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1 Abstract

Insects are spectacular flyers and display exceptional maneuverability made possible through
nimble wing actuation and articulation. Recent research has revealed that the kinematics
of the flapping wing in insects is not fully governed by active control and instead passive
dynamics play an important role on the overall performance. This project focused on seeking
to understand the effects of passive pitch dynamics on the kinematics and performance of
flapping wings through a combination of experimental and numerical means. In chapter 2 we
report on a high-fidelity numerical framework developed to study passively pitching flapping
wings using an immersed boundary-lattice Boltzmann method (IB-LBM). In this chapter we
also discuss the results from our investigation of passively pitching of tandem rectangular
wings in free hovering condition. As insect wings vary widely in shape, in Chapter 3 we
present results on a parametric study performed to investigate the effects of wing shape and
structural properties of the hinge on aerodynamics performance. Finally in Chapter 4, the
results from an experimental study on the effects of external fluid mechanic perturbations on
the performance of passively pitching wings at low Reynolds numbers is presented.

1
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2 High efficiency and high-fidelity immersed boundary-

lattice Boltzmann method numerical simulation frame-

work for flapping wings

2.1 Introduction

Many insects have spring-like elements in the form of elastic materials in their thoraxes,
muscles, and tendons that may reduce the energetic demands of flapping flight and improve
flight efficiency (Lynch et al., 2021). During the flapping flight, insects apply their muscle forces
through the axis close to the leading edge, which creates a moment with respect to the mass
centre of the wing, leading to the passive pitching of the wing due to the interaction between the
wing and the surrounding airflow (Ennos, 1988b). Inspired by insect flight, passively pitching
flapping wings have been implemented in micro aerial vehicles (MAVs) designs (Farrell Helbling
and Wood, 2018). In order to understand the passive pitching mechanism of flapping wings,
various experimental and numerical studies have been conducted (Mazharmanesh et al., 2021;
Lei and Li, 2020). However, passive pitching of tandem ipsilateral wings (e.g. dragonfly)
has not been fully explored. Here, the computation of a rigid rectangular flapping plate with
prescribed flapping and pitching motions and a rigid fruit fly wing with passive pitching in
hovering flight are conducted to validate the present immersed boundary-lattice Boltzmann
method (IB-LBM) solver. The validated solver is then applied to simulate the passive pitching
of tandem rectangular and dragonfly wings.

2.2 Model description

The unsteady incompressible flow is governed by the continuity and Navier-Stokes equations

∇ · u = 0,
∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u+ f , (1)

where u is the fluid velocity, ρ is the constant density, f is the body force and p and ν are
pressure and kinematic viscosity, respectively.

2.3 CFD solver validation

The D3Q19 lattice Boltzmann method (LBM) with multi-relaxation-time (MRT) model is
adopted for simulation of the fluid dynamics. The two-way fluid-structure interactions are
coupled by a feedback immersed boundary method (IBM). In the LBM, the computational
domain is discretised with a fixed Eulerian grid (lattice grid). The fluid is modelled as a set
of fictive particles undergoing streaming and collision over a lattice grid. The macroscopic
dynamics of the fluid is the result of the statistical behaviour of the particles, which are
described by the distribution function gi (x, t). The evolution of this distribution function is
according to (Lallemand and Luo, 2000; Luo et al., 2011)

gi (x+ ei∆t, t+∆t)− gi (x, t) = Ωi (x, t) + ∆tGi, (2)

where gi(x, t) is the distribution function for particles with velocity ei at position x and
time t, ∆t is the time increment, Ωi(x, t) is the collision operator and Gi is the forcing term

2
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Figure 1: Lattice arrangement for D3Q19 model. “D3” stands for “3 dimensions”, while “Q19”
stands for “19 particle speeds”. The zero velocity e0 is not shown.

accounting for the body force f . The D3Q19 model (D’Humieres et al., 2002) is used on a
cube lattice. The lattice arrangement for D3Q19 model is shown in figure 1.

There are several methods to handle the collision operator Ωi (x, t), such as single-relaxation-
time (SRT) model, two-relaxation-time (TRT) model and multiple-relaxation-time (MRT)
model (Krüger et al., 2017). Compared to the SRT collision model, the MRT collision model
has been proven to be more numerically stable (Lallemand and Luo, 2000; Luo et al., 2011)
and therefore is adopted in the current research. In the MRT collision model, the collision
operator is given by (Lallemand and Luo, 2000; D’Humieres et al., 2002):

Ωi = −(M−1SM)ij[gi(x, t)− geqi (x, t)], (3)

where M is a 19× 19 transform matrix for D3Q19 model and S = diag(τ0, τ1, . . . , τ18)
−1 is a

non-negative diagonal relaxation matrix. The determination of S in three-dimensional model
can be found in D’Humieres et al. (2002). The equilibrium distribution function geqi is defined
as

geqi = ρωi

[
1 +

ei · u
c2s

+
uu : (eiei − c2sI)

2c4s

]
, (4)

where cs = ∆x/(
√
3∆t) is the speed of sound, ∆x is the lattice spacing, I is the unit tensor

and the weighting factors ωi are given by ω0 = 1/3, ω1−6 = 1/18 and ω7−18 = 1/36. The
velocity u, mass density ρ and pressure p can be obtained according to

ρ =
∑
i

gi, p = ρc2s, u = (
∑
i

eigi +
1

2
f∆t)/ρ, (5)

The force scheme proposed in Guo et al. (2002) is adopted to determine Gi,

Gi = [M−1(I − S/2)M ]ijFi, (6)

Fi =
(
1− 1

2τ

)
ωi

[ei − u

c2s
+

e · u
c4s

ei

]
· f , (7)

3
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where τ is the non-dimensional relaxation time.
In the present study a feedback IBM (Huang et al., 2021a) is adopted to handle the no-slip

boundary conditions on the flapping wing. In this method a body force f is added in the
Navier-Stokes equation to mimic a boundary condition according to

f(x, t) = −
∫

Fib(s, t)δ(x−X(s, t))dA, (8)

Fib(s, t) = αρ(x, t)(Uib(s, t)−U(s, t)), (9)

Uib(s, t) =

∫
u(x, t)δ(x−X(s, t))dx, (10)

where Fib(s, t) is the Lagrangian force density, dA is the element surface area of the immersed
boundary, δ(x−X(s, t)) is Dirac’s delta function, x is the coordinate of the fluid lattice nodes,
X is the coordinate of the structure (i.e. the flapping wing here), α is the feedback coefficient
and α = 2s in LBM simulations. In dimensionless form α∗ = α/(Uref/Lref ) = 40, and α∗

ranges from 20 to 104 (Huang et al., 2021a). Here Uref and Lref are the reference velocity and
length, respectively. Uib(s, t) is the immersed boundary velocity obtained by interpolation at
the immersed boundary and U(s, t) is the velocity of the wing. The 4-point discrete delta
function δh(x) is used to approximate the Dirac delta function Peskin (2002),

δh(x) =
1

∆x∆y∆z
ζ(

x

∆x
)ζ(

y

∆y
)ζ(

z

∆z
), (11)

ζ(r) =
1

8

(
3− 2|r|+

√
1 + 4|r| − 4r2

)
0 ≤ |r| ≤ 1, (12)

1

8

(
5− 2|r|+

√
−7 + 12|r| − 4r2

)
1 ≤ |r| ≤ 2, (13)

0 |r| > 2. (14)

The numerical method used here has been extensively validated and applied in confined flows
(e.g. 2D collapsible channel flows and 3D collapsible tube flows) in our previous publications
(Huang et al., 2020a, 2021a,b). Here the simulations of a rectangular flapping wing and a fruit
fly flapping wing are further considered to validate the computations of 3D flapping wings.
To reduce the computational effort, a multi-block LBM (Yu et al., 2002) is adopted to provide
high resolution near the solid body, with low resolution in the farfield. A hybrid open multi-
processing (OpenMP) and message passing interface (OpenMPI) parallel computing strategy
has been incorporated into the code to accelerate the computation.

2.3.1 A rigid rectangular flapping plate with prescribed flapping and pitching
motions

A thin and rigid rectangular plate in hovering flight with prescribed flapping and pitching
motions is considered, as shown in figure 2. The wing has a chord length c and a span of
L = 2c. The aspect ratio is AR = L/c = 2.0. The leading edge undergoes two degrees-of-
freedom rotations as the torques activate the wing at the pivot point (Dai et al., 2012),

ϕ =
Aϕ

2
sin

(
2πft+

π

2

)
, θ =

Aθ

2
sin(2πft), (15)

4
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Figure 2: Schematic diagram of the rectangular wing model used in the study.

Table 1: Fluid domain size in x−, y−, and z− directions, finest grid size, grid number, and
CPU time tw of one stroke cycle for the computation of the rectangular wing model. h: hour.

Sources Domain size Finest grid size Grid number (106) tw(h)/ cycle
Dai et al. (2012) [14c, 15c, 15c] 0.05c 1.72 14
Present IB-LBM [14c, 15c, 15c] 0.05c 3.14 0.18

where ϕ is the flapping angle, θ is the pitching angle, f is the flapping frequency, and Aϕ = 2π/3
and Aθ = π/3 are the flapping and pitching amplitudes, respectively. The wing arm (from the
pivot point to the wing root) has length 0.1c. The Reynolds number, drag and lift coefficients
are defined as

Re =
Uc

ν
= 176, CD =

2Fx

ρU2A
, CL =

2Fz

ρU2A
, (16)

where U is the mean wingtip velocity at the leading edge and U = 2Aϕf(L+0.1c) = 8.797cf .
Here Fx and Fz are the force acting on the wing by the ambient fluid in x and z direction,
respectively. A is the surface area of the wing (A = cL for a rectangular plate). As shown
in table 1, the rectangular computational domain has a size of 14c × 15c × 15c, which is the
same size as that of Dai et al. (2012). The most refined grid around the wing is 0.05c, and the
total grid number is 3.14 × 106. The CPU time per one stroke cycle of the present IB-LBM
solver is almost two orders of magnitude lower than that in Dai et al. (2012). Five stroke
cycles are simulated to ensure that all the force histories (e.g. CD and CL) have reached
steady state. Dirichlet boundary conditions for the velocity and pressure are applied on all
six computational boundaries. The grid size of the wing is maintained at half of the fluid grid
size. Figure 3(a) shows the wing kinematics, where the flapping motion leads the pitching
motion by a phase of 90o. A grid convergence study was performed where the grid size (dx)
was systematically decreased from 0.1c to 0.025c. Figure 3(b) shows the comparison of lift
coefficient CL in three different grids densities. The variation in CL was consistent across the
last two consecutive cycles for all three grid sizes, indicating that the flow field had reached a
periodic state. The converged solution for CL produced by dx = 0.025c agrees well with the
computational result of Dai et al. (2012).

5
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Figure 3: Rectangular wing: wing kinematics in two stroke cycles and the time history of the
lift coefficient.
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Figure 4: Shape and dimensions of the fruit fly wing model.

2.3.2 A rigid fruit fly plate with passive pitching in hovering flight

A fruit fly wing in hovering flight with passive pitching is considered to further validate the
current solver. Figure 4 shows the shape and dimensions of the wing. The passive pitching
mechanism is numerically modelled by a torsional spring. The wing has a mean chord length
c with an aspect ratio AR = L2/A = 3.2, where L is the wingspan and A is the wing surface
area. The kinematics of the wing are defined as a combination of the prescribed rotation
around z−axis and the passive pitching motion around y−axis.

ϕ(t) = −Aϕ

2
cos(2πft), (17)

where Aϕ = 7π/9 is the flapping amplitude and f is the flapping frequency. In the numerical
simulation, the pitching angle θ is determined by solving the equation of passive feathering
motion of the wing, as described in Kolomenskiy et al. (2019),

Jyyθ̈(t) + Cθ̇(t) +Ks (θ(t)− θ0) =Maero + Jzyϕ̈(t) cos θ(t) +
1

2
Jyyϕ̇(t)

2 sin 2θ(t), (18)

where Jyy is the moment of inertia around y−axis (i.e. pitching axis) when the wing is rotated
around y−axis, Jzy is the moment of inertia around y−axis when the wing is rotated around

6
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Table 2: Fluid domain size in x−, y−, and z− directions, finest grid size, grid number, and
CPU time tw of one stroke cycle for the computation of the fruit fly wing model. h: hour.

Sources Domain size Finest grid size Grid number (106) tw(h)/ cycle
Lei and Li (2020) [30c, 30c, 30c] 0.03c 6.99 −
Present IB-LBM [30c, 30c, 30c] 0.03c 12.8 2.11
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(a) Wing kinematics
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Figure 5: Fruit fly wing: wing kinematics and the time history of the lift coefficient in three
different grid sizes.

z−axis (i.e. flapping axis), C = 0 is the damping coefficient of the spring, Ks is the torsional
stiffness of the spring, θ0 = 0 is the rest angle and Maero is the aerodynamic pitching moment
on the wing. The non-dimensional groups of the problem include the Reynolds number, mass
ratio and the Cauchy number (a ratio between the aerodynamic force and the elastic spring
force), which are respectively given by

Re =
UL

ν
= 300, M =

ρwh

ρc
= 1, Ch =

ρA2
ϕf

2c3L2

Ks

= 0.15, (19)

where U = 2fAϕL is the mean wingtip velocity, ρw is the density of the wing and h = 0.03c
is the wing thickness. Table 2 shows the rectangular computational domain that has a size of
30c × 30c × 30c, same as that used in Lei and Li (2020). The finest grid around the wing is
0.03c, and the total grid number is 12.8× 106. Six stroke cycles were simulated to ensure that
the flow field reached a periodic state. Figure 5(a) shows the time history of the pitching angle,
which agrees well with the computational result of Lei and Li (2020). The grid refinement
study here shows that the solutions are converged.

2.3.3 Passively pitching tandem wings

Here hovering flight of tandem rectangular wings with passive pitching is simulated. Figure 6
shows the geometric parameters of the wings that have an aspect ratio of AR = L/c = 3.0.
The flapping motions are prescribed as

Forewing : ϕf =
ϕf0

2
cos(2πft) Hindwing : ϕh =

ϕf0

2
cos(2πft+ ψ), (20)

7
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Table 3: Fluid domain size in x−, y−, and z− directions, finest grid size, grid number, and
CPU time tw of one stroke cycle for the computation of the tandem flapping wing model. h:
hour.

Sources Domain size Finest grid size Grid number (106) tw(h)/ cycle
Present IB-LBM [30c, 30c, 30c] 0.04c 9.21 0.63
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0

0.5
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Pitching axis
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L = 3c

d = 1.25c

Figure 6: Geometric parameters of the tandem rectangular wings.

where ϕf and ϕh are the flapping angle for the forewing and hindwing, respectively. Here
ϕf0 = 80o is the flapping amplitude and ψ = π is the phase angle between the flapping motion
of the wings. The pitching motion is solved by equation 18 where the spring damping C = 0
and wing thickness h = 0.03c. The Reynolds number Re = UL/ν = 300, the Cauchy number
Ch = 0.15 and mass ratio M = 1 were assumed for both wings. The distance between fore
and hind wing d = 1.25c, which nominally matched that of real dragonflies. A rectangular
computational domain of size of 30c× 30c× 30c was used and the finest grid around the wing
was 0.04c, and the total grid number was 9.21× 106. Six stroke cycles were simulated. Table
3 shows the domain size and grid data used in this study. Six stroke cycles are simulated and
the last cycle is used to data analysis. Figure 7(a) shows the forewing kinematics. The time
history of the lift coefficient is shown in figure 7(b). The grid refinement study here shows
the results are grid independent. Figure 8 shows the vortical structures at tf = 5.7, and the
hingwing interacts with the shed vorties from the forewing is observed.

2.4 Passively pitching tandem dragonfly wings

Here hovering flight of tandem dragonfly wings with passive pitching is simulated. Figure 9
shows the geometric parameters of the wings. The wing shape belongs to the species Aeshna
Juncea, chosen from Norberg (1972). The forewing is more slender in shape, while the hindwing
is more broader near the base and marginally shorter than the forewing. The forewing has a
mean chord of cf = 8mm and a span of Lf = 49mm, and the hindwing has a mean chord of
ch = 11mm and a span of Lh = 46mm. The wing distance is d = 1.25c = 10mm, measured
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Figure 8: Vortical structures visualized by Q-criterion and colored by pressure at tf = 5.73.
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Figure 9: Geometric parameters of the tandem dragonfly wings.

from the pitching axis of each wing, which nominally matched that of real dragonflies. The
flapping motions are prescribed as

Forewing : ϕf =
ϕ0

2
cos(2πft) Hindwing : ϕh =

ϕ0

2
cos(2πft+ ψ), (21)

where ϕf and ϕh are the flapping angle for the forewing and hindwing, respectively. Here
ϕ0 = 80o is the flapping amplitude and ψ is the phase angle between the flapping motion of
the wings. The pitching motion is solved by equation 18 where the spring damping C = 0 and
wing thickness h = 0.01c for both wings.

The non-dimensional groups of the problem include the Reynolds number, mass ratio and
the Cauchy number, which are respectively given by

Re =
UfLf

ν
, Mf =

ρfh

ρcf
, Mh =

ρhh

ρch
, (22)

Chf =
ρϕ2

0f
2c3fL

2
f

Kf

, Chh =
ρϕ2

0f
2c3hL

2
h

Kh

, (23)

where Uf is the mean wingtip velocity at the leading edge of the forewing and Uf = 2ϕ0fL.
ρf and ρh are the wing density of the forewing and hindwing, respectively. Kf and Kh are the
spring torsional stiffness of the forewing and hindwing, respectively.

The drag, lift and aerodynamic power coefficients and power economy for the forewing and
hindwing are respectively defined as

CDf =
2Fxf

ρfU2
fAf

, CLf =
2Fzf

ρfU2
fAf

, CPf =
−
∫ cf
0

ff · Vfdl

0.5ρfU3
fAf

, PEf =
C̄Lf

C̄Pf

(24)

CDh =
2Fxh

ρhU2
hAh

, CLh =
2Fzh

ρhU2
hAh

, CPh =
−
∫ ch
0

fh · Vhdl

0.5ρhU3
hAh

, PEh =
C̄Lh

C̄Ph

, (25)

where Fxf , Fxh, Fzf and Fzh are the hydrodynamic force acting on the forewing and hindwing
in x and z direction, respectively. Af and Ah are the surface area of the forewing and hind-
wing, respectively. ff and fh are the hydrodynamic traction on the forewing and hindwing,

10

DISTRIBUTION A: Distribution approved for public release.



Y

X

Z

C
Lf

C
Df

X

Z

(a) horizontal stroke plane

Y

X

Z

CX

CZ

C
Lf

C
Df

β

β

X

Z

(b) rotated stroke plane

Figure 10: The schematic diagram of the rotating system.

respectively. Vf and Vh are the velocity of the forewing and hindwing, respectively. C̄Lf , C̄Lh,
C̄Pf and C̄Ph are the cycle-averaged lift and aerodynamic power coefficient for the forewing
and hindwing, respectively. Uh is the mean wingtip velocity at the leading edge of the hind-
wing. Then the total drag, lift and aerodynamic power coefficients and power economy of the
two wings are

CD = CDf + CDh, CL = CLf + CLh, CP = CPf + CPh, PE = PEf + PEh. (26)

Figure 10 shows the schematic diagram of the rotating system. In the simulation, a hori-
zontal stroke plane (figure 10(a)) is used. In the data processing stage, the whole system has
been rotated into an inclined stroke plane angle β = arctan(CD/ − CL), to get a hovering
state where the cycle-averaged drag force is zero. After rotating, the horizontal drag CX and
vertical lift CZ coefficients are calculated as

CXf = −CLf sin β + CDf cos β, CZf = CLf cos β + CDf sin β, (27)

CXh = −CLh sin β + CDh cos β, CZh = CLh cos β + CDh sin β, (28)

CX = CXf + CXh, CZ = CZf + CZh, (29)

where CXf , CXh, CZf and CZh are the horizontal drag and vertical lift coefficients for the
forewing and hindwing, respectively. CX and CZ are the total horizontal drag and vertical
lift coefficients for the two wings.

A rectangular computational domain of size of 30cf × 30cf × 30cf was used and the finest
grid around the wing was 0.04cf , and the total grid number was 10.32× 106. Six stroke cycles
were simulated. Table 4 shows the domain size and grid data used in this study. Six stroke
cycles are simulated and the last cycle is used to data analysis.

2.4.1 Effect of phase angle

Here the effect of phase angle is examined. Nine phase angle differences, ψ = −180o, −135o,
−90o, −45o, 0o, 45o, 90o, 135o, 180o, are considered. The Reynolds number Re = 2000, the
Cauchy number Chf = Chh = 0.15 and mass ratio Mf = Mh = 1 were assumed. In order to
get a stroke plane angle more closer to real dragonflies in hovering [44o, 60o] (Norberg, 1975;
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Table 4: Fluid domain size in x−, y−, and z− directions, finest grid size, grid number, and
CPU time tw of one stroke cycle for the computation of the tandem dragonfly wing model. h:
hour.

Sources Domain size Finest grid size Grid number (106) tw(h)/ cycle
Present IB-LBM [30cf , 30cf , 30cf ] 0.04cf 10.32 0.71

Table 5: Cycle-averaged drag and lift coefficients for phase angle ψ = 180o.

mean forewing hindwing total
CD −0.369 −0.344 −0.713
CL 0.3016 0.2361 0.5377
CX 0.0186 −0.0186 0
CZ 0.4763 0.4168 0.8931

Sun and Lan, 2004; Wang and Russell, 2007; Bode-Oke et al., 2018), a rest angle θ0 = −40o

is chosen.
Table 5 shows the cycle-averaged drag and lift coefficients for phase angle ψ = 180o. The

stroke plane for phase angle ψ = 180o is β = arctan(CD/− CL) = 52.98o. After rotating, the
total horizontal drag CX is exactly zero.

Figure 11 shows the variation of the mean force coefficients with the phase angle. The
variation of the absolute value of the drag force |meanCD| is much more evident than the
mean CL and CZ. The variation trend of the mean CL and CZ is very similar.

Figure 12 shows the variation of power economy PE and stroke plane angle with the phase
angle. The variation of PE is small as change of phase angle, while the stroke plane angle has
a big variation at ψ = −45 and ψ = 45. But the all the stroke plane angle are still within the
range [44o, 60o] as reported in the literature (Norberg, 1975; Sun and Lan, 2004; Wang and
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Russell, 2007; Bode-Oke et al., 2018).

2.5 Conclusions

Validations of an IB-LBM solver for the computations of the hovering flight of prescribed
kinematics for a rectangular flapping plate and a rigid fruit fly wing with passive pitching
were performed. Good agreements of results between current computations and published
data were observed, suggesting the present CFD solver can accurately compute the flow over
flapping wing system. The high-fidelity and efficiency of the solver have also been highlighted
through the grid convergence study and comparing the computational time with previously
published data. The validated solver was then applied to simulate the passive pitching of
tandem rectangular wings. This study provides additional data for benchmarking of CFD
solvers in the simulation of passively pitching flapping wings. More detailed parameter inves-
tigations of passively pitching flapping wings under solitary and tandem configurations will
be conducted in future studies.
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3 Numerical study of passively pitching flapping wings

in hovering flight

3.1 Introduction

Micro air vehicles (MAVs) are deemed the future of sensing capabilities, with great potential
for use in environmental monitoring and homeland security (Shyy et al., 2010). The small
form factor of an MAVs enables it access to previously inaccessible domains which can be
useful for both military and civilian applications. However, the small size of MAVs requires
that more efficient methods of controlling and flying them are employed. The design of MAVs
face an inherent spatial constraint which scales inversely with the level of detectability and
agility desired. The lack of space within an MAVs body to fit complex systems of actuators
and motors to accurately manoeuvre the MAV is a recognised flaw. Flapping wing systems in
insects have demonstrated the versatility and reliability of flapping wings to operate at small
scales, and in numerous conditions. This has accelerated interest into the use of flapping wing
systems in MAV designs (Platzer et al., 2008).

Insect flapping wing kinematics and aerodynamics have been studied extensively by re-
searchers across the world. Insects make use of different methods for lift generation, including
rapid pitch rotation (Dickinson et al., 1999), wake capture (Birch and Dickinson, 2003; Wang,
2005) and delayed stall (Birch et al., 2004; Ellington et al., 1996). Despite the availability
of such knowledge in flapping wing lift generation performance, studies into the optimisation
of flapping wings are still few and the implementation into MAV design still requires further
study.

A key area of interest in the present study is the passive pitching phenomenon observed
in insect flapping wing flight (Ishihara and Horie, 2016; Kolomenskiy et al., 2019; Lei and Li,
2020). Insect flapping wing flight involves wing pitch reversal where the insect periodically
reverses its wing pitch to maintain a positive angle of attack throughout the wingbeat. Passive
pitching is where the wing pitch reversal is done so without active actuation from the insect,
enabled by the elastic, inertial and aerodynamic forces on the wing as it moves through the
stroke (Ishihara and Horie, 2016; Kolomenskiy et al., 2019; Lei and Li, 2020). This phenomenon
potentially reduces mechanical complexity and system mass required in a miniature robotic
systems as it removes the need to actuate the wing in the pitch direction (Whitney and Wood,
2010). With the potential of passively pitching flapping wings to reduce the complexity of
on-board actuator systems, the optimisation of passively pitching flapping wings for maximum
flight performance is a key research interest.

The methods of optimisation of passively pitched flapping wing systems have varied across
various studies with some opting to determine the best leading-edge wing trajectory (Lei and
Li, 2020) and others investigated the variation of performance with wing shapes (Shahzad
et al., 2016). Lei and Li (2020) also investigated the effects of the variation of torsional wing
stiffness on passively pitching flapping wing performance. The present study uses compu-
tational fluid dynamics (CFD) to simulate the passive pitching flapping wing. A torsional
spring model is used to model the passive pitching mechanism. This study is interested in
the combination of torsional spring stiffness and wing shape to achieve the best performance
in a passively pitching flapping wing. The main performance metric of interest is the power
economy (PE), which indicates the extent of lift-generation of the wing in relation to the power
required to operate it. PE will help quantify if a passively pitching flapping wing design can
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Figure 13: Definition of the pitching angle (α) and stroke angle (ϕ). The X-Y-Z coordinate
system represents the body-fixed frame of reference while the X’-Y’-Z’ coordinate system
represents global coordinates.

be optimised for high lifts while maintaining low power requirements and simplicity of design.
Similar to previous efforts at optimising designs of artificial insect-like flyers, nature’s design

of insects provide a good starting point for optimisation (Platzer et al., 2008). In the current
work, flapping wing models of different shapes and torsional spring stiffnesses were studied,
with effort taken to mimic nature’s designs and even beyond. The torsional spring stiffness
was varied by changing the non-dimensional Cauchy number (Ch), which values were selected
based on values known to produce realistic flapping wing kinematic. However, the extension
beyond nature involved investigating the performance of wing shapes not characteristic of
realistic insect wings. In addition, hovering was selected as the flight condition of interest as
it is considered an important flight profile for potential MAV applications.

Section III describes the methodology used in creating the solver, including the kinematics,
wing geometries, grid generation, as well as the numerical method. The verification of the
numerical solver used is discussed in Secion IV and the validation case of a passively pitching
fruit fly wing is shown in Section V. The simulation results and discussion are presented in
Section VI. Finally, conclusions and further recommendations are shared in Section VII.

3.2 Methodology

3.2.1 Kinematics

The solver model was built based on two-angle flapping wing kinematics, where the two angles
of concern are the pitching angle α and the stroke angle ϕ (Fig. 13). The deviation angle θ
above the horizontal plane is taken as zero. In such a case, the leading-edge of the wing remains
parallel to the horizontal plane throughout the flapping action. The stroke angle is prescribed
to the flapping wing model at each time step and is defined by the sinusoidal function in
Equation 30. The stroke amplitude ϕA, was set at the value of 140

o, which corresponds to the
measured kinematics of fruit flies (Drosophila) (Altshuler et al., 2005). The flapping frequency
f is a function of the wing tip velocity (Utip), which was set as 0.1m/s. The kinematics of
the wing was applied to the solver via a user-defined function (UDF). This UDF defines all
dynamic aspects of the model. The pitching angle α at each time step is a result of the
torque on the wing from inertial and aerodynamic effects as it sweeps in the horizontal plane

15

DISTRIBUTION A: Distribution approved for public release.



Figure 14: The increase of r1 sees the area of the wing shift further outboard from the wing
root, which is located at x = 0. Insects in nature are found to have wing shapes with r1 within
the range of 0.43 and 0.563 (Shahzad et al., 2016).

through the fluid. At each time step, the angular acceleration due to the torque on the wing
is calculated and further integrated to get angular velocity α̇. The pitching axis is located at
the leading edge of the wing and the flapping axis is located at the hinge as seen in Fig. 13.
A realistic pitching kinematic sees the pitching angle remain relatively constant through the
mid-stroke and changes rapidly at the wing stroke reversals at the end of each stroke. This
rapid change of pitching angle during the stroke reversal of the stroke is characteristic of insect
flapping wing flight (Dickinson et al., 1999).

ϕ = −ϕA sin(2πft), Utip = 2fϕAR, α1 = α0 + α̇∆t, (30)

Ch =
ρϕ2

Af
2c3R2

Ks

. (31)

In this model, the passive pitching mechanism was modelled with a torsional spring at the
wing hinge, which provides the elastic torque to the wing. The torsional spring stiffness is
further defined by the non-dimensional Cauchy number (Ch). Ch represents the ratio of the
aerodynamic forces acting on the wing and the elastic torsional spring force at the wing hinge.
This ratio is used to vary the stiffness of the torsional spring while maintaining a realistic
flapping wing kinematic. The values of Ch were selected based on values found in literature;
these values have been shown to create realistic passive pitching flapping wing kinematic (Lei
and Li, 2020; Ishihara et al., 2009b).

3.2.2 Wing geometry and mesh generation

Eight different wing shapes were studied and each were generated based on the radius of
first moment of area r̄1, which defines the chord length of different points along the spanwise
direction. The wing shapes were modelled with a constant planform area of 1.0 m2 and the
aspect ratio AR was maintained at 2.96 for all cases. Key parameters used in the present work
were defined with non-dimensional numbers. As such, this high-fidelity model can be scaled
and controlled based on characteristic non-dimensional numbers such as Re, Ch or AR, for
targeted studies. As r1 increases, the planform area of the wing shifts further outboard from
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(a) A domain size of 10c x 10c x 10c was
sufficient

(b) The fine overset region captures key
flow structures

Figure 15: The mesh used for both the background and the overset region closer to the wing
added up to about 3.5× 106 cells. These were found to be sufficient to obtain accurate results
for the numerical study.

the wing root. The equations for wing shape generation were adopted from Ellington (1984):

r̄1 =

∫ 1

0

c̄ · r̄dr̄, r2 = 0.929 (r̄1)
0.732 , (32)

p = r̄1

(
r̄1 (1− r̄1)

r2
2 − r̄21

− 1

)
, q = (1− r̄1)

(
r̄1 (1− r̄1)

r2
2 − r̄21

− 1

)
, (33)

β(p, q) =

∫ 1

0

r̄p−1(1− r̄)q−1dr̄, c̄ =
r̄p−1(1− r̄)q−1

β(p, q)
, (34)

where c̄ and r̄ are the normalised chord length and distance from the wing root in the spanwise
direction. c̄ and r̄ are normalised by the mean chord c and wingspan, R respectively, as
determined from the AR. r̄1 and r̄2 are the non-dimensional radii of the first and second
moments of area of the wing, respectively. Finally, the beta function β(p,q) is defined by r̄1
and the resultant variables p and q. The values of r̄1 chosen for wing shape generation were
chosen between 0.39 and 0.63. Although the r̄1 of most insect wings fall within the range of
0.43 and 0.563 (Ellington, 1984), the present work explores if there are wing shapes that are
more optimal than those inspired by nature.

An overset mesh as shown in Fig. 15 was used in this study, where the region close to the
wing is a separate finer region to the coarser background mesh. A uniform cubic mesh was used
for the background mesh while a triangular mesh is used in the finer region. Inflation layers
were also used at the surfaces of the wing to accurately capture the boundary layers on the
wing. Further modifications were made to the mesh to capture the curvatures of the wing tips.
The mesh near the curved wing tips were essential for calculation of the wing edge vortices
which will be essential to understand the aerodynamics of the flapping wing flight. The fine
region had approximately 2.5× 106 cells while the background mesh had about 1.0× 106 cells.
The use of the overset mesh enabled highly accurate and detailed flow field calculations around
the wing, at a reasonable computational cost. The verification of the reliability of these mesh
settings are explained further in Section IV.
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(a) Cross section of overset mesh region,
showing the mesh refinements around the
wing

(b) Inflation layers used on the wing surface
enabled boundary layers to be captured ac-
curately

Figure 16: Additional mesh treatments were made close to the wing surface to best capture
the flow structures around the wing.

3.2.3 Governing equations and numerical method

The governing equations solved in the numerical solver are the continuity equation and the
conservation of momentum equation, which together make up the incompressible Navier Stokes
equation:

∂ui
∂xi

= 0;
∂ui
∂t

+
∂uiuj
∂xj

= − ∂p

∂xi
+

1

Re

∂2ui
∂xi∂xj

, (35)

where ui,j are the velocity components, p is the pressure, and Re is the Reynolds number.
A finite volume method (FVM) was used to solve the above equations. A pressure-based

solver algorithm was employed, in which the continuity constraint of the velocity field is
achieved through solving a pressure equation. This pressure equation is derived from the
continuity and momentum equations, where a pressure correction is applied to the velocity
field.

A laminar flow model was used in the numerical solution as the Reynolds number (Re)
was kept constant at 300. Relative densities of the wing and the fluid was set by the mass
ratio (M). The value of M dictates the relative effects of the aerodynamic forces versus the
inertial forces and is generally kept at 1.0 for rigid wings (Luo et al., 2010). For the purpose
of this study, this mass ratio covers a wide range of species of insects such as fruit flies and
honeybees (Lei and Li, 2020). The equations used to calculate the key parameters used are:

Re =
ρUtipR

µ
, M =

ρsh

ρc
, h = 0.03c, (36)

where R is the wingspan, f is the flapping frequency, h is the wing thickness, and c is the
mean chord length of the wing.

The passive pitching of the flapping wing is enabled by the aerodynamic and inertial forces
that act on the wing as it sweeps through the fluid domain. The elastic torque on the wing
from the torsional spring at the wing hinge also contributes to the passive pitching on the wing

18

DISTRIBUTION A: Distribution approved for public release.



(a) Comparison of CL with different do-
main sizes

(b) Comparison of CL with different overset
grid sizes

Figure 17: Comparison of the CL from the domain independence study and grid independence
study. Both revealed that a domain size of 10c and a overset region grid size of 0.05c were
sufficient for a good balance of solution accuracy and computational expense.

by providing the restoring torque when the wing is pitched away from its neutral (vertical)
position. These are shown in Eq. 37. Ixx and Ixy are components of moment of inertia of the
wing. At each time step, the position and rotation of the wing is updated according to the
velocities of the wing calculated in the preceding time step. The aerodynamic moment Maero

was also calculated at each time step based on the surface pressure on the wing, integrated
over the wing surface. These calculations were done within the applied UDF.

Ixxα̈ =Maero + (−Ksα) + Ixyϕ̈ cosα +
1

2
Ixxϕ̇

2 sin 2α. (37)

3.3 Solver verification

Multiple independence studies were conducted to verify that the discretisation used in the
solver model were sufficient. In terms of the control volume discretisation, both a domain
independence and a grid independence study were done and were shown in Fig. 17. The
domain independence study in Fig. 17(a) confirmed that a domain size of 10c is sufficiently
large that the solution is independent of the domain boundaries. From the grid independence
study as shown in Fig. 17(b), it is found that there is minimal difference in results from the
grid sizes defined. The final choice of 0.05c was made based on the requirements of getting
detailed flow visualisation and at reasonable computational expense.

A time step independence study was also conducted to verify that the time domain dis-
cretisation of the solver model was sufficiently fine for solution accuracy. Figure 18 shows that
a time step size of 0.2s was discrete enough for reliable solver calculations. This time step size
also allowed the collection of key flow structure visualisation data.

3.3.1 Solver validation

Validation of the solver was conducted with a wing shape of r̄1=0.48, which resembles that of a
fruit fly’s wing. Results from this case were compared with the results from Lei and Li (2020)
and Huang et al. (2021) where passively pitching fruit fly wings were also studied numerically.
Lei and Li (2020) used an immersed boundary-Navier-Stokes equation solver while Huang et al.
(2021) used an immersed boundary-lattice Boltzmann method solver. The non-dimensional
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Figure 18: A time step size of ∆t=0.2s was sufficient for good solution accuracy.

(a) Comparison of time history of angles (b) Comparison of time history of CL

Figure 19: Comparison of the pitching angles, stroke angles and lift coefficients obtained
between Lei and Li (2020), Huang et al. (2021) and this study. The results show a close
agreement of the results and provides confidence for the solver used in this study.

parameters used were consistent in all three cases, which were Re=300, Ch=0.15 and M=1.0.
Figure 19 shows that the pitching angle and the time history of the lift coefficient from this
study agree well with the results from the two referenced studies. The agreement of the results
from three different solver set ups provided confidence in the reliability of the present work’s
solver.

3.4 Results and discussion

The investigation of passively pitching flapping wing performance was conducted by changing
r1 and Ch, which were key variables relating to the inertial and elastic torque on the wing,
respectively. The results reveal that there is indeed an optimal combination of r1 and Ch
that achieves an optimal flapping wing flight performance at Re=300. The trends observed in
flapping wing performance relating to the changes in Ch and r1 are discussed in this section.
The drag coefficient CD, lift coefficient CL, power coefficient CP , and power economy (PE)
are defined as:

CD =
2FD

ρUtip
2S
, CL =

2FL

ρUtip
2S
, CP =

2P

ρUtip
3S
, PE =

C̄L

C̄P

, (38)
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(a) Power economy peaks where Ch is
about 0.30 and diverges across the wing
shapes as Ch increases

(b) Power economy varies differently with
r1 as Ch increases past 0.30

Figure 20: PE follows the same trend across all wing shapes as Ch changes, with most curves
peaking at Ch=0.30. Ch=0.30 represents a notable transition point for trends observed in
PE. Across the different r1, the difference in performance is obvious at higher Ch.

where FD and FL are the drag and lift force, respectively. P is the power required by the
wing and S is the planform area of the wing. C̄L and C̄P are the mean lift coefficient and
mean power coefficient, respectively. At each time step, P was calculated by taking the sum
of the pitching power and stroke power, each of which were calculated by taking the product
of the torque around the axis of rotation and the angular velocity about that axis. The main
performance criteria in this discussion is PE, given its significance for optimising artificial
design at minimal cost basis for lift.

3.4.1 Power economy

PE accounts for the costs associated with producing lift in the form of the power required
to produce that lift. This cost could be significant for insects since the power inputs can be
severely constrained by the small form factor. The variation of PE with Ch in Fig. 20(a) shows
that for most of the wing shapes, peak PE is found at Ch=0.30 and for Ch greater than 0.30,
the mean lift coefficients for all wing shapes decreases, with some decreasing more sharply.
Furthermore, Fig. 20(b) shows that with r1, there are two different sets of observations to be
made, one for Ch less than 0.30 and another for Ch greater than 0.30. For the former, PE
increases slightly as r1 increases while the latter shows a local peak established at r1=0.48
before PE drops. The trends observed in PE showed a notable dependence of PE on Ch,
with a clear transition point being Ch=0.30. Thus, further investigation was carried out on
the components of PE, CL and CD (analogous to CP , and their variation with Ch, to better
understand the variation of PE with Ch.

The variation of PE with r1 was also of interest as the observed trends showed that the
difference in performance across the wing shapes is more pronounced at the higher Ch. This
exaggerated difference in performance across the wing shapes at the higher Ch was also further
investigated by analysing the variation of CL and CD with r1.
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(a) C̄L vs. Ch (b) |C̄D| vs. Ch

Figure 21: The lift and drag variation with Ch reveal that the decrease in PE at higher Ch is
due to the drop in lift-generation more than an increase in power required. For lift-generation,
wings with high r1 perform very well at low Ch but also perform the worst at high Ch. |C̄D|
for all wing shapes decreases as Ch increases.

3.5 Cauchy number dependence

Figure 21(a) shows that as the Ch increases, the wing shapes with r1=0.580, 0.605 and 0.630
see a steeper decrease in C̄L. As Ch increases past 0.30, C̄L of these three wing shapes are
also amongst the lowest in the set. In terms of purely lift-generation, a wing shape with high
r1 will perform slightly better at low Ch while also suffer disproportionately more at high
Ch. The mean absolute drag coefficient (|C̄D|) was studied as it is analogous to the power
required and is intuitive to analyse in aerodynamic analysis. Figure 21(b) illustrates that as
Ch increases, the mean absolute drag coefficient curves for the different wing shapes follow
largely the same rate of decrease and converge to the same value. The higher Ch represents
the softer springs, and thus the wings behaved increasingly like a flat plate laid parallel to
an incoming flow. This shows that the decrease in PE as Ch increases, is largely due to the
decline in lift-generating performance at higher Ch. Thus, the variation of lift-performance
with Ch was further investigated in the next subsection. The time profiles of the pitching
angle and the lift coefficient were investigated for a wing with r1=0.605, at the different values
of Ch. Ch relates directly to the torsional spring stiffness of the wing hinge, with a larger
value of Ch representing a softer spring. Figure 22(a) shows that in general, as the spring
stiffness decreases, the pitching amplitudes for the wing increases as expected. However, as
shown in figure 22(b), the trend in lift-curves do not follow the same sequential trend across
all values of Ch. Some consistent observations are that as Ch increases, the peak pitch of
the wing is delayed further into the flapping cycle. This trend is also seen in the time history
of CL. Additionally, for values of Ch equal to or greater than 0.30, negative lift is generated
shortly after starting the stroke, after wing pitch reversal. Based on Fig. 22(b), the phases
in the flapping cycle which sees the greatest difference in lift-performance across the different
values of Ch are at tf=0.20 and tf=0.70. Thus, the flow fields at tf=0.70, for the case
of r1 = 0.605 at various Ch are shown in Fig. 23. The wake structure were visualised by
calculating the iso-surfaces of Q-criterion and these iso-surfaces were coloured by pressure. At
the lower Ch, the vortices around the wing are much larger in size and are stronger based on
the suction pressure they create. This indicates that the lift and drag on the wing are also
greater in magnitude. For the lower Ch, the low pressure region on the upper surface of the
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(a) Time history of the pitching angle (α) (b) Time history of CL

Figure 22: Comparison of the pitching angles, and lift coefficients obtained between cases of
r1 = 0.605 at different values of Ch. While trends in pitch angle are sequential, the variation
in lift-generation is not; the lift curves change in shape and show negative lift for values of Ch
greater than or equal to 0.30.

wing indicates positive lift-generation.
The leading edge vortex (LEV), trailing edge vortex (TEV) and tip vortex (TV) are clearly

visible in Fig. 23(e), which is at a low Ch of 0.05. For the higher Ch, as seen in Fig. 23(g)
and Fig. 23(h), the vortex structures are much smaller and less obvious. Correspondingly, the
upper surfaces of the wings with higher Ch is at a higher pressure than the bottom surfaces,
creating a suction downwards on the wing. This negative lift generation caused at the wing
pitch reversals is not observed at Ch less than 0.30. The wings with higher Ch pitch to a
larger α, resulting in wake capture lift-generation being less effective as the wing does not
intercept as much of the wake from the previous stroke. At the same time, the LEVs, which
are responsible for majority of the lift in flapping wing flight, weaker for the high Ch. These
effects fully manifest for Ch equal to or greater than 0.30, resulting in the sharp decline in lift
past Ch=0.30, for the same wing shape.

3.6 Wing shape dependence

The trends observed of C̄L and |C̄D| in Fig. 24 across r1 reveals that for all Ch, aerodynamic
performance follow a similar pattern. The peaks of C̄L and |C̄D| shifts towards the higher r1 as
Ch decreases. These peaks are useful to narrow down a choice of wing shape for a given Ch,
since it is optimal to maximise lift while minimising drag. For instance, we observe that for
Ch=0.10, while peak C̄L occurs at r1=0.605, maximum |C̄D| occurs at r1=0.530. Furthermore,
the comparison of the PE across the different r1 at a Ch of 0.60 showed that the differences
were large across the wing shapes. |C̄D| remained relatively constant at Ch=0.60, which was
expected from the soft torsional spring. Hence, it is noted that the vastly different performance
at high Ch is more dependent on lift than drag.

The time profiles of lift were analysed across the different r1, along with the flow structure
visualisation to supplement the discussion. Figure 25 shows that at Ch=0.60, most wing
shapes showed a similar time profiles of lift. Generally, the wing shapes experienced maximum
lift at tf=0.35 and tf=0.85 while minimum lift occurred at tf=0.15 and tf=0.65. Exceptions
were observed for the the wings with r1=0.390 and r1=0.630 at tf=0.15 and tf=0.65, where
the two wings had a delayed negative lift response while the other wing shapes saw peak
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(a) Ch = 0.05 (b) Ch = 0.15 (c) Ch = 0.30

(d) Ch = 0.60 (e) Ch = 0.05 (f) Ch = 0.15

(g) Ch = 0.30 (h) Ch = 0.60

Figure 23: Instantaneous flow structure comparison across different Ch for a wing with
r1=0.605 at tf = 0.70. Two views are shown for the wing with different values of Ch. For
the lower Ch, pressure suction caused by the vortices are stronger, resulting in larger lift and
drag compared to the wings with higher Ch.
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(a) C̄L vs. r1 (b) |C̄D| vs. r1

Figure 24: The variation of C̄L and |C̄D| with wing shape. At the higher Ch, |C̄D| remains
relatively constant.

Figure 25: The time profile of lift across the different wing shapes.
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Figure 26: The time profile of pitching angle across the different wing shapes.

negative lift. With Ch=0.60, r1=0.390 produced one of the highest C̄L while r1=0.630 was
the worst performer.

The wing kinematics for all wing shapes were also analysed over a flapping cycle. Figure
26 shows that there is a delayed pitching behaviour observed as r1 increases and this delay
gets increasingly larger as r1 increases. Interestingly, the delayed pitching behaviour is also
seen for a wing shape with r1=0.390. Both these wing shapes have a larger maximum chord
length which provides a larger moment arm in the pitching direction. The delayed pitch seems
to have a large influence on the lift-generating performance of the wing, as r1=0.390 and 0.630
are correspondingly the best and worst performers in lift.

Visualisation of the flow structure around the wing revealed some key differences across
the wing shapes. The snapshot was taken at tf=0.65, as there was a significant difference in
lift across all the wing shapes, as seen in Fig. 25. At tf=0.65, all wings experienced little or
negative lift, to varying degrees. This is seen as a lower pressure region on the bottom face of
the wings in Fig. 27. The wake structure of the wings with r1=0.390 and 0.630 show larger
and stronger LEVs, TEVs and TVs, which corresponds to the less negative lift observed at
tf = 0.65. Both these wing shapes have relatively longer maximum chord lengths and the
high pressure region is observed only on a part of the upper wing surface near the trailing
edge tip. This creates an instantaneous torque which helps maintain the wing at a high angle
of attack for that phase of the flapping cycle and causes the delayed pitching. The vortices
around the wings with r1=0.480 and 0.565 are relatively weaker, and a high pressure region
is seen across the top surfaces, causing a stronger downward suction on the wing and more
negative lift. Additional root vortices (RV) were also observed for the wing shapes with lower
r1.

3.6.1 Optimal performance configuration

The variation of PE with both Ch and r1 is shown in Fig. 20. It is observed that the optimal
Ch-r1 pair for a passively pitching flapping wing at Re=300 lies in the middle where Ch=0.30
and r1 is between 0.48 to 0.53. These trends provide insight into the relationship between
wings shape and hinge stiffness to maximise performance. It is noted that in the optimal
region, there is a range of wing shapes that are relatively similar in performance. Fig. 28(b)
shows the optimum combination of Ch and r1 to achieve the maximum lift.
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(a) r1 = 0.390 (b) r1 = 0.480 (c) r1 = 0.565

(d) r1 = 0.630 (e) r1 = 0.390 (f) r1 = 0.480

(g) r1 = 0.565 (h) r1 = 0.630

Figure 27: Instantaneous flow structure comparison across different r1 for a wing with
Ch=0.60, at tf = 0.65.
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(a) PE vs. Ch vs. r1 (b) C̄L vs. Ch vs. r1

Figure 28: The optimal configurations for PE lies within the range of r1=0.48 to r1=0.53 and
Ch=0.30. For maximum lift, the optimal combination of Ch and r1 is around 0.10 and 0.60
respectively.

3.7 Conclusion and further recommendations

A FVM model for the simulation of passively pitching flapping wings, at different wing shapes
and torsional spring stiffness has been successfully built. Verification and validation of the
current solver for computing passively pitching flapping wing flight in hover were completed.
The results agree well with the validation cases referenced and confirms the high fidelity of the
solver used. In this study, the results reveal that there exists an optimum combination of wing
shape and torsional spring stiffness for the best PE. PE was chosen as the key performance
metric since the costs associated with generating lift is significant for miniature flyers such
as insects which has severe spatial constraints. The best configuration for maximum PE (at
Re=300) is with r1=0.48 and Ch=0.30.

The current work also included a study into the aerodynamics of the passively pitching
flapping wings simulated and that revealed some key observations. The further study revealed
that lift-generation for Ch greater than or equals to 0.30 suffers due to weak wake structure and
lack of wake capture. Furthermore, drag remains relatively similar for higher Ch, indicating
that PE is more lift-dependent at higher Ch. The effect of changing r1 was also investigated
and revealed that at the extremes of low r1 and high r1, delayed pitching occurs. This delayed
pitching allows better lift-performance for the low r1 but causes lift-performance to suffer at
higher r1.

The wealth of data collected for the 48 different combinations of r1 and Ch can be further
studied to provide a more comprehensive understanding of how passively pitching flapping
wing performance varies with wing shape and torsional spring stiffness. Furthermore, the high
fidelity model can easily be used for further research into other areas of passively pitching
flapping wing flight. These other interest areas may include the Re-sensitivity or natural
frequency of passive pitching flapping wing flight. As the present work made use of non-
dimensional numbers as key parameters, the current model can also be scaled accordingly
to meet the needs of other research areas on passively pitching flapping wing flight. Finally,
this numerical model can also be paired with experimental methods to further improve our
understanding of compliant musculoskeletal dynamics of wind actuation in insects and artificial
platforms.
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4 Performance of passively pitching flapping wings in

the presence of vertical inflows

4.1 Introduction

Wing pitching motion in insects has been hypothesized to be predominantly a passive phe-
nomenon induced by inertial and aerodynamic effects with some active input at the wing hinge
(Bergou et al., 2010, 2007; Ishihara et al., 2009b; Beatus and Cohen, 2015; Ennos, 1988b).
Morphological studies on dipteran wings have reported the existence of high torsional flexibil-
ity around the basal region of the wing which directly influences the torsional dynamics around
the span-wise direction (Ennos, 1987, 1988a; Ishihara, 2018). Achieving desired kinematics
with the minimum weight and complexity of wings, muscles and other actuating structures,
and neurological control mechanisms provides an evolutionary imperative towards maximum
use of passive elements in wing motion and deformation (Liu et al., 2016). Inspired by insect
flight, passively pitching flapping wings have been implemented in micro aerial vehicle (MAV)
designs due to the relatively simple actuation system governing only the flapping component
of the kinematics (Wood et al., 2013; James et al., 2018; Farrell Helbling and Wood, 2018).
The pitching angle of this kind of flapping wing can be passively modulated by an elastic
hinge acting as a torsional spring which balances the moments resulting from fluid mechanic
and inertial forces (Bergou et al., 2007; Moore, 2015; Lee et al., 2013).

Interaction between a passive pitching flapping wing and its surrounding fluid is quantified
by a non-dimensional parameter, Cauchy number Ch, which is the ratio of fluid mechanic
forces to elastic reaction forces (Ishihara et al., 2009b,a; Whitney and Wood, 2010). Assuming
all flapping parameters and wing geometry as constant, the pitch angle of a wing with a
low Cauchy number remains relatively constant during flapping motion, leading to high drag
and input power (thus low efficiency) because the elastic moment offsets the effect of the
aerodynamic moment. In contrast a wing with a high Cauchy number tends to orient parallel
to the relative flow direction during the flapping stroke resulting from dominant effects of
the fluid mechanic moment (Sum Wu et al., 2019; Kolomenskiy et al., 2019; Lei and Li,
2020). Tuning the Cauchy number in the construction of passive-pitching flapping wings
results in a balance between minimising input power while maintaining the required mean lift,
or equivalently increasing the lift for a given input power. Numerical simulations of 3D wing
performed by Hao et al. (2019) revealed that with appropriate Cauchy number the mean lift
produced by a passive-pitching flapping wing can be enhanced by 10% compared to a flapping
wing performing prescribed pitching at the same aerodynamic efficiency.

An important requirement in preparation of MAVs with passive-pitching flapping wings
for outdoor operations is the capability to overcome the effects of wind disturbances, likely
to be encountered during flight in cluttered environments. This raises important questions of
how the time-history of the wing pitching motion, and consequently unsteady aerodynamic
effects are altered by freestream disturbances compared to quiescent hovering, as well as how
the Cauchy number should be adjusted in response to inflow perturbations. Most studies on
passive-pitching flapping wings have been in quiescent flow, that is unrepresentative of natural
conditions, and our understanding of impacts of freestream disturbances on their performance
is limited. One study examined the aerodynamic performance of a passively pitching flapping
wing through uniform frontal flow, which noted that the mean lift can be enhanced up to 40%
as the gust ratio, the ratio of frontal flow speed to the maximum wing velocity, increased from
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0 to 1 (Li et al., 2018).
In the present study, we experimentally explored the interaction between passive-pitching

flapping wings and inflow perturbations oriented upward or downward with respect to the
stroke plane. Such perturbations are ubiquitous in outdoor environments such as in proxim-
ity to buildings, under tree canopies, or in mountainous terrain with updrafts and downdrafts
(Mohamed et al., 2012). As the Ch has a determining influence on the performance of flapping
wings under quiescent conditions, to test its significance under the effects of vertical pertur-
bations, we introduced a range of steady vertical flows with constant velocity over a flapping
wing where the Ch was varied to span three orders of magnitude. Force measurements were
taken through a 6-axis force/torque (F/T ) sensor to gain an understanding of the effect of
the vertical inflow on the mean aerodynamic performance and transient aerodynamic charac-
teristic of the wing. The pitching angle of the wing was captured by a camera to relate lift
and drag coefficients and kinematic features for a range of upwards and downwards vertical
inflows at different Cauchy numbers.

4.2 Experimental set-up and procedure

4.2.1 Flapping wing rig

The experiment consisted of a dynamically scaled, single flapping wing operated in a 900mm×
900mm × 600mm water tank (Figure 29 (a)). The wing was rectangular with chord 51mm
and span 150mm (Table 6), giving over six chord length separation between the wingtip and
the tank walls at all times and reducing wall effects. The flapping rig itself consisted of a servo
motor (RoboStar SBRS-5314HTG 280°, Digital Gear High Voltage Robot Servo) controlling
the flapping motion of the wing via the main shaft as shown in Figure 29 (a). A six-axis
force/torque sensor (ATI Nano 17-IP68) was mounted between the main shaft of the flapper
and the root of the wing. The flapping rig was attached to a vertical linear actuator (Multi-
axis ball screw linear motion stage, FUYU Motion) consisting of a stepper-motor (NEMA
23, STEPPERONLINE) controlled leadscrew which allowed for 400mm of vertical motion
to 0.05mm position accuracy. A camera (GoPro HERO7) was mounted above the wing to
capture kinematic trajectories (pitch angles) at 30 frames per second as shown in Figure 29
(a).

Vertical inflows were introduced by translating the flapping rig along a vertical rail with
arbitrary upwards and downwards motions. As shown in Figure 29 (a), the flapping rig was
supported by a vertical guide and wheel to stabilise the system during vertical motion.

4.2.2 Design and fabrication of wing and wing hinge

Considering a symmetric design of the wing and the hinge, the wing was constructed using
two pieces of a rigid 1mm polystyrene plastic sheet covered by 0.0254mm thick aluminium
and brass shims to control the wing mass with a total mass of 21.03 grams in air (3.77 grams
under water) (see Figure 29 (b) and Table 6). In order to accommodate the F/T sensor, a
rectangular cut out was included in the top corner of the wing as shown in Figure 29 (b).
The ratio between the structural mass and added mass from the fluid, mass number, was
considered as M = mw/ρfc

3, where mw is the mass of the wing (Ishihara et al., 2009b). The
mass number was kept at M = 0.17 in this study, which is roughly 40 times smaller than that
for an actual insect wing (Calliphora vicina M = 6.4) (Ennos, 1988a; Ishihara et al., 2014).
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Figure 29: (a) Schematic illustration of the experimental setup. The wing and F/T sensor are
mounted at the bottom of the rig opposite the guide connected to the vertical stabilizer for
stability. The camera for capturing the whole wing motion is shown in its respective position.
(b) Geometry and construction of the passive-pitching wing and hinge. Two marked points
used for reconstruction of pitch angle are also shown on the wing. The hinge acts as a linear
torsion spring whose stiffness is controlled by the elastic modulus of the material and the hinge
dimensions. The axis of rotation being the vertical green dashed line and the wing radius of
gyration RRoG indicated by the vertical red dashed line. All dimensions are in mm.
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Table 6: Properties and dimensions of wing and hinge
Experiment Property Value
Wingspan (b) 150mm
Chord (c) 51mm
Wing thickness 2.1mm
Hinge length (l) 1mm
Hinge width (w) 110mm
Hinge thickness (t) 10,25, 50× 10−6 m
Elastic modulus (E) 5.38× 109 Pa
Hinge stiffness (k) 4.93× 10−5, 7.7× 10−4, 6.2× 10−3 Nm · rad−1

It is difficult to experimentally satisfy the mass number condition due to the limitation of
available solid materials. This difference between the mass number of the model and that of
the actual insect was also observed in prior experimental works (Ishihara et al., 2009b, 2014).

The wing hinge was constructed from a thin rectangular polymer plate (mylar sheet)
clamped at both ends, similar in design to torsion springs used in other passive-pitching
flapping robots (Ishihara et al., 2009b; Wood et al., 2013; Ishihara et al., 2014). The bottom
end was sandwiched between two pieces of the wing and the top end was clamped by two 1mm
diameter carbon fibre rods (see side view in Figure 29 (b)). The rods were connected to the
F/T sensor via a 3D printed joint as shown in Figure 29 (b), and wing and hinge were joined
using cyanoacrylate adhesive. Following Ishihara et al. (2009b), Whitney and Wood (2010)
and Sum Wu et al. (2019), using Euler–Bernoulli beam theory which shows a linear relation
between deflection angle and restoring torque in a clamped flat plate undergoing bending
deformation, the torsional stiffness of the wing hinge was estimated by Equation 39.

k =
Et3w

12l
(39)

where E is the elastic modulus and t, w and l are thickness, width, and length of the polymer
plate, respectively (see Figure 29 (b) and Table 6). In this study, elastic wing hinges were
created with stiffnesses ranging from 4.93 × 10−5 Nm · rad−1 to 6.2 × 10−3 Nm · rad−1 by
variation in the polymer plate thickness.

4.2.3 Wing kinematics and test procedure

A sinusoidal flapping profile in a horizontal stroke plane, ϕ = 0.5ϕmax cos(2πft), with am-
plitude ϕmax of 12° (measured from the aft-most position of the wing at the start of the
forward stroke) was employed in this study (see Table 7 and Figure 30). Following Lentink
and Dickinson (2009), Bhat et al. (2018), Jardin and Colonius (2018)) and Lyu et al. (2019)
the velocity at the radius of gyration (URoG = 2ϕmaxfRRoG) was used as the reference velocity.
Considering geometrically similar wings, when URoG is used to scale aerodynamic forces better
convergence appears in the results in comparison to using velocity at the wing tip (Ishihara
et al., 2014). This is of utmost importance when comparing results from various studies in
the literature. A Re = ρfURoGc/µ of 3600 based on URoG and chord length was selected and
kept constant in the present study (Table 7). The flapping amplitude and Reynolds number
nominally match the flapping kinematics of bees (Bombus lapidarius Re = 3700) (Weis-Fogh,
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Table 7: Experiment kinematics
Experiment Property Value
Flapping frequency (f) 0.125 Hz
Flapping amplitude (ϕmax) 120°
Radius of gyration (RRoG =

√
I/S) 125mm

Reynolds number (Re = ρfURoGc/µ) 3600
Fluid density (ρf ) 1000 kg/m3

Fluid viscosity (µ) 8.9× 10−4 N · s/m2

Figure 30: Flapping Kinematic Waveform. The flapping angle profile for an example test is
shown here. The dashed line displays the sinusoidal flapping wave form, and the solid line
shows the vertical flapper position normalized by chord length. T is the flapping period of the
complete wing beat.

1973) and flies (Calliphora vicina Re = 3400) (Ennos, 1989). In this study the kinematics of
forward and back strokes were symmetric.

Due to the high wingbeat frequencies of small size-scaled flapping wing flyers, it is likely
that the majority of the perturbations encountered in realistic environments are likely to be
of timescales much lower than those of the wingbeat. Thus, in this study the frequency of
disturbance was assumed to be much larger than the wing flapping frequency and simulated
as a uniform constant velocity perturbation in the freestream flow. The spatial extent of the
disturbance would also likely be large in comparison to the size of the wing, thus a reasonable
simulation of the disturbance can be obtained by plunging the wing at constant velocity in
quiescent fluid.

Here we describe the experiment procedure followed for the upward oriented inflow per-
turbation, noting that the same procedure with opposite inflow direction was followed for
downward inflow conditions. The wing was initially flapped in quiescent fluid (i.e. in pure
hover), at a distance of 2 chord lengths from the free surface, at the top of the experiment tank,
to minimise any surface effects. No disturbance of the water surface was observed. To intro-
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duce an upwards inflow, the flapping rig was translated downwards over a distance of 400mm
(8 chord lengths) with short acceleration and deceleration phases and constant velocity in
between (dashed green lines in Figure 30). The duration of the acceleration and deceleration
phases accounted for 1% of the entire duration of the inflow. Further details on the vertical
position profile can be found in the supplementary material. To reduce both the transient ef-
fect from the acceleration phase at the start of the inflow, and any interference with the wake
produced during initial pure hover before inflow onset, force measurements were commenced
only after one complete stroke following the start of the inflow. Data was then collected for all
subsequent strokes prior to commencement of the deceleration phase (red shading in Figure
30). The same procedure was employed for the downward inflow perturbations, with upwards
translation of the rig from 2 chord lengths above the bottom of the tank, to approximately 2
chord lengths below the free surface.

The inflow ratio JV ert, which is defined in Equation 40, was used to investigate the speed
of vertical inflow.

JV ert =
Uinflow

URoG

=
Uinflow

2ϕmaxfRRoG

(40)

JV ert < 0 denotes downwards inflows and JV ert > 0 denotes upwards inflows. The maxi-
mum range of inflow ratios analysed in this study was JV ert = ±0.6. Relating this to flapping
wing insects for bees and wasps which operate at approximately Re = 3600 (Weis-Fogh, 1973),
JV ert = ±0.6 indicates a wind velocity of approximately 3.12m/s (based on the wing tip ve-
locity of these insects), comparable to the most likely atmospheric wind speeds in the first few
meters from the Earth’s surface (Watkins et al., 1995).

To compare the fluid dynamic force and the elastic reaction force of the hinge, the Cauchy
number, Ch, was defined similar to prior works (Kolomenskiy et al., 2019; Ishihara et al.,
2014) as shown in Equation 41.

Ch =
4ρfϕ

2
maxf

2c3R2
RoG

k
(41)

In this study three representative values of the Cauchy number Ch = 0.09, 0.73and11.52,
spanning three orders of magnitude, were chosen (see Table 6, Table 7 and Equation 41). These
represent wing hinges that can be classified as either stiff, moderate, or flexible, respectively.

4.2.4 Force measurement and data acquisition

Force measurements were made using an ATINano − 17IP68 force/torque (F/T ) sensor
mounted at the root of the wing. The sensor was connected to a signal conditioner and a PCI-
6143 National Instruments DAQ Board linked to a PC. Data was processed using in-house
developed code in MATLAB.

The F/T sensor measured forces in body-fixed coordinates xL and yL shown in Figure 31
(a). The raw force collected by the F/T sensor in body-fixed coordinate xL comprised the
inertial force from wing motion and the fluid mechanical force. Following prior works (Bhat
et al., 2018; Nagai et al., 2009) the inertial force was measured by flapping the wing with
the same test kinematics in air. Due to the considerably lower density of air compared to
water the wing experienced negligible fluid mechanical forces, isolating the inertial force. The
inertial force was phase averaged over 40 strokes to give an average inertial force in body-fixed
coordinates for a single stroke. The fluid mechanical force in body-fixed coordinate xL was
isolated by removing inertia from the raw F/T sensor readings through Equation 42. The
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Figure 31: Coordinate Systems. (a) The body-fixed and global coordinate systems given the
flapping angle ϕ and pitch angle with respect to vertical ψ. The x́ýź-axes rotate with the
flapping angle ϕ. (b) Side view of the wing showing lift FyG and drag FxG forces and the pitch
angle α with respect to horizontal. ýc is the center of mass of the wing.

force component FxG
) (drag) in global coordinate xG (Figure 31 (a) and (b)) was calculated

using the flapping position ϕ through Equations 43.
The force component FyG (lift) in global coordinate yG (Figure 3 (b)) was obtained directly

from the force measurements due to no acceleration in yL and no rotation along the wingspan
(zL axis) (see Equation 44).

FxL( fluid ) = FxL( Sensor ) − FxL( Inertia ) (42)

FxG
= FxL( fluid ) cosϕ (43)

FyG = FyL( fluid ) = FyL( Sensor ) (44)

The barometric pressure of the fluid during vertical motion had to be accounted for, how-
ever this was linearly proportional to depth and was removed by applying a correction which
was calculated based on the maximum pressure difference over 400mm vertical translation,
the instantaneous inflow velocity, and the corresponding depth to FxL,yL(fluid). The data was
phase averaged over 20 strokes and filtered using a low-pass, 4th order, Butterworth filter with
a cut-off frequency of 8Hz which was significantly higher than the flapping frequency of the
wing (0.125Hz)

For the selected kinematics and Reynolds number, the fluid mechanical forces were found
to be symmetric for the forward and back strokes, and in the following analysis the results
for both are considered together. Following Han et al. (2019), the instantaneous lift and drag
coefficients CL and CD were calculated according to

CL =
2FyG

ρfU2
RoGS

, CD =
2FxG

ρfU2
RoGS

(45)

The surface area S of the wing was the total area of the wing excluding the cut out for the
force sensor (Figure 29 (b)). The density of the fluid ρf was 1000 kg/m3. Mean lift and
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drag coefficients C̄L and C̄D were obtained by time-averaging the phase-averaged forces and
indicate averages over a single stroke rather than the entire wing beat.

4.2.5 Wing Pitch Estimation

The wing motion was filmed using a camera recording 30 frames per second which was attached
to the main shaft of the flapper rig at 400mm (8 chord lengths) above the wing (perpendicularly
to the stroke plane), resulting in no relative velocity between wing and camera (see Figure
29). A stationary reference point on the ground of the experiment tank was used to identify
wing’s location in time within the wingbeat.

Spatial data of the wing were extracted from the recordings using DLTdv8; an open-source
MATLAB-executed software which tracks positional information of two points marked on the
wing (see Figure 29 (b)) via direct linear transformation (DLT) (Hedrick (2008)). These data
were smoothed using a fourth order low-pass Butterworth filter with a cut-off frequency of
4Hz. The pitch angle was calculated by projected distances between the points. We used the
spatial data of a rigid wing performing prescribed pitching motion with the same geometry and
marked points as the passive-pitching wing, and created a database consisting of angles and
projected distances by pitching the rigid wing with different known angles and measurement of
corresponding distances between the marked points via DLT. The pitch angle of the passive-
pitching wing was computed using the measured inter-point distance and interpolating in the
database. A similar method was used by Jakobi et al. (2018) and Kolomenskiy et al. (2019) to
reconstruct wing kinematics of free flying bumblebees. Since the length of the polymer plate l
is small there is no rotation along the xL-axis, thus the pitch angle is assumed constant along
the wingspan.

4.3 Results and discussion

4.3.1 Effects of Cauchy number on pitch angle

We defined the wing pitch angle with respect to the horizontal as α = π
2
− ψ (Figure 31 (b)).

Under quiescent conditions (JV ert = 0), for all values of Ch, the pitching trajectory of the
wing presented the maintenance of a high angle of attack during the translation phase of the
stroke and the wing rotation during stroke reversal (black lines in Figure 32), as also noted
by Ishihara et al. (2009b). Across the entire range of inflow ratios, the instantaneous angle
of attack of the wing decreased with increasing the Cauchy number, as expected due to the
reduction in wing hinge stiffness.

Under the effects of vertical inflows, the pitch angle exhibited two peaks before and after
mid-stroke where the fluid mechanical moment dominates the pitch motion, especially for
downward inflows (Figure 32). Comparison of the pitch angle in the different Ch revealed that
the reduction in α was more apparent when the hinge stiffness changed from stiff (Ch = 0.09)
to moderate (Ch = 0.73) particularly in the presence of upwards inflows (see Figure 32 (a)
and (b)).

In general, the pitch angle α tended to decrease as the magnitude of inflow perturbation
varies from JV ert = −0.6 (downwards inflow) to JV ert = 0.6 (upwards inflow). Within this
range of inflow ratios, the pitch angle experienced the maximum reduction (∆α = 46.45°) when
the wing hinge was soft (Ch = 11.52) (see Table 3 and solid and dashed yellow lines in Figure
32 (b)). As shown in Figure 32 (a) (solid and dashed yellow lines) the minimum reduction
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Figure 32: Instantaneous wing pitch angle α at (a) Ch = 0.09 (b) Ch = 0.73 (c) Ch = 11.52

Table 8: Reduction in the pitch angle at the mid-stroke between JV ert = −0.6 and JV ert =
0.6,∆α. αmid is the pitch angle at t/T = 0.25 in Figure 33.

Ch ∆α = αmid−0.6 − αmid0.6(°)
0.09 11.87
0.73 43.48
11.52 46.45

in α occured for Ch = 0.09 (∆α = 11.87°) resulting from large hinge stiffness. For the wing
with the moderate hinge stiffness (Ch = 0.73) the pitch angle reduction (∆α = 43.48°) in the
presence of upwards and downwards perturbations was comparable to that measured in the
case of Ch = 11.52 (Table 8 and Figure 32 (c)).

4.3.2 Time-resolved and mean lift and drag forces

To understand how the variation of the lift and drag coefficients (CL and CD) over the stroke
were affected by inflow perturbations and the Cauchy number, the time-resolved measurements
from the force sensor were examined. In general, the instantaneous drag of the wing displayed
a nominally parabolic variation peaking at the mid-stroke (Figure 33 (a), (c) and (e)). This
parabolic variation was also observed for time resolved CL for downwards inflows reaching
a peak slightly after the mid-stroke which corresponds to the main peak in the wing pitch
angle during the stroke (Figure 33 (b), (d) and (f)). The variation in CL over the stroke was
consistent for the downwards inflows with proportional scaling down of forces when | − JV ert|
increased. In contrast, a slight skew towards the end of the stroke in CL was noted for upwards
inflows after JV ert = 0.4 which was more pronounced at the lower Cauchy numbers (Figure 33
(b) and (d)).

Comparison of the instantaneous lift and drag coefficients for different inflow ratios revealed
that in all cases of Ch, the instantaneous lift coefficient was strongly affected by the inflow
perturbations when the magnitude of inflow, JV ert, varied from -0.6 to 0.6 while the sensitivity
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Figure 33: Instantaneous lift and drag coefficients CL and CD for upwards and downwards
inflow perturbations at (a) and (b) Ch = 0.09. (c) and (d) Ch = 0.73. (e) and (f) Ch = 11.52

of the drag coefficient to the inflow ratio appeared to be less dramatic compared to CL (see
Figure 5). We compared the cycle-averaged coefficients of lift and drag, C̄L and C̄D under
different inflow conditions to quantify the effects of the Cauchy number on the performance of
the wings. In general the mean lift produced by the wing increased with increasing magnitude
of upward inflow (JV ert > 0) while the trend appeared to be in the reverse direction for
downward inflows (JV ert < 0). These trends were maintained for all Cauchy numbers (Figure
6 (a)).

The mean drag C̄D exhibited three different trends with respect to the inflow ratio de-
pending on the Cauchy number (Figure 6 (b)). C̄D was almost independent to the inflow
perturbations when the wing hinge had the moderate stiffness (Ch=0.73). C̄D of the wing
with a stiff hinge (Ch = 0.09) increased gradually when the magnitude of inflow perturbation
varied from JV ert = −0.6 to JV ert = 0.6 while the opposite trend was observed for the wing
with a soft hinge (Ch = 11.52), see Figure 6 (b). Compared to the prescribed pitching wing
where an increase in C̄D was noted by increasing the inflow ratio (Jones and Yamaleev, 2012,
2016), the passively pitching wing could adaptively change the wing pitch in response to in-
flow perturbations which resulted in the constant and decreasing C̄D by increasing JV ert of
the intermediate and large Cauchy number.

Although the wing with the moderate hinge stiffness generated the greatest C̄L in quiescent
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Figure 34: (a) Mean lift coefficient C̄L, (b) mean drag coefficient C̄D, (c) lift to drag ratio
C̄L⁄C̄D vs JV ert.

condition (JV ert = 0), the maximum lift to drag ratio (C̄L⁄C̄D), which can be interpreted as
a measure of the wing performance, occurred at Ch = 11.52 (Figure 34 (c)). This indicates
that the variation in C̄D had more dominant effect on the wing performance. There was an
increase in C̄L⁄C̄D for upwards inflows as compared with that in the quiescent flow case which
was more pronounced for the large Cauchy number. The constant or decreasing mean drag of
the intermediate and large Cauchy number respectively could lead to decreasing input power
to flap the wing (Wang, 2004), i.e. increasing wing performance for lift production. This
observation is in contrast to the C̄L⁄C̄D trend for prescribed pitching wing where increase in
lift due to the effect of a vertical inflow perturbation came with an equivalent drag penalty
leading to C̄L⁄C̄D remained nearly unchanged in the presence of upwards inflows (Jones and
Yamaleev, 2016; Ramamurti et al., 2004). Therefore, the wing performance of the passively
pitching wing was more sensitive to the inflow perturbations compared to a prescribed pitching
wing and it could be enhanced in the presence of the upwards inflows. However, the reduction
in C̄L⁄C̄D when the inflow ratio varied from 0 to −0.6 (Figure 34 (c)) indicates that the wing
performance of the passively pitching wing was susceptible to the downwards inflows.

4.3.3 Inertial and external contributions of moments

For a thin wing with a flexural hinge in the absence of out-of-plane motion stems from the
small length of the hinge used in this study, and by the perpendicular-axis theorem, the Euler
equation describing rotation about the ź-axis (Figure 31 (a)) was simplified to Equation 46
similar to the approach adopted in (Whitney and Wood, 2010; Lei and Li, 2020; Li et al.,
2018).

Iźźψ̈ =Mź + Iźýϕ̈ cosψ +
1

2
Iźźϕ̇

2 sin 2ψ (46)

where Iźź and Iźý are the elements from the matrix of the moment of inertia of the wing
and Mź is the net externally applied moment about the ź-axis. Mź includes fluid mechanical
moments (Mfluid), the elastic restoring moment (Melastic = −kψ) from the wing hinge, and the
gravitational moment including buoyancy effects (Mgravity = −mg sinψýc). The second term
on the right-hand side of Equation 46 is the inertial moment, Minertia, attributed to the fact

39

DISTRIBUTION A: Distribution approved for public release.



that the rotational axis does not pass through the center of mass of the wing (ýc). Therefore,
Mfluid is calculated according to

Mfluid = Iźźψ̈ + kψ +mg sinψýc − Iźýϕ̈ cosψ − 1

2
Iźźϕ̇

2 sin 2ψ (47)

Lift and drag forces produced by the wing varied in concert with the fluid mechanical
moments (Mfluid) achieved through a balance between the elastic restoring moment (Melastic),
gravitational moment (Mgravity) and inertial moment (Minertia) at each instantaneous wing
pitch angle. To better understand the significance of the variations in the fluid mechanical
forces and the wing pitch angle, here we examined the proportion of each of these compo-
nents under different inflow conditions and Cauchy numbers. All moment contributions were
normalized by 1

2
ρU2

RoGSc and represented as a moment coefficient CM .

The inertial moment coefficient CMinertia
associated with the wing acceleration (ϕ̈) was at

a maximum when the wing position was at its point of reversal and reached zero at mid-
stroke (Figure 35 (a1), (a2) and (a3)). Since the magnitude of this component was much
smaller compared to the elastic and gravitational moments, the variations in Minertia have
no significant effect on the wing kinematics, and therefore on the fluid mechanical moment.
Across the entire range of inflow ratios, both CMelastic

and CMfluid
tended to decrease with

increasing the Cauchy number (Figure 35 (c) and (d)). This reduction was more pronounced
for the elastic moment which indicates that Melastic was more sensitive to the Cauchy number
compared to the Mfluid. This means that the hinge stiffness played a more important role in
the overall dynamics of force production. Moreover, CMfluid

scaled up when the inflow ratio
varied from JV ert = −0.6 to JV ert = 0.6 which represents how the net force over the wing
changes in the different conditions (Figure 35 (d)).

Comparison of CMfluid
and CMelastic

indicated the dominant component at each Cauchy
number. For Ch = 0.09 where the gravitational moment had a minor contribution to CMfluid

due to the high pitch angle, the elastic moment offset the effects of fluid mechanical moment
(see Figure 35 (b1), (c1) and (d1)). In contrast, the fluid mechanical moment coefficient CMfluid

dominated over CMelastic
for the wing with the soft hinge (Figure 35 (c3) and (d3)). At Ch =

11.52 the elastic moment was negligible resulting from the small stiffness, thereby balancing
the fluid mechanical moment against gravitational moment (Figure 35 (b3) and (c3)). When
the wing had the moderate stiffness (Ch = 0.73) the elastic moment was almost equal to the
gravitational moment and half of the fluid mechanical moment (Figure 35 (b2), (c2) and (d2)).
Although CMfluid

was greater than CMelastic
in this Cauchy number the difference between these

two components was not as pronounced as that measured at Ch = 11.52.

4.3.4 Effects of inflow perturbations on net force

To assess the variation of the mean lift and drag coefficients with Ch versus the inflow ra-
tio, contribution of the fluid force over the wing in the horizontal and vertical directions

was investigated. The net fluid mechanical force was given by Fnet =
√(

F 2
xG

+ F 2
yG

)
and

non-dimensionally represented as the net force coefficient Cnet = 2Fnet

ρU2
RoGS

. Calculating nor-

mal

(
FN =

(FyG
/ sinα+FxG

/ cosα)
(cotα+tanα)

)
and tangential

(
FT =

FxG

cosα
− FN

tanα

)
forces through measured

lift and drag showed that across the entire range of inflow ratios the tangential forces were
negligible in comparison with normal forces meaning the net force was nearly normal to the
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Figure 35: Instantaneous moment coefficients, non-dimensionalised by 1
2
ρU2

RoGSc. (a) Inertial
CMinertia

. (b) Gravitational CMgravity
. (c) Elastic restoring CMelastic

. (d) Fluid mechanical
CMfluid

at Ch = 0.09. (a1, b1, c1, d1), Ch = 0.73 (a2, b2, c2, d2) and Ch = 11.52 (a3, b3, c3,
d3). All figures show the absolute values of the moments.
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Figure 36: (a) Mean net force coefficient C̄net. Horizontal and vertical components of the net
force C̄net · sinα and C̄net · cosα as well as measured mean lift and drag coefficients C̄L and C̄D

at (b) Ch = 0.09. (c) Ch = 0.73. (d) Ch = 11.52. The insets in (a) show the cycle-averaged
sinα and cosα for different Cauchy numbers.

wing. The coefficient C̄net was obtained by time-averaging the phase-averaged force over 12
strokes. In general, the C̄net over the wing increased with increasing magnitude of upward
inflow (JV ert > 0) while the opposite trend was observed for downward inflows (JV ert < 0)
for all cases of Ch (Figure 36 (a)). This observation aligns with the findings for the fluid
mechanical moment Mfluid shown in Figure 35 (d). The net force can be decomposed into the
vertical and horizontal components based on the pitch angle time history (via cosα(t) and
sinα(t), respectively). As the inflow ratio increased from JV ert = −0.6 to 0.6 the passively
pitching wing adaptively changed the wing pitch such that its pitch angle tended to decrease
(Figure 4). This reduction had a beneficial effect on growing the vertical component of the
net force (via increasing cosα(t) shown as inset in Figure 36 (a)) whereas it was a counter
to increasing the magnitude of the horizontal component (via reduction in sinα(t), see inset
in Figure 36 (a)). Thus, variations of the vertical and horizontal components of the net force
versus the inflow ratio depended on the variations in C̄net and α.

Evolutions of C̄L against the inflow ratio can be represented by variations of the vertical
component of the net force (C̄L · cosα). For all values of Ch used in this study, increase in
C̄net and reduction in α had a complementary effect on growing the vertical force component
as JV ert changed from -0.6 to 0.6 (Figure 36 (a)) which resulted in a rising trend in the mean
lift C̄L (Figure 36 (b), (c) and (d)).

The horizontal component of the net force (C̄net ·sinα) was used to explore the effects of Ch
on variations in C̄D with respect to the inflow ratio. Since increase in C̄net and reduction in α
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had contrary effects on the magnitude of the horizontal component of the net force (see Figure
36 (a)), three different trends in this force component occurred for −0.6 ≤ JV ert ≤ 0.6. These
trends depended on the competition between the beneficial effect of C̄net and the detrimental
influence of α at different Cauchy numbers. At Ch = 0.09 since the elastic moment Melastic

was remarkably large the variation in the pitch angle was limited. As a result, the increase in
C̄net was superior to the adverse effect of the reduction in α leading to the increasing trend
in the mean drag for −0.6 ≤ JV ert ≤ 0.6 (see Figure 36 (b)). For Ch = 0.73, the adverse
effect of the reduction in α offset the beneficial effect of the increase in C̄net on growing the
horizontal force component. This was due to the moderate elastic moment Melastic which was
comparable with the fluid mechanical moment Mfluid (see Figure 35 (c2) and (d2)), causing
the mean drag remained approximately constant with respect to the inflow ratio (Figure 36
(b)). For a wing with the soft hinge (Ch = 11.52) the negligible elastic momentMelastic caused
the large variation in the pitch angle. Consequently, the detrimental effect of the reduction in
α dominated over the increase in C̄net resulting in a decreasing trend in the mean drag when
the inflow ratio varies from JV ert = −0.6 to 0.6 (see Figure 36 (b)).

4.4 Conclusion

The performance of a passive-pitching flapping wing under a uniform vertical inflow perturba-
tion (perpendicular to the stroke plane) was studied experimentally using a Reynolds-scaled
flapping wing apparatus at Reynolds number of 3600. The stiffness of the hinge was character-
ized by the Cauchy number (Ch) that represents the ratio between the fluid dynamic and the
elastic reaction forces, was changed from 0.09 (stiff hinge) to 0.73 (moderate hinge) and 11.52
(soft hinge) in this study. The overall lift and drag forces over the wing were measured by a
F/T sensor and the instantaneous pitch angle of the wing (α) was captured using a camera.
The magnitudes of the inflow perturbation, represented as a ratio of the vertical flow veloc-
ity, due to the perturbation, to the wing velocity, was varied from JV ert = −0.6 (downwards
inflow) to JV ert = 0.6 (upwards inflow).

Compared to quiescent conditions (JV ert=0), the mean drag (C̄D) altered from an increasing
to a decreasing trend as Ch was changed from 0.09 to 11.52 with increasing the magnitude of
the upward inflows. While the mean lift (C̄L) was found to increase with increasing inflow ratio,
irrespective to the Cauchy number. According to the kinematics measurement, the passively
pitching wing adaptively decreased the pitch angle in response to the upwards inflows. This
reduction in α was more apparent for the large Cauchy number (soft hinge).

Analysis of the moments due to aerodynamic, elastic, and gravitational forces revealed
that the reduction in the wing pitch was mainly determined by the elastic moment. This
reduction was accompanied with the increase in the fluid mechanical moment which had a
complementary effect on the lift force leading to rising trend in C̄LL and a contrary influence
on drag resulting in appearing three different trends in C̄D. The effect of the reduction in
wing pitch tended to be from minor to dominant in comparison to the effect of the increase
in the fluid mechanical moment as Ch was changed from 0.09 to 11.52.

All trends observed for the pitching angle, C̄L, C̄D, and the fluid mechanical moment in
upwards inflows were found to be opposite in the presence of the downwards inflows as |−JV ert|
increased.

These results highlight the complex interactions between passively pitching flapping wings
and freestream perturbations and will guide the design of miniature flying crafts with such
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architectures. Future work in this area could focus on flapping wing performing both passive
pitching and flapping motions which may lead to a simpler actuation system.
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