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OVERVIEW 

In this final milestone report, we detail our work to address task 8 in our program: 

8) Report on refinements to theory, methodology, and analysis tools. Final repor: demonstrating un­
derstanding of neural networks by topological means as part of a time-aware machine intelligence 
system. Compare to SOAand document contributions. 

1. SUMMJRY OF ACTIVITIES 

In this reporting period, we have continued experiments outlined in our Phase 2 research plan. We have 
primarily focused on using topological constructions to understand how neural networ:es operate on video 
data, and in incorporating Lorentzian geometry into neural networks using equivariant layers. We also 
detail our work to improve computational performance persistent homology, which w,:, use extensively in 
our topological investigations, and persistent path homology, which is a form of persistent homology which 
is particularly amenable to directional data such as causal graphs. 

I Proposed Milestone/Objective I &>complishment 
Final report demonstrating understanding of neural This report 
networks by topological means as part of a time-
aware machine intelligence system. 
Software used to build topological control appara- Software uploaded to Okta 
tus, neural networks, machine intelligence system. 

TA!LE 1. Breakdown of task 8: Refer to Revised TDD for agreement No.: HR0Ol 121 ~0040 

2. D ETAL DESCRIPTIONS 

2.1. Lorentz-Equivariant Neural Networks. Our first main line of work was to :ncorporate Lorentz 
equivariance into neural networks in order to preserve causal structure in the input data. 

2 1.1. Equivariant Neural Networks. Afeedforward neural network, assuming consta,t width, is a map 
f: JR.n ---* JR.n given by alternately composing matrices Ai E JR.nxn with pointwise Ectivations O"i ( v) 
max(v, bi) where bi E JR.n and max is taken coordinatewise, i.e. , 

f( v) = Ako-bk- i Ak-l • • • a-b2A20-b1 A 1v. 

PC-equivariant neural network requires that for some chosen matrix group G ~ JR. nxn, we have f(Xv ) = 
Xf(v) for all XE G and v E JR.n . Since 

f (Xv) = X(x- 1 A kX )(x - 10-bk -l X)(x - 1 Ak-1 X ) • • • (x-1 A2X) (x - 1
0-b1 X)(x- 1 A1X)v 

XA I I A' I A' I A' = kO"bk-1 k- l •• • O"b2 2 0"b1 1V 

and the last expression equals X f ( v) if we have 

C) ' x -1 x O"b · = O"b - = O"b -, ' ' 
for all i = 1, ... , k, the conditions in (1 ) vastly narrow down the range of possible weights Ai and biases 
b:, a huge computational saving in modem applications. Incorporating group represer.tations allows us to 
e:<tend this to variable-width neural networks. This refreshing interpretation of equivariant neural network 
i5 the focus of our invited contribution to the widely read "What-is" series in the Notices of the MS [ 39]. 
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2.1.2. Lorentzian Geometry. Lorentzian geometry is the geometry of space and time where information 
propagation has a speed limit (the speed of light in physics, but other speed limits may apply in different 
applications). The geometry is defined by a non-standard dot product 

(2) (( x o, to) , (x1, t1)) = x '{; x1 - c2t'{; t1 

where c is the speed of light in physics, or otherwise a parameter to be chosen. This dot product defines a 
notion of (pseudo-)distance d(a , b) = J(a - b, a - b). 

In Lorentzian geometry, vectors are partitioned into three classes, producing a causal structure on space­
time. If ( a , a) < 0, then a is time-like, meaning there can be a causal relationship between the vector a and 
the origin. If (a , a) > 0, then a is space-like and there can be not causal relationship. If (a , a) = 0, then a 
is light-like. These classes are determined in part by the value of the parameter c in the inner-product. 

2.1 .3. Lorentz Equivariance. The Lorentz group is the set of transformations of an input space with Lorentzian 
geometry which preserve the indefinite inner product, and thus, causal structure. Define li ,d- l E JRdxd to 
be the diagonal matrix with diagonal (1, - 1, - 1, ... , - 1). The Lorentz group is equi·1alent to the matrix 
group 

SO(l , d - 1) := {GTli,d-lG = /i,d- 1 , G E !Rdxd}. 

In order to create networks that are "time aware", we have incorporated Lorentz equi'1ariance into neural 
network models. This has been recently proposed in the context of particle physics [:: ]. In our work, we 
seek to use this on a wider variety of temporal data. 

A an example, we can consider the problem of learning the solution of I-dimensional wave equation: 

Uxx = Utt· 

The solution of wave equation is equivariant with respect to the Lorentz group SO), 1). It should be 
noted that the equivariance does not hold for one equation . Quite the contrary, it is the si:ace of the solutions 
of the wave equation that has the symmetry S0(1, 1). To be more specifically, if we are give a solution 
u (x, t) of the wave equation, then u(g(x, t) ) is also a solution where g is any element ir S0(1 , 1). 

For comparison, consider the structure of physics-informed (PI) neural network [52]. In a PI network, the 
loss function adds the constraints of the derivatives and has the extra term: 

Lphysics-in f ormed = L ( ::2 Uw(Xi , t i ) - :t
2

2 Uw(Xi, ti)) 
2 

However, previous applications of PI only work for one specific problem at a time and requires requires 
much higher sampling rate (see the experimental details in [52]). 

The data set is constructed as follows . For each sample, we randomly generate a s)lution of the wave 
equation 

5 

u (x, t ) = L (ansinnx+bn cosnx )sinnt. 
i=l 

Then generate 101 points {(xk, tk )h <k<lOl in the domain x, t E [0, l ] together with the function value 
{ u( X k, tk) }i9::;101 - In each sample, the output consists of one function value u( x101, t rn1), while the input 
consists of the position of all 101 points and the function value of first 100 points. The <training and testing 
data sets each have 10,000 samples. 

We use the equivariant multilayer perception (EMLP) structure [22] which allows simple construction of 
Lorentz equivariant networks. Anetwork with 5 layers and 16 width can achieves relatively good perfor­
mance compared to linear regression (LR) and vanilla multilayer perception (MLP). A we can see in the 
results, it is possible to use Lorentz equivariant neural network to learn a complicated nap using relatively 
small number of samples. It is also possible to combine physics-informed network with EMLP structure. 
However, itthe training takes much longer time and does not demonstrate significant improvement in the 
loss. 
4 Distribution Statement A_,,proved for public release. 



LR MLP EMLP 
Train MSE 0.681 0.079 0.095 
Test MSE 0.725 3.368 0.3 10 

TA!LE 2. Train and test mean square error (MSE) for different models, including linear regression (LR), 
multilayer perception (MLP), equivariant multilayer perception (EMLP). 
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FIG URE I . Train and test mean square error against number of epochs. 
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FIGURE 2. Examples of heatmaps of learned function against sampled points. 
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2.2. Temporal Prediction Tasks in Computer Vision. Our second main line of work is to use topology to 
investigate how information propagates through neural networks trained on video data. This builds on our 
prior work understanding and regularizing topology in dense prediction tasks for static images [23] 
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FIGURE 3 . Visualizations and Persistence Diagrams of Internal ittivations. The first row shows the input 
image, the ground truth segmentation rr_ask, and the mask's persistence diagram. The 2nd and 4th row show 
the visualizations of the magnitude of internal activations. On the 3rd and 5th row, each figu re shows the 
persistence diagrams of the corresponding internal activations above. Points fmther from the diagonal are more 
robust features. Both visualizations and jiagrams show that the level-set topology can emerge as early as in the 
4th encoder layer, and it remair.s nearly consistent in the decoder layers. No topological regularization is used 
on this example. 

2.2.1. Internal ktivations. First, we prcvide experimental results which demonstrate that topology can 
appear in the internal activations of traired neural networks. We train a convolutiona: neural network on 
binary semantic segmentation task which assigns values to each pixel indicating whethe:- this pixel is part of 
a human torso or not. 
Model architecture. We use the U-Ne1 [54] architecture, which is a popular baseline for segmentation 
tasks. Our U-Net adopts 6 phases of enC)ders and 6 phases of decoders, where each block consists of two 
layers of convolutions, batch normalizations, and ReLU activations. Figure 3 shows the :'low of the network, 
along with visualizations of each layer, and the network progresses as Ir.put ➔ encl ➔ · · · ➔ enc6 ➔ 
b::)ttleneck ➔ dec6 ➔ · • · --+ decl ➔ Output with skip connections. 
Dataset. We use the COCO dataset [40], specifically COCO-2014, which contains 83K training images and 
41K validation images. From its providd semantic segmemation annotations, we mab a subset where all 
images contain human annotation ' and further process them to only annotate pixels as human/non-human. 
T1is commonly used data set contains hJman objects and [65, 28] have recently studied bias in captions. 
However, our semantic segmentation task does not use these potentially problematic latels. 
Training objectives and hyper-parameters. The training objective is the MSE loss 

h w 

LMSE(y , f)) = LL(Yi,j- Yi, j)
2 

i = l j= l 

where h and w are the height and widtt of the image. We train the network for 100 epochs with initial 
learning rate of 0.01 . We use SGD as the optimizer with learning rate decaying by half r.very 40 epochs. 
6 Distribu ion Staten:ent A,1,proved for public release. 



2.2.2. Topological Regularization. The particular regularization we use is in the family of functionals based 
on algebraic functions of the birth-death pairs [l ]. Specifically, we penalize all but the k longest birth-death 
pairs in dimension 0: 

(4) £Topology( {bi, di}) = L ldi - bi . 
i> k 

This encourages at most k local maxima in the function f over the image channels. 

2.2.3. Binary Semantic Segmentation. We experimented using the same architecture as described above and 
trained the networks for 50 epochs with cosine learning rate schedule, but varying the c1oice of regulariza­
tion. We regularize dec4 with k = 8 to penalize more than 8 connected components on this intermediate 
layer. A shown in Figure 4, there is a improvement on mi oU, e.g., mean Intersection-over-Union accuracy, 
when we regularize the second decoder layer with the proposed topological regularizer. .4so shown in Fig­
ure 4, there are also improvements on convergence speed with the assistance of the prop)sed regularization. 

mloU (%) 

No Regularization 51.64 

Topological Regularization 52.54 

Tra ining Loss Val idat ion mloU 
0.52 

0 .038 

0 .035 
0 .50 

0 .033 

0 .030 0.48 

0.028 

0.025 0.46 

0.022 
0.44 

15 30 45 15 30 45 

No Regulariza ti on -- Topologica l Regu la rization 

F IGURE 4. Convergence and Convergence Improvement by Topology Regulari zer 

2.2.4. Monocular Depth Estimation. 
Training Objectives. Our proposed training objective is a weighted sum of three loss functions and two 
regularization terms: 

(5) 
.C(y , i)) = Ad • .Cdepth (y , i)) + A g • .Cgradient ( Y, i) ) + A s • .Css IM (y , i)) 

+ Atv· .CTotalVariation( fi (a ) ) + Atop· .CTopology( fi (b) ) 

where y represents the ground-truth label of depth, f; represents the predicted depth, h,(a) and h, (b) represents 
some intermediate layers of the network. Each loss term is defined as follows, 
Depth Loss. We use the RMSE loss in log scale which empirically converges faster th2n LI or L2 loss. 

h w 

(6) .Cctepth (y, i) ) = LL(logyi, j - logi)i,j)2 

i=l j=l 
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Gradient Loss. The horizontal and vertical image gradients, \7 11 and \7 _1_ , are computed by a Sobel filter 
[56, 30]. This further helps align the edges of the ground-truth and the prediction. 

h w 

(7) .Cgradiem(Y, Y) = LL ( IV l. Y i ,j - V l. Yi,jl + JV 11 Yi,j - V II Yi ,jJ) 
i=l j=l 

Structural Similarity Loss. This loss uses the Structure Similarity Index Measure (SSIM) [63] which is 
shown to be a good loss term for depth estimation tasks [26]. 

(S) .C ( " ) 1 - SSIM(y, y) 
SSIM Y , Y = 2 

Total Variation Regularization. It's often used in imaging tasks where the expected output is piece-wise 
constant. We apply this regularization term to the last layer i,, (a) before the output layer. 

c h-1 w ? 

.. "(a) _ ~~~(" (a) _ "(a) )-
.CTotalVanallon(h ) - LL L h i+l ,j, k h i, j ,k 

k= l i=l j = l 

c h w-1 ? 

~~~("(a) "(a) )-+ L L L h i,j+ l, k - h i,j,k 

(9) 

k= l i= l j= l 

Topological Regularization. We apply this regularizer to the second decoder layer 'f,,tb). We first use the 
L2-norm projection to project this internal activation to h E JR.h x w and compute its birth-death pairs (bi , di ) 
using super-level set filtration and persistent homology. Aterwards, we formulate the loss, given these 
birth-death pairs, through Equation (4), e.g., LTopology( {bi , di}) = L)di - bi)2

. For ) Ur application, we 
i>k 

choose k = 8 to penalize internal activations to have more than 8 connected components or local extrema. 
Experiment Setup and Results. We trained the model on DIODE [61] datasets with two backbone networks: 
U-Net and DenseDepth [2]. For U-Net, models are trained for 100 epochs with batch size 16, a cosine 
learning rate schedule, a momentum of 0.9 and a weight decay of le-4. For DenseDepth, to achieve the 
best performance, we use Marn optimizer [ 32] with initial learning rate 0.0001, /31 = C.9 and /32 = 0.999. 
Models are trained for 20 epochs with batch size 12 and a cosine learning rate schedule. For regularization 
settings, both models are regularized as such: the total variation regularization is enforced onto the last 
decoder layer and the topological regularization is enforced onto the second decoder layer. 

Quantitative comparisons can be found in table 3 and fig. 5. Qualitative comparisons of internal layers is 
shown in fig. 6. 

2.3. Dense Prediction for Video Data. 

2.3.1. Fully Convolutional Neural Network. /!fully convolutional neural network (FCN) [ 55] is a convo­
lutional neural network without any fully connected layer. In other words, it is compos~d of convolutional 
layers and max pooling layers. Fully convolutional neural networks achieve good pe.:-formance in many 
computer vision tasks, such as image segmentation, video semantic segmentation, and object tracking. Fur­
thermore, FCNs are the backbone of many state of the art architectures used in compu:er vision. Usually, 
an FCN is used as an initial embedding of the input images, and is followed by other architectural compo­
nents such as transformers. We want to study how the topology of an image changes as it goes through the 
convolutional layers in a FCN. 

In figure 7, we show the activations and persistent diagrams of the picture of a bear, as it goes through the 
layers in a FCN. From this figure, we see that the topology of the image is simplified as it goes through the 
layers in FCN. 

2.3.2. Temporal Memory Atention Network (TMANet). Results in the previous section rr.otivate us to con­
sider complicated architectures that use FCN as a backbone. In this section, we consider a state of the art 
model called Temporal Memory Atention Network (TMANet) [ 62], which is used in video semantic seg­
mentation tasks. TMAN'et achieves new state of the art performance on Cityscapes and Cam Yid datasets . 
8 Distribution Statement A1>proved fo r public release. 



Level of lower is better higher is better 
Regularization mae rmse abs rel mae log10 rmse log10 61 62 63 

None 4.2776 6.5386 0.4524 0.1706 0.2181 0.4336 0.6778 0.8128 

Total Variation 4.0952 6.3145 0.4311 0.1649 0.2103 0.4455 0.6915 
U-Net 

Topology 4.0548 6.2168 0.4206 0.1651 0.2121 0 4388 0.6914 

TV + Topology 4.0138 6.2044 0.4269 0.1614 0.2069 0.4565 0.7020 

None 3.6554 5.9900 0.3648 0.1660 0.2452 0 5088 0.7481 

Total Variation 3.5073 5.5763 0.3922 0.1427 0.1884 0 5151 0.7444 
DenseDepth 

Topology 3.5857 5.7030 0.3921 0.1435 0.1887 0.5006 0.7418 

TV + Topology 3.4065 5.4196 0.3908 0.1395 0.1849 0.5197 0.7582 

TAlLE 3. Quantitative Comparison. UNet and DenseDepth Performance on DIODE. Each rrodel is com­
pared internally with varying regularization choices. Numbers in Red indicate the best score who::reas in Blue 
shows the second best. 

0.8184 

0.8295 

0.8232 

0.8625 

0.8665 

0.8668 

0.8745 

In video semantic segmentation tasks, there are two types of topology to consider: the 2D topology and 
the 3D topology. For 2D topology, we consider a fixed frame in a video. Then, we consider how the topology 
of that frame changes as it goes through the layers in TMANet. For 3D topology, we take ten consecutive 
frames in a video and consider these frames as a 3D tensor. The three dimensions in this tensor are height, 
weight, and time. Then we look at how the topology of this 3D tensor changes as it goes :hrough TMANet. 
We generate persistent diagrams for both 2D and 3D topology of images in Cam Vid. 

From figure 8 and figure 9, we see that both 2D topology and 3D topology are simpUied as the images 
go through TMANet. 

2.3.3. Topological Regularization. Results in the previous section motivate us to add topological regular­
ization to TMANet. The idea is to explicitly force the network to learn a predictor that simplifies the 
3D topology. Our goal is to show that this 3D topological regularization would improve generalization of 
TMANet. Currently, we modified the code for the original TMANet paper [ 62] to incorporate topological 
regularization. However, the computation on GPU is too much to run on our machine. We are currently 
modifying the code to let it run on CPU instead . 

2.4. Updating Persistent Homology. Topological regularization can be a computational bottleneck in our 
wo::-k on images/video as well as in other deep learning problems [51]. We have deveioped schemes for 
accelerating these computations using updates. Our full paper is available in [41 ]. 

2.4.1. Background and Motivation. Most algorithms for computing persistent homology are based on com­
puting a factorization of filtered boundary matrix Dq (meaning its rows and columns a:-e arranged in the 
order of appearance of cells in the filtration): 

(10) 

where Vq is upper-triangular and Rq is reduced, which means that it has unique low pivots, i.e. the index of 
the last non-zero row of each column (if it exists) is unique. The original algorithm for finding such a matrix 
factorization takes worst-case time cubic in the number of simplices. This can be a bottleneck in problems 
that require the computation of persistent homology of many similar topological spaces. Examples include 
feature generation for data in machine learning tasks [10, 25, 9, 24] as well as in contin-1ous optimization 
problems with persistent homology included in the objective [17, 6, 36, 7, 16, 31 ]. In thes~ computationally 
intensive scenarios, we wish to be able to reuse computation, particularly factorization, to the largest extent 
possible. 
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FIGURE 5. Improvements on U-Net Convergence. Blue lines (wi thout regularization) demonstrates some 
degree of overfitting as loss increases and accuracy decreases after 20 epochs. Green lines (with tc,tal variation 
regularization) alleviates overfitting a bit, and Red lines (wi th both proposed regularizations) further overcomes 
overfitting and converges to a better optimum. 

100 

2.4.2. Main Contribution. We propose an approach to accelerate iterated persistent homology computations 
based on updating associated matrix factorizations. Our approach improves the update ~.cheme of [20] for 
permutations by additionally handling addition and deletion of cells in a fi ltered topological space and by 
processing changes in a single batch. We show that the complexity of our scheme scales with the number 
of elementary changes to the filtration which as a result is often less expensive than the full persistent 
homology computation. We additionally adapt our approach to the cohomology algorithm and clearing 
optimizations. Finally, we perform computational experiments demonstrating practical s:;>eedups in several 
situations including feature generation and optimization guided by persistent homology. 
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FIGURE 6. Effects of Topological Regularization on Interval .ttivations. For each architectue, we visu­
alize the second decoder layer. Our proposed regularization helps the network concentrate better on regions of 
interest. 
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2.4.3. Data and Experiment Results. We investigate our methods on both synthetic and real data sets. We 
list those real ones below. 

• MNIST [34]: kollection of handwritten digit images contains a training set of 60,000 examples, 
and a test set of 10,000 examples. 

• Vert-64: A'3-dimensional rotational angiography scan of a head with an aneurysm used for bench­
marking persistent homology in [49]. 

• Bunny: The Bunny model comes from the Stanford Computer Graphics Laboratory [58]. We use 
one of its 30 scan picture with size 40256 points in JR3 . 

• Dragon: It is a 3-dimensional scan of a dragon from the Stanford Dragon grapfoc model [58] and 
in [49] consists of 1000 and 2000 points sampled uniformly at random. 

• H3N2: The data set from [ 49] contains 2722 different genetic sequences of H3N2 influenza, where 
each sequence is a vector in JR 1173 . 

We provide a table of persistent homology computation of level set filtration below. More details and 
explanation are available in https : //arxiv . org/abs/2108 . 05022 . Overall , our update scheme 
gives a 2 to 3 times speedup compared to a full persistent homology computation. 

~ 
.c: ..... 
C 
Q) 

"O 
:::l 
~ 

u.. 

~ 
(.) 

:E 
:::l u 

12 

II MNIST Vert-64 I S2D(0.01) I S2D(0.1) I S3D(0.01 ) S3O(0.l) 

dK 1.9 X 10- 1 - 3.3 X 10-J 2.9 X 10-.: 1.4 X 10- :.l 3.0 X 10-:.l 
Ripser 2.2 X 10-J - 4.0 X 10- .: 4.3 X 10- "' - -

Dionysus 3.0 X 10- 0 - 1.2 X 10- 1 1.3 X 10- 1 1.9 x lO_J 1.9 X lOu 
Gudhi 4.6 X 10- J - 1.9 X 10- 1 2.0 X 10- 1 2.2 x lOJ 2.2 X lOu 

Bil'S(c) 2.1 X 10-J - 6.6 X 10- .: 6.9 X 10- ..: 8.1 X 10- l 8.7 X 10- 1 

Bil'S(u,s) 1.5 X 10- -.> - 3.9 X 10- :.:: 6.1 X 10- :.l 6 .9 X 10- .L 9.8 X 10- 1 

Bil'S(u,c) 1.5 X 10- J - 3.9 X 10- :.:: 6.0 X 10-..: 7.0 X 10- 1 1.0 X lOu 

dK 2 X 10- 1 4.5 X 10- .: 3.3 X 10- 0 3.0 X 10- .: 1.4 X 10- .: 3.o- :.:: 
Gudhi 2.7 X 10- J 2.7 X lOu 3.0 X 10-..: 3.3 X 10- ..: 2.0 X 10- .1 2 .1 X 10- .1 

BA'S(c) 2.2 X 10- J 4.1 X 10u 6.1 X 10- :.:: 7.3 X 10-:.:: 4.4 X 10- 1 4.7 X 10- 1 

Bil'S(u,s) 1.2 X 10- J 1.3 X 101 2.1 X 10- :.:: 3 .2 X 10- :.:: 2.1 X 10- 1 2.8 X 10- 1 

Bil'S(u,c) 1.2 X 10- J 2 .1 X 10u 2.1 X 10- :.:: 3.2 X 10- :.:: 2.2 X 10- 1 2.7 X 10- 1 

TAlLE 4 . Aerage time in seconds to recompute or update persistent homology of super- level ,et filtrations 
on synthetic and real data, using either Cubical complexes or the Freudenthal triangulation of a grid. dK is the 
normalized Kendall- tau distance between the initial and updated fi ltrations averaged over experiments. Ripser 
[4], Dionysus (45), GUDHI (43), and B11:S(c) [ 3] recompute persistent homology. Gudhi and Ripser both use 
cohomology, and Dionysus and B11:S both use homology. B11:S(c) uses clearing and does not fo~m the basis 
V. B11:S(u,s) updates the RU decomposition from the standard reduction algorithm and B11:S(u,c) updates 
the RU decomposi tion obtained from clearing. Timings are averaged over !000 updates for t.1NIST (using 
Image init. for the updating schemes), I update for Yert-64, JOO updates for S2D columns, and 20 updates for 
S3D columns. Timings for the Freudenthal triangulation of the Yert-64 data set are excl uded clue to memory 
constraints. 
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2.5. Topology Preserving Dimension Reduction. We have also developed a tool for maximizing the topo­
logical fidelity of visualizations [ 47]. Our work develops a notion of selection errors in persistent homology, 
and shows how to use the interleaving distance to control for selection errors. 

2.5.1. Background and Motivation. Dimension reduction is an important component of many data analysis 
tasks, but can be potentially problematic as it may "reveal" structure in data which is not truly present. 
In inference this can be addressed by principled use of a withheld test set or an analysis which addresses 
model selection more directly. However, in exploratory data analysis it can be difficult to address selection 
problems incurred by exploration of different dimension reduction techniques and subsequent parameter 
tuning, such as whether visualized structures are really present or an artifact of the chosen embedding. In 
this project, we are considered about the topological correctness of an embedding and de-.relop the use of the 
interleaving distance for the purpose of quantifying the extent to which topological featu~s of an embedding 
relate to features in the original data set. 

2.5.2. Main Contribution. 

(11) 

(12) 

( 1) We show how the interleaving distance can be used to quantify a scale at which topological features 
in X and features in Y are in correspondence, and be used to select homological features of Y in 
correspondence with features in X. 

(2) We show how to incorporate the interleaving distance explicitly into the optimization of the embed­
ding Y and prove the existence of descent directions under mild conditions. Exf:licitly, we consider 
the 01thogonal optimization with bottleneck distance between two persistent dic:grams of Vietoris­
Rips Filtrations as its objective: 

minimize dB(dgm(X), dgm(P X)) 
PE JRd Xk 

subject to pT P = I 

where X E JRn xd is a a high dimensional data set and k is a human readable cimension (2 in our 
case). 

(3) We demonstrate this technique in finding optimal linear projections of the data se t X to preserve the 
bottleneck distance on several examples with interesting topology. 

2.5.3. Data and Experiment Results. Our real data sets includes 

• The Columbia Object Image Library (COIL-100) [48] dataset contains 7200 colorful images of 100 
objects, where each object has 72 128 x 128 images with 3 color channels taken at pose intervals of 
5 degrees. 

• Natural image patches are a well-studied data set with interesting topological s:ructures at various 
densities [15]. We follow the data processing procedure of [35] to sample 3 x 3 patches from the 
van Hateren natural images database [60]. We further refine a sub-sample of 5( ,000 patches using 
the co-density estimator of [21 ] with k = 5, p = 40% to obtain a data set of 20_000 patches which 
resembles the "three-circle" model of [21 ]. 

We demonstrate our technique by assessing how well any transformation of point cloud data X preserves 
topology. In particular, we can compute the bottleneck distance E = dr(Hk(X) , Hk(Y)), the number of 
features of H k(Y) with Id - bl > 2E and the number of features of H k(X) with Id - bl > 4E. In the context 
of dimension reduction, it would be desirable to minimize the interleaving distance in order to maximize the 
number of features we can identify which are in correspondence with features in the original data set. 

In table 5, we compare several algorithms for dimension reduction on a set of images from COIL-I 00 
[48]. Methods compared include PCP,.MDS [ 33], and ISOMA? [ 57] with our method based on minimizing 
the bottleneck distance denoted by PH, and a hybrid PH + PCABecause every Vi etoris-Rips filtration has 
a single Ho pair with death at oo, at least one Ho feature will always be selected . Only PH + PCAallows 
for the selection of an H1 feature. Amore detailed visualization of the PH+ PCkmbedding can be found 
in fig. 10. 

Distribution Statement A ,t,>proved for public release. 13 



.. 

.c 

10 

8 

m s 
0 

4 

0 

Unconfident Bandwidth 9.065 

* 

e HO 

e Hl 

0.0 2.5 5.0 7.5 10.0 12.5 
Birth 

- lst Hl 

- 2nd Hl 

( c) Longest uncertai 1 HI representa-
(A) Dimension reduction result (B) Persistence diagram with unconfi- tive (Blue) and certain HI representa-

dent band tive (Red) 

FIGURE I 0. Dimension reduction results of Tomato dataset by first using PCAto reduce dimension to 10 and 
then using our PH optimization to reduce to 2. 

Method maxH1 dr Ho di H1 Ho H1 
PCA 4.854 5.148 10.852 1 0 
MOS 5.626 4.782 10.217 1 0 

ISOMA> 113.968 1.935 108.623 1 0 
PH 7.543 5.295 5.295 I 0 

PH +PCA 9.234 4.689 4.532 1 1 
TAlLE 5. Selection of topological features . max H 1 is the length of the largest H 1 pa:r in Y. The last two 
columns indicate the number of features which are in correspondence with the original data in H J and H 1 via 
the interleaving. 

2.6. Persistent Path Homology. Persistent path homology [ 18] is a variant of persistent homology which is 
applicable to directed graphs such as causal graphs. Aa high level, it measures the number of distinct paths 
up to a version of homotopy [27]. Unfortunately, existing implementations are quite ine6cient compared to 
so::tware for computing persistent homology. 

First we briefly describe how the original reduction algorithm can be applied in the persistent path ho­
mology setting. 

Definition 2.1. hil elementary p-path [v 0, ... , vp ] is 

• regular if Vi i=- Vi+i for i E { 0, ... , p - 1}. 
• irregular if it is not regular. 

Set 

R p(V) = span{C7 E Ap(V): C7 is regular} 

and 

I p(V) = span{C7 E Ap(V): C7 is irregular} . 

Definition 2.2. Let G = (V, E) be a digraph. hil elementary p-path [v o, . .. , vp ] is allowf.d if ( Vi , vi+1) E E 
for each i = 0, ... , p - 1. We denote the space of allowed p-paths as A p· 

Definition 2.3. Given a digraph G = (V, E) and a positive integer p, we define the the space of 8-invariant 
paths on G to be 

Dp(G; OC) = {C7 E Ap: 8p(C7) E Ap_i}. 
We also set D_1 = A -1 and D_2 = A -2-
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The path homology of the digraph C is the homology of the chain complex 

Hp(O(C)) = ker8p/ img8p+l 

and persistent path homology PP H ( C) is the persistent homology of a filtered chain complex 0.( C). 
Suppose we have the boundary matrix Rp : R p ➔ R p- l· Ordinarily, we would alread? require the matrix 

to be in filtration order, which means that the allow times are sorted increasing from left to right (columns 
are elements of R p) and increasing from top to bottom (rows are elements of R p_1). Urnally, there will be 
many elements of R p-l that are in A~ . Ai.y column that ends up with a pivot where the corresponding cell 
is in A~ is obviously not in Op, However, we can still have a natural interpretation whe:-e it corresponds to 
a bar that is both created and destroyed at time infinity (and thus does not correspond to any feature in the 
barcode). 

We compare an implementation of the reduction algorithm that does the reduction v:a Bil'S [ 3] versus 
the original implementation of persistent path homology [19]. For simplicity we compJte homology over 
lF2. We computed 1-D PPH on simulated data introduced in [19] called "randNet," a complete digraph with 
edges added in a random order (used in [19] to demonstrate the original implementation) Note that with the 

BATS vs original PPH algorithm for a complete digraph 
104 
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FIGURE 11. />comparison of the runtime of the BJl:S-powered PPH implementation with the ori 5inal algo­
rithm. We compute 1-D PPH over IF 2 on a complete digraph, with edges added in random order. 

complete digraph on 100 vertices (with 9900 directed edges), the Bil'S implementation ~as over 120 times 
faster than the original implementation. By looking at the log-log plot (bottom of Figure 11) and regressing 
the slopes, we note that the Bil'S implementation has an exponent of 4.10 compared to 5 .40 for the original 
implementation. 

One next step would be to explore zigzag path homology. Zigzag homology (introduced in [13, 14] wi th 
further advances in [11, 44, 50, 42, 46]) was developed to generalize persistence homology to the setting 
where instead of a filtration of complexes, the inclusion maps can be in either direction . G.ven our complexes 
Ki, rather than each inclusion map looking like 

• • • ➔ Ki-1 ➔ K i ➔ Ki+l ➔ · · · , 

the inclusion maps can look like 

• • • ➔ Ki-1 ➔ K i +- K i+ l ➔ . ... 

/(discrete) temporal graph is a sequence of graphs C 1, .. . . , Cn of graphs that share a vertex set V. We 
also we require that either Ci ~ Ci+1 or Ci 2 Ci+1, which gives inclusion maps in one of two directions 
between each Ci and C i+ l · We interpret the graphs Ci to be changing over discrete time intervals, so that 
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upon each "update" edges are either added or deleted. This gives rise to a sequence of inclusion maps that 
can be studied via zigzag techniques. 

ABil'S already has robust tools to compute ordinary persi stence, a natural next step wo-Jld be to develop 
zigzag path homology, although some care must be ensured given that we must accounl for both the allow 
time and entry time for each path . 

2.7. Alditional Funded Work. In previous sections, we covered several lines of work which we have 
pursued in the aim of developing methods for topological and geometric methods for time aware machine 
intelligence. Both Pis and students have also produced related work in topology, geometry, and neural 
networks while funded by this grant. 

In computational topology, PI Nelson (29] has developed new methods for parameteri~ing and compress­
ing expensive topological constructions on point cloud data. This may find applicati,)ns to accelerating 
optimization of persistent homology, a method used in our work. In joint work with G. Carlsson, he has 
also developed computational methods for solving the topological evasion problem [12]. While not directly 
applicable to neural networks, this work solves a class of temporal evasion problems that arise naturally in 
sensor networks. 

Co-PI Lim has developed methods to work with data in subspaces of varying dimensions [64, 8, 59]. He 
has also found a way to optimally approximate neural networks of fixed sizes [38], obtained new methods 
for multiparameter eigenvalue problems [53] and written an extensive review of tenscrs in computations 
[37]. 

3. CONC LUSION & PL,t..1 FORWArn 

Throughout the Time-Atare Machine Intelligence program, we have made progress in several directions 
that use topology and geometry to understand and enhance the capabilities of time-awa:-e neural networks. 
Highlight of our work include 

(1) Incorporation of Lorentz equivariance into spatio-temporal prediction tasks in nrnral networks. Our 
results currently demonstrate large improvements over non-equivariant networks of similar depth. 

(2) Use of persistent homology to understand and regularize activations in dense prediction tasks in 
images/video. This has allowed us to improve the performance state-of-the-art r:etworks. 

(3) Avariety of improvements to algorithms to support these topological and geometric tools, including 
acceleration of persistent homology in optimization, improved topological data visualization, and 
greatly accelerated persistent path homology. 

We plan to pursue the following projects which build on the work that we were able to begin thanks to 
this program: 

Lorentz Equivariant Networks. We plan to incorporate equivariance into physics-informed neural net­
works [52] which will represent a non-trivial application of the ideas that we have deve.oped and tested on 
simpler network architectures . A.other promising direction of future work will be to develop methods to 
quantify the failure of equivariance in non-equivariant networks architectures, and use th:s as a measurement 
of performance of neural networks on problems with symmetry. 

Topology in Dense Prediction. Our work using topology in dense prediction problerr: s represents one of 
the first uses of persistent homology to regularize large classes of neural networks out of the box, without 
specifically tailoring architectures to use topological methods. Apromising direction of future work is 
to improve the performance of topological regularization; while not cost prohibitive, optimizations such 
as moving to GPU and incorporating algorithmic improvements may result in much lower computational 
overhead. Dense prediction in video data offers a larger of variety of ways in which topology may be used 
for understanding and regularization . While we have made promising progress on this task, future work 
would involve comparing our 3-dimensional image approach with different distances (such as bottleneck or 
Wasserstein distances) on fixed frames of the video. 
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Topological Calculations. We have made several substantial improvements to algorithms and implementa­
tions for persistent homology (PH) and persistent path homology (PPH). Moving forwa-d , our PPH imple­
mentation can be used for analysis of larger temporal graphs than have been previously been feasible. We 
also plan to extend to zigzag path homology for application to sliding temporal windows. Our PH imple­
mentations will allow for accelerated use of persistent homology in optimization objectives. Our work on 
ac-::elerating persistent homology calculations with warm starts might also be adapted to the setting of PPH 
and used in optimization over causal graphs. 
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