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Abstract

Topological data analysis provides summaries for the “shape” of data. Some of these summaries,
such as the Pl's persistence landscape, are feature maps and kernels, and can be easily combined
with standard methods of statistics and machine learning. However, these topological summaries
can be difficult for non-experts to interpret. In this project, we produced a new summary, that
may be visualized as a heat map on the underlying data. We developed theory for this heat
map, showing that it is stable under perturbations of the input. Furthermore, we showed how to
combine this summary with statistics and machine learning and applied it to synthetic data and
real data.

1 Objectives

The main goal of this project was to develop a new visualization tool for a topological summary
that “lives on the data” and its underlying theory. An additional goal was to incorporate this tool
into current approaches to statistics and machine learning with topological data analysis (TDA).

Objective 1: A topological heat map

The persistence diagram is one of the main reasons for the success of topological data analysis.
It provides a succinct and stable visualization of how the shape of the data changes with a
parameter of interest. However, it is also an impediment to the wider use of TDA as it is an
abstract summary whose interpretation requires significant understanding of both the data and
this topological tool. For example, the points in the persistence diagram furthest away from the
diagonal correspond to the most topologically significant features of the data. But what are these
features in the data? A stable visualization of persistent homology on top of the starting data
would be of great interest to practitioners. For example, persistent homology might detect an
anomaly in an image in comparison to reference images. Our new visualization would help locate
this anomaly in the image.

We proposed to construct an alternative topological summary to the persistence diagram that
would provide a heat map on the data. Whereas the persistence diagram only pairs critical values,
we will also pair critical points. Unfortunately, unlike the pairing of critical values, the pairing of
critical points is unstable: small perturbations of the data can lead to arbitrarily large changes in
the pairings.

To deal with this instability, we proposed randomly perturb the data a number of times and
takes an average. The result of these computations could be visualized as a heat map.

Objective 2: Underlying theory

Crucial to validating this topological heat map is developing a mathematical framework in which
this signal is well defined and one can prove that it cannot be corrupted by noise in the data
(i.e. the heat map is stable). The main goal of this task was the construction of a persistence

measure. This requires the use of some sophisticated ideas from functional analysis that are new
to TDA.
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Figure 1. Left: we sample points from a figure eight, where the top annulus is thinner than the bottom
one. Persistent homology in degree one sees two long bars corresponding to the two holes in the figure
eight. The representative cycles for these persistent homology classes are indicated in red and blue
respectively. Middle: the topological heat map for the most persistent topological feature. Right: the
topological heat map for the second most persistent topological feature.

Objective 3: Combining topological heat maps with statistics and machine learning

The completion of Objectives 1 and 2 would enable new approaches to combining TDA with
statistics and machine learning. Two such possible interactions will be considered. In the first,
we will use the topological heat map to visualize the location of statistically significant topological
features and classification vectors. In the second, we will consider our topological heat map as a
feature map and perform statistics and machine learning directly on it.

Objectives for each grant year

Year 1: Objectives 1 and 2. Year 2: Objectives 1 and 2. Year 3: Objective 3.

2  Findings

2.1 A topological heat map [1]

We developed a stable topological heat map that identifies the parts of data that are responsible
for a significant topological feature. See Figures[i}, [2, and [3

2.2 Underlying theory

2.2.1 Stabilization [1]

A key ingredient for our topological heat maps is the following a simple procedure for stabilizing
unstable persistent homology computations: perturb the input by adding, for example, Gaussian
noise, and redo the computation; repeat and average. See Algorithm [I, By Theorem [1} the law

Final Report for W911NF1810307, July 13 2018 to October 8 2022 2
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a) Sample from double annulus b) Sample from single annulus ) Learned heat map

Figure 2: Left and middle: kernel density estimators for points sampled from two different regions.
Right: the learned heat map for the difference between the two regions. That is, samples from two
distributions are used to produce an empirical approximation of the expected learned heat map.

Figure 3: We consider a one-parameter family of discrete dynamical systems called the linked twist map.
The five images show the topological heat maps for the values r = 3.9,4,4.1,4.2,4.3, respectively.

of large numbers, and our Theorem , the result converges to the desired stable value. As a
result our topological heat maps are stable to perturbations of the input.

Algorithm 1 Stabilizing unstable persistence computations
Require: h: R" - R, a € R”
Ensure: M €N, 0 >0
for i < 1, M do
for j < 1,n do
Sample ¢; from N(0,c?)

end for
yi < h(a+e€), e=(€1,...,€,)
end for
return the average value of yq,...,yn
Theorem 1 Let ey, ..., ep be drawn independently from a kernel K. Then

—Zh — (h* K)(a).

Theorem 2 [f h is locally essentially bounded then for the triangular and Epanechnikov kernels,
h = K is locally Lipschitz. If h is essentially bounded then for the Gaussian kernel, h x K is
Lipschitz.

Final Report for W911NF1810307, July 13 2018 to October 8 2022 3
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2.2.2 The persistence landscape kernel [3]

We proved the persistence landscape kernel is characteristic for generic empirical measures. That
is, the mapping from such a measure to its expected persistence landscape is injective. Equiv-
alently, not only can we recover a persistence diagram from a persistence landscape, we can
recover a finite set of persistence diagrams from their average persistence landscape.

2.2.3 The graded persistence diagram [2]

We introduced a refinement of the persistence diagram, the graded persistence diagram. It is the
Mobius inversion of the graded rank function, which is obtained from the rank function using the
unary numeral system. Both persistence diagrams and graded persistence diagrams are integer-
valued functions on the Cartesian plane. Whereas the persistence diagram takes non-negative
values, the graded persistence diagram takes values of 0, 1, or -1. We proved that the sum of the
graded persistence diagrams is the persistence diagram. Furthermore we showed that the positive
and negative points in the kth graded persistence diagram correspond to the local maxima and
minima, respectively, of the kth persistence landscape. Finally, we proved a stability theorem for
graded persistence diagrams.

2.2.4 Embedding into Hilbert space [12]

Since persistence diagrams do not admit an inner product structure, a map into a Hilbert space
is needed in order to use kernel methods. It is natural to ask if such maps necessarily distort
the metric on persistence diagrams. We proved that persistence diagrams with the bottleneck
distance do not even admit a coarse embedding into a Hilbert space. As part of our proof,
we showed that any separable, bounded metric space isometrically embeds into the space of
persistence diagrams with the bottleneck distance. As corollaries, we obtained the generalized
roundness, negative type, and asymptotic dimension of this space.

2.2.5 Homological algebra for TDA [9]

Underlying TDA are algebraic objects called persistence modules. We applied homological algebra
to study these persistence modules. We classified the projective, injective and flat interval modules
and computed their Hom and Ext functors.

2.2.6 Universal constructions for TDA [5]

We proved that the standard tools of TDA, the persistence diagrams and the Wasserstein dis-
tances, are obtained from universal constructions.

2.2.7 Algebraic distances for TDA [11]

It is crucial to applications to measure distances between topological summaries. We developed
new algebraic methods for measuring distances between persistence modules.

Final Report for W911NF1810307, July 13 2018 to October 8 2022 4
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2.2.8 Embedding into Banach spaces [6]

We showed that persistence diagrams can be isometrically embedded into a Banach space of
signed measures.

2.2.9 Geometric topology and TDA [4]

We used cobordism theory, generalized Morse theory, and Cerf theory to construct new tools for
applying TDA to one-parameter families for functions.

2.2.10 A common framework for discrete and continuous TDA [10]

We developed TDA in the setting of filtered Cech closure spaces, providing a uniform treatment
for the persistent homology of filtered topological spaces, metric spaces, weighted graphs, and
weighted directed graphs.

2.2.11 Topological and metric properties for TDA [7]

We considered persistence diagrams as formal sum on a metric space and studied their topological
and metric properties.

2.3 Combining topological heat maps with statistics and machine learning
2.3.1 Topological heat map for images [13]

We developed TDAExplore, a machine learning image analysis pipeline based on topological data
analysis. It can classify different types of cellular perturbations after training with only 20-30
high-resolution images and performs robustly on images from multiple subjects and microscopy
modes. Using only images and whole-image labels for training, TDAExplore provides quantitative,
spatial information, characterizing which image regions contribute to classification. See Figures

[4 and Bl

2.3.2 Curvature [8]

In topological data analysis, it is often said that the long intervals in the barcode represent the
‘topological signal’ and the short intervals represent ‘noise’. We give evidence to dispute this
thesis, showing that the short intervals encode geometric information. Specifically, we prove that
persistent homology detects the curvature of disks from which points have been sampled. See

Figures [ and [7]

2.3.3 Topological Decomposition of Videos [14]

We applied topological data analysis in a novel way to a video to produce synthetic periodic videos
that represented the characteristic motions contained in the video. The video in this case was
of C. elegans, an extensively studied model organism in biology. The locomotion and behavior
of this worm (nematode) is quasi-periodic. Applying persistent homology to a high-dimensional
time-delay embedding of this video, we obtained cycle representatives of the most important

Final Report for W911NF1810307, July 13 2018 to October 8 2022 5
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Figure 4: Extracting topological summaries from biological images. From a super-resolution microscopy
image of actin in a cell (left), smaller patches are sampled (i). For each patch, a subsample of points is
chosen, together with evenly spaced points along the boundary. From these, an increasing sequence of
simplicial complexes is produced (iii-vi). From this filtered simplicial complex, the persistence diagram
(vii) and persistence landscape (viii) are computed. Note that the four most persistent dots in the
persistence diagram (vii) are colored and have corresponding colored representative cycles (iv).

topological features. These cycles were used to produce synthetic videos that visualized the most
important characteristic behaviors of the worm contained in the video. See Figures|[8] [0 and [10]

2.3.4 Topology of deep neural networks [15]

We used topological data analysis to study how data transforms as it passes through successive
layers of a deep neural network. We computed the persistent homology of the activation data
for each layer of the network and summarized this information using persistence landscapes. The
resulting feature map provides both an informative visualization of the network and a kernel
for statistical analysis and machine learning. A statistical test showed that it correlates with
classification accuracy. We observed that the topological complexity often increases with training
and that the topological complexity does not decrease with each layer. See Figure [11]
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Figure 5: TDA highlights biological structures. (Left) Using persistence landscapes to summarize the
shape of patches in training data, as in Figure 1, support vector regression is used to train a model to

score

patches labeled as controls at -1 (red) and to score patches labeled as mutants at 1 (blue). This

model is applied to the persistence landscapes of patches for two test cells: a control cell (left) and a
mutant cell (right). A histogram of the patch scores is given above the images of the cells. The scores
of the patches containing a pixel are averaged to assign a value to the pixel which is used to color the
image of the cell. Scale bar is 10 um. (Right) We give the patch scores as a function of the distance
to the leading edge (i.e. outer boundary) of the cell.
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to area for the unit disk on the Poincaré disk model of the hyperbolic plane (left), the Euclidean plane
(center), and a sphere of radius 1 (right).
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Figure 7: Plots showing actual curvature and estimated curvature using Hy and H; from distance data,
for nearest neighbors (left), support vector regression (center), and the first principal component (right).
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Figure 9: The cycle representatives (red) of most significant persistent homology features in the time
delay embedding of the video (green to yellow dots seen in a 2D PCA projection).

Figure 10: Sample frames from the four synthetic periodic videos visualizing the characteristic behaviors
in the video. From left to right: forward motion; transition from forward to backward motion; backward
motion; and pause.
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Figure 11: Activation landscapes. For the MNIST database of handwritten digits, we present the
activation landscapes for local homology in degree one for each layer and various training thresholds
averaged across 100 network initializations. Each row represents a training threshold and each column
represents a layer of the network. The batch of input data consisting of points from all classes.
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