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ABSTRACT 

 This study explores underwater source localization, focusing on matched field 

processing (MFP). The research identifies the challenges of localizing underwater 

sources and highlights MFP evolution and advantages. The aim is to comprehensively 

understand MFP, including its theoretical frameworks, algorithms, and mathematical 

representations. The methods employed offer insights into the performance of two 

processors through detailed explanations, simulations, and experimental data processing. 

The results demonstrate the advantage of the multi-valued Bartlett (MVB) processor over 

the Bartlett processor when localizing a weak signal to a strong signal in a challenging 

scenario. The study concludes with recommendations for further exploration and 

validation of advantages offered by the MVB processor, emphasizing its potential in 

identifying and localizing weak signals in complex, multi-source environments. We 

investigate averaging Bartlett with particular subspaces of the MVB processor on the dB 

scale. This inherently nonlinear technique significantly improved the localization of the 

weaker source, capitalizing on the distinct sidelobe configurations of the two processors. 

In conclusion, this research advocates for an extended exploration into the capabilities of 

the MVB processor. The spotlight remains on its promising potential to identify and 

pinpoint weak signals amid the intricate tapestry of multi-source underwater domains. 
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Executive Summary

This research explores and enhances the methodologies used in underwater source local-
ization with a primary focus on matched field processing (MFP). Recognizing the inherent
challenges in pinpointing underwater source locations, the study compares the performance
of two distinct processors: the Bartlett processor and the multi-valued Bartlett (MVB)
processor.

The research framework we employed combines theoretical analysis, experimental simula-
tions derived from the SWellEX-96 experiment, and real-world data processing. Both the
Bartlett and MVB processors are extensively discussed, with the study providing mathemat-
ical representations, figures, and tables that underpin the analysis. Notably, our results show
that the MVB processor demonstrates a superior capability for localizing weak sources,
especially in the presence of a stronger counterpart, when juxtaposed with the Bartlett
processor. An in-depth analysis reveals the strengths and weaknesses of each processor.
Notably, the MVB processor outshines with reduced ambiguity and minimized sidelobes.

Validations from the simulations and real-world data processing using the SwellEx 96 data
set further reinforce these findings. Intriguingly, for the MVB processor, there is a notable
similarity in the partitioning of eigenvalues across frequencies. This attribute allows for
incoherent averaging, which, in turn, augments the localization performance of the weaker
source. To put it into perspective, the Bartlett processor demonstrated a marginal disparity
of 0.5 dB between Source 2 and its peak sidelobe heights. Conversely, the MVB processor
broadened this difference to a substantial 1.5 dB, thus highlighting its advanced capability
in source localization.

Moreover, in an additional experiment, we averaged the Bartlett and MVB eigenvalue 2
(corresponding to the weaker Source) on the dB scale. This process is fundamentally a non-
linear operation and may amplify Source 2, given the distinct different sidelobe patterns
of the two processors. While such averaging might not guarantee consistent results in all
scenarios, it notably enhanced our study’s localization of Source 2.
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CHAPTER 1:
Introduction

1.1 Source Localization
Ocean environments, with range-dependent sound speeds, multi-path propagation, scatter-
ing, and variable noise levels, make determining a submerged source’s location difficult.
It is crucial, however, to localize underwater sources for undersea warfare. matched field
processing (MFP) refers to a “generalized plane-wave beamforming” [1] that compares the
measured data at a vertical array of sensors to a replica derived by a full-field propagation
model (solutions of the wave equation) for candidate source location to the same vertical
array to localize an underwater source. A high correlation between the data and replicas
indicates the location of the source [2], [3], [4], [5]. In Figure 1.1, the task of pinpointing
the location of a submarine source in the ocean is illustrated. Assuming that the waveguide
propagation model in this environment is adequately precise, the sounds that have been
recorded are compared to a set of replicas. Through this comparison, the location of the
submarine source (𝑟, 𝑧) can ultimately be determined. The yellow peak signifies the position
with the highest correlation, indicating the likely location of the submarine source.
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Figure 1.1. Matched field processing basic concept

1.1.1 Evolution of Matched Field Processing
Baggeroer et al. argue that the progression of (MFP) is closely linked with the advancements
in acoustic propagation modeling within the ocean [6]. The connection between “waveguide
models, arrays, and signal processing” was first recognized by Clay [7]. Hinich was the first
to employ a vertical array for source localization [8]. Bucker was instrumental in develop-
ing MFP by employing realistic environmental models and creating what is known as the
“conventional MFP ” [9]. Klemm’s introduction of “approximate orthogonal projection”
marked the first instance of adaptive processing [1]. Bucker’s concept was later utilized by
Heitmeyer and others in 1983 during a workshop at the Naval Ocean Research and Devel-
opment Agency [10]. Fizell and Wales were responsible for the initial experimental display
of MFP with actual field data [11]. Additionally, Booth explained how broad-band signals
had advantages in lowering sidelobes for precise source localization compared to MFP
utilizing narrow-band signals, as demonstrated in Arctic experiments in deep and shallow
waters [4]. The intricate nature of underwater acoustics, the requirement for exact detection
and localization, the problems created by reverberation and multi-path interference, and the
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potential for technological progress continue to fuel ongoing assessment and research in
MFP within underwater acoustics.

1.1.2 Evolution of Matched Field Processing
Compared to plane wave beamforming, MFP offers several advantages. MFP provides
an accurate model for signals within the ocean waveguide, reducing noise by discarding
signals that do not align with the replicas [4]. The effectiveness of MFP is attributed to its
integration of “the ocean environment, acoustic models, and array processing” to localize
one or multiple sources in range and depth [1].

1.2 Challenges and Potential Solutions
MFP has a practical limitation, however. MFP is sensitive to mismatch since it uses a model
of the ocean environment and requires receiver position information as input parameters
[1], [12]. These parameters’ uncertainties result in erroneous replica fields and higher
sidelobes. This limits the utility of MFP for practical applications encountered in dynamic
ocean environments. Therefore, dynamic ocean environments require robust processors.
The Bartlett processor often deals with underwater acoustics problems because of the
environmental mismatch [13]. The Bartlett processor provides a degree of robustness to
environmental mismatch, yet it suffers from high-sidelobes. High-sidelobes are problematic
as they can lead to false alarms and ambiguity, compromising the accuracy and reliability
of the processing.

While remaining robust to environmental mismatch and improving localization perfor-
mance, we investigate the utility of the multi-valued Bartlett (MVB) processor. The MVB
processor combines the capability of the Eigen-processors to localize one or multiple sources
separately while, when using all eigenvalues, it offers the same performance as the Bartlett
processor. Unlike adaptive processors, its solution also offers some robustness to environ-
mental mismatch. Since the MVB processor can localize multiple sources with different
eigenvalues, we simulate a multi-source scenario with the SWellEx-96 experimental data
set. The stronger source also is moving significantly. We compare processor performance
with SWellEx-96 observations for single frequency (166 Hz) and multiple frequencies.

In Chapter 2, processors are introduced, and Chapter 3 provides a comprehensive data
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selection and processing review. Simulations that examine processor performance in single
and multi-source settings are presented in Chapter 4. We further explore the processor’s
performance in an identical situation with observations, using the SWellEx-96 data set [14],
[15]. Chapter 4 wraps up with a discussion and summary, marking the conclusion of this
thesis.
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CHAPTER 2:
Matched Field Processing Procedure

2.1 Environmental Acoustics
Two standard wave equation approaches include Ray and Normal mode theory. The Ray
and Normal mode theories are two fundamental theoretical frameworks used in underwater
acoustics to explain sound wave propagation in the ocean. Ray theory is generally used
for high-frequency (a few kHz or above) solutions, while Normal mode theory is applied
at lower frequencies (below a kHz) [16]. The use of Ray theory is constrained by several
factors [17]. In Brekhovskikh’s study, the Ray theory does not apply in areas known as
shadow zones or can be problematic in proximity to caustics. Moreover, Ray theory is
unsuitable for low-frequency scenarios, where the sound’s wavelength aligns with the
vertical fluctuation of the sound speed or when only one mode is supported. Consequently,
Brekhovskikh’s study showed that for practical applications, one often has to turn to a
different solution to the wave equation to address these issues. In such cases, analyzing the
situation through normal modes proves more appropriate. Also, in Jensen’s study [3], the
physical interpretation benefits significantly from “the source image approach and other
ray approaches” for high-frequency and transient propagation issues. The exact solution
provided by the wavenumber integral, derived by contour integration, underscores the
approximations made when utilizing Normal mode theory in imperfect waveguides where
the modal expansion is not precise. The study is illustrated in the forthcoming section
concerning the well-known Pekeris waveguide. Jensen’s study also showed that the Normal
mode theory employs “complex contour integration” to transform the integral expression
into a sum of residues. In contrast, the wavenumber integration method directly computes
the integrals using numerical quadrature.

2.1.1 Normal Modes
Pekeris was the pioneer in developing the theoretical framework for a fundamental two-
layer ocean model [18]. The Normal mode theory is a theory for solving problems related to
depth-dependent equations [3]. It involves addressing a non-driven version of the equation,
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which can be resolved using the wavenumber integration technique. These two numerical
techniques are intimately connected. The non-driven problem includes vibrating modes
that resemble those of a vibrating string. According to Jensen, these vibration frequencies
correspond to the horizontal wavenumbers integral to modal propagation. The same study
indicates that the aggregate acoustic field is derived by combining the contributions of
each mode. This compiled field is then adjusted based on the source depth. The Normal
mode theory offers multiple advantages. Once its eigenvalue problem is addressed, the
solution becomes universally applicable across various source and receiver configurations.
Secondly, it accommodates moderately range-dependent scenarios with ease through the
adiabatic approximation. Lastly, with added effort, it can also be tailored for highly range-
dependent conditions via the coupled mode theory [19]. This approach, however, does not
fully consider the near field [3].

In Jensen’s study [3], the pressure in range and depth is calculated as follows

p(r, z) = i
𝜌(zs)

√
8𝜋r

𝑒−𝑖𝜋/4
∞∑︁
𝑚=1

Ψ𝑚 (𝑧𝑠)Ψ𝑚 (𝑧)
𝑒𝑖𝑘𝑟𝑚𝑟
√
𝑘𝑟𝑚

, (2.1)

whereΨm(z) symbolizes the particular functionΨ(𝑧) that is found with the modal wavenum-
bers 𝑘𝑟𝑚. These modes are defined by both “a mode shape function” Ψm(z) and “a horizontal
propagation constant krm.” In this context, 𝑧 represents the depth beneath the ocean surface,
while the range 𝑟 denotes “the horizontal distance” from a vertical array of hydrophones
located at “z = zj for 1 ≤ j ≤ n.” The boundary conditions that are applied result in “a
pressure-release surface at 𝑧 = 0 and a rigid bottom at 𝑧 = 𝐷.”

2.1.2 KRAKEN
During the late 1970s, various normal-mode models were extensively employed to forecast
acoustic transmission loss in the ocean. Each model, however, came with its own set of
challenges. Common issues involved numerical instabilities for certain kinds of sound-
speed profiles and an inability to compute a comprehensive set of ocean modes. Simply
put, there was a demand for a robust and efficient model. The KRAKEN Normal mode
model was created to address these issues. Initially, KRAKEN was developed as a research
code to assess new algorithms, which meant it needed several modifications to function
as a production code. This modification began at the Naval Ocean Systems Center and

6

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



was carried on at the Naval Research Laboratory to assist the research on matched-field
processing. Now, KRAKEN is recommended for more experienced models and advanced
scenarios. Figure 2.1 shows the KRAKEN Normal mode model for SWellEX-96 Event
S5 at 166Hz with 21 and 64 elements, respectively. Designing an array to meet specific
performance criteria requires a balance among various factors, including the array geometry,
the number of sensors involved, and the signal to noise ratio (SNR) and signal-to-interference
ratio. This array design involves trade-offs among these elements to achieve the desired
performance [20]. The 61-element array provides more SNR but not more aperture because
the array’s length is the same. The 21-element array appears sufficient to compare the
observed field to replicas generated with KRAKEN and will be used in this work.

Figure 2.1. KRAKEN normal mode model for SWellEX-96 Event S5 at
166Hz: (a) 21 elements, (b) 64 elements. The 21 (64) elements are evenly
spaced at 5.63m (1.875 m) across a 118.1-m aperture.

2.2 Processing Algorithms

2.2.1 Bartlett
The Bartlett processor in its quadratic form involves the data covariance matrix and the
replica field [13]. Traditionally, the estimation of source location parameters has been
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initiated using the Bartlett processor, serving as a starting point for this process [2].

The acoustic environmental model a( 𝑓𝑖, 𝑟, 𝑧) is calculated at the array in range and depth
cell(𝑟, 𝑧) in each frequency 𝑓𝑖. The replica vector, w( 𝑓𝑖, 𝑟, 𝑧), is a normalized vector of the
environmental model a( 𝑓𝑖, 𝑟, 𝑧):

w( 𝑓𝑖, 𝑟, 𝑧) =
a( 𝑓𝑖, 𝑟, 𝑧)
∥a( 𝑓𝑖, 𝑟, 𝑧)∥

. (2.2)

We assume that the signal and noise are independent in estimating the sample covariance
matrix (SCM). The term "snapshot" refers to a vector of complex numbers computed via
fast Fourier transform (FFT). Its length is the same as the number of array elements. Using
𝐿 snapshots, the SCM is denoted by K ∈ CN×N [2], and can be represented as

K̂=
1
L

L∑︁
l=1

dld†
l , (2.3)

where † denotes complex conjugation.

The snapshot d𝑙 ∈ CN is comprised of “a vector of Fourier coefficients at a single frequency
f ,” gathered using a “FFT from the l-th data segment of each array element” [21]. Generally,
it’s beneficial and sometimes necessary to average over multiple snapshots to enhance the
SNR, thereby improving source localization. The count of snapshots usable to determine 𝐾̂
is influenced by the duration for which a source remains within a resolution cell [22], [23].

The output of the Bartlett processor is

B(fi, r, z) = w(fi, r, z)†𝐾̂w(fi, r, z) =
1
L

𝐿∑︁
𝑙=1

��w†dl
��2 . (2.4)

Although the traditional linear Bartlett processor can handle environmental mismatches, it
faces substantial challenges with sidelobes, which frequently cannot be differentiated from
the main lobe [5]. The Bartlett processor does not invert 𝐾̂ . Therefore, there is no need for
a “minimum number of snapshots,” so it is susceptible to high-sidelobes [24]. Suppressing
these sidelobes is vital, especially when dealing with multiple sources or a mix of sources
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and interference [2].

The reduction in range/depth sidelobe levels was achieved by erratically averaging the
processing output across multiple tones, facilitating precise identification and tracking of
the source [4]. In the study conducted by Booth, the correlations among the multiple
frequencies were averaged incoherently, producing a multi-tone correlation estimate:

𝐵(𝑟, 𝑧) =
𝑁 𝑓∑︁
𝑖=1

𝐵( 𝑓𝑖, 𝑟, 𝑧), (2.5)

where 𝑁 𝑓 denotes the number of frequencies.

2.2.2 Multi-Valued Bartlett
For problems involving multiple sources, the sidelobes may obscure weaker sources and
make it difficult to decide how many sources are present. High-resolution beamformers
that suppress sidelobes, such as eigen-processors, can often reduce this difficulty. As an
eigen-processor, the MVB processor has an advantage over other adaptive processors. The
MVB processor, which relates to the Bartlett processor, tends to be more forgiving when
encountering imperfect environmental conditions, frequently met in practical applications.
The MVB processor also proves beneficial in separating signals from noise [13]. The
multi-valued Bartlett processor, an extension of the standard Bartlett processor, operates
by excluding the influence of specific eigenvectors from the total sum [25]. In Collins’
study, this technique is founded on the realization that energy from various sources often
segregates into distinct eigenvectors. In simulations that include noise originating from a
particular source, the MVB processor has shown enhanced performance compared to the
traditional Bartlett processor. The study further revealed that the MVB processor operates on
the premise that acoustic fields arising from sources at varying locations tend to lack spatial
correlation on a hydrophone array, and, consequently, energy from various sources usually
separates into other eigenvectors, which align with the largest eigenvalues. Therefore, the
MVB processor efficiently identifies and maps the routes of multiple moving sources.

The MVP processor is constructed by decomposing the SCM into eigenvalues and eigen-
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vectors:

K̂ =
1
L

L∑︁
l=1

dld†
l =

n∑︁
j=1
𝜆jvjv†j , (2.6)

where 𝜆 𝑗 is the 𝑗-th eigenvalue and v 𝑗 denotes the jth eigenvector. There is no reason to
assume different sources are correlated; as a result, energy from these sources is parti-
tioned into distinct eigenvectors. In distributed processes like ambient noise, energy spreads
among multiple eigenvectors. This energy partitioning can enhance MFP performance when
interference arises from multiple sources and noise [26].

We denote the MVB power output for the 𝑗-th eigenvalue and eigenvector combination by
𝐵 𝑗 . Note that 𝐵 𝑗 also is associated with the Bartlett processor [13]. The power output of the
MVB processor is

Bj (fi, r, z) =w†(fi, r, z)𝐾 𝑗w(fi, r, z) = 𝜆 𝑗
��w†vj

��2 . (2.7)

Given that 𝐵 𝑗 only is associated with the 𝑗-th eigenvalues of the SCM, the relationship
between the MVB and Bartlett processor is

𝐵( 𝑓𝑖, 𝑟, 𝑧) =
𝑛∑︁
𝑗=1

𝐵 𝑗 ( 𝑓𝑖, 𝑟, 𝑧) =
𝑛∑︁
𝑗=1
𝜆 𝑗

��w†vj
��2 . (2.8)

For a broadband source, localization performance can improve by averaging the MVB 𝐵 𝑗

over multiple frequencies incoherently, assuming that eigenvalues and eigenvectors equally
partition across frequencies.

The multiple-frequency MVB (for a single eigenvector and eigenvalue) is then given by

𝐵 𝑗 (𝑟, 𝑧) =
𝑁 𝑓∑︁
𝑖=1

𝐵 𝑗 ( 𝑓𝑖, 𝑟, 𝑧). (2.9)

Similar to Equation 2.8, the relationship between the multiple frequency MVB and the

10

NAVAL POSTGRADUATE SCHOOL  |  MONTEREY, CALIFORNIA  |  WWW.NPS.EDU

_________________________________________________________



Bartlett processor is

𝐵(𝑟, 𝑧) =
𝑁 𝑓∑︁
𝑖=1

𝐵( 𝑓𝑖, 𝑟, 𝑧) =
𝑁 𝑓∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝐵 𝑗 ( 𝑓𝑖, 𝑟, 𝑧). (2.10)
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CHAPTER 3:
Experimental Data

3.1 SWellEX-96 Data Set

3.1.1 Experimental Overview
The SWellEX-96 experiment was carried out in the coastal waters of San Diego, California,
to simulate the localization of targets in shallow waters. The floating instrument platform
deployed a vertical line array (VLA) comprising “64 calibrated hydrophone elements, evenly
spaced at 1.875 m across a 118.1-m aperture and sampled at a frequency of 1500 Hz” [14].
We used the SWellEX-96 Event S5 data set for our analyses. Figure 3.1 traces the path of
the source ship (R/V Sproul) moving from the south toward the VLA at a nominal speed
of 5 knots (2.5 m/s) while towing a source at a depth of 60m. The transmission included
numerous tonals with varying source levels, ranging from 49 Hz to 388 Hz. This particular
collection of tonals is known as T-49-13. The T-49-13 tonal pattern comprises 5 sets of 13
tones, with each set spanning frequencies from 49Hz to 400Hz. The first set of 13 tones
is released at the highest level, termed the "High Tonal Set," and these tones are projected
with transmitted levels of around 158 dB. We use this set of tonals for processing (49,
64, 79, 94, 112, 130, 148, 166, 201, 235, 283, 338, 388Hz) [27]. Figure 3.2 presents the
waveguide, illustrating its sound profile and “geo-acoustic parameters” for the “near-range-
independent” SWellEx-96 Event S5. For range-independent processing, the water depth is
considered equal to the water depth at the array, which is 216 m. The seafloor features a
23.5 m thick layer of sediment over an 800 m thick mudstone [2].
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Figure 3.1. The trajectory of the R/V Sproul during the SWellEx-96 Event
S5. The marked blue ship navigated along an approximate 200m isobath,
towing a deep source at a depth close to 60m. The event was captured over
75 minutes by a VLA. We extract the data from 25 minutes to 55 minutes,
and the legs are marked with the black arrow.
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Figure 3.2. Waveguide with sound profile and geo-acoustic parameters about
the range-independent SWellEx-96 Event S5. Source: [2] Assumptions have
been made about the water depth in the waveguide, equating it to the water
depth at the array for range-independent processing. The array geometry,
representative of the one used during the SWellEx-96 experiment, comprises
a 21-element array covering roughly 120 meters.

3.2 Multi-Source Simulation
To create a multi-source scenario, we duplicated the original SWellEX-96 data, setting two
sources 2km apart and simulating the movement of one source over 300m. This distance
was chosen to be similar to the approximate range resolution at 166 Hz for greater than the
main lobe, as shown in Tables 3.1 and 3.2. MFP uses “the structure of the acoustic field,”
which is molded by the interference among components that travel along multiple paths. As
such, the resolution of MFP is set by “the interference length scales of these propagating
multi-path components” [28]. The cross-range extension of the MFP range resolution cell
can be expressed as

Δ𝑋 ≈
𝜆𝑅

𝐿
, (3.1)

where 𝜆 is the wavelength, R represents the range, and L denotes the length of the array [29].
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Table 3.1. Matched field processing range resolution at 1500m/s.

49Hz 166Hz 201Hz 388Hz
△𝑋3000𝑚 [𝑚] 765.31 225.9 186.57 96.65
△𝑋5000𝑚 [𝑚] 1275.51 376.51 310.94 161.08

Normal modes are standing waves with horizontal wave numbers kn as they propagate in
range and oscillate in the depth dimension. The depth-dependent mode shapes are defined
by the interference between upward and downward propagating plane waves, with vertical
wave numbers specified as

𝑘𝑛𝑧 (𝑧) =
√︃
𝑘2

0 (𝑧) − 𝑘
2
𝑛, (3.2)

where k0(z) represents the medium wave number 𝜔/𝑐(𝑧). Both k0(z) and kzn vary with
depth due to variations in the speed of sound at differing ocean depths. The ocean’s depth
and frequency determine the number of modes a waveguide can support [28]. Several
initial MFP studies set simple resolution guidelines for range-independent environments
based on mode interference lengths. According to Wilson et al. [30], the smallest mode
interference length sets the limit for achievable range resolution. The range interference
between two modes aligns with ei(kn−km)r, resulting in an interference wavelength in the
range of 2𝜋/(𝑘𝑛 − 𝑘𝑚). Hence, the smallest interference is

𝐿𝑅 ≈
2𝜋

𝑚𝑎𝑥(𝑘𝑛 − 𝑘𝑚)
, (3.3)

𝐿𝑅 ≈
2𝜋

𝑘1 − 𝑘𝑀
, (3.4)

where k1 denotes “the wave number for mode 1” and kM represents “the wave number for
mode M,” which is “the highest propagating mode” carrying substantial energy [28].
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Table 3.2. Matched field processing main lobe width in range at 1500m/s.

𝑘1 [𝑚−1] 𝑘𝑀 [𝑚−1] 𝐿𝑅 [𝑚]
49Hz 0.2051 0.0598 43.233
166Hz 0.6953 0.0788 10.1917
201Hz 0.8419 0.0937 8.4384
388Hz 1.6252 0.1073 4.1394

We simulated two moving sources with 20 snapshots. Source 1 is the stronger source, located
3km away from the VLA and moving 300m in 20 snapshots. Source 2, the weaker of the
two sources, is positioned 2 km further in range than Source 1 and moves a distance of 40 m
across 20 snapshots. The grid of the environment simulation is 200m depth and up to 10km
in range. The depth resolution is 10m, and the range resolution is 50m. We set the depth of
both sources at 60m and selected the range values from 3km (5km) to 2.7km (4.96km) to
imitate moving toward the VLA. Because of environmental uncertainty, we randomly draw
replicas from a finer grid within the coarser grid. The finer grid’s depth resolution is 2m,
and the range resolution is 5m.

Bartlett uses the combined SCM averaged over L snapshots. The power ratio between
Source 1 and Source 2 (signal to signal ratio (SSR)), denoted by 𝜉 is 𝜉 = 10−3/20



𝐾1



F ,

meaning that Source 2 has a power level 3dB below that of Source 1. Here, F represents the
Frobenius norm. Following this, the covariance of Source 2 is combined with the covariance
of Source 1: 𝐾̂ = 𝐾1 + 𝜉𝐾2 [21].

We extracted sample data between 25 and 55 minutes from the SwellEx-96 data set, com-
prising a total time interval of 1,800 seconds. With a sampling frequency of 1500Hz and a
snapshot length equal to 212, the frequency interval (or bin width) is 0.3662Hz. Initially, we
set the number of snapshots to 3 for exploration, resulting in 219 segments, each containing
3 snapshots and 8.2 seconds. The source moves approximately 20m in each segment with
a speed of 2.5 m/s. Source 1 starts from the 125th segment and ends at the 139th segment,
simulating a location at 5km and movement of 300m. Source 2 starts and ends at the 24th
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segment, located at 3km and moving 40m. We set the SSR to 3dB between Sources 1 and
2.

During this procedure, a time-lagged version of the SWellEX-96 Event S5 data was merged
with its original counterpart to simulate a situation with dual source [2], [24], [21]. This
resulted in a separation of 2 km between the sources.
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CHAPTER 4:
Results

This chapter compares the Bartlett and MVB processors for source localization, focusing on
their performance with stationary and moving sources. The Bartlett processor’s challenges
with multiple frequencies and moving sources are highlighted through simulations, while
the MVB excels in sidelobe reduction and an eigenvalue-based approach for superior source
identification. The real-world effectiveness of both processors is further validated using the
SwellEx-96 data set, especially in scenarios with weak sources overshadowed by stronger
ones. The study aims to offer a holistic understanding of these processors, emphasizing their
strengths, limitations, and implications in source localization.

4.1 Simulations
First, we illustrate two simulated sources, with Source 1 being 3dB louder than Source 2 at
a distance of about 3 and 5km, respectively. Figure 4.1 illustrates the performance results
of the Bartlett processor for two stationary sources with a single frequency (166Hz), the
average of two frequencies (166 and 201Hz), and the average of multiple frequencies (49, 64,
79, 94, 112, 130, 148, 166, 201, 235, 283, 338, 388Hz). White squares indicate the nominal
positions of the sources. The color bar depicts the normalized power in dB with a 15 dB
dynamic range. The yellowish color means a higher correlation between data and replica
and indicates the source position. A bluish color means less power in that range-depth cell
and no source. The plots for a single frequency show high power in many range-depth cells
away from the marked source positions.
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Figure 4.1. Two stationary sources localization simulation with Bartlett: (a)
single frequency (166Hz), (b) single frequency (201Hz), (c) the average of
two frequencies (166, 201Hz), (d) the average of multiple frequencies (49-
388Hz). White squares mark source locations. Source 1, at approximately
3km range, is 3dB louder than Source 2 at approximately 5km range.

Additional simulation results are presented using the multi (13) frequency average. This
panel improved source localization when compared to single-frequency panels. That is
because the main lobe for all frequencies is in the same range depth cell, and the sidelobes
are in different cells.

Figure 4.2 represents Bartlett’s performances of moving sources across different frequencies.
Source 1 moves 300m, but Source 2 moves 40m, which is assumed to be a stationary source
following Table 3.1. Bartlett has high (yellowish) power through many positions for moving
sources, which increases Source localization ambiguity. These ambiguities make localizing
the correct location of sources complex in plots of the average of two frequencies (166 and
201Hz) and the average of multiple frequencies (49-388Hz). It is challenging to distinguish
the weaker source because Bartlett produces several competing sidelobes at similar levels
to Source 2. The plot of the average of all frequencies has many competing sidelobes, with
a 2 dB difference from the level of Source 2.
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Figure 4.2. As Figure 4.1 but with moving sources. Source 1 (2) moves
300(40)m over the observation interval.

Figure 4.3 contrasts the performances of Bartlett and MVB processors, utilizing a single
frequency (166 Hz) for moving sources. The Bartlett processor’s performance exhibits
localization ambiguities that span the entire surface, with power levels competitive to the
actual locations of the sources. In contrast, the plots for MVB distinctly identify Source
1 and Source 2 within eigenvalue 1 and eigenvalue 2, respectively. Furthermore, MVB
manifests reduced ambiguity and fewer sidelobes, more closely aligned with the accurate
positioning of the sources, as compared to Bartlett, where the sidelobes are at a similar
height as the level of Source 2. In localizing Source 2, however, the highest sidelobe height
only exhibits a 0.5 dB difference from the level of Source 2, making it difficult to assert that
MVB with a single frequency is more accurate than Bartlett. Subsequently, we will explore
MVB processing with a single frequency (201 Hz), the average of two frequencies (166 and
201 Hz), and the average of multiple frequencies.
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Figure 4.3. Comparison between Bartlett and MVB with single frequency
(166Hz): (a) Bartlett Processor, (b) MVB (eigenvalue 1), (c) MVB (eigen-
value 2), (d) MVB (eigenvalue 3), (e) MVB (eigenvalue 4).

Figure 4.4 displays the eigenvalues used in Figure 4.1, incorporating 166 Hz and 201 Hz
frequencies. The left plots within these figures illustrate the power of the eigenvalues at
166 Hz, while the right plots reveal the corresponding power at 201 Hz. Eigenvalues 1 and
2 are characterized by significantly greater power than the other eigenvalues, symbolizing
the non-moving sources. Figure 4.5 elucidates the eigenvalues used in Figure4.2 in the
context of moving sources. This figure conveys that the source movement is distributed
across multiple eigenvalues. Despite this dispersion, eigenvalue 1 and eigenvalue 2 still
possess more power than the remaining eigenvalues. This distinction plays a crucial role in
the MVB processor’s operation, as Sources 1 and 2 are precisely located in eigenvalue 1
and 2, respectively.
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Figure 4.4. Eigenvalues for covariance used in Figure 4.1. The left plot shows
the power of eigenvalues at 166Hz, and the right plot illustrates the power
of eigenvalues at 201Hz.

Figure 4.5. Eigenvalues for covariance used in Figure 4.2. The left plot shows
the power of eigenvalues at 166Hz, and the right plot illustrates the power
of eigenvalues at 201Hz.

Figures 4.6 and 4.7 depict the performance results of MVB using a single frequency (201
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Hz) and two frequencies (166 and 201 Hz), respectively. In these representations, Source 1
is discernible in the eigenvalue 1 plot, while Source 2 appears distinctly in the eigenvalue
2 plot. The plot representing the average of two frequencies (166 and 201 Hz) resembles
that of the single frequency (201 Hz). A consistent pattern is observed, wherein the weaker
source contributes to eigenvalue 2. Nevertheless, there is a discrepancy of 0.8 dB in the
highest sidelobe height from the level of Source 2. Given these findings, asserting that MVB
surpasses Bartlett definitively remains challenging.

Figure 4.6. MVB with a single frequency (201Hz): eigenvalues (a) 1, (b) 2,
(c) 3, (d) 4.
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Figure 4.7. MVB with the average of two frequencies (166/201Hz): eigen-
values (a) 1, (b) 2, (c) 3, (d) 4.

According to a study by Booth [4], the sidelobe levels can be reduced by incoherently
averaging the processing output across multiple tones, thereby enabling more accurate
localization and tracking of the source. Figure 4.8 illustrates the MVB performance when
averaging multiple frequencies (49-388 Hz), and this figure reveals an enhancement in
performance relative to Figures 4.3, 4.6, and 4.7. In Figure 4.2, Bartlett is observed to have
numerous sidelobes, with power levels akin to that of the source within a 5 dB range (from 0
to 5 dB). Conversely, MVB demonstrates substantially lower sidelobes, thereby augmenting
source identification and localization performance. A consistent pattern emerges when
averaging across frequencies in this moving source scenario: the stronger source primarily
influences eigenvalue 1, while the weaker source contributes to eigenvalue 2. Consequently,
Source 1 is distinctly observable in the eigenvalue 1 plot, and although Source 2 appears
to spread across eigenvalues 2 and 3, averaging over multiple frequencies enhances the
processor’s performance. Additionally, the highest sidelobe height exhibits a 4 dB difference
from the level of Source 2. As a result, the MVB demonstrates superior performance in
distinguishing two moving sources compared to Bartlett. This improvement is instrumental
in localizing a weaker source that might otherwise be obscured by sidelobes from a stronger
source.
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Figure 4.8. MVB with the average of multiple frequencies (49-388Hz) fre-
quencies: eigenvalues (a) 1, (b) 2, (c) 3, (d) 4.

4.2 SWellEX-96 Data Processing
We utilized the SwellEx-96 data set to simulate multi-source scenarios, comparing the
Bartlett processor to the MVB processor as in simulation. As depicted in Figure 4.9, we
demonstrate the Bartlett performance with two moving sources. The outcomes closely align
with our initial simulation results. More pronounced findings were derived from simulations
utilizing all frequencies. This enhancement arises from the augmentation of data covariance
with the sum of two frequency matrices, reducing sidelobe power for other range depth
cells. The Bartlett processor continues to face challenges in identifying the weaker source,
however, as it produces multiple competing sidelobes at the levels of Source 2, ranging from
0 to 5 dB. Consequently, the shortcomings in localization persist in the Bartlett processor’s
output, highlighting the benefits of using the MVB approach in such scenarios.
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Figure 4.9. Two simulated moving sources using SWellEx-96 data set lo-
calization with Bartlett: (a) single frequency (166Hz), (b) single frequency
(201Hz), (c) the average of two frequencies (166, 201Hz), (d) the average
of multiple frequencies (49-388Hz).

Figures 4.10, 4.11, and 4.12 represent MVB performance using the SwellEx data set with
a single frequency (166Hz and 201Hz each) and the average of those two frequencies
(166 and 201Hz). The results closely correspond with our simulation findings depicted in
the analogous figures. Specifically, Source 1 manifests in the plots for eigenvalue 1, and
Source 2 appears distinctively in the plots for eigenvalue 2. This observation underscores
a consistent pattern wherein a stronger source contributes to eigenvalue 1 and a weaker
source predominantly contributes to eigenvalue 2. An intriguing variation appears when
focusing on single frequencies; however, the level of Source 2 in eigenvalue 2 remains the
same at 166 Hz or reduces at 201 Hz, while the level of Source 2 actually increases when
averaging the two frequencies. This behavior contrasts with the simulation, where the results
were similar for a single frequency. It is noteworthy that MVB (when averaging multiple
frequencies) presents source location with ambiguity levels comparable to those observed
in the simulations, underlining the processor’s robustness.
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Figure 4.10. MVB a single frequency (166Hz): eigenvalues (a) 1, (b) 2, (c)
3, (d) 4.

Figure 4.11. MVB with a single frequency (201Hz): eigenvalues (a) 1, (b) 2,
(c) 3, (d) 4.
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Figure 4.12. MVB with the average of two frequencies (166 and 201 Hz):
eigenvalues (a) 1, (b) 2, (c) 3, (d) 4.

Figure 4.13 showcases the performance of MVB on the SwellEx data set across multiple
frequencies (49-388Hz). The data results mirror the simulation outcomes but with increased
Source 2 localization ambiguity. It appears Source 2 now also has spread to eigenvalues
2 and 3. Additionally, we observe a consistent pattern where a stronger source impacts
eigenvalue 1 and a weaker source contributes to eigenvalue 2. As a result, Sources 1 and 2
remain distinguishable within their respective eigenvalue plots, albeit with somewhat less
clarity than in the simulation.
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Figure 4.13. MVB with the average of multiple frequencies (49-388Hz):
eigenvalues (a) 1, (b) 2, (c) 3, (d) 4.

Figure 4.14 provides the Bartlett and MVB processors’ performance for eigenvalues 1 and
2, and the average Bartlett and MVB eigenvalue 2 within a 10 dB dynamic range, specif-
ically examining the SwellEx data set with two simulated moving sources. As the figures
illustrate, the Bartlett results are generally in sync with the initial simulation outcomes, and
enhancements are apparent when utilizing all frequencies. Despite these strides, the Bartlett
processor still struggles to distinguish the weaker source, creating sidelobes similar to the
second source’s level, with the highest sidelobe height only 0.5 dB below the level of Source
2. In contrast, the level of source 2 in MVB eigenvalue 2 exceeds the highest sidelobe height
by 1.5 dB. Consequently, the MVB processor offers slightly improved localization ability
compared to the Bartlett processor. Notably, the two approaches’ sidelobe patterns are dif-
ferent, while the main lobes are in the same location. Thus, the MVB processor can be used
as an additional tool to identify the main lobe. Additionally, by averaging the Bartlett and
MVB eigenvalue 2 on the dB-scale, we enhanced the prominence of Source 2, attributed to
the distinct sidelobe configurations of each processor. In this scenario, this simple averaging
significantly improved the localization of Source 2.

Our research illustrates that while Bartlett and MVB processors share common challenges,
particularly in handling weaker sources, the MVB processor can reduce ambiguity, and
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its eigenvalue approach can aid in localizing weak signals, especially in complex, multi-
source environments. The sidelobe structures for both processors are different. Thus, they
can potentially be exploited to identify actual source locations. Given the distinct sidelobe
configurations inherent to each processor, there is potential leverage in exploiting these
differences to ascertain genuine source locations.

Figure 4.14. Comparison between Bartlett and MVB performance with the
average of multiple frequencies (49-388Hz) using SWellEx-96 data set with
a 10 dB dynamic range (a) Bartlett, (b) MVB eigenvalue 1, (c) MVB eigen-
value 2, (d) averaged panels (a) and (c) on the decibel scale.

4.3 Conclusion
In this comprehensive evaluation of the Bartlett and MVB processors for source local-
ization, we explored scenarios involving non-moving and moving sources with different
frequencies. Utilizing all available frequencies enhanced source localization but posed
challenges in distinguishing weaker sources, more so for the Bartlett processor than the
MVB processor. Real-world validation through the SwellEx data set provided compelling
backing for our simulation results, anchoring the conclusions in practical applications. De-
spite the noted successes, both processors are limited due to localization ambiguities and
high-sidelobes, particularly with moving sources. These challenges underscore the need
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for continuous refinement in source localization techniques, reflecting the complexity of
real-world scenarios.

The study’s broader significance lies in its contribution to the theoretical and practical
understanding of source localization processors using multiple frequencies. The insights
derived can inform the development of more advanced algorithms adaptable to complex
multi-source environments.

Our research contributes to the source localization field by providing a robust, nuanced
analysis. We have confirmed existing processors’ known strengths and unveiled new av-
enues for exploration and innovation. The evidence-based support for the multi-frequency
MVB processor, in particular, sets it forth as a promising tool for ongoing research and
development. The Bartlett processor exhibited localization ambiguities, especially with
weaker and moving sources, struggling with multiple competing sidelobes. Conversely, the
MVB processor displayed enhanced performance, marked by reduced ambiguity and fewer
sidelobes, and used eigenvalues to facilitate a more exact localization of both strong and
weak sources.

Multi-frequency averaging emerged as a beneficial strategy for both processors, reduc-
ing sidelobe levels and enhancing source localization. This approach was consistent with
Booth’s study [4] and proved effective in simulations and real-world data scenarios. It is
essential, however, to recognize that while MVB generally surpassed Bartlett in the tested
scenarios, it lacked challenges. The difference in localization accuracy was marginal in some
instances, and one processor’s superiority over the other was nuanced. Furthermore, com-
pared to simulations, MVB exhibited increased source localization ambiguity in specific
real-world data scenarios, underlining potential limitations.

Further emphasizing our findings, by averaging the Bartlett and MVB eigenvalue 2 on the
dB-scale, we significantly improved the prominence of Source 2. This result is credited
to the unique sidelobe configurations characteristic of each processor. Though beneficial
here, this averaging method’s reliability is not investigated exhaustively, yet its position
enhancement of Source 2 is significant in this work.

Future directions for this research include further refinement of MVB processing to handle
real-world data sets with complex noise environments and multiple sources. Investigating
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the synergistic combination of Bartlett and MVB processors in a unified framework might
lead to more robust and accurate processors. In conclusion, this study furnishes valuable
insights into the complexities of source localization and the comparative capabilities of
Bartlett and MVB processors. Although both have unique strengths and weaknesses, the
results tilt in favor of MVB, particularly in challenging multi-source situations. The findings
lay a solid foundation for future research and technological innovation in source tracking,
localization, and analysis.
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