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1 Summary

Feedback control is essential for the robust regulation of dynamical physical and technological processes
that underpin power generation and distribution, manufacturing and chemical refining, logistics and
transportation, financial markets, etc. The design and synthesis of feedback control systems that
achieve robust regulation in an optimal way, as quantified by pre-specified measures of performance, is
a very challenging problem. Optimal control theory provides a mathematical framework for feedback
control policy design and synthesis, such that the corresponding controlled dynamics are optimal with
respect to a user-defined cost or payoff function [R23, 24]. However, these optimal feedback control
policies are computationally very expensive to synthesize for practical problems, and often intractably
so, due to an attendant curse-of-dimensionality [R9,10].

This project is concerned with the development of new theory and computational methods for the
tractable solution of classes of continuous time optimal control problems [D1–3]. Underlying this de-
velopment is an investigation of the algebraic properties of the dynamic programming principle (DPP)
and associated classes of Hamilton-Jacobi-Bellman (HJB) partial differential equations (PDEs), yield-
ing various representations and approximations for optimal control problems and their solutions. After
three years of funding, outcomes of this project include new theoretical foundations, representations,
approximations, computational tools, and applications for optimal control. The research undertaken
is documented in 40 scholarly publications, and has been communicated via 19 invited presentations
across a range of top international meetings. The project directly supported the training of two
postdoctoral researchers, via two one year appointments. It further facilitated the organization of 4
international mini-symposia on the topic of idempotent methods and optimal control, and 3 multi-day
meetings on applied dynamics in Australia. A summary of research directions and associated outcomes
is provided in Table 1. Further details are provided in Section 2.

Research direction Outcomes†

Idempotent fundamental solution semigroups for
optimal control

[P2,8, 10–12,22–24,40],
[I1,2, 6, 11–13,16, 17], [A2,7]

Adaptive idempotent methods for non-quadratic
regulator problems

[P10,11, 13], [I1,2, 4, 11, 17], [A2,7]

Game representations for non-quadratic
regulator problems

[P1,3, 20, 30, 32, 33, 40],
[I2,10, 15, 17, 18], [A2,7]

Stationary action and stationary control
[P4,8, 15, 21–23,27, 31, 36], [I3,5, 7, 14, 19]

[A1,4]

Optimization-based optimal feedback synthesis [P9,17–19], [I8,9]

Auxiliary advances
[P5–7,14, 16, 25, 26, 28, 29, 34, 35, 37–39]

[A3,5, 6]

† See Section 3 for all publications [P*], invited presentations [I*], organized activities [A*],

documentation [D*], and references [R*].

Table 1: Summary of research directions and associated outcomes.
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2 Description of outcomes

Outcomes delivered by this project include advances in the representation of general solutions of
dynamic programming equations and Hamilton-Jacobi-Bellman (HJB) partial differential equations
(PDEs) using idempotent fundamental solution semigroups [P2,8,10–12,22–24,40], new adaptive idem-
potent methods for solving nonlinear regulator problems [P10, 11, 13], new game representations for
non-quadratic regulator problems [P1, 3, 20, 30, 32, 33, 40], a preliminary theory of stationary con-
trol [P4,8, 15, 21, 23, 27, 31, 36], and a preliminary new approach to curse-of-dimensionality attenuated
optimization-based optimal feedback policy synthesis [P9, 17–19]. The project has also supported
auxiliary advances in extremum seeking feedback control for dynamical systems evolving on mani-
folds [P16], networked control and observer design [P6, 7, 14, 26, 35], quantum control [P28, 37, 38], and
stability theory [P5, 25, 29, 34, 39]. These outcomes have been communicated via 40 scholarly publi-
cations in international journals and conference proceedings, and 19 invited presentations at national
and international meetings. The project contributed direct funding support for the training of two
postdoctoral research fellows in optimal control, via consecutive one year appointments, and partial
support for travel associated with participation in conferences and US-based research collaboration
(with Professor W.M. McEneaney at UCSD). It facilitated the organization of 4 international mini-
symposia on the topics of idempotent methods and stationary control [A1, 2, 4, 7], and 3 multi-day
meetings on applied dynamics in Australia [A3,5, 6].

The ongoing research supported by this project received international recognition in 2017
via the awarding of the SIAM SICON Best Paper Prize for the development of an idem-
potent fundamental solution for the gravitational N -body problem [P40].

2.1 Background

An optimal control problem is posed with respect to a user-defined real-valued cost function that
assigns an order to the set of admissible open-loop controlled behaviours of a dynamical system. The
value function associated with an optimal control problem is (usually) defined as the infimum of this
cost over the space of admissible open-loop controls (a supremum of a payoff function may alternatively
be used). An optimal open-loop control, if it exists, is an element of this admissible control space
that renders the cost minimal (or payoff maximal). An optimal feedback control policy is a feedback
representation of this optimal open-loop control, i.e. a feedback map from the state dynamics to the
control input. The value function is defined on the possibly infinite dimensional state space X of the
dynamics, and is parameterized by the finite or infinite time horizon over which the evolution of the
controlled dynamics are of interest. Typical finite and infinite horizon value functionsWt,W : X → R,
t ∈ R≥0, defining optimal control problems with dynamics evolving on X are defined respectively by

Wt(x)
.
= inf

u∈U [0,t]
Jt[ψ](x, u), W (x)

.
= lim

t→∞
Wt(x), (1)

for all initial states x ∈ X , provided the limit involved exists. The cost function Jt[ψ] : X×U [0, t] → R

involved is defined on the state and open-loop control spaces X and U [0, t], and often takes the form

Jt[ψ](x, u)
.
=

∫ t

0
ℓ(xs) +

1
2 〈us, Mus〉 ds+ ψ(xt), (2)

for all x ∈ X , u ∈ U [0, t], in which ℓ, ψ : X → R describe running and terminal costs of interest, and
M ∈ L(U) is a coercive operator used to weight the control effort expended. The underlying dynamics
are often modelled as input affine, using suitable maps f : X → X and g : X 7→ L(U ;X ), with the
state trajectory s 7→ xs satisfying

xs = x+

∫ s

0
[f(xr) + g(xr)ur] dr, (3)
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for all s ∈ [0, t], in which u ∈ U [0, t] is the applied open-loop control. State and open-loop control
spaces for a typical finite dimensional problem are X

.
= R

n and U [0, t]
.
= L 2([0, t];U), U

.
= R

m.

A solution of the finite horizon optimal control problem of (1) involves the synthesis of either an
optimal open-loop control that minimizes u 7→ Jt[ψ](x, u), given a specific time horizon t ∈ R≥0 and
initial state x ∈ X , or an optimal feedback control policy that evaluates the control us ∈ U at each
time s ∈ [0, t] as a function of the current state xs and the time to go t − s, i.e. us = Kt−s(xs),
see (6) below. Similarly, a solution of the infinite horizon optimal control problem in (1) involves the
synthesis of a control policy that is independent of the time to go. In either case, a feedback policy is
preferred in practice, due to the inherent robustness afforded by the incorporation of feedback.

Dynamic programming is founded on the principle of optimality [R24], and provides a solution path for
optimal control problems. It characterizes the temporal evolution of finite horizon value function t 7→
Wt via a horizon indexed dynamic programming evolution operator, yielding a nonlinear variational
equation known as a dynamic programming principle (DPP). Similarly, the infinite horizon value
function W is characterized as a fixed point of this horizon indexed dynamic programming evolution
operator, for all time horizons. For the finite and infinite horizon optimal control problems of (1), the
respective DPPs, and the (common) dynamic programming evolution operator, are given by

Wτ+t(x) = (Sτ Wt)(x), W0(x) = ψ(x), W (x) = (Sτ W )(x), W (0) = 0,

(Sτ ψ)(x)
.
= inf

u∈U [0,τ ]
Jτ [ψ](x, u),

(4)

for all τ, t ∈ R≥0, x ∈ X . In the limit of a vanishing incremental time horizon τ ∈ R>0, the DPPs (4)
yield respectively a non-stationary and a stationary Hamilton-Jacobi-Bellman (HJB) partial differen-
tial equation (PDE), with corresponding boundary data. Under reasonable conditions, the finite and
infinite horizon value functions (1) may be characterized as unique viscosity solutions of these HJB
PDEs [R10,11, 15], and these HJB PDEs are given explicitly by

0 =
∂Wt

∂t
(x) +H(x,∇Wt(x)), W0(x) = ψ(x), 0 = H(x,∇W (x)), W (0) = 0, (5)

H(x, p)
.
= sup

u∈U

{−ℓ(x)− 1
2 〈u, Mu〉 − 〈p, f(x) + g(x)u〉} = −ℓ(x)− 〈p, f(x)〉+ 1

2 〈p, g(x)M
−1 g(x)′ p〉,

for all t ∈ R≥0, x, p ∈ X . The Hamiltonian H : X × X 7→ R involved in (5) may be interpreted as
the generator of the Lax-Oleinik semigroup of dynamic programming evolution operators {Sτ}τ≥0,
defined via the finite horizon DPP (4). The optimal feedback policies involved are characterized via
the (possibly generalized) gradient of the respective solutions of these HJB PDEs, i.e.

Kt−s(x)
.
= K(x,∇Wt−s(x)), K(x)

.
= K(x,∇W (x)),

K(x, p)
.
= argmax

u∈U

{−ℓ(x)− 1
2 〈u, Mu〉 − 〈p, f(x) + g(x)u〉} = −M−1 g(x)′ p, (6)

for all s ∈ [0, t], x, p ∈ X . The corresponding optimal trajectory is defined as the solution of (3) in the
presence of the appropriate finite or infinite horizon optimal feedback policy from (6).

Explicit solutions of the HJB PDEs (5) are exceedingly rare, and numerical methods are typically
required to (approximately) evaluate the optimal feedback policies in (6). The computational com-
plexity involved typically scales exponentially with the dimension of the state space X , inflicting a
curse-of-dimensionality on the numerical methods involved. This limits their applicability to prob-
lems with state space dimension of at most 4 or 5. The curse-of-dimensionality motivates the search
for algebraic structure in the DPPs and HJB PDEs at the foundation of optimal control, and the
exploitation of this structure in the development of more efficient numerical methods.
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2.2 Idempotent fundamental solution semigroups for optimal control

Idempotent fundamental solution semigroups for optimal control exploit the semigroup, semiconvexity,
and idempotent linearity properties of the dynamic programming evolution operator in order to provide
convolution representations for value function propagation via dynamic programming. For finite or
infinite horizon optimal control problems with value functions of the form (1), the relevant idempotent
algebra is the min-plus algebra [R4,10,12,13,16,19]. This algebra is a commutative semifield over the
extended reals R, equipped with the addition and multiplication operations a ⊕ b

.
= min(a, b) and

a ⊗ b
.
= a + b, for all a, b ∈ R. As the cost functional ψ 7→ Jt[ψ] of (2) is min-plus linear, i.e.

Jt[ψ ⊕ (c⊗ φ)](x, u) = Jt[ψ](x, u)⊕ (c⊗ Jt[φ](x, u)) for all c ∈ R, t ∈ R≥0, x ∈ X , u ∈ U [0, t], and all
terminal costs ψ, φ : X 7→ R, an interchange of inf and min implies that the dynamic programming
evolution operator St of (4) is likewise min-plus linear. Moreover, the finite horizon value function
Wt of (1) has a min-plus convolution representation [P10, 23, 40], defined with respect to a bivariate
convolution kernel Gt : X × X → R and the min-plus delta function δ : X × X → R by

Wt(x) = (G⊕
t ψ)(x)

.
=

∫ ⊕

X

Gt(x, y)⊗ ψ(y) dy
.
= inf

y∈X
{Gt(x, y) + ψ(y)},

Gt(x, y)
.
= [St δ(·, y)](x), δ(x, y)

.
=

{
0, ‖x− y‖ = 0,

+∞, otherwise,

(7)

for all t ∈ R≥0, x, y ∈ X , in which the integration symbol
∫ ⊕

X
denotes the min-plus integral defined via

the indicated inf. Dynamic programming and the corresponding DPP (4) imply that {G⊕
τ }τ≥0 defines

a semigroup of min-plus linear min-plus integral operators, referred to as a min-plus primal space
fundamental solution semigroup [P2,22–24,40], [R2,3,14]. This semigroup can be used to represent or
propagate the value function (1) of a finite horizon optimal control problem to longer time horizons.

An alternative min-plus convolution representation forWt of (1) follows via a semiconvexity or semicon-
cavity property of the dynamic programming evolution operator St. Spaces of uniformly semiconvex
and semiconcave functions on X are defined with respect to a bi-quadratic basis ϕ : X × X → R by

S
+
ϕ

.
=

{
φ : X → R

∣∣∣∣
x 7→ φ(x) + ϕ(x, 0)
convex, lower closed

}
, S

−
ϕ

.
=
{
ψ : X → R

∣∣−ψ ∈ S
+
ϕ

}
,

ϕ(x, z)
.
= 1

2 〈x− z, C (x− z)〉, x, z ∈ X , C ∈ L(X ) fixed a priori.

(8)

These spaces are in duality, via either the semiconvex transform D+
ϕ : S +

ϕ 7→ S −
ϕ or the semiconcave

transform D−
ϕ : S −

ϕ 7→ S +
ϕ , see for example [R10], [P10,24]. These transforms and their inverses satisfy

(D+
ϕ φ)(z)

.
= − sup

x∈X

{−ϕ(x, z)− φ(x)}, ([D+
ϕ ]

−1 ψ)(z) = sup
z∈X

{−ϕ(x, z) + ψ(z)},

D−
ϕ ψ

.
= −D+

ϕ [−ψ] = [D+
ϕ ]

−1 ψ, [D−
ϕ ]

−1 φ = −[D+
ϕ ]

−1[−φ] = D+
ϕ φ,

(9)

for all φ ∈ S +
ϕ , ψ ∈ S −

ϕ . It may subsequently be shown, similarly as per [R10], [P10], that

Wt = [D−
ϕ ]

−1 B⊕
t D−

ϕ ψ, (B⊕
t a)(y)

.
=

∫ ⊕

X

Bt(y, z)⊗ a(z) dz,

Bt(y, z)
.
= (D−

ϕ St(·, z))(y), St(y, z)
.
= [St ϕ(·, z)](y),

(10)

for all t ∈ R≥0, y, z ∈ X . Dynamic programming and the DPP (4) imply that {B⊕
τ }τ≥0 defines a semi-

group of min-plus linear min-plus integral operators, referred to as a min-plus dual space fundamental
solution semigroup [P10, 40], [R1, 6]. This semigroup can also be used to represent or propagate the
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finite horizon value function (1) to longer time horizons. Together, (7), (8), (9), (10) yield that

G⊕
τ G⊕

t = Gτ+t, B⊕
τ+t = B⊕

τ B⊕
t ,

G⊕
τ G⊕

t ψ = Gτ+t ψ =Wτ+t = [D−
ϕ ]

−1 B⊕
τ+tD

−
ϕ ψ = [D−

ϕ ]
−1 B⊕

τ B⊕
t D−

ϕ ψ,
(11)

for all ψ ∈ S −
ϕ and τ ∈ R≥0. It may also be shown that Gt(x, y) = (D−

ϕSt(x, ·))(y) for all x, y ∈ X ,
analogously to (10), see [2, 10, 24] for an analogous max-plus case.

New idempotent fundamental solution semigroups for a range of optimal control problems have been
developed in this project [P2, 8, 10–12, 21–24, 40]. Application of these semigroups facilitate efficient
evolution of value functions from their corresponding terminal costs. As indicated in (7), (10), (11),
they consist of time horizon indexed min-plus linear min-plus integral operators defined on associated
spaces of uniformly semiconcave terminal costs. Each operator acts on its functional argument via
an idempotent convolution with a bivariate kernel, over the state space X . Two types of idempotent
fundamental solution semigroup have been investigated, corresponding to value function evolution in
the primal or dual space as defined by the semiconvex or semiconcave transform, as per (7), (10),
(11). Both types of semigroup are equivalent to the Lax-Oleinik semigroup of dynamic programming
evolution operators, and their construction exploits idempotent linearity and semiconvexity proper-
ties that attend the DPP (4). Computational advantages in their application follow from reduced
dimension representation and/or approximation of the attendant bivariate kernels Gt or Bt. These
fundamental solution semigroups are the foundation for the development of new approaches to the
solution of differential Riccati equations [P24], finite dimensional linear regulator problems with state
constraints [P1,3,20,30,32,33], nonlinear regulator problems [P10,11], the gravitational N-body prob-
lem [P40], and related two point boundary value problems (TPBVPs) constrained by energy conserving
dynamics [P2,8, 12, 22, 23, 36].

2.3 Adaptive idempotent methods for non-quadratic regulator problems

The spaces S +
ϕ and S −

ϕ of uniformly semiconvex and semiconcave functions (8) define respectively
a max-plus and a min-plus vector space [R10, 12, 13, 16, 19]. Given a countable dense subset {zi}i∈N
of a finite dimensional state space X , the set {ψi}i∈N, defined via its elements ψi

.
= ϕ(·, zi), i ∈ N,

forms a countable basis for S +
ϕ and S −

ϕ . This countable basis implies the existence of a coordinate
representation for functions in these spaces. As the dynamic programming evolution operator Sτ ,
τ ∈ R≥0, is an idempotent linear operator on S +

ϕ or S −
ϕ , it inherits this coordinate representation

if it is also endomorphic. This coordinate representation facilitates the development of a coordinate
iteration for the value function, via dynamic programming and the dual space fundamental solution,
see (10), (11), [R10]. In the case of (1), given some a priori fixed short horizon τ ∈ R>0, the coordinate
vector ek associated with the kth such iteration is given by [ek]i

.
= ak(zi) ∈ R, ak

.
= D−

ϕ Wkτ ∈ S +
ϕ ,

k, i ∈ N. Representation (10) and semigroup (11), along with convergence and other properties of this
iteration [R10], [P10,11], imply that the associated infinite horizon value function W of (1) satisfies

W (x) = ([D−
ϕ ]

−1a∞)(x) =
⊕

j∈N

ψj(x)⊗ [e∞]j , e∞
.
= lim

k→∞
ek,

subject to





[ek+1]i =
⊕

j∈N

Bτ (zi, zj)⊗ [ek]j , k ∈ Z≥0, i ∈ N,

[e0]i = (D−
ϕ ψ)(zi), i ∈ N,

(12)

for all x ∈ X . Truncation of the basis {ψi}i∈N to a subset of finite cardinality ν ∈ N yields a

coordinate representation for a corresponding approximation Ŵ of the infinite horizon value function
W . Interpreting Bτ (zi, zj) as the (i, j)

th element of a matrix Bτ ∈ R
ν×ν

yields an idempotent iteration

6
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as per [R10], [P10,11], i.e. êk+1 = Bτ ⊗ êk, k ∈ Z≥0, with the approximation Ŵ given by

Ŵ (x) =
ν⊕

j=1

ψj(x)⊗ [ê∞]j , (13)

for all x ∈ X . Evaluation of the approximation Ŵ (x) for a specific x ∈ X corresponds to evaluation of
a specific basis function ψjx that is active at x in (13), shifted by the corresponding coordinate [ê∞]jx ,
for the appropriate index jx ∈ N≤ν , i.e. such that ψjx(x) + [ê∞]jx =

⊕ν
j=1 ψj(x)⊗ [ê∞]j . As {ψj}N≤ν

is defined with respect to the bi-quadratic function ϕ of (8) by ψj
.
= ϕ(·, zj), and ϕ has state-invariant

Hessian C ∈ L(X ), the approximation (13) partitions any convex subset Y ⊂ X of the state space into
a Voronoi tessellation T of convex polytopes. For the optimal control problem of (1), for which the
min-plus algebra is required, this tessellation is given by

T
.
= {Y i}i≤ν , Yi

.
=

{
x ∈ Y

∣∣∣∣
ψj(x) + [ê∞]j > ψi(x) + [ê∞]i

for all j ∈ N≤ν \ {i}

}
. (14)

The approximation Ŵ of (13) is thus piecewise quadratic, with the pieces involved uniquely determined
on the respective polytopes in the tessellation T of (14), which is itself determined by the idempotent
limit ê∞ ∈ R

ν
of the finite cardinality iteration corresponding to (12). The approximation error

associated with Ŵ , relative to W of (1), may be characterized via a posteriori back-substitution [P13]
in the Hamiltonian H of the stationary HJB PDE (5). In particular, given the subset Z

.
= {zi}i≤ν ⊂ X

of states defining the truncated basis {ψi}i≤ν , the worst-case back-substitution error e(Z) on Y is
defined with respect to the back-substitution errors in the constituent polytopes Yi, i ∈ N≤ν , by

e(Z)
.
= max

i≤ν
sup
x∈Yi

|h(x, zi)|
2, h(x, zi)

.
= H(x,∇Ŵ (x)) = H(x,∇ψi(x)) = H(x, C (x− zi)), (15)

for all x ∈ Yi, i ∈ N≤ν . As this back-substitution error is explicitly parameterized by Z, basis
adaptation to improve the back-substitution error is possible. The kth iteration of this basis adaptation
yields a basis Bk, k ∈ N, populated with νk ∈ N quadratic functions of the form ψk

i

.
= ϕ(·, zki ), z

k
i ∈ Zk,

i ∈ N≤νk , in which νk ∈ N is the corresponding adaptation iteration dependent cardinality. The update
step in the adaptation iteration involved is explicitly represented [P10,11] by

B
k+1 = (Bk \ B

k
−) ∪ B

k
+, (16)

in which Bk
− ⊂ Bk and Bk

+ denote respectively the subset of existing basis functions that are to be
pruned and the set of new basis functions that are to be added. The subset Bk

− is constructed by
collecting those existing basis functions that are unused in the corresponding value function approx-
imation Ŵ k of (13). Other existing basis functions whose corresponding polytopes are of sufficiently
small volume may also be included in this prune set. The set Bk

+ of new basis functions is constructed
so as to reduce the back-substitution error e(Zk) of (15). In particular, new basis functions are added
in specific descent directions for δ 7→ e(Zk + δ) or, alternatively, in related directions determined by
the characteristic flow associated with the Hamiltonian H. Identifying existing basis functions and
polytopes that contribute to the worst-case in e(Zk) forms part of this construction, see [10, 11]. In
this way, iteration (16) simultaneously evolves the basis Bk and the value function approximation

Ŵ k, while controlling the growth rate of the basis cardinality νk required to achieve a required back-
substitution error on Y. The basis evolved in this way is sparse, and the computational effort required
to obtain the value function approximation Ŵ k is inherited from [R10], see [P10,11].

New adaptive idempotent methods have been developed [P10,11] for a general class of finite dimensional
infinite horizon nonlinear regulator problems originally considered in [R10], and defined via a value
function of similar form to (1). A typical evolution of this basis and the corresponding state dependent
back-substitution error is illustrated in Figure 1, see [P10,11].

7
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(a) Basis and tessellation. (b) A posteriori back-substitution error.

Figure 1: Basis and back-substitution error evolution in an adaptive idempotent method [P10,11].

2.4 Game representations for non-quadratic regulator problems

Linear quadratic regulator (LQR) problems are a classical special case of a class of optimal control
problems defined via the value functions of (1), for which the dynamics (3) are linear and the cost
(2) is quadratic. In that case, these value functions are also quadratic, and the non-stationary and
stationary HJB PDEs in (5) reduce to a differential Riccati equation (DRE) and an algebraic Riccati
equation (ARE) in the Hessians of these value functions. Numerical methods for the solution of these
Riccati equations are well-known, and their application scales tractably with state space dimension.

The introduction of state constraints, non-quadratic cost terms, or nonlinearities in the dynamics
underlying an LQR problem fundamentally impacts its solvability. Indeed, the fundamental quadratic
structure involved is destroyed, and the solvability of DREs or AREs is no longer relevant or applicable.
Instead, the value functions involved are intrinsically non-quadratic, and satisfy only the more general
HJB PDEs of (5). However, under certain circumstances, the problematic non-quadratic terms in
(2) can be replaced with their equivalent semiconvex relaxations, and the optimal control problem of
(1) lifted to an equivalent game problem, see [P1, 3, 20, 30, 32, 33, 40]. This game problem is naturally
equipped with quadratic structure by virtue of the semiconvex relaxation involved, allowing its solution
to be represented via a family of DREs or AREs that are parameterized by the actions of an introduced
maximizing player. This approach is at the foundation of the construction of a new fundamental
solution for the gravitational N -body problem in [P40], and the development of a new representation
for solutions of finite dimensional state constrained regulator problems [P1,3, 20, 30, 32, 33].

In the context of finite dimensional state constrained regulator problems, the developments of [P1,
3, 20, 30, 32, 33] focus on a special case where the dynamics (3) are linear, and the trajectory must
satisfy state constraints at all times. The state constraints are imposed in the definition (1) of the
value function via the introduction of a state dependent extended real-valued barrier term in the
running cost function ℓ that contributes to the cost function (2). The barrier function Φ : R≥0 → R

employed is convex and lower closed, thereby guaranteeing the existence of its convex relaxation
[R22], and subsequently a semiconvex relaxation of x 7→ Φ(‖x‖2), x ∈ X , yielding an exact sup-of-
quadratics representation, see [P3] and (17) below. An approximate sup-of-quadratics representation,
corresponding to an approximation x 7→ ΦM (‖x‖2) to the barrier, indexed by an approximation

8
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parameterM ∈ R, also follows by restricting the family of quadratics used. For a ball state constraint,
i.e. requiring s 7→ ‖xs‖ < b < ∞ for all s ∈ [0, t], the respective exact and approximate value
functionsWt andW

M
t are as per (1), with the exact and approximate sup-of-quadratic representations

contributing via (2) to the respective cost functions by way of the assignments

ℓ(x)
.
= 1

2 ‖x‖
2 + 1

2 Φ(‖x‖
2), Φ(‖x‖2) = sup

α≥−φ(0)

{
a−1(α) ‖x‖2 − α

}
=

{
φ(‖x‖2), ‖x‖ < b,

+∞, ‖x‖ ≥ b,

ℓM (x)
.
= 1

2 ‖x‖
2 + 1

2 Φ
M (‖x‖2), ΦM (‖x‖2) = sup

α∈[−φ(0),M ]

{
a−1(α) ‖x‖2 − α

}
, M ≥ −φ(0), (17)

for all x ∈ X
.
= R

n. In the sup-of-quadratics representations of (17), φ : [0, b) → R is convex and
a : [−φ(0),∞) → R is its (demonstrably invertible) convex dual, see [P3, Theorem 3.2, Remark 3.3].
Examples of sup-of-quadratics representations obtained for two barrier functions implementing the
state constraint ball radius b

.
= 3 are illustrated in Figure 2.
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(a) Convex barrier ‖x‖ 7→ Φ(‖x‖2).
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(b) Semiconvex barrier ‖x‖ 7→ Φ(‖x‖2).

Figure 2: Sup-of-quadratics representation for a pair of barrier functions [P3].

Replacing the barrier function Φ with its exact or approximate sup-of-quadratics representation (17)
yields respectively a state constrained regulator problem, or a convergent approximation to it. Conver-
gence is demonstrated both in terms of the value functions involved, i.e. limM→∞WM

t =Wt pointwise
on X , and in terms of the behaviour of the corresponding optimal state trajectories. Using the exact
representation guarantees that trajectories are always confined to the closure of the constraint set of
interest, and to its interior almost always (a.e. in time). The approximate problem is shown to yield
trajectories that converge to this behaviour [P3]. Measurable selection leads to the aforementioned
lifting of the exact and approximate regulator problems to a corresponding pair of two player games.
For the ball state constraint of (17), the exact game is defined in [P3] via

Wt(x)
.
= inf

u∈U [0,t]
Jt[ψ](x, u) = inf

u∈U [0,t]
sup

α∈A [0,t]
J̄t[ψ](x, u, α) = sup

α∈A [0,t]
inf

u∈U [0,t]
J̄t[ψ](x, u, α),

J̄t[ψ](x, u, α)
.
=

∫ t

0
ℓ̄(xs, us, αs) ds+ ψ(xt), f linear in (3),

ℓ̄(x, ū, ᾱ)
.
= 1

2 ‖x‖
2 + 1

2 [a
−1(ᾱ) ‖x‖2 − ᾱ] + 1

2 ‖ū‖
2,

(18)

for all t ∈ R≥0, x ∈ R
n, u ∈ U [0, t]

.
= L 2([0, t];Rm), α ∈ A [0, t]

.
= L 2([0, t];R), ū ∈ R

m, ᾱ ∈ R.
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Figure 3: State trajectories, with state constraint inactive and active [P3].
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Figure 4: Optimal controls u∗ [P3].
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Figure 5: Actions of the maximizing player α∗ [P3].
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The approximate game value WM
t is defined analogously, based on the approximate sup-of-quadratics

representation in (17). In both games, the minimizing player corresponds to the usual control s 7→ us,
while the (new) maximizing player is an adversary that negotiates an appropriate quadratic state
penalty via its actions s 7→ αs, given the current state of the trajectory s 7→ xs relative to the state
constraint. As indicated in (18), the upper value of the game is equivalent to the value (1) of the
original regulator problem, in the same quantitative manner regarding the value and the satisfaction
of constraints. Moreover, the upper and lower values of the game are equivalent, which is crucial
for computational purposes. Consideration of the lower value yields corresponding state feedback
characterizations for the optimal policies of both players. These policies are shown to explicitly depend
on the state dynamics driven by the optimal control, and solutions of a family of DREs associated
with the LQR problems defined by infu∈U [0,t] J̄t[ψ](x, u, α), for any α ∈ A [0, t] and ψ quadratic.

New theory and computational methods have been developed for solving state constrained regulator
problems via semiconvex relaxations and lifting to games as outlined via (17), (18), see [P1, 3, 20, 30,
32, 33]. Figures 3, 4, and 5 illustrate optimal trajectories, controls, and actions of the maximizing
player corresponding to specific initial and terminal data for a finite horizon state constrained reg-
ulator problem. The dashed and solid lines correspond to the constraint being inactive and active,
respectively. Actions of the optimal control u∗ and maximizing player α∗ can be observed to preempt
later interactions between the state trajectory and the constraint set boundary, see [P3].

2.5 Stationary action and stationary control

The action principle is a variational principle in modern physics that may be applied to a predefined
notion of action to yield the equations of motion of a physical system and its underlying conservation
laws. Using a suitable definition of this action, the action principle specializes to Hamilton’s action
principle [R8, 25], [P2, 23, 40], an important corollary of which states that any trajectory of an energy
conserving system renders the corresponding action functional stationary in the calculus of variation
sense. Hamilton’s action principle can be interpreted as providing a characterization of all trajectories
of an energy conserving or lossless system, including those constrained by boundary conditions. The
action associated with Hamilton’s action principle is defined as the integrated Lagrangian over the
time horizon t ∈ R≥0 of interest, i.e.

∫ t

0
T (ẋs)− V (xs) ds, T (ẋs)

.
= 1

2 〈ẋs,M ẋs〉, (19)

in which T and V denote the kinetic and potential energies corresponding to the generalized velocity
ẋs and position xs, at time s ∈ [0, t], and M ∈ L(X ) is a coercive operator corresponding to the
generalized inertia for the energy conserving system of interest. Recalling (2), this form of the action
motivates encapsulation of Hamilton’s action principle within an optimal control problem of the form
(1). To this end, appropriate choices for ℓ and f , g in (2) and (3) are

ℓ(x)
.
= −V (x), f(x)

.
= 0, g(x)

.
= I ∈ L(X ), (20)

for all x ∈ X = U . Where X is finite dimensional, given any convex terminal cost ψ, the restriction
u 7→ Jt[ψ](x, u) of the cost (2) typically exhibits a minimum for all sufficiently short strictly positive
time horizons t ∈ R>0, and indeed is often strongly convex [P40]. Consequently, the value function Wt

of (1) is well-defined and satisfies the DPP (4) or non-stationary HJB PDE (5), and the optimal control
exists and is unique. Moreover, the idempotent primal and dual space fundamental solution semigroups
{G⊕

τ }τ∈[0,t], {B
⊕
τ }τ∈[0,t] of (7), (10), (11) are applicable in its representation and propagation to longer

time horizons. Meanwhile, boundary conditions for trajectories of interest can be encapsulated via
the initial state x0 = x and terminal cost ψ, by way of the feedback characterization of the (unique)
optimal control provided by (6). For example, with ψ(x)

.
= ψv(x)

.
= 〈x,−M v〉, x ∈ X , and v ∈ X

11
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fixed a priori, the optimal trajectory and optimal control corresponding to the generalized position
and velocity respectively must satisfy the boundary conditions

x0 = x, ẋt = ut = −M−1∇W0(xt) = −M−1∇ψv(xt) = −M−1 (−M v) = v. (21)

This formulation of Hamilton’s action principle, along with a semiconvex relaxation and lifting to a
game problem as per (18), provides the foundation for the seminal development of a min-plus primal
space fundamental solution semigroup for the gravitational N -body problem [P40] via (7), (11).

Where X is infinite dimensional [P2, 22, 23], or where the time horizon t ∈ R>0 is sufficiently long
in the finite dimensional setting [P40], the restriction u 7→ Jt[ψ](x, u) of (2), (20) is not necessarily
convex, and indeed can be concave in particular directions. In this case, stationarity in Hamilton’s
action principle need not be achieved at a minimum, i.e. via least action, but is instead achieved at
a saddle [R8]. Moreover, the existence of such a saddle implies that the optimal control problem of
(1), (20) is ill-posed insofar as it does not encapsulate or describe trajectories that render the action
(19) stationary in the sense intended by Hamilton’s action principle. Instead, in order to capture the
desired trajectories, stationarity of the cost (2), (20) must be invoked directly, using an appropriate
stationarity operation. Given any continuously Fréchet differentiable map F : V → W between Banach
spaces V and W, the stat operation [P2,22, 23, 27, 31, 36] of interest is defined by

stat
v∈V

F (v)
.
=

{
F (ν)

∣∣∣∣ν ∈ arg stat
v∈V

F (v)

}
, arg stat

v∈V

F (v)
.
=

{
ν ∈ V

∣∣∣∣ 0 = lim
η→ν

‖F (η)− F (ν)‖W
‖η − ν‖V

}
. (22)

This operation naturally generalizes min and max for continuously Fréchet differentiable functions,
as any element of argminv∈V F (v) or argmaxv∈V F (v) must also be an element of arg statv∈V F (v).
In addition, saddle points of F are also included in arg statv∈V F (v). Under appropriate regularity
conditions on the potential V and the terminal payoff ψ, the restriction u 7→ Jt[ψ](x, u) associated
with Hamilton’s action principle via (20) is continuously Fréchet differentiable [P31]. Consequently,
by choosing V

.
= U [0, t], W

.
= R, and F

.
= Jt[ψ](x, ·) : V → W in (22), and imposing additional

conditions to ensure that the argstat in (22) is a singleton [P31], the inf appearing in the definition (1)
of the encapsulating optimal control problem may be replaced with the corresponding stat operation
(22). This yields a finite horizon stationary control problem with value function W̃t defined by

W̃t(x)
.
= (S̃t ψ)(x)

.
= stat

u∈U [0,t]
Jt[ψ](x, u), (23)

for all t ∈ R≥0, x ∈ X , in which S̃τ is the corresponding dynamic programming evolution operator.

As anticipated by this definition of S̃τ , dynamic programming extends under some restrictions to
cover this new class of stationary control problems, yielding a DPP of analogous form to (4), i.e.

W̃τ+t = S̃τ W̃t, for all τ, t ∈ R≥0, see [P27, Theorem 7]. Similarly, the stationary value function W̃t of
(23) is characterized as the solution of a non-stationary HJB PDE analogously to (5), again subject
to some restrictions, see [P27, Theorem 8]. Moreover, the semiconvex and semiconcave transforms D+

ϕ

and D−
ϕ of (9) extend and unify into to a corresponding notion of duality, referred to as static duality,

see [P15]. The associated static dual or transform motivates the definition of a restricted notion of

static dual space fundamental solution semigroup, which in principle facilitates propagation of W̃t of
(23) to longer time horizons analogously to the idempotent dual space fundamental solution semigroup
{B⊕

τ }τ≥0 of (10), see for example [P21, Theorem 3.8, (42)].

In characterizing the trajectories of interest via Hamilton’s action principle and the value function (23),
further insight into the structure of the argstat involved is available if the restriction u 7→ Jt[ψ](x, u)
is convex for all sufficiently short horizons t ∈ R>0, e.g. where X is finite dimensional. In that
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case, any long horizon trajectory can be represented as a temporal concatenation of sufficiently many
sufficiently short horizon trajectories, each of which is optimal in an appropriate short horizon optimal
control problem (1). Consequently, as the long horizon trajectory cannot be optimal with respect to
the long horizon optimal control problem (1), but rather is stationary in the sense of (22), (23), the
loss of optimality on the long horizon must be confined to a finite collection of intermediate states
that connect the short horizon trajectories. That is, elements of the argstat (22) implicit in (23) can
be represented as piecewise optimal short horizon trajectories joined together by intermediate states
that are stationary, and not optimal, in an appropriate sense [P23]. This insight is particularly useful
in investigating a corresponding infinite dimensional setting for Hamilton’s action principle.

In the infinite dimensional setting [R7,17], an illustrative energy conserving system is one which exhibits
lossless wave dynamics. A wave equation that exhibits these dynamics is given by [P2,12, 22, 23],

ẍ = −Λx, (24)

in which Λ is an unbounded, linear, invertible, positive, self-adjoint operator, with domain H2
.
=

dom (Λ) that is dense in an appropriately defined L 2-space H, and whose inverse Λ−1 ∈ L(H) is

compact. Λ has a unique, positive, self-adjoint square-root Λ
1

2 , the domain of which is a Hilbert
space H1

.
= dom (Λ

1

2 ) with inner product 〈x, y〉1
.
= 〈Λ

1

2 x, Λ
1

2 y〉, x, y ∈ H1 derived from 〈 , 〉 on H.
Motivated by (2), (19), (20), encapsulating optimal and stationary control problems (1), (23) follow
via the selection of kinetic and potential energies T and V on U

.
= X

.
= H1, see [P2,12, 22], with

ℓ(x)
.
= −V (x)

.
= −1

2 ‖x‖
2
1, M

.
= I ∈ L(X ), T (u) = 1

2 ‖u‖
2, (25)

for all x, u ∈ X . Unlike the setting where X is finite dimensional, the restriction u 7→ Jt[ψ](x, u)
obtained is not strongly convex, or even convex, for any sufficiently short time horizon t ∈ R>0.
Indeed, there exist directions in which it is demonstrably concave [P2]. Consequently, the encapsulating
optimal control problem of (1), (25) is ill-posed, as per the long horizon finite dimensional case outlined
above, insofar as it does not encapsulate or describe trajectories that render the action (19) stationary
in the required sense. This necessitates the consideration of a stationary control problem (23).

As indicated in the discussion surrounding (21), boundary conditions can be imposed to restrict
attention to trajectories that satisfy TPBVPs, and this extends to the infinite dimensional setting.
Moreover, replacing the unbounded operator Λ in (24) with its bounded Yosida approximation [R20]
yields a parameterized family of approximate wave equations of the same form. These approximate
wave equations are also lossless in an appropriate sense, and the corresponding action can be formalized
by replacing the kinetic energy T in (19), (25) with Tµ(u)

.
= 1

2 ‖u‖
2+µ

2 ‖u‖
2
1, u ∈ U

.
= X

.
= H1, in which

µ ∈ R≥0 is an approximation parameter. The approximate encapsulating optimal control problem
and stationary control problem formulations follow as per (1), (23), with the crucial difference being
that the corresponding approximate restriction u 7→ J

µ
t [ψ](x, u) of the cost (2) recovers the strong

convexity behaviour observed in the finite dimensional setting [P2,12,22,23]. This facilitates the short
horizon trajectory concatenation approach outlined in that setting to be applied, yielding trajectories
that satisfy TPBVPs constrained by the aforementioned approximate wave equation. The Trotter-
Kato theorem [R20] subsequently provides the machinery required to guarantee that these trajectories
converge to those of the exact problem in the limit of the approximation parameter tending to zero.
The argument involved applies for any boundary conditions, and facilitates the construction of the
fundamental solution group generated by Λ. This construction is documented in detail in [P2,23].

Figure 6 illustrates an example in which −Λ is the Laplacian on X
.
= [0, 1]2 ⊂ R

2, with H
.
= L 2(X;R),

H1
.
= dom (Λ

1

2 ), H2
.
= H 2

0 (X;R), and U
.
= X

.
= H1. With time horizon t

.
= π

3 , two boundary
conditions are specified, i.e. x0

.
= 0 ∈ X , and ẋt ∈ U as illustrated in Figure 6(a), with the remaining

initial data ẋ0 computed using the above construction [P2] and illustrated in Figure 6(b).
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Figure 6: Boundary conditions in a stationary action control problem involving (24), see [P2].

2.6 Optimization-based optimal feedback synthesis

In a standard reparameterization [R15], the finite horizon value function Wt of (1) can be recast as a
function of an initial time s ∈ [0, t] rather than the time horizon t ∈ R≥0, via

Us(x)
.
=Wt−s(x) (26)

for all s ∈ [0, t], x ∈ X , in which the time horizon t is now implicit in Us. This reparameterized value
function is characterized as the solution of a corresponding DPP and as the viscosity solution of a
non-stationary HJB PDE, c.f. (4), (5), with the latter given by

0 = −
∂Us

∂s
(x) +H(x,∇Us(x)), Ut(x) = ψ(x), (27)

for all s ∈ [0, t], x ∈ X , in which H is the same convex Hamiltonian from (5). The characteristic
system [R11,15, 18, 21, 23] associated with HJB PDE (27) is given by





ẋr = −∇pH(xr, pr), xt = y,

ṗr = ∇xH(xr, pr), pt = ∇ψ(y),

żr = −〈pr, ∇pH(xr, pr)〉+H(xr, pr), zt = ψ(y),

(28)

for all r ∈ [0, t], y ∈ X . Using (28), the value function Us of (26) is equivalently characterized as the
unique minimax solution [R18] of HJB PDE (27). In particular, it has the equivalent form

Us(x) = inf
y∈Ys(x)

J∼
s [ψ](x, y), Ys(x)

.
= {y ∈ X |xs = x, xt = y} ,

J∼
s [ψ](x, y)

.
= zs = ψ(y) +

∫ t

s

l(xr) +
1
2 〈K(xr, pr), MK(xr, pr)〉 dr, xs = x, y ∈ Ys(x)

(29)

for all s ∈ [0, t], x ∈ X , in which r 7→ (xr, pr, zr) satisfies the characteristic system (28), and the
feedback map K is as per (6). This minimax solution characterization provides an optimization-based
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representation for the value function Us of (26), in which the restriction y 7→ J∼
s [ψ](x, y) of (29),

equivalent to (2), is minimized over all admissible terminal states y ∈ Ys(x) of TPBVP solutions
defined with respect to the characteristic system (28). Motivated by (29), see [P17], an approximation
Ûs for the minimax solution Us is obtained by reparameterizing the characteristic field of (28) with
respect to the initial costate ps = p ∈ X , rather than the terminal state xt = y ∈ X . In particular,

Ûs(x)
.
= inf

p∈X
Ĵs[ψ](x, p),

Ĵs[ψ](x, p)
.
= ψ(xt) +

∫ t

s

l(xr) +
1
2 〈K(xr, pr), MK(xr, pr)〉 dr, xs = x, ps = p,

for all s ∈ [0, t], x, p ∈ X , subject to the dynamics in (28). The corresponding approximation of the
value function (1) and associated feedback control policy approximating (6) are given by

Ŵt(x) = Ût−s(x), K̂t−s(x)
.
= K

(
x, argmin

p∈X

Ĵs[ψ](x, p)

)
, (30)

for all s ∈ [0, t], x ∈ X . Details concerning the development and application of this approach to
standard finite horizon optimal control problems, and in particular its scalability with respect to state
space dimension, are documented in [P17]. Figure 7 illustrates the approximate value function Ŵt of
(30) computed for a specific finite horizon optimal control problem with state space dimension n

.
= 5,

see [P17]. An extension of this approach to the synthesis of control Lyapunov functions via Zubov’s
method [R5] is explored in [P9,18, 19].

(a) Value function slice. (b) A posteriori error slice.

Figure 7: Approximately solving an Eikonal equation with X
.
= R

5 [P17].

2.7 Auxiliary advances

This project has also supported a range of auxiliary advances, including in extremum seeking feedback
control for dynamical systems evolving on manifolds [P16], networked control and observer design,
[P6, 7, 14, 26, 35], quantum control [P28, 37, 38], and stability theory [P5, 25, 29, 34, 39]. The details are
diverse and are omitted for brevity.
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