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ABSTRACT 

In this thesis, performance analysis of direction of arrival estimation using an 

antenna array is performed. We apply methods and concepts commonly used in 1-d linear 

and 2-d planar arrays to create a 3-d isotropic, uniform volume array. We compare and 

contrast the effectiveness of a 1-d, 2-d, and 3-d uniform isotropic array to observe the 

advantages of each. We incorporate the effect of element factor when using half-wave 

dipole antenna elements rather than isotropic point sources for the elements in our array. 

We also consider the polarization of the incident wave impinging upon the array. We 

build three 3-d orthogonal arrays of colinear dipoles and evaluate their performance using 

two estimation techniques over varying angles of incidence and power levels. The 

estimation techniques utilized are the maximum likelihood estimation (MLE) and 

minimum variance distortionless response (MVDR), which are compared against the 

Cramér–Rao bound (CRB). Performance analysis of these arrays corresponding to the 

two estimation techniques is performed and summarized. The results show the benefits 

and limitations of a uniform 3-d antenna array over others. 
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CHAPTER 1:
Introduction

1.1 Direction Finding Estimation Introduction
In the modern era of antennas, there has been a great deal of work in the area of direction
finding (DF) and parameter estimation. Ever since the first antenna models (dipoles, loops,
etc.) were used to form an array of antennas [1], the concept of direction finding has greatly
evolved with the advent of modern digital processing and simulation. Direction finding has
applications in radar, astronomy, communications, sonar, seismology, medical applications,
and many others [2]. The potential to track and monitor targets in real time over large
geographical areas makes the applications for this area of study seemingly limitless.

1.2 Motivation
Numerous texts and papers discuss mature direction finding using uniform, isotropic antenna
array models for both 1-d (1-dimensional) and 2-d (2-dimensional), including [1]–[9].

Although there have been studies in 3-d (3-dimensional) arrays, such as surface cylinders
due to physical constraints [10], our goal here is to study a true volumetric array. Uniform
linear and planar, isotropic arrays in 1-d and 2-d such as in [2], are a logical place to start
our expansion into the realm of volumetric 3-d antenna arrays. From here, we can expand
our model to a 3-d uniform, volumetric antenna array, as shown in Figure 1.1. Comparison
of these three different uniform arrays will give some intuitive insight into the numerical
advantage of a 3-d volumetric array over a 2-d planar array and 1-d linear array.

Moreover, replacing isotropic point sources with real elements (dipoles, loops, etc.) allows
us to closely model and simulate how a 3-d antenna array would function practically with
direction finding and parameter estimation, as shown in the model in Figure 1.2. Consid-
ering the actual element factors of a half-wave dipole, as well as taking into account the
polarization of the incident wave upon the array, has significant impact upon the estima-
tion techniques performed. Both of these concepts are crucial to the understanding of the
simulation results as they would apply to physical implementation and application.
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Figure 1.1. Isotropic, uniform volumetric array with 3 elements along 𝑥, 𝑦,
and 𝑧 axes spaced integer multiples of 𝑑 apart.

Figure 1.2. 3-d colinear dipole arrays, 𝑁𝑥 = 𝑁𝑦 = 𝑁𝑧 = 3, where 𝑁 is the
number of elements per dimension spaced 𝜆

2 apart, and centered at the origin.
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Three-dimensional antenna arrays (as another dimension is added to 2-d) require significant
computation and signal samples to accurately and precisely estimate the direction of arrival
of a signal. One reason is due to the constraints and limitations of the maximum likelihood
estimation (MLE) and minimum variance distortionless response (MVDR) estimation tech-
niques, which will be discussed further. Additionally, we compare the performance of these
estimation techniques against the standard of the Cramér–Rao bound (CRB) for each case
to be examined, as in [1], [5], and [7].

1.3 Objective
One of our objectives in this thesis is to extend an accurate model for an isotropic, point-
source uniform 1-d array to both 2-d and 3-d point-source uniform arrays. This allows us
to create an accurate simulation of the 3-d dipole array and to evaluate its performance as
a direction finding estimator, which will be compared with both 2-d and 1-d with the same
number of antennas (𝑁) in each direction (thus, 𝑁2 for a 2-d square array, and 𝑁3 for a 3-d
cubic array).

From here, we can replace our isotropic point source antenna with a half-wave dipole
antenna and compare the effectiveness of our 3-d antenna arrays. This is performed by
considering the actual element factors of the colinear dipoles, which are based on their
orientation in Cartesian space and the polarization of the incident wave [4]. This study gives
insight to the numerical advantage of a true 3-d volume array over a 2-d planar array and
evaluates the feasibility of constructing such an array using real half-wave dipole elements.

1.4 Thesis Organization
This thesis is organized as follows. In Chapter II, we describe the concept of an array
manipulation vector that is used in our system model. This baseline concept is crucial to
accurately simulating the antenna array model for our analysis. After we introduce the array
manipulation vector in 1-d, we apply concepts of geometry and properties of matrices to
expand our signal model to be manipulated in both 2-d and eventually 3-d. Additionally,
we introduce the concept of the element factor and normalized array pattern to use with a
half-wave dipole antenna model. In Chapter III, we discuss the application and limitations
of our estimation techniques: MLE and MVDR. In Chapter III, we also present and explain

3



the basis for the CRB. In Chapter IV, we evaluate the effectiveness of the MLE and MVDR
techniques by comparing the results against the CRB when applied to a uniform 1-d, 2-d,
and 3-d antenna arrays. In Chapter V, the same performance analysis is conducted, but with
3-d antenna arrays using half-wave dipole elements of different orientation, to compare
and contrast the effectiveness of each array estimate. In Chapter VI, we summarize our
conclusions and propose possible future work in this area.
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CHAPTER 2:
Development of 3-d Volumetric Antenna Array Model

2.1 The Array Manipulation Vector

2.1.1 The 1-D Array Manipulation Vector
Traditional antenna array models use the concept of the array manifold vector [1], array
steering vector, or array manipulation vector [2]. It is worth noting that this signal concept
has proven to be very useful and further discussion can be found in several sources such
as [11], [12]. We assume a plane-wave signal impinging on the array of the form 𝑠(𝑡)𝑒 𝑗𝜔𝑐𝑡 ,
where 𝑠(𝑡) is the baseband signal and 𝜔𝑐 is of course equal to 2𝜋 𝑓𝑐 where 𝑓𝑐 is the carrier
frequency. For a uniform linear 1-d array, the signal received at one element of the array is
just a delayed version from one adjacent to it.

Thus, the received signal (where 𝑛 = 0, 1, 2, ..., 𝑁 − 1 is the element index) then becomes

s(t − 𝜏0)ej𝜔c (t−𝜏1)

s(t − 𝜏1)ej𝜔c (t−𝜏2)

.

.

.

s(t − 𝜏𝑁−1)ej𝜔c (t−𝜏N−1)


, (2.1)

where 𝜏𝑛 is the propagation delay of the 𝑛𝑡ℎ element of the array to a common reference
point , e.g., 𝑛 = 0 in our case [1]. In the case of the uniform linear array,

𝜏𝑛 = −d𝑥𝑛
c

sin𝜃, (2.2)

where 𝜃 is measured from broadside. To avoid grating lobes, we let 𝑑𝑥 be 𝜆
2 , where 𝑑𝑥 is the

space between elements along the 𝑥-axis shown in Figure 2.1.
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Figure 2.1. Isotropic, uniform linear array with four elements along 𝑥-axis.

In the case of the narrowband assumption, 𝐵 << 𝑓𝑐/𝐿, where 𝐵 is the bandwidth and 𝐿
is the length of the aperture in wavelengths. So, the received signal in equation (2.1) is
approximated by 𝑠(𝑡 − 𝜏𝑛) ≈ 𝑠(𝑡) [1]. Notice that we can separate 𝑠(𝑡) effectively from the
array manipulation vector v(𝜃), which is given by

v(𝜃) =



ej2𝜋d𝑥 (0) sin𝜃
𝜆

ej2𝜋d𝑥 (1) sin𝜃
𝜆

.

.

.

ej2𝜋d𝑥 (𝑁−1) sin𝜃
𝜆


. (2.3)
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Incorporating 𝑑𝑥 = 𝜆
2 , v(𝜃) is then simplified [2] to

v(𝜃) =



ej(0)𝜋sin𝜃

ej(1)𝜋sin𝜃

.

.

.

ej(N−1)𝜋sin𝜃


. (2.4)

2.1.2 The 2-D Array Manipulation Vector
Taking the results of our simplified uniform linear array manipulation vector, v(𝜃), we can
apply this to the 2-dimensional case shown in Figure 2.2.

Figure 2.2. 2-d isotropic, uniform planar array with 5 elements along both
the 𝑥 and 𝑦 axis.

In the case where 𝑑𝑥 = 𝑑𝑦 = 𝜆
2 for our uniform, planar 2-d array, the array manipulation

7



matrix, V(𝜃, 𝜙), becomes an 𝑁 × 𝑀 matrix in general [2]. In this case, 𝑁 is the number of
elements in the 𝑥-direction, and 𝑀 is the number of elements in the 𝑦-direction. Elements
along the 𝑦-axis are then identified by 𝑚: 0, 1, 2, ..., 𝑀 , where each element of the matrix
V(𝜃, 𝜙) is of the form

exp[j𝜋(nsin𝜃cos𝜙 + msin𝜃sin𝜙)] . (2.5)

This resulting matrix, V(𝜃, 𝜙), can be reshaped by stacking the vectors to obtain an 𝑁𝑀 ×1
array manipulation vector v(𝜃, 𝜙) for use in the 2-d case [2]. Mathematically the vec
operation (which stands for vectorize) is used [2].

2.1.3 The 3-D Array Manipulation Vector
The concept discussed in the previous section can now be applied to 3-dimensional case as
shown in Figure 2.3. In the case where 𝑑𝑥 = 𝑑𝑦 = 𝑑𝑧 =

𝜆
2 for our uniform 3-d volumetric

array, the array manipulation matrix is a 𝑁 × 𝑀 × 𝐿. Elements along the 𝑧-axis are then
identified by 𝑙: 0, 1, 2, ..., 𝐿, where each element of the matrix V(𝜃, 𝜙) is of the form

exp[j𝜋(nsin𝜃cos𝜙 + msin𝜃sin𝜙 + lcos𝜃)], (2.6)

which is based on the 𝑥(𝑛), 𝑦(𝑚), and 𝑧(𝑙) element’s position in the array and respective
to the reference point (origin of zero). Like in the 2-d case, the resulting matrix, V(𝜃, 𝜙),
can be reshaped by stacking the vectors to obtain an 𝑁𝑀𝐿 × 1 array manipulation vector
v(𝜃, 𝜙) for use in the 3-d case.

8



Figure 2.3. Isotropic, uniform volumetric array with 5 elements along 𝑥, 𝑦,
and 𝑧 axes spaced integer multiples of 𝑑 apart.

2.2 Normalized Patterns of an Isotropic 3-d Uniform, Vol-
umetric Array

It is good to get a spatial consideration of the normalized gain factors for these arrays, rather
than just looking at complex-valued vectors. Consider Figure 2.3 and consider what the
normalized gain pattern for this antenna array would look like for isotropic elements. It can
be shown that the normalized power signal output of an antenna array is [1]

P(𝜃, 𝜙) = |v𝐻 (𝜃, 𝜙)v(𝜃, 𝜙) |2, (2.7)

where P(𝜃, 𝜙) is the unit power beamformer output and H is the Hermitian operator (or
conjugate transpose).

9
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Figure 2.4. Spherical, Cartesian coordinate system with de�ned polarization
vectors for 𝜃 and 𝜙.

Also, it is important to consider the coordinate geometry of the incident plane wave and its
polarization components in terms of 𝜃 and 𝜙. This geometry is shown in Figure 2.4.

Looking at Figures 2.5-2.7, we can get an intuitive feel for the gain pattern of a 3-d isotropic
antenna array for the model shown in Figure 2.3. The power patterns are normalized to the
main beam maximum.
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Figure 2.5. Normalized gain 𝜙 = 0° of an isotropic, 3-d uniform volumetric
array with 5 elements spaced 𝜆

2 along 𝑥, 𝑦, and 𝑧 axes scanned to 𝜃𝑠 = 𝜙𝑠
= 90°.

Figure 2.5 shows a 2-d cut of the normalized gain pattern of a 3-d isotropic array, with
𝜙 = 90° while varying 𝜃 from 0 to 360°. The plot shows the normalized gain pattern in
transmitting mode for a scanning direction of 𝜃𝑠 = 𝜙𝑠 = 90°. By reciprocity [4], this is the
same pattern for the array in the receiving mode. The low levels in Figure 2.5 are due to the
fact that this 𝜙 cut is not through the main beam for this scan angle.
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Figure 2.6. Normalized gain 𝜃 = 90° of an isotropic, 3-d uniform volumetric
array with 5 elements spaced 𝜆

2 along 𝑥, 𝑦, and 𝑧 axes scanned to 𝜃𝑠 = 𝜙𝑠
= 90°.

Figure 2.6 shows a cut of the normalized gain pattern of a 3-d isotropic array, with 𝜃 = 90°
while varying 𝜙 from 0 to 360°. The plot shows the normalized gain pattern in transmitting
mode for a scanning direction of 𝜃𝑠 = 𝜙𝑠 = 90°. By reciprocity [4], this is the same pattern
for the array in the receiving mode. The peak values at 90° and 180° are the main beams
that can be seen clearly in Figure 2.7.

12



u 

w 

II 

1 

0.5 

0 

-0.5

-1

1

0.5 

0 

1 

-0.5

-1 -1

Y=IElsin(0)sin(¢) 
X=IElsin(0)cos(¢) 

Figure 2.7. 3-d mesh plot of the gain pattern for an isotropic, 3-d uniform
volumetric array with 5 elements along 𝑥, 𝑦, and 𝑧 axes scanned to 𝜃𝑠 = 𝜙𝑠
= 90°.

Next, Figure 2.7 shows a 3-d mesh plot of the gain pattern we would expect of a 3-d uniform
array of isotropic elements scanned to 𝜃𝑠 = 𝜙𝑠 = 90°. The two main lobes are generally
undesirable, leading to reduced array gain and ambiguities in DF.

2.3 Normalized Pattern of a Colinear Dipole Array
Although mutual coupling is an important implementation concept and is tackled fully in
papers such as [13], it is beyond the scope of this thesis. Neglecting mutual coupling, the
normalized pattern of an antenna array is

f (𝜃, 𝜙) = E(𝜃, 𝜙)v(𝜃, 𝜙), (2.8)

where E(𝜃, 𝜙) is the element factor of a single antenna and v(𝜃, 𝜙) is the normalized array
factor [4] (which is the array manipulation factor discussed previously). In the case of a
3-d array of colinear dipoles parallel to the 𝑥, 𝑦, or 𝑧-axis shown in Figure 2.8, the element
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factor E(𝜃, 𝜙) can have both 𝜃 and 𝜙 components.

Figure 2.8. 3-d colinear dipole arrays, 𝑁𝑥 = 𝑁𝑦 = 𝑁𝑧 = 5, where 𝑁 is the
number of elements per dimension spaced 𝜆

2 apart, and centered at the origin.

A summary of the element factors for each dipole orientation, based on our defined coor-
dinate system, is shown in Table 2.1 [4]. As an example, the element factor for each 𝑥, 𝑦,
and 𝑧 directed dipole array is shown and explored in Section 2.4. Because of each array
axis-oriented alignment, the 𝜃 and 𝜙 components will vary.

We can now use the normalized pattern, f(𝜃, 𝜙), as the array manipulation vector for the

Table 2.1. Summary of half-wave dipole element factors

Orientation E𝜃 E𝜙

X Colinear − cos( 𝜋2 sin𝜃cos𝜙)
(1−sin2𝜃cos2𝜙) cos𝜃cos𝜙 cos( 𝜋2 sin𝜃cos𝜙)

(1−sin2𝜃cos2𝜙) sin𝜙

Y Colinear − cos( 𝜋2 sin𝜃sin𝜙)
(1−sin2𝜃sin2𝜙) cos𝜃sin𝜙 − cos( 𝜋2 sin𝜃sin𝜙)

(1−sin2𝜃sin2𝜙) cos𝜙

Z Colinear cos( 𝜋2 cos𝜃)
(1−cos2𝜃) sin𝜃 0
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purposes of estimating direction of arrival at the three colinear dipole arrays.

2.4 Normalized Patterns of a Half-Wave Dipole 3-d Uni-
form, Volumetric Array

As was shown for the 3-d isotropic array in Section 2.3, we can look at at Figure 2.7
and examine the normalized gain factors of the uniform dipole arrays. Plotting normalized
patterns gives a more intuitive and spatial understanding of their normalized gain patterns,
rather than the mathematical element factors listed in Table 1. Looking at Figures 2.9 and
2.10, we point to the gain patterns of a 3-d half-wave dipole, uniform volume array, with
elements colinear with the 𝑥, 𝑦, and 𝑧-axes as shown.

Figure 2.9 shows 2-d cuts of the normalized gain patterns for a uniform 3-d half-wave
dipole, 𝑥, 𝑦, and 𝑧-axis colinear volumetric array, with 𝜙 = 0° while varying 𝜃 from 0 to
180° for a scanning direction of 𝜃𝑠 = 90°, 𝜙𝑠 = 0°.
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Figure 2.9. Normalized gain (𝜙 = 0°) patterns for a uniform 3-d half-wave
dipole, 𝑥, 𝑦, and 𝑧-axis colinear volumetric arrays with 5 elements along 𝑥,
𝑦, and 𝑧 axes and a scanning direction of 𝜃𝑠 = 90°, 𝜙𝑠 = 0°.
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In comparison, Figure 2.10 shows 2-d cuts of the normalized gain patterns for a uniform
3-d half-wave dipole, 𝑥, 𝑦, and 𝑧-axis colinear volumetric array, with 𝜃 = 90° while varying
𝜙 from 0 to 360° for a scanning direction of 𝜃𝑠 = 90°, 𝜙𝑠 = 0°. A similar pattern results for
both Figure 2.9 and 2.10 if the scan direction was set to 𝜃𝑠 = 𝜙𝑠 = 90°, however, the beam
is rotated 90° around the 𝑧-axis.
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Figure 2.10. Normalized gain (𝜃 = 90°) patterns for a uniform 3-d half-wave
dipole, 𝑥, 𝑦, and 𝑧-axis colinear volumetric arrays with 5 elements along 𝑥,
𝑦, and 𝑧 axes and a scanning direction of 𝜃𝑠 = 90°, 𝜙𝑠 = 0°.

Figure 2.11 shows a 3-d mesh plot of the same z-colinear array, with a 𝜃 (vertically) polarized
wave that gives a spatial feel for the gain pattern we would expect of this antenna array.
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Figure 2.11. 3-d Mesh plot of the gain pattern for a vertically polarized
wave for a z-colinear, half-wave dipole, 3-d uniform volumetric array with 5
elements along 𝑥, 𝑦, and 𝑧 axes scanned to 𝜃𝑠 = 𝜙𝑠 = 90°.

In the case of Figure 2.11, the pattern is very similar to the isotropic pattern, because the
beam is scanned broadside to the 𝑧-directed dipoles.
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CHAPTER 3:
Development of Direction Finding Estimation

Techniques

3.1 Simulation Model
The estimation techniques examined in this thesis are the MLE and the MVDR [9]. It should
be said in general that MLE is expected to perform better than MVDR, but at the cost of
being much more computationally expensive [2]. We will compare the performance of these
two estimation techniques against the CRB.

For the purposes of our estimation, we let x(t) be our signal plus noise model, with the
assumption that the noise is temporally and spatially white complex Gaussian. To be clear,
x(t) is a vector since v(𝜃, 𝜙) is a vector. Therefore,

x(t) = s(t)v(𝜃, 𝜙) + w(t). (3.1)

It is usual to model the amplitude of our signal, s(t), to be complex Gaussian and thus it
can be shown that the covariance [1] of our signal component is

Cs = E[|s(t) |2]v(𝜃, 𝜙)v𝐻 (𝜃, 𝜙) = Psv(𝜃, 𝜙)v𝐻 (𝜃, 𝜙) (3.2)

where E is the expectation operator, P𝑠 is average signal power, and H is the Hermitian
operator (or conjugate transpose). Since the noise is independent from the signal, the overall
received signal is described by a single covariance matrix,

Cx = Cs + 𝜎2I. (3.3)

For the purposes of calculating the CRB, the Fisher information matrix, F, can be shown to
be [1]

F = 2𝑆𝑁𝑅2(v𝐻 (𝜃, 𝜙)Cx
−1v(𝜃, 𝜙)) (v̇𝐻 (𝜃, 𝜙)Cx

−1v̇(𝜃, 𝜙)) (3.4)

where v̇(𝜃, 𝜙), is the derivative of our derived, normalized array manipulation vector with
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respect to 𝜙 or 𝜃, as appropriate for the parameter being estimated. Then, the CRB can be
calculated as

CRB =
1
K

F−1, (3.5)

where 𝐾 is the number of snapshots or independent measurements taken [1].

We now use this calculated CRB as a baseline to evaluate the effectiveness of our DOA
MLE technique. First, the MLE is calculated by [2]

L(𝜃, 𝜙) = −[𝑙𝑛(𝑑𝑒𝑡 (Cx)) + 𝑡𝑟 [C−1
x Cx̃]], (3.6)

where 𝑑𝑒𝑡 is the determinant of our matrix, 𝑙𝑛 is the natural logarithm, and 𝑡𝑟 is the trace
operator of our resultant matrix. Additionally, Cx̃ is the sample correlation matrix defined
by [2]

Cx̃ =
1
𝐾

𝐾∑︁
𝑘=1

xkxHk (3.7)

and xk is a 𝑁𝑀𝐿 × 1 (for the 3-d array case) received signal which is generally a complex
Gaussian random vector [2]. Once 𝐿 (𝜃, 𝜙) is calculated, we find the minimum which is
associated with a numbered 𝑏𝑖𝑛 of our search grid for either 𝜃 or 𝜙. The estimated direction
of arrival is the angle associated with the bin number with the minimum of 𝐿 (𝜃, 𝜙) function.

For the MVDR estimate, we calculate the following [2]

Q̂mvdr = v𝐻 (𝜃, 𝜙)C−1
x̃ v(𝜃, 𝜙). (3.8)

Moreover, like the MLE discussed previously, we find the local minimum of the function
and the estimated direction of arrival are the angles associated with the closest search bin
value associated with that minimum.
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CHAPTER 4:
Isotropic Array Results and Analysis

4.1 MLE Performance, Experiment 1.a
For our first experiment, we look at the results of the 3-d 125 antenna array (5 × 5 × 5),
2-d 25 antenna array (5 × 5), and 1-d antenna array (5 × 1). All three arrays are isotropic,
uniform antenna arrays. The number of snapshots, 𝐾 , is 50 and the number of Monte-Carlo
simulations is 3000. The angles of the plane wave are 𝜃 = 45° and 𝜙 = 30°, respectively
with 61 search bins from a scan of 30° on either side of the angle respectively. That is, the
search scan of 60° for the angle of arrival is divided into 61 equally spaced angles, for a
scan resolution of about 1°. The first results to be examined are the MLE variance and mean
estimates for both 𝜃 and 𝜙. The performance curves are shown in Figures 4.1-4.4.
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Figure 4.1. Variance for estimation of 𝜃 from the 3 isotropic, uniform arrays,
3-d cube (5 × 5 × 5) vs. 2-d square (5 × 5) vs. 1-d line (5 × 1)
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Examining the variance of the estimates in Figures 4.1 and 4.3, it is seen that the MLE
performs extremely well, closely following the CRB for each respective dimensional array.
Next, the mean estimates shown in Figures 4.2 and 4.3 are accurate with respect to the
actual angle of arrival of the impinging signal. This accuracy is due to choosing favorable
(broadside) angles with respect to the orientation of the 1-d array. That is, we assume a 1-d
array along the 𝑧-axis for the 𝜃 estimate, and we assume a 1-d array along the 𝑥-axis for the
𝜙 estimate. Moreover, note that the mean angle estimate of 3-d converges to true angle first
followed by the angle estimate of 2-d, with the angle estimate of the 1-d array converging
to true angle last. The increase in performance makes sense considering the increase in
array size: 5 antennas for 1-d (5 × 1), 25 antennas for 2-d (5 × 5), and 125 antennas for
3-d (5 × 5 × 5). The variances of these arrays are largest when the mean estimates are
inaccurate, i.e. when the SNR is lowest. This low variance (for all three arrays) is about 0.1
at -30 dB SNR (which is expected since this SNR is obviously very low). To make a proper
comparison, we compare performance when all the mean estimates become accurate. The
last array to become accurate is the 1-d array which is at -10 dB SNR. Inspecting Figure
4.3 at the variance of 10−2, we notice that the curves are separated by a performance
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improvement of about 7 dB from 1-d to 2-d and about the same improvement from 2-d to
3-d. To summarize, the performance of the 3-d array is superior compared to 2-d, and 2-d’s
performance is superior to 1-d.

4.2 MVDR Performance, Experiment 1.b
As mentioned earlier, MVDR is another technique we implement in this thesis. MVDR is
potentially more efficient than MLE but it comes with its own computational issues. For
this experiment, we modify slightly the parameters of our earlier experiment due to some
of the limitations of the MVDR estimation technique. For large sparse and ill-conditioned
matrices, the inverse operation of the spatial sampling matrix required by equation (3.8)
can yield ill-defined results when evaluated numerically. There are numerous papers that
mention the ill-defined matrix inverse problem, and some that have solutions to help deal
with the issue [14]. However, for our simulation we’ll reduce the number of antennas in any
given array to three in any (𝑥, 𝑦, or 𝑧-axis) direction. That is, three antennas for 1-d (3×1), 9
antennas for 2-d (3× 3), and 27 antennas for 3-d (3× 3× 3). This is essentially utilizing the
exact array shown in Figure 1.1 of the Introduction section. The number of snapshots, 𝐾 , is
still 50 and the number of Monte-Carlo simulations is still 3000. In addition, the angles of
the plane wave are still 𝜃 = 45° and 𝜙 = 30°, respectively with 61 search bins from a scan
of 30° on either side of the two given angles. The performance results are shown in Figures
4.5-4.8.
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Now examining the variance of the estimates in Figure 4.5 and 4.7, we observe that MVDR
performs nearly as well as the MLE, closely following the respective CRB curves for each
array. Although the MVDR does lag the MLE estimate slightly (shown in Figures 4.6 and
4.8), there is a reason it performs well in this experiment. We assume a favorable geometry
for the angles being estimated. That is, for the 𝜃 estimate we assume a 1-d array along the
𝑧-axis, and for the 𝜙 estimate we assume a 1-d array along the 𝑥-axis. This is because a
1-d array along the 𝑧-axis would be completely independent of a 𝜙 angle of estimation.
Second, there is sufficient snapshots, 𝐾 , such that the MVDR performs nearly identical
to MLE due to isotropic modeling. Our next experiment is modified slightly to show the
impact of reducing 𝐾 . Finally, similar to the MLE estimates shown previously, the increase
in performance makes sense considering the increase in array size: three antennas for 1-d
(3 × 1), nine antennas for 2-d (3 × 3), and 27 antennas for 3-d (3 × 3 × 3).

4.3 MLE vs. MVDR Performance, Experiment 1.c
For our final isotropic experiment, we reduce 𝐾 down to 35. This is to highlight the
performance degradation of the MVDR estimation technique when compared to MLE if
there is insufficient snapshots collected. To summarize, 𝐾 is reduced to 35 and the number
of Monte-Carlo simulations is still 3000. In addition, the angles of the plane wave are still
𝜃 = 45° and 𝜙 = 30°, respectively with 61 search bins from a scan of 30° on either side of
the angle. The performance results are shown in Figures 4.9-4.12.
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Examining the variance of each array and corresponding technique in Figure 4.9 and 4.11,
it is clear that the MVDR lags behind the performance of the MLE, due to the reduction of
𝐾 from 50 to 35. The change in 𝐾 is especially notable for the 3-d array compared to 2-d
and 1-d. The mean estimates of this experiment reflect slightly reduced MVDR variance
performance when compared to MLE for each respective array, as shown in Figures 4.10
and 4.12. It is important to note that although the MVDR may produce a mean estimate
closer to the true AOA at extremely low SNRs, it is a less reliable mean estimate than MLE.
The lesser performance of MVDR compared to MLE is shown in the gap in variance of
the two estimators in Figures 4.9 and 4.11, most notably for the 3-d MVDR performance
compared to MLE. To summarize, by reducing the number of snapshots to 35 as opposed
to 50 from Experiment 1.b in Section 4.2, it can be observed that the MLE performs better
than MVDR specially in the case of 3-d antenna volumetric array.

30



4.4 Summary of Isotropic Results and Findings
In this section, our experiments showed the numerical benefit of increasing the number of
elements and dimension of an antenna array using isotropic antenna elements. Additionally,
it showed the accuracy, reliability, and some limitations of both the MLE and MVDR
estimation techniques. In the next section, we will expand our model by considering practical
antenna elements and the polarization of the incident wave impinging upon the array.
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CHAPTER 5:
3-d Dipole Array Results and Analysis

Now that we have seen the motivation for implementing a 3-d array, we further expand
our 3-d model to include half-wave dipole antenna elements (such as in Figure 2.4) and
include the polarization of the incident wave. For our experiments, we assume the incident
wave to be 𝜃 polarized (refer to Table 1). We first repeat previous experiments under these
conditions by first performing MLE results and we then compare to the MVDR estimation
technique.

5.1 MLE Performance, Experiment 2
For our next experiment, we replace our isotropic antenna elements with half-wave dipole
antennas (as shown in Figure 2.4) and assume the incident wave to be 𝜃 polarized (refer to
Table 1). We compare the results from three 3-d (3 × 3 × 3) arrays of colinear dipoles (𝑥, 𝑦,
and 𝑧, respectively). For these remaining experiments, we reduce the number of antennas
such that any array configuration has three elements per dimension. That is, three antennas
for 1-d (3 × 1), nine antennas for 2-d (3 × 3), and 27 antennas for 3-d (3 × 3 × 3), as shown
in Figure 1.2. Similar to our first isotropic antenna simulations, 𝐾 is 50 and the number of
Monte-Carlo simulations is 3000. The angles of the plane wave are 45° and 30°, respectively
with 61 search bins from a scan of 30° on either side of the two given angles. Again, the
search scan of 60° for the angle of arrival is divided into 61 equally spaced angles, for a scan
resolution of about 1° . The performance of the estimators are shown in Figures 5.1-5.4.
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Figure 5.1. Variance for estimation of 𝜃 from the 3-d colinear, dipole arrays
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Figure 5.2. Mean estimates of 𝜃 from the 3-d colinear, dipole arrays
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Figure 5.3. Variance for estimation of 𝜙 from the 3-d colinear, dipole Arrays
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Figure 5.4. Mean estimates of 𝜙 from the 3-d colinear, dipole arrays

Examining the variances in Figures 5.1 and 5.3, it can be seen that the performance separation
of MLE to CRB for each respective array is in the order we expect (due to element factors
listed in Table 1), with the 𝑧-axis array performing the best, and 𝑦-axis array performing the
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worst. The variance of 𝑥, 𝑦, and 𝑧 estimates improves past 10−1, but they are separated by
a performance improvement of about 1 dB from 𝑧 to 𝑥 arrays, and about 4 dB from 𝑥 to 𝑦
arrays. This performance in the variance closely reflects the separation of our CRB for each
respective array (albeit smaller gaps).

The mean estimates shown in Figures 5.2 and 5.4 correspond to the variance performance
shown in Figures 5.1 and 5.3. For example, mean angle estimate for the 𝑦-axis converges
to the true angle last in Figures 5.2 and 5.4 and as such its variance is farthest from its
corresponding CRB.

For our next experiments, we consider new incident plane wave angles and examine the
resulting estimates of the MLE technique with 3-d colinear dipole arrays.

5.2 MLE Performance, Experiment 3
For the last experiment, we still assume the incident wave to be 𝜃 polarized (refer to Table
1), and we compare the results from three different (3×3×3) arrays of colinear dipoles (𝑥, 𝑦,
and 𝑧, respectively). The number of snapshots has been increased to 65 and the number of
Monte-Carlo simulations is still 3000. The angles of the plane wave are 75° and 105°, with
61 search bins from a scan of 30° on either side of the 𝜃 and 𝜙 true angle respectively. Again,
the search scan of 60° for the angle of arrival is divided into 61 equally spaced angles, for
a scan resolution of about 1° . The performance results are shown in Figures 5.5-5.8.
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Figure 5.5. Variance for estimation of 𝜃 from the 3-d colinear, dipole arrays
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Figure 5.6. Mean estimates of 𝜃 from the 3-d colinear, dipole arrays
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Figure 5.7. Variance for estimation of 𝜙 from the 3-d colinear, dipole arrays
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Figure 5.8. Mean estimates of 𝜙 from the 3-d colinear, dipole arrays
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This experiment shows the significant effect of the polarization of the incident wave and the
orientation of each colinear dipole axis with respect to the performance of the estimators.
Most notably, this impact on performance due to polarization is true for the 𝑥-axis colinear
dipole array. Looking at Figures 5.5 and 5.7, we can see that the variance of the 𝑥-axis
colinear dipole array is nearly 15 dB (delta) from its theoretical CRB. The gap in performance
correlates with the fact that the mean estimate does not converge to the true angle until a
very large SNR of 17 dB SNR in Figures 5.6 and 5.8. Additionally, the variance of the 𝑦-axis
array lags its respective CRB by around 5 dB, which is a direct result from it’s unfavorable
position for this AOA. Of note, it would appear that the 𝑦-axis array converges to a lower
variance than the 𝑥-axis array, which seems to suggest better performance (which we know
not to be true). This issue is explained when the mean estimates are examined in the next
paragraph. The 𝑧-axis array continues to perform best due to its favorable polarization and
orientation with the incident wave, with its variance closely following it’s respective CRB
as expected.

Looking at Figures 5.6 and 5.8 for the mean estimates of 𝜃 and 𝜙 respectively, we see that
the 𝑥-axis array requires a high SNR of 17 dB. Anticipating the need for a higher 𝐾 , we
increase the number of snapshots to 65 for this particular experiment. The 𝑦-axis produces
mean estimates at lower SNR than the 𝑥-axis. But these estimates do not converge to the true
angles (both being off by around 5° ). Of course, the consistent estimates would produce
lower variance as noted in previous paragraph but we note that the angle estimate themselves
are incorrect. However, the 𝑧-axis array produces a precise mean estimate down to -20 dB
SNR and only varies 4° all the way down to -30 dB SNR.

5.3 Summary of 3-d Dipole Results and Findings
In this section, our experiments showed the effect of both polarization and geometric
orientation of the real dipole elements with respect to the incident plane wave impinging
on the antenna array. Additionally, it showed some limitations of the MLE, and particularly
MVDR estimation technique, when considering real antenna elements and polarized waves.
We conclude that the polarization and normalized gain patterns (see Figure 2.8) provided
intuition for the performance of a respective colinear dipole array based on the angle of
incidence for a plane wave and its polarization, which were confirmed by our estimation
performance and results.
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These findings are important to understand the benefit of having 3 orthogonal arrays in
terms of estimation of any incident wave AOA. Having 3 separate orthogonal arrays ensures
that at least one array has a favorable orientation and polarization, such as was shown in
Experiment 3.
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CHAPTER 6:
Conclusion

6.1 Summary and Conclusion
In this thesis, we examined the problem of direction of arrival estimation using a 1-d, 2-d,
and 3-d uniform isotropic antenna arrays. We compared the DF effectiveness of a 1-d,
2-d, and 3-d isotropic uniform arrays to evaluate the advantages and performance of each
configuration. We then compared the results obtained from an isotropic 3-d array with
those obtained by using half-wave dipole antenna elements. We evaluated the performance
using the MLE technique over varying angles of incidence as a function of SNR. With a
given number of snapshots, we compared the variance of the estimates against the CRB.
Additionally, we compared the effectiveness of the MVDR technique to the CRB over
varying angles of incidence and power levels.

Initially, without considering polarization and antenna element factors, we investigated
isotropic antenna configuration. We observed how the increase in the dimension of the
antenna (1-d, 2-d, then 3-d) would affect the performance of the MLE and MVDR techniques
for DF. These numerical findings were an important step to analyze the added benefit of a
3-d volumetric array versus a 3-d planar array.

The comparison of 3 orthogonal 3-d colinear dipole arrays demonstrated the significance
of the incident plane wave polarization relative to the orientation of the array itself. The
benefit of having three separate arrays ensures that the main lobe of at least one array will
receive the impinging wave favorably, even if the others may not (see Experiment 3).

6.2 Future Work

6.2.1 Mutual Coupling
This thesis has shown that the DF estimation methods of both MLE and MVDR could be
effectively expanded to both 2-d and 3-d uniform antenna arrays using half-wave dipoles.
However, one crucial aspect of volume or even planar arrays is the effect of mutual coupling
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between array elements. The mutual coupling problem has been thoroughly explored in [13]
and related works. The mutual coupling problem is shown to become more significant as
the number of elements increases, and would likely impact DF results shown here if not
properly mitigated in implementation. However, further work specific to the 3-d uniform,
volume array problem would be required to account for and mitigate the mutual coupling
phenomenon.

6.2.2 Ill-conditioned Matrices
One problem that was encountered throughout the conduct of this research is the problem
of ill-conditioned matrices. As matrices become extremely large, the likelihood of them
becoming sparse goes up dramatically, which will likely produce inaccurate or unusable
results when an inverse operation is performed. Some papers, such as [14], have produced
some promising results to help condition matrices for these purposes, which could be
implemented in further work.

6.2.3 Phase Error
Additionally, although the noise simulated was complex Gaussian white noise, other forms of
signal interference could be explored to give more accurate simulation results. Experiments
could include phase errors from physical placement or displacement of antenna nodes, let
alone the mutual coupling mentioned above. Phase error effects on performance should be
evaluated.

All of these issues provide potential unique study and exploration into the realm of DF and
angle of arrival estimation theory.
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