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Executive Summary 

Acceptance Sampling by Variables (ASbV) is a statistical testing technique used in 
Personal Protective Equipment programs to determine the quality of the equipment in First 
Article and Lot Acceptance Tests.  This article intends to remedy the lack of existing 
references that discuss the similarities between ASbV and certain techniques used in 
different sub-disciplines within statistics.  Understanding ASbV from a statistical 
perspective allows us to provide DOT&E with customized test plans, beyond what is 
available in MIL-STD-414.  We plan to submit this article to a statistics journal.  This paper 
does not include any real test data, and does not mention any specific program by name.  
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Abstract5

The sample size for an Acceptance Sampling by Variables experiment6

is often determined using a standard such as MIL-STD-414 or one of7

its many derivatives. These standards specify sample sizes for a series8

of experiments to be used on a stream of incoming lots. They are not9

intended to be used to plan a stand-alone experiment, which requires an10

alternative approach. In this paper we focus on three alternatives: the op-11

erating characteristic (OC) curve approach, the Faulkenberry and Weeks12

approach, and a power analysis for a hypothesis test on a quantile. These13

three methods originate from different scientific sub-disciplines, but their14

concepts are quite similar and are easily confounded. To illustrate this,15

we review their development, highlight their similarities and differences,16

and present them in a consistent notation that demonstrates their math-17

ematical equivalence.18

Keywords: Acceptance Sampling by Variables, Design of Experiments,19

Sample Size Determination, Reliability, Operating Characteristic Curve,20

Tolerance Intervals, Power Analysis21

1 Introduction22

Determining the sample size for an Acceptance Sampling by Variables (ASbV)23

test can be challenging. ANSI/ASQ Z1.9-2003, a modern derivative of MIL-24

STD-414, is over 100 pages long and includes a “flow chart for use” that contains25
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over 50 arrows (see Figure 1 in ANSI/ASQ Z1.9-2003). Neubauer and Luko26

(2013, 182) state, “MIL-STD-414 is complex”, while Horsnell opines, “It is my27

view that there are probably more frustrated designers of acceptance sampling28

schemes than in any other branch of applied statistics” (Gascoigne and Hill29

1976, 312).30

Wetherhill criticizes BS 6002, another MIL-STD-414 derivative, for its lack31

of guidance involving the development of individual plans. He states, “[it] suf-32

fers from the characteristic failing of Defence Sampling Schemes, of a lack of33

guidance as to when the plans should be used, and of what to do if they are not34

appropriate” (Gascoigne and Hill 1976, 308). One such example is when the35

stream of lots is too short to provide an effective use of the switching rules. In36

this case, a sampling plan that is independent of the overall scheme may be de-37

sired, and Schilling (2017, 216) recommends the use of an OC curve to develop38

this plan. BS 6002 provides the same recommendation as Schilling, and even39

though Wetherhill states “...BS 6002 is a great improvement on MIL-STD-414”40

he complains that “the brief reference to looking at the OC-curve [in BS 6002]41

is totally unsatisfactory [for developing an individual plan]” (Gascoigne and Hill42

1976, 308).43

If one is accustomed to using a standard to develop a variables sampling44

plan, then it can be challenging to develop an individual plan using a tradi-45

tional OC curve approach. Textbooks that cover ASbV (e.g., Duncan [1959]46

or Schilling [2017]) include an abundance of content on standards and their as-47

sociated switching rules. As a result, a bit of searching is required to find the48

theory that underpins the OC curve to develop an individual, stand-alone plan.49

Another challenge involved with designing a stand-alone ASbV plan comes50

from the overlapping of concepts between separate scientific sub-disciplines. It51

is not uncommon to find nearly identical concepts nested within scientific sub-52

disciplines that use different terminology to address the same problems (e.g.,53

the overlap of statistical learning, machine learning, and data mining, as well54

as the overlap of reliability analysis and survival analysis). This paper aims to55

disentangle commonly confounded approaches for developing stand-alone ASbV56

plans.57

The first example of such confounding involves the methodology developed58
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both in ASbV literature and in statistical tolerance interval literature. Statis-59

tical tolerance intervals share a close history with ASbV. They both grew in60

popularity around the same time that look-up tables for the non-central t dis-61

tribution were becoming available (e.g., Owen [1963]). An approach for sizing62

tolerance intervals, called the Faulkenberry and Weeks approach (abbreviated63

FW; [1968]), was developed more than a decade after ASbV and is some times64

used instead of the OC curve approach to size an individual sampling plan. For65

example, Young (2016) uses the FW approach to design a sampling plan and66

uses historical data to inform the setting of the parameters involved in the FW67

computation.68

Mixing of sub-disciplines also occurs between the OC curve approach in69

ASbV literature and a power analysis for a hypothesis test in statistics liter-70

ature. In particular, associated with the use of OC curves are the symbols α71

and β, which are respectively referred to as the producer and consumer risk72

(Montgomery 2009, 642). This implies the setup of a hypothesis test, yet this73

is absent in ASbV literature (for example, hypothesis tests are not included74

in Shilling’s textbook [2017], or Montgomery’s textbook [2009]). This raises75

the question: can the ASbV sample size determination problem be set up as76

a traditional power analysis? This concept was recently investigated for the77

Acceptance Sampling by Attributes problem (Samohyl 2017), but we have yet78

to see a similar exposition for ASbV.79

Acceptance sampling has received less attention in literature in the last few80

decades. Jenson et al. (2018) showed that articles on acceptance sampling81

commonly appeared in the Journal of Quality Technology in the 70’s and 80’s,82

but in the 90’s the field shifted towards capability analysis, Stewart control83

charts, and classical Design of Experiments. Despite this trend, acceptance84

sampling remains a statistically defensible approach, and is still commonly used85

in defense tests.86

In this paper we clarify the equivalence between three sample size determi-87

nation methodologies that can be used to plan a stand-alone ASbV test: the88

OC curve approach, the FW approach, and a power analysis for a hypothe-89

sis test on a quantile. We review the development of these methods, highlight90

their similarities and differences, and present them in a consistent notation that91
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demonstrates their mathematical equivalence.92

Assumptions throughout this paper follow the classic setup of the Acceptance93

Sampling by Variables problem. Let X denote the response variable, where94

X ∼ N (µ, σ2) and both µ and σ2 are unknown. Let X1, X2, ...Xn be a sample95

from N (µ, σ2). The sample mean x̄ and variance s2 are96

x̄ = 1
n

n∑
i=1

Xi , s2 = 1
n− 1

n∑
i=1

(Xi − x̄)2 . (1)

Let Zp denote the p quantile of a standard normal distribution, where the p97

quantile of N (µ, σ2) is given by98

Qp = µ+ Zpσ . (2)

Acceptance criteria for variables sampling plans can be based on an upper,99

lower, or double specification limit, but for the sake of simplicity, in this paper100

we focus solely on the upper specification limit, U .101

2 Operating Characteristic Curve102

Jennet and Welch (1939), Johnson and Welch (1940), the Statistical Research103

Group (abbreviated as SRG; see Eisenhardt et al. [1947]), Bowker and Goode104

(1952), and Liebermann and Resnikoff (1955) are often credited as the architects105

of ASbV. The following review primarily comes from Techniques of Statistical106

Analysis prepared by Eisenhardt et al. (1947) that reflects the work of the SRG.107

The SRG states, “An ASbV procedure may be analyzed into three phases”108

(1947, 13). The first phase is “the plan of action, that is, the set of rules on109

the basis of which to accept or reject the lot.” The plan of action that we110

focus on in this paper for assessing an upper specification limit, U , is called the111

“Standard Deviation Method - Variability Unknown” by MIL-STD-414, and is112

also sometimes referred to as the “k-method” (Schilling and Neubauer 2017).113

The Standard Deviation Method acceptance criteria is114

U − x̄
s
≥ k , (3)

where k is referred to as an “acceptability constant (e.g. MIL-STD-414)” that115

must be determined for a given plan.116
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The SRG notes that other measures of central tendency could be used instead117

of x̄ and s in Equation 3, such as the median or range. Measures such as these118

have found their way into MIL-STD-414 and subsequent derivative standards119

because they were thought to have been easier to implement (i.e., the range120

is easier to calculate than the standard deviation), but the SRG notes that121

“the gains in computational simplicity that may be afforded by other measures122

are likely to be unimportant in the situation for which variables inspection is123

appropriate.” For an additional discussion on the controversy involving the124

inclusion of “other” measures, see Acheson and Duncan (1975, 40).125

The SRG defines the next two phases as follows. The second phase is “the126

amount of inspection required by the plan, that is, the number of items that127

must be inspected from each lot,” and the third and final phase is “the operating128

characteristics of the plan, that is, the proportion of submitted lots of various129

qualities that will be accepted and rejected if the plan is used.”130

The amount of inspection and operating characteristics can be investigated131

using an OC curve. SRG states, “it is important to know what proportion of132

submitted lots will be accepted for each possible quality...as a plan is clearly133

unsuitable if it passes too many of the lots of unsatisfactory quality or rejects134

too many of the lots of acceptable quality that are submitted to it.” For a given135

sample size, an OC curve displays the probability of lot acceptance, denoted as136

PA, versus the assumed, or anticipated, lot proportion defective, denoted as p̃,137

where p̃ is related to p (see Equation 2) by p̃ = 1− p.138

OC curves were challenging to produce in the middle of the twentieth century139

because computing the probability of acceptance involved the evaluation of the140

non-central t distribution. In the paper that is credited with some of the first141

theory on ASbV (Jennett and Welch 1939), the authors state, “[the distribution142

of k] is a particular example of what is termed the non-central t distribution.143

Tables of this distribution, in a form suitable for the present problem, do not144

exist, but are in process of calculation.” This task was accomplished in a follow-145

up paper (Johnson and Welch 1940).146

The derivation of the distribution of k in Equation 3 leads to the equation147

for the OC curve. Jennet and Welch (1939) note, “The true distribution of [k]148

is not difficult to find,” while Johnson and Welch (1940) and Liebermann and149
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Resnikoff (1955) seemed to have shared the same sentiment, as they showed no150

intermediate steps in re-expressing Equation 3 as151

(√
n(U − µ)
σ

−
√
n(x̄− µ)
σ

)
σ

s
≥
√
nk . (4)

For more details on obtaining Equation 4, one can consult Resnikoff and Lieber-152

man (1957) or Schilling and Neubauer (2017, 238).153

In Equation 4, by definition of the non-central t distribution, the quantity154

on the left hand side of the equation is distributed as a non-central t random155

variable, with n− 1 degrees of freedom and non-centrality parameter equal to156

√
n
U − µ
σ

. (5)

Thus, the probability of acceptance is157

PA = Pr

(
U − x̄
s
≥ k

)
= 1− t

(√
nk, n− 1,

√
n
U − µ
σ

)
, (6)

where t (·, ·, ·) is the noncentral t cumulative distribution function with quantile158

√
nk, n− 1 degrees of freedom, and noncentrality parameter

√
nU−µσ . Equation159

6 is not yet the equation of the OC curve, since it requires one more assumption.160

SRG stresses that the OC curve cannot predict the future, because the true161

population parameters are unknown. They state, “...the OC curve does not162

show the probability that an accepted lot will be of quality p” (1947, 16). The163

OC curve simply shows, for a given sample size, the probability of accepting164

a lot of an assumed (or anticipated) quality. This means that the OC curve165

assumes that the fraction of the normal population exceeding U is equal to p̃,166

or equivalently167

U − µ
σ

= Z1−p̃ . (7)

Finally, substituting this assumption into Equation 6 gives the equation of the168

OC curve as169

PA = 1− t
(√
nk, n− 1,

√
nZ1−p̃

)
. (8)

The equation of the OC curve can be uniquely defined in a number of differ-170

ent ways. One way is to specify two points that the OC curve passes through.171
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Let these two points be (p̃ = 1 − p1, PA = 1 − α) and (p̃ = 1 − p2, PA = β).172

Substituting these points, respectively, into Equation 8 yields173

1− α = 1− t
(√
nk, n− 1,

√
nZp1

)
, (9)

β = 1− t
(√
nk, n− 1,

√
nZp2

)
. (10)

which can be respectively expressed as174

√
nk = t′

(
α, n− 1,

√
nZp1

)
, (11)

√
nk = t′

(
1− β, n− 1,

√
nZp2

)
. (12)

Here, t′ (·, ·, ·) denotes the non-central t quantile function, where the first, sec-175

ond, and third arguments to this function are the cumulative density, degrees176

of freedom, and non-centrality parameter.177

Theoretically, the sample size that causes the OC curve to pass through the178

two points can be found as the solution for n that satisfies179

t′
(
α, n− 1,

√
nZp1

)
= t′

(
1− β, n− 1,

√
nZp2

)
, (13)

but in nearly all cases the discrete nature of n prevents the OC curve from180

passing through those exact two points. Instead, one can show that the OC curve181

passes through the two points (p̃ = 1−p1, PA = 1−α∗) and (p̃ = 1−p2, PA = β),182

where α∗ is the actual value of α that the OC curve passes through. That is,183

the OC curve passes through three of the four coordinates of the intended two184

points, but the fourth coordinate, α, has a source of error that is introduced185

due to the discrete nature of n. Additionally, to control the risk associated with186

the parameter α, we constrain the solution for n such that α∗ < α. That is, the187

sample size solution is the minimum value of n that satisfies188

t′
(
α, n− 1,

√
nZp1

)
≥ t′

(
1− β, n− 1,

√
nZp2

)
. (14)

After numerically solving for n, we solve for k by substituting n and the189

coordinates of one of the points that the OC curve passes through into Equation190
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8. Then, using n and k, the OC curve displays the probability of acceptance,191

PA, versus the anticipated fraction defective, p̃.192

Before we move on we should note that ASbV plans typically assign names193

to the parameters of the OC curve. According to Montgomery (2009), α is194

the “producer’s risk”, 1 − p1 is the Acceptable Quality Limit (AQL), β is the195

“consumer’s risk”, and 1− p2 is the Rejectable Quality Limit (RQL). That is,196

PA (p̃ = 1− p1 = AQL) = 1− α , (15)

and197

PA (p̃ = 1− p2 = RQL) = β . (16)

In terms of these variables, the OC curve takes the usual form (e.g., Juran and198

Godfrey [1999, 46.46]) as shown in Figure 1.199

3 OC Curve Notional Example200

The Army buys body armor from a supplier. The Army has established an upper201

specification on a bullet’s penetration depth into the body armor that is equal202

to 5 mm. If 1 percent or more of the bullets fired demonstrate a penetration203

depth above this limit, the Army wishes to accept the lot with probability 0.95204

(p1 = 1−AQL = 0.99, 1− α = .95), whereas if 6 percent or more of the bullets205

fired demonstrate a penetration depth above this limit, the Army would like to206

reject the lot with probability .90 (p2 = 1 − RQL = .94, β = .10). Determine207

the sample size for this variables sampling plan.208

Begin by finding the minimum value of n that satisfies Equation 14. A209

brute-force way of doing this is to simply plot the quantity on the left and right210

hand side of Equation 14 as a function of n, as shown in Figure 1, and visually211

locate the minimum value of n that satisfies 14 . It is clear from this figure that212

the solution is n = 42.213

Then, calculate k using Equation 10 with β = 0.1 and p2 = .94 to obtain214

k = 1.898. Substituting this value of k, n = 42, and p1 = .99 into Equation 9,215

we obtain α∗ = 0.047, which means we are properly controlling the risk, since216
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Figure 1: Left side of figure demonstrates the numerical solution of the body

armor example. Right side of figure shows the OC curve.

α∗ < α. The OC curve can be plotted using Equation 8 as shown on the right217

side of Figure 1.218

4 Faulkenberry and Weeks Approach219

The Faulkenberry and Weeks approach, a sample size determination methodol-220

ogy quite similar to the OC curve approach, comes from the field of statistical221

tolerance regions. The following review is taken from Krishnamoorthy (2009).222

A tolerance interval is constructed using the random sample X1, X2, ..., Xn, and223

is required to contain a proportion p or more of the sampled population, with224

confidence level 1 − Γ. Formally, a (p, 1 − Γ) upper tolerance interval has the225

form x̄+ ks, where k is to be determined such that it satisfies the condition226

Pr (x̄+ ks ≥ µ+ Zpσ) = 1− Γ . (17)

Krishnamoothy shows the derivation for the solution of k using a “classical227

approach” and a “generalized variable approach” that both result in228

k = 1√
n
t′
(
1− Γ, n− 1,

√
nZp

)
. (18)
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Faulkenberry and Weeks (1968) developed a procedure for determining the229

sample size that produces a tolerance interval that meets a “goodness criterion.”230

We summarize their approach as follows.231

Consider two different tolerance intervals that are constructed from the same232

random sample, X1, X2, ...Xn. For the first tolerance interval, let p = p1 and233

Γ = α, and for the second tolerance interval, let p = p2 and Γ = 1− β. That is,234

consider a (p1, α) tolerance interval, and a (p2, 1− β) tolerance interval, where235

p1 > p2, and α and β are typically values between .01− .20, and p1 and p2 are236

typically values between .80− .99.237

Faulkenberry and Daly (1970) define the “goodness criterion” in a compact238

form, stating, “The criterion used for determining sample size is as follows:239

For a tolerance limit such that Pr (coverage ≥ P ) = γ, choose P ′ > P and240

δ (small) and require Pr (coverage ≥ P ′) ≤ δ.” For the sake of comparison241

between sample size determination methods in this paper, we use a different set242

of variables than FW. That is, let α = δ, β = 1− γ, p1 = P ′, and p2 = P .243

Thus, for the (p2, 1− β) tolerance interval that can be expressed as244

t
(√
nk, n− 1,

√
nZp2

)
= 1− β , (19)

according to the “goodness criterion”, the sample size solution is the minimum245

value of n that satisfies246

t
(√
nk, n− 1,

√
nZp1

)
≤ α . (20)

Or equivalently, the FW sample size solution is the minimum value of n that247

satisfies248

t′
(
α, n− 1,

√
nZp1

)
≥ t′

(
1− β, n− 1,

√
nZp2

)
. (21)

Equation 21 is identical to the sample size solution using the OC curve249

approach (same as Equation 14).250

4.1 FW Example251

The following brief example is taken from Faulkenberry and Daly, (1970, 818).252

Suppose we are interested in p1 = .95, α = .10, p2 = .90, and β = .10. Using253
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Equation 21, and solving for n in a similar manner as the OC curve example,254

we obtain n = 104, which is used to obtain k = 1.466. Substituting these255

values and p1 = .95 into Equation 9, we obtain α = .099. Thus, the goodness256

inequality, Pr(coverage ≥ p1) ≤ α, is satisfied.257

5 Hypothesis Test on Quantile Approach258

The last approach in this paper is a power analysis for the hypothesis that tests259

whether a population quantile is different from a constant. In developing the260

power function that we use to determine sample size, we follow a procedure261

similar to that used in the classical examples, such as the test involving H0 :262

µ = µ0, Ha : µ 6= µ0 (e.g. Mathews [2010, 31]). Lenth (2001) outlines this263

general procedure as follows.264

The procedure starts with the definition of the null and alternative hypothe-265

ses, and the definition of the test statistic (or as Lenth states, “the underlying266

probability model for the data”). This is followed by the definition of the effect267

size (what Casella and Berger [2002, 382] call “defining the rejection region”),268

the solution for the power function, and finally the sample size that provides a269

desired level of power.270

We implement this general procedure for the hypothesis that tests whether271

a population quantile is different from a constant. To begin, define the null and272

alternative hypothesis as273

H0 : Qp1 = U =⇒ Accept Lot , (22)

Ha : Qp1 > U =⇒ Reject Lot . (23)

Here, Qp1 denotes the p1 quantile, and U , the upper specification limit, is treated274

as a constant. The null hypothesis implies the lot is accepted, while the alter-275

native implies the lot is rejected.276

The test statistic is conveniently obtained from the equation for the confi-277

dence interval on Qp1 . Chakraborti and Li (2007) present a derivation of this278

equation (originally shown by Lawless [2002]) based on the biased estimator279

Q̂p1 = x̄ + Zp1 σ̂, where σ̂ is the biased MLE of σ. It is straightforward to280
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perform a similar derivation, based on a slightly different estimator that is also281

biased, Q̂p1 = x̄+ Zp1s, to obtain an equation for a confidence interval on Qp1282

that satisfies283

Pr

(
x̄+ t′

(
1− α, n− 1,

√
nZp1

) s√
n
≥ Qp1

)
= 1− α . (24)

This equation also satisfies the definition of a (p1, 1− α) upper one-sided toler-284

ance limit, as it is well known that a one-sided upper tolerance limit is equiva-285

lent to a one-sided upper confidence interval on a quantile (e.g. Krishnamoorthy286

[2009, 27]). We can rearrange Equation 24 to obtain287

Pr

(
Qp1 − x̄
s/
√
n
≤ t′

(
1− α, n− 1,

√
nZp1

))
= 1− α . (25)

which implies that the pivotal quantity,288

Qp1 − x̄
s/
√
n

, (26)

is distributed as a non-central t random variable with n− 1 degrees of freedom289

and non-centrality parameter equal to
√
nZp1 .290

Under H0 we assume Qp1 = U and apply this assumption to Equation 26 to291

obtain the test statistic292

T = U − x̄
s/
√
n

. (27)

In practice, once data collection is complete, we reject H0 if T < Tcrit, where293

the critical value is294

Tcrit = t′
(
α, n− 1,

√
nZp1

)
. (28)

Prior to conducting the experiment, and for the purpose of determining295

sample size, we need to assume a value for U assuming that we reject H0. That296

is, we need to define the effect size. Thus, when Ha is true, let U = Qp2 . The297

difference between Qp1 and Qp2 can be interpreted as the effect size.298

If in Equation 27 we substitute U with Qp2 , then the test statistic assuming299

Ha is true is distributed as a non-central t random variable with n− 1 degrees300

of freedom and non-centrality parameter equal to
√
nZp2 .301
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Power is the probability that the test statistic (assuming Ha is true) is less302

than the critical value, and represents the probability of correctly rejecting the303

lot. The power function is304

1− β = t
(
Tcrit, n− 1,

√
nZp2

)
. (29)

Additionally, if we control the risk associated with α as we did in the previous305

sections, then we can constrain the sample size solution such that the integer306

solution for n yields an actual value, α∗, that is less than the intended value, α.307

This implies that the integer solution for n satisfies308

1− β ≤ t
(
Tcrit, n− 1,

√
nZp2

)
. (30)

Applying the inverse t quantile function with n− 1 degrees of freedom and309

noncentrality parameter
√
nZp2 to both sides of Equation 30, results in310

t′
(
1− β, n− 1,

√
nZp2

)
≤ Tcrit , (31)

which is identical to the sample size equations (14 and 21) from the previous311

sections.312

6 Power Analysis Example313

The Air Force buys guided missiles from a manufacturer. The Air Force has314

established an upper specification on the missile’s radial miss distance that is315

equal to 5 feet. If 4 percent or more of the missiles fired demonstrate a radial miss316

distance above this limit, the Air Force wishes to accept the lot with probability317

0.95 (p1 = 1 − AQL = 0.96, 1 − α = .95), whereas if 12 percent or more of the318

missiles fired demonstrate a radial miss distance above this limit, the Air Force319

would like to reject the lot with probability .90 (p2 = 1−RQL = .88, β = .10).320

Determine the sample size for this variables sampling plan.321

As in the previous sections, the solution for n can be found numerically,322

which is n = 53. This results in α∗ = .0499, which satisfies α < α∗. It is323

instructive to plot the density of the test statistic assuming H0 is true, and324

assuming Ha is true, as shown in Figure 2.325
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Figure 2: The distribution of the test statistic under H0 and Ha for n=53.

Power, denoted as 1 − β, is the probability of correctly rejecting H0, or326

equivalently the probability of correctly rejecting the lot. Power is the area327

under the blue curve to the left of Tcrit. The complement of power is the Type328

II error, denoted as β, which represents the consumer risk, because it conveys329

the risk of accepting a bad lot.330

Confidence level, denoted as 1− α, is the probability of correctly accepting331

H0, or equivalently the probability of correctly accepting the lot. Confidence332

level is the area under the red curve to the right of Tcrit. The complement of con-333

fidence level is the Type I error, denoted as α, which represents the producer’s334

risk, because it conveys the risk of rejecting an acceptable lot.335

7 Discussion336

We highlighted three methods for sizing a stand-alone ASbV experiment, but337

other approaches can be found in literature. For instance, Lieberman and338

Resnikoff’s (1955) landmark paper bases an acceptance criteria on a minimum339

variance unbiased estimator (MVUE). The power function for the MVUE in340

this case is quite complex and does not have the simple non-central t format341

that we saw from the other three methods in this paper, which may be why it342

is less commonly used in practice.343

Similarly, Hamilton (1995) also bases the acceptance criteria on an estimator344
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of the fraction defective, but this time the estimator is biased. Their sample345

size determination equation is similar in form to those used by the other three346

approaches in this paper, but Hamilton relies on OC curves as opposed to a347

hypothesis test and power function to formulate the sample size determination348

problem.349

Alternative Bayesian approaches are also available in literature. Average350

coverage criteria, average length criterion, utility theory, or Bayes factors (see351

Adcock [1997]), could potentially be adapted to the ASbV problem. One method352

in particular (Easterling and Weeks 1970) adapted the FW approach for use in353

a Bayesian setting. Surely, other sample size determination methodologies exist354

that would also be appropriate for the ASbV problem.355

We compared the OC curve approach, the FW approach, and the power356

analysis for a test on a quantile because of their prevalence of use for sizing357

ASbV tests. In this paper we believe we helped clarify how nearly identical358

these methods really are by reviewing their origins and by demonstrating the359

equivalence of their sample size determination equations (Equations 14, 21, and360

30).361

To demonstrate this equivalence, we had to make a couple of minor assump-362

tions involving the inequality sign in the sample size equations. For the FW363

approach, the inequality sign organically occurs due to the definition of the364

“goodness criterion.” For the OC curve approach, theoretically, the inequality365

sign should be an equals sign because the OC curve approach is typically defined366

by specifying two points that the curve passes through. Given that the integer367

solution for n prevents the curve from exactly passing through two points, it368

seemed reasonable that we impose the arbitrary constraint, α∗ < α, for the369

sake of matching the OC curve sample size equation to the FW approach. For370

the power analysis, we used the same line of reasoning and imposed the same371

arbitrary constraint, α∗ < α. We should note that Lenth’s guideline for power372

analyses suggests that the sample size solution be the minimum value of n that373

provides a target value of power that is greater than the intended value of power.374

Consequently, this would flip the inequality sign. However, this is quite trivial375

in practice, as the direction of the inequality can only change the sample size376

result by one.377

15



The FW approach and the OC curve approach use a nearly identical deriva-378

tion that follows the “classical approach” (e.g., Krishnamoorthy [2009, 26]).379

That is, they start with the equation of a tolerance interval or the equation of380

the acceptance criteria, and re-express it in terms of the non-central t distribu-381

tion. The FW approach and OC curve approach even share the same symbol, k.382

For tolerance intervals, k is the “k-factor”, while in ASbV it is an “acceptability383

constant,” but they have the same mathematical interpretation. In contrast,384

the derivation of the test statistic in the power analysis (e.g. Chakraborti and385

Li [2007]) more closely follows the “generalized variable approach” (e.g. Krish-386

namoorthy [2009, 26]) and does not use k or any equivalent symbol.387

Complex methodologies can be presented in simpler terms to gain traction388

within a community of practitioners, but it obscures the underlying theory.389

The architects of ASbV worked in an applied setting, and it seems plausible390

that they conceived ASbV with statistical terminology and language in mind391

(e.g., Neyman Pearson hypothesis testing), but then packaged ASbV for their392

engineering audience by defining names, such as “consumer risk,” and omitting393

statistical terms. It is challenging for a practitioner to customize a stand-alone394

ASbV plan when the underlying theory is obscured.395

Framing the ASbV problem in terms of a power analysis can assist in creating396

customized test plans. For instance, the hypothesis test in this paper easily could397

have been changed to a regression model problem that focused on a hypothesis398

test on a conditional quantile corresponding to a particular point in a factorial399

experiment. Extensions like this could add to the body of ASbV theory, but we400

save such work for the future.401
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