tdelay = D*Ts;

end

A.2 Signal Processing
%% Signal Processing

% This function runs the input through various signal estimation

schemes and uses a chi-square test to determine which

estimation method produces the best result.

function y = Preprocess(x,opts)

% Descriptive Statistics

count = length(x);

meanI = mean(x);

stdvI = std(x);

CV = chi2inv(0.95,count -1);

L = length(opts);

hold = [zeros(count,L)];

for inc = 1:L

switch opts(inc)

case 1
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%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,1) = wdenoise(x, 4,

UU
...

'Wavelet', 'db3', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 2

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,2) = wdenoise(x, 6, ...

'Wavelet', 'db3', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 3

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,3) = wdenoise(x, 10, ...

'Wavelet', 'db3', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 4

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,4) = wdenoise(x, 4, ...

'Wavelet', 'db6', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');
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case 5

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,5) = wdenoise(x, 6, ...

'Wavelet', 'db6', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 6

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,6) = wdenoise(x, 10, ...

'Wavelet', 'db6', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 7

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,7) = wdenoise(x, 4, ...

'Wavelet', 'db12', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 8

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,8) = wdenoise(x, 6, ...

'Wavelet', 'db12', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');
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case 9

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,9) = wdenoise(x, 10, ...

'Wavelet', 'db12', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 10

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,10) = wdenoise(x, 4, ...

'Wavelet', 'sym4', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 11

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,11) = wdenoise(x, 6, ...

'Wavelet', 'sym4', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');

case 12

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,12) = wdenoise(x, 10, ...

'Wavelet', 'sym4', ...

'DenoisingMethod', 'Bayes', ...

'ThresholdRule', 'Median', ...

'NoiseEstimate', 'LevelIndependent');
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case 13

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,13) = wdenoise(x, 4, ...

NoiseEstimate="LevelDependent");

case 14

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,14) = wdenoise(x, 6, ...

NoiseEstimate="LevelDependent");

case 15

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,15) = wdenoise(x, 10, ...

NoiseEstimate="LevelDependent");

case 16

%fprintf('We are denoising the signal with case %.0f.\n\n

',opts(inc))

hold(:,16) = wdenoise(x);

end

% Does the Mean of the processed signal fall within 95% CI?

SEM = std(x)/sqrt(length(x)); % Standard Error

ts = tinv([0.025 0.975],length(x)-1); % T-Score

CI = mean(x) + ts*SEM; % Confidence

Intervals

meanY = mean(hold(:,inc));

% fprintf('The CI for case %.0f is between %.6f - %.6f.\n\n',

opts(inc),CI)

% fprintf('The mean of the processed signal is: %.6f.\n\n',

meanY)
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% goodness of fit

chi1(inc) = sum((x-hold(:,inc)).^2./hold(:,inc));

% fprintf('The critical value of the chi square test is: %.4f

.\n\n',CV)

% fprintf('The chi square score is: %.4f.\n\n',chi1(inc))

end

this = find(chi1 == min(chi1),1,"first");

fprintf('Case %.0f produced the estimated signal with the best

fit.\n\n', this)

y = hold(:,this);

end

A.3 Line Width
%% LineWidth

% This function synthesizes data collected from scanning across a

frequency range and plots the response as a function of

frequency to determine the EIT response.

function [LW] = LineWidth(Data,fmin,fmax)

% Data Parameters

ramp = Data(:,4);

low = find(ramp == min(ramp),1,'first');

hi = find(ramp == max(ramp),1,'last');

Time = Data(low:hi,1);

n = 0:1:length(Time)-1;

m = (fmax-fmin)/length(Time);

f = fmin + m*n;

% Denoise the signals

ramp = Preprocess( ramp(low:hi), 2);

Ref = Preprocess( Data(low:hi,7),2 );
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EIT = Preprocess( Data(low:hi,2),2 );

% Remove bias

inc1 = 0.35*length(n);

inc2 = 0.7*length(n);

p1 = polyfit(f(1:inc1),EIT(1:inc1),1);

y1 = polyval(p1,f(1:inc2));

p2 = polyfit(f(inc2:end),EIT(inc2:end),1);

y2 = polyval(p2,f(inc2:end));

yy = [y1 y2];

y = EIT - yy.';

if mean(Ref) > mean(y)

y = (y./Ref).';

else

y = (Ref./y).';

end

% Determine FWHP

FWHP = (max(y)-y(1))/2+y(1);

ind = find(y >= FWHP);

% Compute Linewidth

LW = f(ind(end)) - f(ind(1));

% Apply a 1-term Gaussian Fit

gaussEqn = 'a*exp(-((x-b)/c)^2)+d';

startPoints = [0.9 3.035 1e-3 0.88]; % [ a b c d ]

excludedPoints = [];

f1 = fit(f'/1e9, y', gaussEqn,'Start', startPoints , 'Exclude',

excludedPoints);

formatspec1 = '%.2f';

formatspec2 = '%.6f';
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geqn = ['$y_{fit}(x)=', num2str(f1.a,formatspec1),'e^{-\frac{(x-'

, num2str(f1.b,formatspec1),')}{', ...

num2str(f1.c,formatspec2),'}}$'];

% Plot figure

figure()

plot(f1,f/1e9,y); hold on; grid on;

text(f(1000)/1e9,0.045,geqn,"Interpreter","latex","FontSize",14)

hold off

axis("tight")

title('Rb$^{85}$ Two-Photon Resonance Scan',"Interpreter","latex

")

xlabel('Frequency , [GHz]')

ylabel('Transmission , [Arb. Units]')

legend('Data','Gaussian Fit')

end

A.4 Modulation Scheme Generator
%% Sinusoid and Square Waveform Generator

% MATLAB m-file for generating a Sinusoid and Square Wave Signal.

clc, clear, close all,

% Constants

N = 10000; % Number of Samples

PRF = 500; % Pulse Repetition Frequency [Hz]

t_min = 0; % Minimum time value

t_max = 5*1/PRF; % Maximum time value

% Time vector

t = linspace(t_min, t_max, N);

dt = abs(t(2)-t(1));

% Frequency vector

fs = 1/dt;
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df = 1/(dt*N);

NFFT = 10*N;

f = fs*(-NFFT/2:NFFT/2-1)/NFFT;

% Sinusoidal Wave Equation

cw_sig = 0.7+0.1*cos(2*pi*PRF*t);

% Square Wave Equation

sqp = 0.5*(1+square(2*pi*PRF*t));

% Fourier Transform

CW = 1/sqrt(NFFT/N)*fftshift(fft(cw_sig,NFFT))*dt;

SQP = 1/sqrt(NFFT/N)*fftshift(fft(sqp,NFFT))*dt;

% Energy Check

Ecw = sum(cw_sig.*conj(cw_sig) * dt)

ECW = sum(CW.*conj(CW) * df)

Esqp= sum(sqp.*conj(sqp) * dt)

ESQP= sum(SQP.*conj(SQP) * df)

% Power Spectral Density

[Pcw, f1] = pwelch(cw_sig ,[],[],NFFT,fs,"onesided");

[Psqp, f2] = pwelch(sqp,[],[],NFFT,fs,"onesided");

%%%%%%% FIG PLOTTING %%%%%%%

%%%%%%% TIME DOMAIN %%%%%%%

figure()

plot(t/1e-3, cw_sig); grid on;

xlabel('Time [ms]');

ylabel('Amplitude [V]');

xlim([0 2])

ylim([0 1.1])

title('Sinusoidal Modulation');

figure()

plot(t/1e-3, sqp); grid on;
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xlabel('Time [ms]');

xlim([0 2])

ylim([0 1.1])

ylabel('Amplitude [V]');

title('Square Pulse');

%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%% FREQ DOMAIN %%%%%%%

figure()

plot(f/1e3, abs(CW)); grid on;

xlabel('Frequency [kHz]');

ylabel('Magnitude');

xlim([-5 5]);

title('Frequency Response','Sinusoidal Modulation');

figure()

plot(f/1e3, abs(SQP)); grid on;

xlabel('Frequency [kHz]');

ylabel('Magnitude');

xlim([-20 20]);

title('Frequency Response','Square Pulse');

%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%% PSD %%%%%%%%%%%

figure()

plot(f1/1e3,pow2db(1/sqrt(NFFT/N)*Pcw)); grid on;

title('Power Spectral Density','Sinusoidal Modulation');

xlabel('Frequency [kHz]')

ylabel('Power Spectral Density [dB/Hz]');

xlim([0 12]);

figure()

plot(f2/1e3,pow2db(Psqp)); grid on;

title('Power Spectral Density','Square Pulse');

xlabel('Frequency [kHz]')

ylabel('Power Spectral Density [dB/Hz]');

xlim([0 12])

%%%%%%%%%%%%%%%%%%%%%%%%%%%
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%%%%%%%%%%%%%%%%%%%%%%%%%%%

%% Gaussian and Amplitude Modulated Gaussian Pulse Waveform

Generator

% MATLAB m-file for generating a Gaussian pulse

clc, clear, close all,

% Constants

N = 65536; % Optimal Number of points for AWG

33220A

t_min = 0; % Minimum time value

t_max = 10e-3; % Maximum time value

% Parameters

t0 = (t_min+t_max)/2; % Center time of the pulse

sigma = 0.1*abs(t_max-t_min); % Standard deviation (width) of

the pulse

omega = 2*pi*1e3; % Modulation frequency

a = 1/(2 * sigma^2);

% Time vector

t = linspace(t_min, t_max, N);

dt = abs(t(2)-t(1));

% Frequency vector

fs = 1/dt;

df = 1/(N*dt);

NFFT = 10*N;

f = fs*(-NFFT/2:NFFT/2-1)/NFFT;

% Gaussian pulse equation

gaussian_pulse = exp(-a*(t - t0).^2 ).';%sqrt(a/pi)*

mod_gaussian_pulse = cos(omega*t.').^2.* gaussian_pulse;

% Fourier Transform

GP = 1/sqrt(NFFT/N)*fftshift(fft(gaussian_pulse ,NFFT))*dt;

MGP = 1/sqrt(NFFT/N)*fftshift(fft(mod_gaussian_pulse ,NFFT))*dt;
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% Energy Check

Egp = sum(gaussian_pulse.*conj(gaussian_pulse) * dt)

EGP = sum(GP.*conj(GP) * df)

Emgp= sum(mod_gaussian_pulse.*conj(mod_gaussian_pulse) * dt)

EMGP= sum(MGP.*conj(MGP) * df)

% Power Spectral Density

[Pgp, f1] = pwelch(gaussian_pulse ,[],[],NFFT,fs,"onesided");

[Pmgp, f2] = pwelch(mod_gaussian_pulse ,[],[],NFFT,fs,"onesided");

%%%%%%% FIG PLOTTING %%%%%%%

%%%%%%% TIME DOMAIN %%%%%%%

figure()

plot(t/1e-3, gaussian_pulse); grid on;

xlabel('Time [ms]');

ylabel('Amplitude [V]');

title('Gaussian Pulse');

figure()

plot(t/1e-3, mod_gaussian_pulse); grid on;

xlabel('Time [ms]');

ylabel('Amplitude [V]');

title('Amplitude Modulated Gaussian Pulse');

%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%% FREQ DOMAIN %%%%%%%

figure()

plot(f/1e3, abs(GP)); grid on;

xlabel('Frequency [kHz]');

ylabel('Magnitude');

xlim([-1 1]);

title('Frequency Response','Gaussian Pulse');

figure()

plot(f/1e3, abs(MGP)); grid on;

xlabel('Frequency [kHz]');
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ylabel('Magnitude');

xlim([-3 3]);

title('Frequency Response','Amplitude Modulated Gaussian Pulse');

%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%% PSD %%%%%%%%%%%

figure()

plot(f1/1e3,pow2db(Pgp)); grid on;

title('Power Spectral Density','Gaussian Pulse');

xlabel('Frequency [kHz]')

ylabel('Power Spectral Density [dB/Hz]');

xlim([0 12]);

figure()

plot(f2/1e3,pow2db(Pmgp)); grid on;

title('Power Spectral Density','Amplitude Modulated Gaussian

Pulse');

xlabel('Frequency [kHz]')

ylabel('Power Spectral Density [dB/Hz]');

xlim([0 12])

%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Save Gaussian pulse as a CSV file

dlmwrite('gaussian_pulse.csv', gaussian_pulse , 'delimiter', ',',

'precision', '%.6f');

dlmwrite('mod_gaussian_pulse.csv', mod_gaussian_pulse , 'delimiter

', ',', 'precision', '%.6f');
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