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Abstract

An algorithm is introduced to track the evolution of individual structures in turbulent flows. Flow structures are

defined as closed surfaces of any kind in numerical or experimental data sets. To track evolving structures over time

and to capture their interactions with each other, correspondences between structures in consecutive time steps are

found in a higher-dimensional feature space, which is constructed from differential geometric and spatial structure

attributes. After detected correspondences are tested for physical realizability, structure interactions are mapped

into a graph data structure which represents the evolution and interactions of all tracked structures over time. The

hybrid attribute- and region-based algorithm allows large sampling intervals in the database by capturing complex

compound interactions resulting from fast feature dynamics. The tracking graph is queried to retrieve individual and

statistical information on the evolution of the structures. Graph data mining techniques are adapted to recognize

common patterns in the flow feature evolution.

In a first application, the tracking algorithm is utilized to conduct a structure-based numerical analysis of passive

scalar mixing in decaying homogeneous isotropic turbulence (DHIT) and shock-turbulence interaction (STI) canonical

configurations. Structures of a scalar field are defined as disconnected isosurfaces of the particular underlying scalar

field in shock-capturing direct numerical simulations (DNS) of DHIT, with Taylor microscale Reynolds number

Reλ = 40 and turbulence Mach number Mt = 0.2, and STI cases in which the turbulence is processed by a shock

wave at Mach numbers M = 1.5 and 3.0. The analysis focuses on the temporal evolution of ensembles of passive

scalar structures, initialized as collections of uniformly spaced spheres of varying scales, commensurate with the

initial Taylor microscale, λ, of the underlying turbulence. Changes in the feature surface geometry are related to the

underlying physical processes relevant to the mixing (turbulent transport, scalar dissipation, and shock compression).

Temporal surface convolution increases for initially larger structures, resulting in a higher probability of locally

hyperbolic geometries where break-up into smaller structures occurs. Shock-induced deformation of the structures

amplifies breakup processes, enhancing mixing, particularly for larger structures. Mixing enhancement by the shock

is manifested as an amplification of the surface-averaged scalar gradient, which increases for initially larger structures.

The alignment between the scalar gradient and the most extensional strain-rate eigendirection on the scalar isosurfaces

also increases across the shock. Larger magnitudes of the scalar gradient and its alignment with the most compressive

strain-rate eigendirection correlate with flatter surface regions. Shock-induced structure compression increases the

area coverage of flat regions, where the amplification of scalar gradient is localized.

In a second application of the tracking algorithm, the inhibiting effect of compressibilty on the turbulence inten-

sities in temporarily developing mixing layers is analyzed from a structural viewpoint. In the configurations of initial
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momentum thickness Reynolds number Reθ,0 = 160 and varying convective Mach numbers Mc = {0.3, 0.7, 1.1} the

dynamics and geometrical properties of vortical structures defined by iso-surfacing the Q-criterion field are investi-

gated. Using a time-dependent iso-value based on statistics of the Q-field, less vortices are extracted with increasing

convective Mach number, expressing the inhibiting effect of compressibilty on the structural level. Higher compress-

ibilty lowers the curvedness of the extracted Q-structures. The creation of vortices in the neighborhood of existing

vortices and the subsequent merging of both vortices is recognized as a prominent pattern of the vortex dynam-

ics. Other patterns of statistical significance are split-dominated or represent the short-lived evolution of isolated

structures which disappear shortly after their creation without interacting with others. To evaluate the occurrence,

persistence and significance of hairpin-like vortices in the mixing layers, a detection method for such special vortices

is introduced. For all convective Mach numbers, the number of hairpin detections peaks at Reθ ≈ 400 in the pre-self-

similar stages of the mixing layers and decays afterwards, suggesting that hairpins are not a dominant flow feature

once the turbulent background is developed. The time span in which vortices preserve their hairpin-like shape varies,

but most hairpins are rather short-lived as they cross the center planes of the mixing layers and are partially pulled

into the opposite free streams. The majority of individual hairpins is formed by the structural breakup process of

largely connected hairpins which originate from Λ vortices which grow in the early stage of the mixing layer through

merging of tube-like vortices. A number of hairpins have a tilted orientation with respect to the center plane, espe-

cially in the stages after the pre-self-similar regime. For hairpins that have quasi-streamwise orientation cross-stream

and spanwise growth of equal rates occurs simultaneously.
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Chapter 1

Introduction

1.1 Motivation

Despite its chaotic, multi-scale character, organized motions and turbulence structures have been observed in tur-

bulent fluid flow for a long time. Hussain (1986) links the motivation to study coherent structures to a desire to

find order in apparent disorder. Although ambiguous definitions of what a coherent structure is can be found in the

literature, there is an intuitive understanding that coherent structures are associated with motions that have some

sort of spatial organization and temporal coherence leading to a certain lifetime of the coherent structure in which

its appearance actively or passively evolves. Complementing statistical approaches to study the nature of turbulent

flow, structural analyses have provided fundamental insight into the mechanisms of momentum and energy transfer

in turbulence. For example, in the buffer layer of near-wall turbulence streaks of streamwise velocity are found to

carry most of the turbulent kinetic energy (TKE) (Kline et al., 1967; Smith & Metzler, 1983) and quasi-streamwise

vortices organize dissipation and Reynolds stresses (Jiménez, 2013), whereas in the logarithmic layer, most of the

momentum transfer originates from wall-attached eddies (Townsend, 1961) and vortices organize into self-similar

clusters (Del Alamo et al., 2006). Structural analyses of turbulent flows have led to the development of structure-

based models of turbulence fine scales (Townsend, 1951; Tennekes, 1968; Lundgren, 1982; Pullin & Saffman, 1993)

and subgrid-scale models for large eddy simulations (Misra & Pullin, 1997).

To gain further insight into the structural mechanisms of turbulent flow, different description techniques for the

geometrical properties of turbulence structures have been suggested in the literature (Bermejo-Moreno & Pullin,

2008; Leung et al., 2012). By utilizing these techniques the geometry of an individual turbulence structures can be

related to the underlying flow physics. The structural approach can be expanded from turbulence structures to other

flow features such as droplets in multiphase flows, transition zones or shock waves. Silver (1995) and Post et al.

(2002) summarize different techniques to define, extract and visualize features from a flow field. Since flow features

are an abstraction of the original data and typically occupy a relatively small region of the computational domain,

their extraction in general leads to a reduction of data, as emphasized, for example, by Van Walsum et al. (1996).

Extracted features can be isolated from the overall data set, which simplifies their individual exploration compared

to visualizing the entire data set at once.
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Time-resolving computational and experimental techniques to study fluid motion, such as direct numerical simula-

tion (DNS) or time-resolved three-dimensional particle image velocimetry (3D-PIV), have granted access to instanta-

neous, three-dimensional flow fields and hence to the dynamics of turbulence structures. Whereas the aforementioned

geometrical techniques describe turbulence structures for instantaneous snapshots of a given data set, the present

work focuses on the evolution of those geometrical properties over time and the relation to the temporally or spatially

evolving physics of the flow field. Therefore, a novel method to track individual flow structures throughout the flow

field is introduced in §2 adding temporal coherence to the geometrical analysis. The method enables simultaneous

tracking of intertwined structures with significant concave regions over large sampling intervals, by combining region-

and attribute-based algorithms. The tracking attributes incorporate geometric properties of the structures obtained

from differential geometry analyses.

In our present tracking methodology, flow features are defined as closed surfaces of any kind embedded in a three-

dimensional space, but could be generalized to other dimensions (e.g., flow features in two-dimensional turbulence).

In principle, the surfaces could be derived from a numerical simulation, as well as originate from experimental data.

In this work, the surfaces are extracted from volumetric scalar fields by isosurfacing. However, we emphasize that

this flow feature extraction is extrinsic to the tracking itself, as the tracking is explicit, see §1.2.2. The algorithm

tracks individual, disconnected isosurface components of the chosen field. The polygonal mesh discretization of the

isosurface is obtained by applying the marching cube algorithm (Lorensen & Cline, 1987) followed by a disconnection

step to isolate individual isosurfaces. Features, structures and isosurfaces are used synonymously in this work. The

shape of the structures, characterized from their differential geometry properties, plays a key role in the presented

tracking methodology. In addition to its contribution to the tracking effort via geometrical attributes used in the

correspondence search, we aim to relate the temporal development of the geometry of the structures to the underlying

flow physics. The method is designed to track all structures extracted from the flow simultaneously over large sampling

intervals, which pose challenges to existing tracking methods due to the increased inter-frame evolution. To study

the evolution of individual structures and their mutual interactions, the tracking results are encoded in a graph data

structure, which is a representation of the evolution of all tracked features.

In a first application presented in this work the proposed tracking method is used to investigate passive scalar

mixing in compressible turbulence from a structural point of view. Adding to findings based on statistical analyses,

the tracking of individual finite-sized scalar structures enables to investigate how the scalar mixing is represented at

the structural level in the form of the structural breakup process and the structure lifetime until complete diffusion.

Physical quantities relevant to the mixing, such as the magnitude of the scalar gradient and its alignment with

eigendirections of the strain-rate tensor, can be mapped on the tracked surfaces and hence are also examined from

a structural viewpoint. The tracking application and geometrical analysis allows to study how the shock-induced

structure deformation amplifies the structural mixing process. In particular, the temporal geometrical analysis of

the scalar structures permits to identify the predominant shapes of increased scalar dissipation as the structures pass

through the shock wave.
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Figure 1.1: Classification of flow feature tracking methods and proposed hybrid approach of attribute and region
based tracking.

Another flow configuration addressed in this work is the mixing layer formed between two parallel streams.

Statistical analyses show an inhibiting effect of compressibilty on the turbulence intensities in the mixing layer

(Papamoschou & Lele, 1993). By utilizing the proposed tracking algorithm the effect of compressibility investigated

in regard to the dynamics and geometrical properties of individual vortical structures in the mixing layer. Despite of

their proposal in the 1950s, the occurrence, persistence and relevance of hairpin vortices in shear flow configurations

(such as the mixing layer) is still subject to ongoing debate. Therefore, a filter is proposed to detect hairpin-like

structures during the development of the mixing layer. After identifying structures which are temporarily of hairpin-

like shape, their individual evolution and geometry is examined. The tracking allows to study how hairpin vortices

are formed and how they persist in the developing turbulent background of the mixing layer.

1.2 Survey of flow feature tracking methods

The features of a time-depending flow field may have evolving characteristics such as their spatial location and

shape. Analyzing the dynamics of flow features in physical space is subject to feature tracking. Different feature

tracking techniques have been introduced in the literature that differ on how the features are defined and extracted

from the flow field. A classification of feature tracking algorithms is presented in figure 1.1. In explicit feature

tracking the extraction of features is conducted as a pre-step to the tracking itself. Because the extraction is

performed independently for each time instant (frame) and the temporal coherency of each feature is not utilized

in the extraction process, the correspondence problem between features in successive frames arises. Solving the

correspondence problem means finding the relation between feature in successive frames. For example, if two features

extracted from successive frames are matched in a one-to-one correspondence, the two features represent the same

feature at the two different time instants. Without this correspondence information the individual feature evolution

cannot be analyzed. In general, each feature can have multiple forward and backward correspondences which adds

significant complexity to the correspondence problem. Avoiding the correspondence analysis between frames is one

motivation for implicit feature tracking methods, which either apply a spatio-temporal feature extraction rather

than a pure spatial extraction (as in explicit tracking) or use a prediction in the extraction process based on features

extracted in previous frames, and hence also include temporal coherence in the feature extraction process.
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1.2.1 Implicit feature extraction and tracking

Weigle & Banks (1998) and Ji et al. (2003) present implicit algorithms to track time-varying isosurfaces and interval

volumes by isocontouring in higher dimensions across the entire spatio-temporal domain. Assuming that correspond-

ing R3 isosurfaces from two consecutive time steps overlap with each other, isocontouring in R4 is used to find

correspondences implicitly. Given a R3 isosurface at time tn the overlapping isosurface at time tn+1 is found by

computing the connected isosurface in R4 that intersects with the given R3 isosurface and then slicing it along the

time dimension to get the overlapping R3 isosurface at tn+1. Hence the correspondence problem for isosurfaces in

R3 is implicitly solved. To reduce the computational cost of isocontouring in R3 and R4 during the tracking, in a

follow-up work, Ji & Shen (2004) used a precomputed correspondence table between isosurface components for any

possible isovalue. Then, in the actual tracking, the correspondence search reduces to look-up operations from this

pre-computed table. The construction of the look-up table is based on the observation that the correspondence rela-

tionship between R3 isosurfaces in consecutive time steps can only change at critical isovalues. At critical isovalues

the number of isosurface components in R4 changes, since the temporal correspondences change.

The tracking method proposed by Bajaj et al. (2002) is based on generating the isosurfaces in consecutive time

steps progressively from the previous time step by performing a temporal contour propagation of existing isosurfaces

and seed generation of new components, instead of extracting isosurfaces independently from different time steps.

Sohn & Bajaj (2005) construct the topology of time-varying isosurfaces resulting in a time-dependent contour tree.

Correspondences are computed between two instants of the contour tree. Topological events, such as the split of

one isosurface into multiple ones or the merge of multiple isosurfaces into one, are represented in a topology-change

graph.

All of the aforementioned implicit spatio-temporal tracking methods are based on a feature-overlapping criterion,

equivalently found in a certain class of explicit methods, as described later. Theisel & Seidel (2003) introduced an

alternative approach to represent the time-varying behavior of features not as a higher-dimensional isosurface but

as stream lines or surfaces of higher-dimensional vector fields. This approach of “feature flow fields” is applicable

to local flow feature and was tested, in particular, to track critical points of 2D and 3D vector fields. Even though

in feature flow fields no explicit correspondence matching is performed, features may not be connected over time by

the streamlines of the feature flow field, if the spatial displacement between the features in consecutive time steps is

too large and, therefore, an overlap criterion is somewhat implied. Theisel et al. (2005) apply the concept of ‘feature

flow fields’ to extract and track vortex core lines in a formulation based on ‘parallel vectors’ as introduced by Peikert

& Roth (1999). The concept of parallel vectors derives two vector fields from the original vector field, such as itself

and its curl, and a vortex core is located where these two vector fields are parallel. Streamline/surface integration of

the feature flow field is used to extract/track the parallel vector lines. Another implicit tracking method for line-type

features was proposed by Bauer & Peikert (2002) to track vortex cores through different spatial and temporal scales.

Rather than utilizing a spatio-temporal extraction process, Banks & Singer (1995) apply a vorticity-predictor

pressure-corrector scheme to reconstruct and implicitly track elongated vortex tubes in turbulent flow. Muelder &

Ma (2009) also propose an implicit tracking method in a prediction-correction manner. Assuming the features have
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fairly predictable paths, prediction methods of different order are used to estimate the feature region in a frame

based on the previous frames. In a correction step the estimated feature region is either shrunk or grown to extract

the actual feature in the current frame. Hence, the method assumes an overlap between the estimated and actual

feature region.

In general, low temporal resolution in the flow field constitutes a challenge to tracking its features. To track

volumetric flow features, especially over large sampling intervals, Sauer et al. (2014) proposed a method using

trajectories of corresponding Lagrangian particle data to predict the location of the feature in the next available time

instant.

Another particle-based, path-predictive tracking method was applied by Schafhitzel et al. (2008) on segmented

vortex structures to study perturbation events on arbitrary temporarily tracked vortex structures. The vortex core

line is tracked in a predictor-corrector manner by placing particles on the core line. The particles are integrated

along a given unsteady vector field and tested against overlapping with core lines in the consecutive time step.

1.2.2 Explicit feature extraction and correspondence based tracking

In contrast to the described implicit tracking methods, the feature extraction step is a pre-step to the actual tracking

effort in explicit tracking. As mentioned earlier, in explicit tracking the correspondence problem arises due to the

exclusion of temporal coherency in the feature extraction. Explicit tracking is therefore also called correspondence-

based tracking and related methods can be divided in three categories based on how the search for correspondences

is conducted: physics-, region- and attribute-based correspondence search. Another way of classification is distin-

guishing between local and global tracking techniques as described later on.

Since the features are extracted from the flow field, their dynamics are in principle governed by the same equations

as the fluid motion. Clyne et al. (2012) proposed a feature path prediction method which is based on the physics

of the underlying solutions to the equation of fluid motion. To start the path prediction, for each feature, the point

of minimum dissipation is found and advected by the velocity field to the consecutive frame. A streamline passing

through this advected point is integrated in forward and backward directions. Possible candidates for correspondence

with the original feature are features in the consecutive frame which intersect the streamline. The best match is

found by minimizing the relative volume difference between candidate and original features.

Early work on region-based correspondence search for explicit tracking was conducted by Silver & Wang (1996,

1997, 1998). The main motivation of the region-based search is based on the observation that, if the sampling

frequency is high enough, corresponding features in consecutive time steps usually have a spatial overlap. To track

one feature, first, all overlapping features in the consecutive frame are found. To select the best match from those

candidates a degree of overlap is computed in terms of a normalized volume-difference test. This approach has been

extended by Chen et al. (2003) to be applied to feature tracking in data sets obtained by application of adaptive

mesh refinement (AMR) techniques, whereby each feature can span multiple refinement levels. A “feature tree” is

obtained representing the feature in multiple levels of refinement.
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A tracking method based on region-based correspondence was applied to track vortical structures in forced and

decaying isotropic turbulence by Kareem et al. (2007) and Abdel-Kareem (2011). Lozano-Durán & Jiménez (2014)

use region-based correspondence search to study the evolution of coherent structures in turbulent channels, organizing

the found correspondences over time into a graph that represented temporal structure interactions. Another region-

based tracking method was proposed by Saikia & Weinkauf (2017), where feature regions are defined by merge trees

that, in general, segment a scalar field into different regions. The similarity between two subtree regions in consecutive

frames is measured by considering the volume overlap and the ξ2 distance between voxel intensity histograms of two

regions. A graph data structure is built over all time steps, where the nodes are the subtree regions in each time step

and the edges represent all possible connections between regions. The edge weight is defined by the combined distance

from the volume overlap and the histogram distance. Since the graph incorporates connection information for all

regions over all time steps, it can be used to make tracking decisions globally instead of considering two consecutive

time steps. By applying Djikstra’s shortest path algorithm, the tracking path for each feature is determined. A

similar approach, using a graph to obtain tracking paths, was used by Widanagamaachchi et al. (2012), which also

utilizes merge trees for the definition of regions. In this method the features contained in a track (branch) of the

graph have similar intensity levels, whereas in Saikia & Weinkauf (2017) the intensity level of a region of the merge

tree can change over time. The same method was later adapted by Widanagamaachchi et al. (2015) to track features

in embedded surfaces with application to turbulent combustion.

As mentioned earlier, region-based methods rely on the spatial overlap of feature in consecutive frames. Hence,

they require a fairly high sampling frequency, especially when small, fast moving features are present in the data.

In contrast to the region-based feature tracking methods, attribute-based methods try to solve the correspondence

problem by considering only a small set of abstract attributes describing the feature. Therefore attribute-based

matching costs significantly less memory and a correspondence search in multiple stages becomes affordable. The

feature attributes are utilized to uniquely represent each feature in the search for correspondences. Therefore, the

choice of attributes used in this representation is fundamental and may depend on the application. To solve the

correspondence problem based on an attribute representation of the features, matching criteria need to be established

for the attributes of source and target feature.

Samtaney et al. (1994) introduced a list of evolutionary events in the lifetime of a feature: continuation, creation,

disappearance, split and merge, see §2.2. To detect those events an attribute-based method which uses the feature

centroid as the primary attribute in the search is proposed. In a first step, continuing features are determined by

finding the closest feature in the consecutive frame in terms of the centroids. The matched candidates are tested

with respect to additional attributes, such as second order moments of inertia, volume and mass. In a second step

remaining unmatched features are tested for split and merge events. Feature evolution over multiple frames and

interactions between features in the form of the detected events are represented in a directed acyclic graph. A similar

tracking method based on centroid location and volume as key attributes was adapted by Chan et al. (2018) to track

bubbles in breaking waves.
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Reinders et al. (1999) and Reinders et al. (2001) propose an attribute-based method in a prediction-verification

scheme. Their attribute set contains centroid position, volume, mass and the best fitting ellipsoid (in terms of

position, scaling, and orientation) of each feature. The prediction utilizes a linear extrapolation using the previous

two frames and is applied in forward and backward directions. Hence, multiple passes are executed for each frame.

The previously described tracking methods make the common assumption that the feature motion in between

consecutive frames is limited and fall into the category of local tracking techniques. This assumption is fairly obvious

in terms of the region-based methods, since they rely on the spatial overlap. The attribute-based method of Samtaney

et al. (1994) also tests the closest centroids in consecutive frames for continuation events. The prediction-verification

scheme in Reinders et al. (2001) makes the assumption that features evolve predictably. Hence, it also implies

certain restriction on the feature evolution between frames. Contrary, global tracking techniques do not impose

any restrictions on feature motion between frames. In other words, features may move anywhere in the domain in

between frames. Hence, these methods do not perform the tracking of each feature independently with local search

approaches. In a global tracking algorithm all the features from two consecutive frames are considered together and

a globally best match is pursued. The technique introduced by Ji & Shen (2006) seeks the globally best match by

using the Earth Mover’s Distance (EMD), which is also known as Wasserstein metric, as a matching cost measure

and propose a “branch-and-bound” method to find the global minimal cost efficiently. EMD is a statistical tool

used to measure the distance between two probability distributions over a region. However, although in principle no

restrictions are applied, “the cost algorithm is weighted heavily in favor of features that are in close proximity to the

tracked feature” as pointed out by Clyne et al. (2012). The Wasserstein metric was also used by Soler et al. (2018)

to track topological features in time-varying scalar data.

Caban et al. (2007) introduce a non-local tracking method which is attribute-based with no bias toward nearby

features. It is based on the observation that volume segments in time-varying data have textural features that are

characteristic to that particular subvolume. Here a feature is associated with a subvolume of the domain. The

texture of a subvolume is defined by 26 textural attributes. Correspondences are found in terms of the best texture

match in subsequent time steps. First, a tracking window is estimated based on the dynamics between frames in the

data set. For data sets where little is known about those dynamics, the window can be large and, in principle, span

the entire time domain. Then, similarity measurements in terms of texture are conducted for candidate subvolumes.

Since correspondences are found based on textural properties, the best match is not necessarily found in the features

spatial neighborhood.

1.3 Outline of the present work

The flow feature tracking algorithm proposed as a local, hybrid approach combining attribute- and region-based

principles is described in §2. After outlining the algorithm in §2.1, the different types of flow structure interactions

which need to be captured by the algorithm are defined in §2.2. §2.3 presents the structure attributes used to abstract

flow features in the methodology. The multi-stage search for structure correspondence candidates is described in §2.4.
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The constraining process of obtained correspondence candidates is addressed in §2.5. §2.6 describes how candidates

for complete events are formed from the constrained structure-to-structure correspondences, while the constraining

and optimization procedure for event candidates is detailed in §2.7. A strategy to treat periodic domain boundaries

in the context of flow feature tracking is proposed in §2.8. The design of the graph data structure storing the accepted

flow feature interactions over time is explained in §2.9. §2.10 introduces a graph mining approach to extract common

patterns of flow feature interactions from the tracking graph.

The introduced algorithm is applied to track flow features extracted from scalar (i.e., single-component) fields

governed by different physical mechanisms. §3 investigates the temporal evolution of passive scalar structures with

well-defined initial geometry in canonical homogeneous isotropic turbulence and shock-turbulence interaction flow

configurations. The motivation and numerical setup of this flow configurations is given in §3.1 and §3.2. The temporal

(DHIT) and downstream (STI) distribution of detected events is presented in §3.3. Structure volumes associated

with different event types are shown in §3.4. Split and merge events are investigated in geometrical feature space in

§3.5. §3.6 presents the downstream evolution of surface-averaged physical quantities relevant for the mixing process.

Correlations between the local surface geometry and those physical quantities are highlighted in §3.7. The evolution

of primary structures is presented in §3.8.1 focusing on geometrical feature space trajectories, surface area evolution

and relation to scalar dissipation and vorticity on the surface.

In a second application, motivated in §4.1, the flow feature tracking methodology the evolution of vortical struc-

tures is studied in temporarily evolving compressible mixing layers, for which the problem formulation and numerical

setup is described in §4.2. The mixing layer simulations are validated in §4.3. §4.4 addresses how vortices are ex-

tracted from the mixing layer and presents their general statistics. By utilizing the graph mining technique introduced

in §2.10, §4.5 analyses merge events of structures newly created in close proximity of existing vortices. A detection

method for individual hairpin-like vortices is presented in §4.6. The geometrical signature of detected hairpin-like

structures is investigated in §4.7. The temporal distribution, and hence the relation to the Reynolds number, of

hairpin-like structure detections is discussed in §4.8, which also investigates the formation of individual hairpins.

The analysis of the dynamics of vortical structures in mixing layer concludes with a discussion of the cross-stream

and spanwise growth of hairpin-like structures in the pre-self-similar stage of the mixing layer. A conclusion reflects

the thesis in §5.
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Chapter 2

Flow feature tracking methodology

2.1 Introduction

We propose a tracking algorithm that follows the idea of explicit, correspondence-based tracking. Hence, the ex-

traction of structures from each given time instant of the flow field and the generation of attributes describing those

features are performed as a pre-step to the actual tracking. This extraction and characterization step is conducted

for each time frame independently and described in §2.3 in detail. The exclusion of temporal coherence in the feature

extraction leads to the correspondence problem, which is the starting point of the tracking effort. The proposed

tracking algorithm can be organized in three main blocks: 1) correspondence search & constraining; 2) event forma-

tion & constraining; and 3) dynamic graph building. While we seek to solve the correspondence problem in first block

of the algorithm, the event formation and, especially, graph building go beyond the solution of that correspondence

problem. The three blocks are carried out in sequence for two consecutive frames and repeated in a time loop for

which the sampling interval length does not have to be constant, as illustrated in figure 2.1(a).

After the structures have been extracted and their attributes are generated, a frame-to-frame correspondence

search is conducted in multiple stages utilizing different subsets of the structure attribute set. The search process

involves a higher dimensional neighborhood in the attribute space and, optionally, a radius search in the spatial

attribute subspace. Each search is conducted in the forward direction from source to target frame and also backwards

from target to source as described in detail in §2.4. The outcome of the search is a list of potential structure-to-

structure correspondences. The proposed search method has its key counterpart in a constraining process by which

the found correspondences are tested for physical realizability on a structure-to-structure correspondence level (see

§2.5). The algorithm allows for flexibility in terms of the types and order of the correspondence constraints. In general,

the correspondence constraining can be based on structure attributes, regions, and/or physical laws. However, all

correspondence constraints here discussed are region-based, adding the hybrid character to our algorithm. Contrary

to existing tracking approaches, the region-based constraining presently introduced does not rely on spatial overlap

between source and target structures. The structure region information is used to constrain what has already been

found and is not meant to be utilized in the search.

9



Structure extraction
& characterization

Correspondence
search

Correspondence
constraining

Event formation

Event constraining

Dynamic graph
building

Graph analysis
& further post-processing

Attributes

Correspondence Candidates

Time
advancing

Regions

Accepted Correspondences

Event Candidates

Attributes

Accepted Events
Event
history

Graph

Tracking

(a)

Source & target
point cloud

Projection of
spatial attributes

Attribute scaling

Bidirectional
NN search in attribute space

& radius search in spatial subset

Duplicate correspondence removal
& Confidence collection

Creations & disappearances detection

Found correspondences
(b)

Figure 2.1: (a) Overview of the tracking workflow identifying three main blocks: correspondence search & constrain-
ing, event formation & constraining, and dynamic graph building. (b) Overview of the correspondence search process
with the bidirectional nearest-neighbor search in the full attribute space and the radius search in the spatial subspace
as its central element.

As described in 2.2, only continuation events consist of a single structure-to-structure correspondence. Multi-

correspondence events, such as split and merge, are formed based on the structure-to-structure correspondences that

pass the constraining process, 2.6. The formation of potential events is adding information that can be used to further

test for physical realizability. Again, in principle the event constraining is open to be performed on a attribute, region

or physics basis. In contrast to the implemented correspondences constraints, all implemented event constraints are

attribute-based, §2.7. Similar to the correspondence constraints, the algorithm allows flexibility regarding the type

and order of the event constraints. Depending on the application, in a sequence of event constraints the same event

constraint type may be applied to different event types with different tolerances. The event constraining process

often leads to significant event simplifications, emphasizing again that the proposed search and constraining process

needs to be seen as a unity.

The accepted events are used to dynamically extend a graph data structure at the end of each tracking step

(§2.9). The graph is directed and acyclic indicating the progressing tracking time, its vertices represent structures at
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a certain time instant and its edges display the found structure to structure correspondences between successive time

steps. The building of multi-correspondence events requires a decision making process in terms of the continuation,

creation and termination of branches which is based on the overall confidence that was assigned to correspondence

in the search and structure properties, such as lifetime and volume. The entire graph represents the lifetime and

interactions of all structures present in the flow field over time. Each branch of the graph represents the evolution of

one individual structure. Hence, the graph can be queried to further post process the individually tracked structures.

Even though the main purpose of the graph is to store the found structure evolution and interactions over time, the

event history information contained in the graph can also be utilized in the event constraining of subsequent tracking

steps.

Periodic boundaries are commonly found in numerical datasets from which structures are extracted (e.g., in-

stantaneous volumetric snapshots / frames obtained from simulations of turbulent flows). An adequate handling of

domain periodicity poses additional challenges to the development of the tracking algorithm, as it affects not only the

structure extraction pre-step, but also both the correspondence and event components. To provide an overview of

the tracking process, the treatment of periodic boundaries in the tracking is not shown in figure 2.1(a). This aspect

of the algorithm is discussed in section 2.8. The modular character of the algorithm makes certain steps optional

and depending on the application and purpose of the tracking. In addition, new types of realizability constraints

which may be needed for new application can be added easily and without modification of the architecture.

The presented algorithm requires user input in form of search parameter and constraint settings. To tune these

settings for a specific application, the algorithm offers several forms of visualization which provide feedback about

the accuracy of the detected feature interactions to the user. Visualizing the feature interaction can be seen as a

first verification step that delivers useful insight into how the search and constrain parameter need to be adjusted to

obtain reasonable tracking results for the specific application.

2.2 Event definitions in correspondence search

To track an evolving structure over time the structure needs to be identified in a series of consecutive time instants

(frames). The sampling interval (or tracking time step) between consecutive frames may not be constant, but is

assumed to be sufficiently small to match structures in consecutive frames and capture interactions between them.

In the matching process, structures in a frame at time tn are referred to as ‘source’ structures, while structures in

the consecutive frame tn+1 are called ‘target’ structures. Samtaney et al. (1994) introduced a classification of events

that describe interactions of structures within a sampling interval as follows:

1. Continuation: A structure continues from one frame to the next without interacting with another structure.

The source structure has only one forward correspondence.

2. Creation: A new structure appears in the target frame. The target structure has no backward correspondence.
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3. Split: A source structure fractures into two or more target structures. The source structure has multiple

forward correspondences.

4. Merge: Two or more source structures merge into one target structure. The target structure has multiple

backward correspondences.

5. Disappearance: A source structure disappears. The source structure has no forward correspondence.

While a continuation is a one-to-one correspondence, split and merge events may be seen as a group of one-to-one

correspondences. A generalized event can be defined as a collection of one-to-one correspondences. The order of a

split or merge is defined as the difference between the number of target and source structures. The complexity of

events is related to the sampling interval. For example, as the sample interval length is increased, a cascade of two

first-order splits would eventually be detected as a single second-order split. A reduced sampling frequency decreases

the amount of data which needs to be stored for the tracking application. Since our tracking algorithm aims to be

applicable to datasets of large sampling intervals, we add a generalized event type, that combines splits and merges

of multiple order, to the list of events:

6. Compound event: Multiple source structures merge and split into multiple target structures.

While compound events have been neglected by most tracking algorithms found in the literature, Guo et al.

(2015) reported the observation of compound events during the tracking of magnetic flux vortices. A higher temporal

resolution is needed to decompose compound events into regular events.

The goal of the tracking is to generate a list of those events for each individual structure when the matching

process is repeated over a sequence of frames. This way the temporal evolution of each structure and its interactions

with others are recorded. In addition to these events from one frame to the next, events occurring over several

frames as combinations of the previously defined frame-to-frame events may be defined. For example, a merge of

a structure with another structure from which it was previously split may be seen as a ‘reconnection event’ and a

sequence of split events can be seen as a ‘cascade split event.’ However, the occurrence of those multi-frame events

highly depends on the sampling frequency. For example, a reconnection event (split and merge) may be seen as a

continuation if the sampling frequency is lower. In contrast to the frame-to-frame events that need to be detected

by the tracking algorithm, multi-frame events do not have to be taken into account in solving the correspondence

problem and are subject to the graph analysis following the tracking.

2.3 Structure attributes for event detection and rejection

In attribute-based correspondence search, correspondences between structures in successive time steps are based on

the comparison of attributes of the structures. An attribute of a structure is a quantitative property, such as its size

or orientation. A group of attributes is a fingerprint used to identify a structure, in other words, to distinguish a

structure from other structures in the same time instant. In general, the fingerprint of a structure may change from

12



one time instant to the next. Different event types affect the attributes of a structure from one time instant to the

next in different ways. For example, in most cases, a split event may affect the size of the structure more significantly

than a continuation event. Since the unique description of a structure at each time instant is an essential part of the

tracking, the choice of attributes to form the fingerprint of the structure is a key element.

Since a good fingerprint separates structures, including the spatial location of a structure in the group of attributes

is a natural choice. The location of a structure can be represented by a number of attributes. The full information

about the spatial region occupied by a structure is contained in the spatial coordinates of all points forming the

isosurface. In the present algorithm, this spatial information is reduced to three attributes that are reserved to

represent the location of the structure. Depending on the application different choices for those three attributes may

be made. Candidates to represent the spatial information of a structure in three attributes can be based on solely

the geometry of the structure, such as the three coordinates of the center of the bounding box of the structure, or

including other properties such as its centroid. In all applications of tracking algorithm presented in this work, we

use the center of either the axis-aligned or oriented bounding box of a structure to define its location. Note that,

although attributes like the center of the bounding box are meant to describe the position of the structure, the

location defined by those three attributes is not always within the actual boundaries of the structure.

In addition to the spatial location, the shape of a structure can be used to distinguish the structure from other

structures in the time instant. Similar to the three attributes representing the location of a structure, we are

looking for a reduced set of geometrical attributes that classifies the geometry of isosurfaces. Different geometry

description techniques have been suggested in the literature. Geometrical descriptors based on Minkowski functional

have been used by Leung et al. (2012). In this study, we apply the geometrical characterization method introduced

by Bermejo-Moreno & Pullin (2008). From the three main steps of this methodology, extraction, characterization

and classification, we do not make use of the latter one. Starting from a three dimensional scalar field at a time

instant the extraction of structures begins with a multi-scale decomposition of the given fields into component fields

representing different scales of the original field. This first step is not applied in our study and we reduce the

extraction method to an isocontouring of the original field. Disconnected regions of the isosurfaces extracted from a

volumetric scalar field define the individual structures to be tracked over time. Thus, the structures subject to the

tracking are disconnected closed isosurfaces of the original field. Since the geometrical characterization and hence the

tracking is limited to closed surfaces, it is essential to reconnect and close isosurfaces that intersect periodic domain

boundaries, if those are present in the simulation. Structures intersecting non-periodic domain boundaries are not

closed, however, may still be included in the geometrical analysis and tracking attempt by closing them either with

simply using the boundary that they intersect or by closing them using their mirrored extension, Demanet & Ying

(2007).

The geometrical characterization of each individual isosurface starts with the computation of two differential-

geometry properties at each point of the surface. Following Koenderink & Van Doorn (1992) the absolute value
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of the shape index S and the dimensionless curvedness C are locally determined based on the principal curvatures

{κ1, κ2} as

S =

∣∣∣∣− 2

π
arctan

κ1 + κ2

κ1 − κ2

∣∣∣∣ C = 3
V

A

√
κ2

1 + κ2
2

2
(2.1)

, where the structure volume V and area A are used for a non-dimensionalization of the curvedness. Higher values of

the curvedness correspond to lower values of the radius of curvature and hence a stronger locally curved surface. The

absolute shape index classifies the local shape of the surface as hyperbolic S < 0.5, parabolic S = 0.5 or (concave

or convex) elliptical 0.5 < S < 1. Extreme values of S are associated with a symmetrical saddle point S = 0 and

an umbilical point S = 1, while the shape index is undefined for a planar surface. Since the attribute representation

of each structure is based on attribute of different types, the value range of each attribute needs to be considered

and a scaling operation into a common range becomes necessary, see section 2.4.2. While the absolute shape index

is bounded as 0 ≤ S ≥ 1, the dimensionless curvedness only has the planar surface as a lower bound, thus C ∈ R+.

However typical values of C range in [0, 3]. The area-based joint probability density function P (S,C) of the pointwise

quantities S and C is obtained provide a non-local description of the geometry of the surface. Based on the first and

second moments of the joint probability density function P (S,C) a so-called feature center Ŝ, Ĉ is defined which lies

closer to region of high density than the mean center (asymmetry of the joint pdf). In addition upper and lower

distances dSu , d
S
l , d

C
u , d

C
l of the joint pdf in each of its variable are obtained. The set of parameter which span the so

called feature space of parameters is completed by the global compactness parameter, which is defined as

λ̂ =
3
√

36π
V 2/3

A
(2.2)

and has a range λ̂ ∈ [0, 1]. The compactness parameter is also known as the sphericity since it measures how close the

shape of an object is to a perfect sphere (λ̂ = 1) (Wadell, 1935). As a result of the geometrical characterization, each

isosurface is represented as a point in the 7-dimensional feature space of parameters {Ŝ, Ĉ, λ̂, dSu , dSl , dCu , dCl }. The

feature space of parameters is designed to geometrically classify surfaces of different shape, e.g. identify clusters in

the high-dimensional space. However, combing the feature space of parameters with the three attributes describing

the location of each surface would construct a 10-dimensional space in which the search for correspondences needs to

be conducted. Searches in high dimensional space are subject to the “curse of dimensionality” problem as observed

by Bellman (2015). Furthermore with k being the number of dimensions, in kd-tree data structures which are suitable

for searches in space of low to medium dimensionality the number of data points N should be N � 2k in order

to make the search significantly more efficient than an brute-force search. Thus, the number of dimensions of the

space in which the correspondence search in conducted should be large enough. to distinguish structures but not

bigger than that. Consequently we combine the location information of the structure not with the full feature space

of geometrical parameters, but with the subset {Ŝ, Ĉ, λ̂}. Typical regions in this reduced parameter space are near

the ({Ŝ, Ĉ, λ̂}) = (1, 1, 1) point for blob-like structures and (1/2, 1, λ̂) for tube-like structures, which become more

stretched with a lower value of λ̂. Sheet-like structures are characterized by low values of Ĉ and λ̂.
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The proposed tracking method is not limited to a particular choice of feature attributes. Depending on the

application, different attribute sets may be chosen. However, in the present work, the set of attributes describing

each structure in any given time frame is formed by the three spatial attributes {xc, yc, zc} and the three geometrical

attributes {Ŝ, Ĉ, λ̂}. Hence each structure is represented as a point in a six dimensional attribute space and all

structures in a frame form a cloud of points in this attribute space. As described in section §2.4.2, a scaling and

weighting operation is applied to the group of attributes. Different events affect the structure attributes in different

ways. While the geometrical shape of the structure is marginally evolving in a continuation, splits and merges can

significantly affect the geometrical signature. Thus, to detect all types of events different subsets of the group of

attributes are used in the search of correspondences (see §2.4).

In addition to the attributes that are used for the correspondence search, another set of attributes can be used

to test and reject found correspondences and events based on physical realizability. To test for realizability, the

algorithm follows region-based approaches to constrain correspondences and attribute-based approaches to constrain

events. In flow configurations with a dominant mean flow direction, the direction of the integrated velocity of the

structures may be used as an attribute to test directionality of the found event. Depending on the application a

structure attribute may be identified which can be assumed to be conserved within the event within a user-defined

tolerance. Examples for such attributes could be the overall volume or mass which may be assumed to conserved

from all source to all target structures of an event (see §2.7.2).

2.4 Detection of correspondences

After all structures from the source and target frame have been mapped into the attribute space, a multi-stage

search for correspondences between these two clouds of points is conducted utilizing first the full set of attributes

and then its spatial subset only. Matching source points with target points by comparing the structure attributes

translates into minimizing the distance between matched points in a space which is spanned by those attributes or

a subset of them. The search for correspondences is conducted in multiple stages in which both the source and the

target clouds participate as query and searched clouds. An overview is presented in figure 2.1(b). In general, the

difficulty of frame-to-frame correspondence detection and the complexity of the resulting events highly depend on

the sampling frequency of the dataset. The proposed combined method of searching and constraining aims to be

applicable to datasets with low sampling frequency where corresponding structures do not necessarily spatially overlap

in consecutive frames. However, a sufficiently high sampling rate is assumed. The limiting value for the sampling

frequency is application dependent. In a dataset with relatively slow feature dynamics, in terms of the attributes

spanning the attribute space, a lower sampling frequency may be sufficient than in applications characterized by quick

feature dynamics. The minimal required sampling frequency also depends on the scale of the structures subject to

the tracking in relation to the structure velocity. For most tracking methods (especially region-based) small, fast

moving features result in the most restrictive sampling frequency. However, in the attribute space, structures are

represented in terms of spatial location and geometric shape. In other words, structures that move fast relative to
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their size but are characterized by minor changes in shape from frame to frame may result in a comparable minimum

sampling frequency than structures that move more slowly relative to their size but deform faster.Thus, measures to

evaluate the sampling frequency based on location and shape are needed.

2.4.1 Projection of spatial attributes

As a pre-step to the correspondence search, the velocity of the structures can be utilized to compute an estimated

position used to improve the spatial subset {xc, yc, zc} of the structure attributes. The goal of the projection is to

further minimize the distance of matching points in the attribute space before the actual search in performed. Either

the source structures can be projected forward or the target structures backward. The direction in which the spatial

projection is conducted prior to each stage of the correspondence search is chosen based on the event type whose

detection is the main objective of that particular stage, as detailed in §2.4.3-2.4.4.

In contrast to Muelder & Ma (2009), who predict the feature region in the target frame as an extrapolation

using the feature’s positions in the previous frames, we compute the estimate x′ = (x′c, y
′
c, z
′
c) for the spatial subset

of attributes in the previous or successive frame from the current subset x = (xc, yc, zc) as a linear projection

x′ = x ± ∆tvavg (plus / minus sign for forward / backward projection) based on the average structure velocity

defined as

vavg =
1

A

∫
A

vdA (2.3)

In general,the quality of the projection depends on the length of the sampling interval. A higher-order projection

could be obtained by utilizing the velocity information, not only from the current source or target frame but also

from previous or subsequent frames. However, when evaluating the relevance of the spatial projection in general,

and especially of including higher order contributions, it needs to be considered that topology-changing events, such

as split and merge, can change the structure’s center location from source to target frame more significantly than

predicted by the velocity-based displacement, where no change in topology is assumed. In addition, application-

specific phenomena that accelerate or decelerate structures (such as shock waves in a compressible flow) further

diminish the benefits of the projection. To account for these effects the spatial projection may be zonally adapted,

for example turned off across a shock wave.

The idea of a spatial projection will be further utilized in the constraining process of found correspondences

(discussed in §2.5), where instead of the structure’s spatial attributes, the structure’s bounding volumes or the

structure itself will be projected. In contrast to the projection of the spatial attributes {xc, yc, zc}, this spatial

projection of the structure or its bounding volume may benefit from including a rotational contribution, in addition

to the translational component.
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2.4.2 Attribute scaling

Since the spatial attributes describe the location of a structure in physical space, the domain size of the application

limits their range. In calculating the Euclidean distance with coordinates of different scales the coordinate with

larger range would dominate the distance. Hence, a rescaling (standardization) of the attributes is necessary. We

rescale an attribute α as α̃ = (α − α0)ω, where α0 is the attribute origin and ω is the weight of the attribute.

Different weights can be assigned to the geometric attributes, depending what attributes are to be emphasized. For

the tracking application presented in this work, a weight defined as the inverse domain length is used for the spatial

attributes to rescale them into a range [0, 1] and balance the contribution from spatial and geometrical attributes to

the distance calculation.

2.4.3 Nearest-neighbor search in the attribute space

Regarding the inter-frame evolution of a structure that continues from a source to a target frame and has no interac-

tions with other structures neither in the source nor the target frame, the following observations can be made: 1. The

spatial displacement of the structure is limited. Thus, the corresponding target structure may not be the spatially

closest to the source structure, but can be found somewhere in its spatial neighborhood. 2. A continuation event

can be characterized by small topology changes compared to split and merge events. The geometrical deformation

of the structure is limited. Therefore, for a continuation event, a corresponding target structure can be expected

in the close neighborhood of the source structure in the attribute space. Hence, a nearest-neighbor (NN) search in

the full six-dimensional attribute space is conducted to detect potential continuation events. The outcome of a NN

search depends on the search direction, e.g. if the nearest neighbor in the target cloud is found for each source point

or vice versa. Hence, we conduct the NN search in both directions, starting with source-to-target as the first step

of the first stage of the correspondence search. Different data structures and algorithms have been proposed in the

literature to conduct a NN search in higher dimensional space, as for example summarized by Yianilos (1993). We

conduct the NN search in the attribute space based on the construction of a kd-tree data structure as introduced by

Bentley (1975); Friedman et al. (1977). In general, a kd-tree is a space-partitioning data structure that hierarchically

organizes the data points based on their position in the k-dimensional space aiming to allow efficient access to the

organized points by positionally querying. To organize the data, the space is recursively split into half-spaces by

axis-aligned hyperplanes. Since half-spaces are constructed in the k-dimensional space, the kd-tree is a binary tree.

Each node of the tree is not only associated with a half-space but also with one of the k dimensions that is used

as the splitting direction to generate the node’s children. Although each nodes defines the direction of the splitting

hyperplane, the construction of the kd-tree is not unique, because the plane can in principle be placed anywhere in

the half-space. A standard rule is to split before the median point along the longest dimension of the half-space.

Hence, assuming the overall space has comparable depth in each dimension, one cycles through the dimensions when

moving down the tree.
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Once the kd-tree is constructed, several ways exist to find the nearest neighbor to a query point. We note that

always choosing the “good side” (i.e. in direction of the query point) of the binary tree when traversing down the tree

can have a high probability of failure, especially when many data points are located close to half-space boundaries.

Detailed strategies can be found in Liu et al. (2005), for example.

We refer to the cloud which is formed by all query points in the NN search as the query cloud and the searched

cloud which is partitioned in form of a kd-tree as the match cloud. In the search for the nearest target neighbor to

each source point in our attribute space, the source points serve as the query cloud and the target points form the

match cloud. Opposite roles are taken when the NN search is conducted to find the nearest source neighbor for each

target point. At each stage of the correspondence search, we define a confidence value for each found correspondence

in the particular stage of the search, allowing the assignment of different weights on specific stages of the search.

At the end of the search a total confidence is computed (see §2.4.6). The confidence evaluation is continued in the

constraining process. For the bidirectional NN search, we determine the confidence value depending on the user

preference either as a general value for the NN search ci = c = ωNNcNN or as a correspondence-specific value

ci = ωNN

[
cNN + (1− cNN)

(
1− di

d̄+ 3σ

)]
(2.4)

where ωNN and cNN < 1 are the user-provided weight and minimum value for the NN confidence. di is the Euclidean

distance between query and match points in the attribute space for the i-th found correspondence, and d̄ and σ

are the mean and standard deviation of the distances of all found correspondences in this stage. Note that, before

weighting, the confidence value is bounded between cNN and unity, where a unitary confidence is associated with a

vanishing distance in the attribute space and hence maximal confidence in the correspondence. Depending on the

relative location of point in the source and target clouds in the attribute space, a correspondence may be found in

both search directions and a confidence value will be assigned to the same correspondence in both directions. If the

mean and the standard deviation, d̄ and σ, are included in the confidence determination (equation 2.4), then the

confidence value will not be the same in both search directions, in general.

In contrast to a range search, the NN is not restricted to a maximal distance. Events other than continuation

lead to a more pronounced separation of source and target points in the attribute space because of the associated

topology changes. However, since the NN search is not rejecting correspondences by comparing to a certain maximal

allowed distance, correspondences are still going to be found for the source and target points involved in these

non-continuation events. The validity of these correspondences depends significantly on the number of source and

target structures and their location in the attribute space. The NN search for each source point has a tendency to

detect either potential continuation or merge events, while the NN search for each target point detects predominantly

continuation and split candidates. To detect merging structures, a forward projection of the source spatial attributes

reflects the converging character of the merge event, while for a split event, a backward target projection captures

the diverging targets. Hence, prior to the NN search from source to target, a forward projection of the source spatial

attributes is conducted. Likewise, prior to the NN search from target to source, a backward projection of the target
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spatial attributes is performed, as described in §2.4.1. However, the validity of split and merge events found in the

NN search stages of the search is uncertain due to the unpredictable changes of the geometrical attributes {Ŝ, Ĉ, λ̂}

that occur in a merge or split event, however certain tendencies exist, see §3.5. This problematic can be further

illustrated by considering the behavior of a NN search in terms of disappearance and creation events. Consider a

(synthetic) frame pair where a structure continues from the source to target frame and another small source structure

disappears, e.g. has no true forward correspondence. However, visible to the NN search are two structures in the

source frame and one in the target frame. Hence, the unrestricted NN search for both source structures will result in

matching with the same target structure, while the NN search for the target structure will match the target structure

with only one of the two source structures. Combing all found correspondences of the two NN searches a false merge

event is detected. Analogously, a false split event is detected when in reality only a single continuation and creation

takes place. These simple thought experiments emphasize a need to test the validity all correspondences found in

the NN search, especially the non-continuation events, and a need to have an alternative search method to find

candidates for split and merge events. However, applying the NN searches without restriction still has a justification

and certain advantages. The hypothetical example with two source structures and one target structure could also

be used to illustrate an event where the source which was disappearing in the previous example is instead a truly

merging / incoming structure which is moving fast and is small (hence is causing only minor topology changes in

the merge). The dominant correspondence of this merge is the correspondence found by the NN search in both

directions. However, a false disappearance and continuation instead of a merge may have been detected if the NN

search would have been conducted with a maximum allowed distance. The proposed bidirectional NN search needs

to be seen as one part of a multi-stage search and in combination with the constraining process. The purpose of

the search is to find all possible correspondence candidates, which will be tested for realizability in the constraining

stage.

2.4.4 Radius search in the spatial subspace

The geometry of a continuing structure evolves smoothly between the source and target frame. The structure

is locally deformed, but the target structure is characterized by a global geometric signature {Ŝ, Ĉ, λ̂} which is

comparable to its counterpart in the source frame. Contrary to the continuation, events involving interactions with

other structures, such as split and merge, cause significant changes in the shape of the structure. Consequently,

corresponding structures are separated in the full attribute space. The change in shape not only modifies the

geometrical attributes of the structure, but also relocates its center, leading to a larger spatial displacement, in terms

of structure centers, compared to continuation events. However, topology-changing events affect the geometrical

attribute subspace much more abruptly than the spatial subspace: Despite the spatial displacement, corresponding

structures are still expected to be found in their spatial neighborhood. Therefore, a correspondence search in the

spatial subspace is conducted to exclude the geometrical attributes from the search. Although excluding the geometry

from the search is motivated by jumps in the geometric signature caused by split and merge events, the search in
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the spatial subspace is still going to detect potential continuation candidates, which are not only neighboring each

other in the full attribute space, but also in the spatial subspace.

In contrast to the correspondence search employing the full spatial and geometrical attribute set, the search in

the spatial subset is conducted in form of a radius search rather than a nearest-neighbor search as illustrated in fig.

2.2(b). A k-nearest-neighbor search in the spatial subset would determine the k-nearest neighbors of the query point

without restriction to their distance. In contrast, a radius search around a query point finds all match points within

a fixed distance from the query point. Conducting a k-nearest-neighbor search is not feasible, because the number

k of nearest neighbors to be found cannot be specified, since no assumption of the order of the split or merge event

can be made at this stage. Instead, searching for all candidates involved in the event comes with the requirement of

having to define a search radius.

For the NN search of both stages an attribute scaling and weighting as described in section 2.4.2 is necessary

because of the different scales of spatial and geometrical attributes. To conduct the radius search in the spatial

subset a scaling is not applied, since all spatial attributes are used with equal weights.

An individual search radius is assigned to each query point based on the size of the structure. Different options

to measure the structure size can be considered. The spatial extent of objects is often measured in form of their

minimum bounding box. A minimum bounding box of three dimensional object is defined as the rectangular cuboid

with minimal volume which encloses all points of the object. Choosing a rectangular box as a bounding rather

than any other shape such as a bounding sphere is computationally convenient when a domain is described using

a Cartesian coordinate system. Depending on the constraints that need to be satisfied by the box different types

of bounding boxes exists. Figure 2.2(a) shows an isosurface enclosed by its axis-aligned bounding box (AABB) and

oriented bounding box (OBB).

While the AABB is defined by the minimum and maximum position of the structure in each coordinate direction,

the OBB can be characterized by a center point indicating the location, an orthonormal set of three basis vectors

indicating the orientation and three scalars indicating the symmetric extent of the box in the direction of its principal

axes. The box’s three principal axes are referred to as major, medium and minor axis and the corresponding scalars

describing the extent are referenced as half-width, half-height and half-depth. In case of the oriented bounding

box no restriction apply to the orientation of the box and the orientation is chosen to minimize the box’s volume.

The axis-aligned bounding box also minimizes its volume, but under the constraint that its principal axes have to

be aligned with the axes of the coordinate system. Hence, the axis-aligned bounding box is simply defined by the

structures minimum ans maximum x, y, z coordinate.

Once the axis-align or oriented bounding box has been found for each query structure in the radius search, it is

used to define the the structures search radius. Possible choices for the search radius are the half-diagonal of the box,

its longest half-dimension or its rms-value of all three dimensions. The definition of the structure’s search radius is

completed by specifying a tolerance factor (> 1). Tracking application presented in this work apply a search radius

based on the OBB half-diagonal with a tolerance factor of 1.3. An alternative to forming the search radius based on
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Figure 2.2: (a) Generic two dimensional shape enclosed by its axis-aligned bounding box (red) and oriented bounding
box (blue).(b) Illustration of a continuation, first order merge and disappearance event of generic shapes. OBB of
source structures in blue, OBB of target structures in red. Search radius based on OBB half-diagonal without
tolerance. Events detected by the radius search are a true continuation and a false second order merge, which again
emphasizes the need for a constraining process based physical realizability.

the structure’s bounding box is to use the structure’s µ parameter, µ = 3V/A, which has been previously used to

non-dimensionalize the curvature of the structure, see section 2.3.

Similar to the nearest-neighbor search in the full attribute set, the radius search is conducted in both directions.

In sequence of the multi-stage correspondence search, we apply the radius search where the source points in the

spatial attribute subspace serve as query points and the target cloud is the searched match cloud after the NN search

is conducted with the source points as query points. To organize the multi-stage search, we define a first stage where

the source points are the query points and the target points are the match points. The first step of this first stage

is the NN search in the full attribute space from source to target cloud, followed by the radius search in the spatial

subspace. The second stage of the search consists of the same two steps, but conducting the NN search in opposite

direction and using the target points as query points and the source points as match points for the radius search. To

perform the radius searches efficiently, we organize the respective three dimensional match clouds in a kd-tree data

structure. While the query clouds always contain all points of the source or target clouds, the user can optionally

filter out points in the match cloud that have been already matched in previous search steps aiming to minimize the

time spent on the kd-tree construction and search.

Since the search radius is associated with the query structure size, split events (or split parts of a compound

event) are more likely detected when a source structure is used as a query, while merge events (or merge parts of

a compound event) have a higher likelihood to be found when a target structure is used as query. Hence, prior to

the radius search using the source points as query, the target backward projection of spatial attributes is conducted.

Likewise, the source cloud forward projection is carried out prior to the radius search using target points as query.
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In spite of this spatial projection, the detection of split and merge events still benefits from the non-directionality

(isotropy) of the radius search. For example, a highly convoluted, elongated source structure could split in a way

where the line connecting the center of the splitting source structure and the center of the splintered target structure

is largely deviating from the direction of the projection.

Similar to the NN search, a confidence value is calculated for each found correspondence in the radius search.

The confidence in each correspondence is defined as

ci = ωR

(
1− di

ri

)
(2.5)

where ωR is a specified weight, di is the center distance between the matched structures and ri is the search radius of

the query. Note that, before weighting, the confidence value is bounded in [0, 1], where 1 indicates maximal possible

confidence in the found correspondence. The distance di of the correspondence is the distance between the projected,

rather than the original, source (target) point and the target (source) point.

2.4.5 Detection of unmatched structures

Based on the assumption that the source and target frames contain structures, carrying out the bidirectional and

unrestricted NN search guarantees that all structures have at least one corresponding structure. Consequently, no

creation and disappearance events can be found when the NN searches are performed. However, structures which

are newly created in the target frame or have their final occurrence in the source frame should not be part of

any correspondence. The falsely detected correspondences involving these structures do not pass the constraining

process. If the bidirectional NN search is conducted, the constraining process is the only mechanism to find creation

and disappearance events. In contrast, if only the spatial radius search is conducted, structures may be present in

the source or target frame that have not been matched with a corresponding structure. Thus, a search is performed

for unmatched source and target structures. The found structures participate in a creation or disappearance event.

However, the pool of creation and disappearance events is enhanced during the constraining process, see §2.5 and §2.7.

For example, a detected continuation that does not satisfy one of the applied constraints generates a disappearance

and a creation event.

2.4.6 Collecting correspondences form the multi-stage search

At the end of the multi-stage correspondence search a list of detected correspondences is obtained. A correspondence

identifies the involved source and target structure as well as the confidence assigned to the correspondence. In the

multi-stage search, the same pair of source and target structures can be matched with each other multiple times.

For example, a correspondence may have been established in both direction of the NN search or the radius search

generates a correspondence that has previously been found by the NN search. Those correspondences share the

information of the involved structures. However, they are not complete duplicates, because the confidence values

differ based on the distances in the different spaces and the specified weight for each search step. The group of
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correspondences with common source and target structures can be merged into a single correspondence, storing the

duplicated source and target information and summarizing the search record of this group in the form of a cumulative

confidence.

2.5 Constraining of correspondences

In contrast to event constraints (§2.7) that test an event in its entirety for physical realizability, correspondence

constraints evaluate the plausibility of single correspondence candidates found in the search as described in S2.4.

Correspondences deemed not physically realizable on a structure to structure basis are rejected as a pre-step to the

correspondence-based formation of events, to avoid the formation of complex, non-physical events in the first place.

Although attributes of the involved features can be applied to constrain correspondences, all constraints proposed

in this section are region-based, indicating the hybrid nature of the tracking algorithm. The presented region-based

correspondence constraints can be classified in two groups working either with the feature’s bounding volume, such

as axis-aligned or oriented bounding box, or directly with the polygonal mesh of the structure. Hence, the different

types of correspondence constraints are characterized by different degrees of accuracy and computational cost. In

particular, the axis-aligned bounding box representation of a structure, and thus all constraints based on it, are

associated with the lowest accuracy, while the constraints invoking the oriented bounding box and polygonal mesh

of the structure result in intermediate and high accuracy, respectively.

To minimize the overall cost of the correspondence constraining, a sequence of constraints ordered by ascending

accuracy and cost is applied to each correspondence. Assuming the tolerance setting to be consistent throughout the

constraints, it can be concluded that a correspondence that is rejected by a constraint of low accuracy would also

be rejected by all subsequent constraints of higher accuracy. Hence, the correspondence does not need to be tested

in the subsequent constraints. Especially, the more computationally expensive surface proximity constraint (§2.5.2),

that works with the polygonal meshes, is only applied to a reduced number of correspondences.

To continue the confidence evaluation for each correspondence found in the correspondence search, a confidence

value is computed in each constraint. A found correspondence is rejected, if the calculated confidence falls below

the specified threshold for any correspondence constraint in the sequence. However, a source will be marked as

disappearing only if all its correspondences are rejected. Analogously, for the involved target structure, a creation

event will be generated only if there is no other correspondence which passes the constraining and has the same

target.

2.5.1 Bounding volume constraints

A computationally inexpensive, region-based evaluation of the physical realizability of a structure to structure corre-

spondence can be conducted by utilizing a bounding volume representation of the correspondence’s source and target

structure. The correspondence constraints proposed in this section use either the AABB or OBB of a structure as

its bounding volume, and examine the spatial relation between source and target bounding volumes.
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Figure 2.3: (a)Two dimensional illustration of the axis-aligned bounding box volume constraint. While the solid
boxes are the AABBs, the dashed boxes indicate the resized AABB of each structure. The constraint evaluates
correspondence as previously found in a radius search (even without tolerance) based on the overlap region between
a resized source AABB (blue) and three resized target AABB (red). Here, the correspondence between the source
and the tube-like target structure would be rejected by the constraint. (b) Two dimensional illustration of the axis-
aligned bounding box distance constraint. Source AABB in blue, while target AABB drawn in red. Displacement
between box centers shown in green. Box radius in direction of the displacement highlighted.

Similar to the projection of spatial attributes in the correspondence search, all bounding volume constraints

optionally utilize the surface-averaged structure velocity to either project the bounding volume of the source forward

or the bounding volume of the target backward, depending on which projection minimizes the distance between the

bounding volumes (defined as the distance between the bounding volume centers).

The axis-aligned bounding box volume constraint tests the physical realizability of a correspondence by inspecting

the spatial (volumetric) overlap between the resized AABB of the source and target structure involved in this

correspondence. If the resized AABBs do not overlap, the correspondence is deemed physically unrealizable. The

AABB of the source and target structures are resized by a common specified tolerance factor preserving the AABBs

aspect ratios, as illustrated in figure 2.3(a).

The volume Vo of the overlapping region between the two AABBs can be computed as

Vo =

3∏
i=1

max

[
min (Smax

i , Tmax
i )−max

(
Smin
i , Tmin

i

)
, 0

]
(2.6)

where Smax
i , Smin

i , Tmax
i and Tmin

i are the maximal and minimal coordinates of the source and target AABB in i-th

dimension. If the resized source and target AABB do not overlap (Vo = 0), the correspondence is rejected by the
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constraint. Overlapping resized AABBs allows the correspondence to pass the constraint and a confidence value is

assigned as

c = ω
Vo

min(VS , VT )
(2.7)

where ω is a specified weight and VS and VT are the volumes of the resized source and target AABB. The computed

confidence is added to the value generated in the search for each correspondence.

Alternatively to the volumetric overlap test of the resized source and target AABBs, a correspondence can

evaluated by examining the spatial extent or radius of both boxes in the direction given by the displacement between

the centers of the AABBs. A two dimensional illustration of the axis-aligned bounding box distance constraint is

presented in figure 2.3(b).

The radii rs→t and rt→s of the source AABB in direction of the target AABB and vice versa can be computed

from the axis-aligned extents of both boxes. If the Euclidean norm of the center displacement is denoted as ‖d‖,

the correspondence passes the constraint if ‖d‖/(rs→t + rt→s) < ε, where ε is a specified threshold. The assigned

confidence value of a passing correspondence is determined relative to the threshold ε and defined as

c = ω

(
1− ‖d‖

ε (rs→t + rt→s)

)
(2.8)

which is, for a passing correspondence, bounded between [0, 1] before weighting with the specified factor ω.

Depending on the orientation of the structure, the OBB can enclose significantly less volume compared to that of

the structure’s AABB. Analogously to the volumetric overlap test of source and target AABB, the oriented bounding

box volume constraint conducts a volumetric overlap test in terms of the resized OBBs of the structures involved

in the correspondence. A brute-force algorithm conducts 2 × 12 × 6 = 144 edge-face checks to determine if two

OBBs overlap or not. In contrast, a fast overlap test for two OBBs can be conducted by applying Minkowski’s

separating axis theorem (SAT) as suggested in Gottschalk et al. (1996). In general, the SAT can be used to test

if two convex sets are disjoint sets in n-d Euclidean space. The SAT examines the disjointedness of two convex

objects by conducting an axial projection of both objects onto an axis on which two intervals are formed by the

projections. If those intervals do not overlap, then the axis is a separating axis and a separating plane orthogonal

to the separating axis exists that separates the two objects, which are consequently proven to be disjoint. However,

if there is an overlap between the intervals, the objects may still be disjoint. Further testing using another axial

projection onto a different axis is needed.

For any two points of a (object oriented bounding) box, the box contains the line segment which joins the two

points. Hence an OBB is a convex set and the SAT can be used to test the overlap status of two OBBs. In addition,

an OBB is also a polytope, which simplifies the selection of axes for the axial projection of the SAT. If two convex

polytopes are disjoint and there exists a separating plane between them, then there also exists a separating plane

which is either parallel to a face of either polytope or parallel to an edge from each polytope. Since the separating

axis is orthogonal to the separating plane, the axis can be found either orthogonal to a face or edge of either polytope.

Since each OBB has three face orientations and there are nine pairwise combinations of edges, there are 15 cases
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Separating line

Figure 2.4: (a)Illustration of the separating axis theorem in two dimensions applied to rectangular shapes. (b)
Illustration of the minimal proximity between two generic shapes with overlapping oriented bounding boxes. The
target (red) structure is enclosed in the concave region of the source (blue) structure. In spite of overlapping OBBs,
the structures themselves do not intersect each other, but show a significant distance (green) between each other
compared to their size.

of potential separating axes. A two dimensional illustration of the SAT applied to two disjoint boxes is presented

in figure 2.4(a). The 15 test cases defined by the SAT are sufficient to determine if two OBBs overlap or not. The

testing process may be terminated early, as soon as one of the tests reveals that a separating axis exists.

Following a similar approach to allow for some tolerance in the constraining as in the axis-aligned bounding box

volume constraint, the SAT can be applied to resized OBBs of the source and target structure. Alternatively to

testing the resized OBBs for spatial overlap, a certain distance between the original OBBs can be allowed. The

Gilbert-Johnson-Keerthi (GJK) algorithm, Gilbert et al. (1988), iteratively computes the distance between two

convex shapes and is therefore applicable to determine the distance between the source and target OBBs in the OBB

distance constraint. To solve the distance query between two convex shapes A and B, the GJK elegantly recasts the

problem by considering their Minkowski difference

A	B = {aaa− bbb‖aaa ∈ A,bbb ∈ B} (2.9)

The motivation to consider A	B rather than the physical space becomes clear, when rephrasing the question about

the spatial overlap of A and B to a question about common points of A and B. If A and B intersect, the two

objects have at least one common point. Consequently, their Minkowski difference A 	 B contains the origin. In

general, the distance between two convex shapes is the minimum distance between the origin and the Minkowski

difference of the objects. Hence, the GJK iteratively searches for the point on the Minkowski difference closest to

the origin, which is the point of minimum norm of the Minkowski difference. Instead of computing A	B explicitly,
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its point of minimum norm is approximated by iteratively building a series of simplices, which move closer to the

origin in each iteration. A simplex is a convex hull of a set of affinely independent points in Rn. As the simplex

moves closer to the origin, its point of minimum norm becomes a better approximation of the point of minimum

norm of the Minkowski difference. To update the simplex in each iteration, points of the simplex which do not

contribute to the closest point to the origin computation, are removed from the simplex, while a vertex from the

Minkowski difference which is closer to the origin is added to the simplex. This vertex is selected by evaluating a

support function on the Minkowski difference in the direction of the current minimal distance vector approximation.

Hence, the vertex of A 	 B is selected which is farthest in the direction of the current distance vector. Further

implementation details of the GJK can be found in Bergen (1999) and Montanari et al. (2017). In collision detection

application the GJK is typically followed by an application of the Expanding Polytope Algorithm, Van Den Bergen

(2001), to obtain the penetration depth of intersecting convex shapes. However, in the presented correspondence

constraining, a correspondence passes the OBB distance constraint if the source and target OBBs intersect, and the

penetration depth is not further considered. If the OBBs are not intersecting, their distance needs to be evaluated

to decide whether to accept or reject this correspondence. The computed OBB distance is compared to a constraint

measure characterizing the size of the source and target structure. Depending on the application different choices

of constraint measure r can be made, such as the maximum of the half diagonal of source and target OBBs or the

maximum of µ = 3V/A of the source and target structures, which is the constraint measure used in the tracking

application presented in this work. A confidence value is assigned to passing correspondences as

c = ω

(
1− ‖dmin‖

ε max (rs, rt)

)
(2.10)

where dmin is the minimum distance between the OOBs and ω and ε are specified confidence weight and tolerance

values, respectively. The constraint measure of the source and target structure is indicated as rs and rt.

2.5.2 Surface proximity constraints

Although their flexible orientation makes OBBs more accurate representations of the flow feature’s spatial extent than

AABBs, both bounding volume types, being convex objects, are inaccurate representations if the structure is highly

convoluted and has significant concave regions. Figure 2.4 (b) illustrates a configuration where the OBBs of source

and target structure overlap, while the actual structures enclose, rather than intersect, each other. Therefore, the

narrow phase of the correspondence constraining solves distance queries between the flow features’ actual isosurfaces

rather than their bounding volumes.

Distance queries for concave objects typically require increased computational effort compared to convex shapes.

As an optional pre-step to the distance computation the isosurfaces of a correspondence are spatially projected

according to the projection in the bounding volume constraining of the same correspondence.
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The distance between the surfaces is determined by means of a point-to-point distance calculation where the

surfaces are interpreted as point clouds. Therefore, the distance query translates into a three dimensional nearest-

neighbor (NN) search that determines the nearest neighbor in the points of the target structure for each point in

the source structure. The minimum distance of the surfaces is obtained as the minimum of theses point-to-point

distances. Similar to the nearest-neighbor search in the correspondence search, a kd-tree data structure is used to

conduct the nearest-neighbor searches. Here, the NN search is conducted in lower dimensionality compared to the

NN search used to find correspondences, and a kd-tree specialized for three dimension can be applied (Blanco & Rai,

2014). Furthermore, the surface distance computation can be terminated early, if the current point-to-point distance

is smaller than a threshold, based on the grid size, below which the structure are considered to be intersecting.

Correspondences of intersecting source and target surfaces are accepted and pass the constraining process based

on local surface proximity. Analogously to the OBB distance constraint the distance between non-intersecting

structures is compared to a constraint measure, taken as the maximum of source and target structure, to decide if

the correspondence should be accepted or rejected. A confidence value is assigned to a passing correspondence as in

equation 2.10.

2.6 Detection of events

At the end of the correspondence constraining process described in §2.5, a unique list of accepted one-to-one corre-

spondences between source and target structures is obtained. By inspection of this list of corresponding structures

a list of events as defined in §2.2 can be formed. An event groups of correspondences that have common source or

target structures, as a structure in the source or target frame can correspond to zero, one or multiple structures

in its complementary frame. Disappearing and newly created structures are detected among all source and target

structures as those which do not have any forward or backward correspondence, respectively. A continuation event

is identified as a correspondence in which both the query and the match indices are unique and neither the query

nor the match index is part of any other correspondence. A group of correspondences with a shared source structure

but distinct targets forms a pure split event, in which the duplicated source is the splitting structure. Analogously,

a pure merge event of multiple order is build from multiple correspondences, which share the same match index. In

the most general case, compound event is generated form a group of correspondences that not only has duplicates

in the involved query indices, but also has common match indices. This event formation process generates a list of

events describing the multi-structure interactions between source and target frames. Each structure from the source

and target frames participates in one single event and, hence, appears only once in the obtained list of events.

2.7 Constraining and optimization of events

In contrast to the constraining of isolated structure-to-structure correspondences presented in §2.5, the event con-

straining process evaluates the physical realizability of single correspondences in the context of the entire event to
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which they belong and tests the whole event for plausibility. Additionally, the event constraining evaluates if an event

can be simplified into subevents, which consist of subsets of the correspondences of the whole event, under satisfaction

of the constraint, i.e. each subevent extracted from the original event satisfies the event constraint individually.

2.7.1 Event-driven correspondence constraining

The correspondence constraining described in §2.5 assesses the realizability of structure-to-structure correspondences

based on information contained only in this particular correspondence itself. For example, at the stage of correspon-

dence constraining the type of event an investigated correspondence potentially is involved in is undetermined.

Contrary, the event-driven correspondence constraining also tests single structure-to-structure correspondences, but

utilizes information from the entire event that the correspondence is part of. In the tracking framework a number of

event-driven correspondence constraints are implemented, while their applicability depends on the flow configuration

and also on the type of feature of the flow to be tracked.

For example, in the feature tracking of passive scalar structures in compressible turbulence presented in §3, small

structures discretized as triangulations with a number of points may disappear below specified minimum due to

diffusion, which should be accounted as a disappearance event. If a small structure disappears in close proximity

to another continuing structure, the presented correspondence search could detect a false merge event rather than a

continuation and a disappearance. To correct those false merge events or merge-parts of compound events a simple

constraint based on the number of points of a structure is introduced. If the number of points of discretized source

structures involved in a merge event (or the merge part of a compound event) is below the specified minimum number

of points for a structure to be considered in the tracking increased by a user-provided offset, the constraint removes

this source structure from the merge event, while the remaining part of the event is kept. A disappearance event is

generated for the removed source. If the original event was a pure merge event, removing the source either reduces

the order of the merge event or transforms the merge into a continuation event. Analogously, removing a source

from a compound event reduces the complexity of the compound or transforms it into a pure split event. Since

the number-of-points constraint is only applied to merging sources, the event type needs to be known prior to its

application and the constraint cannot be used at the correspondence constraining stage.

For flows characterized by a dominant mean flow direction, a constraint evaluating the directionality of an event

can be useful to detect falsely formed events. For events other than creation and disappearance, measuring the

plausibility of the directionality can be achieved by computing the angle between the surface-averaged velocity of

the source structure and the distance vector between the structure centers (spatial attributes) of source and target

for each correspondence in the event. The surface-averaged velocity indicates the estimated direction of motion of

a source structure. The deviation from this estimation of the actual direction of the distance vector of the detected

correspondence should be bounded by specified limits, if there is a dominant direction in the flow. Since topology

changing events are expected to lead to larger deviations from the estimated direction of motion of a structure,

different bounds are suitable for different event types.
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2.7.2 Combinatorial extraction and conservation-based constraining of subevents

In addition to evaluating single correspondences in the context of an event, a constraining process is applied to

test the physical realizability of all correspondences of an event at once and examines the plausibility of simplified

subevents extracted from the original event. This subevent constraining can be applied based on one or multiple

attributes, which are assumed to be conserved in total during the (sub)event within a specified tolerance and have

not been utilized in the correspondence search. For example, the structure volume, mass or another physical quantity

can be chosen. Since the attribute is assumed to be conserved, the realizability of the (sub)event can be tested by

measuring the similarity between the source and target sum of the attribute(s). Subevents are extract from an event

by erasing one or multiple correspondences from the original event. Based on the similarity between the source and

target sum of the conserved attribute a score can be assigned to each subevent, indicating the realizability of the

subevent. The score si,c of the i-th subevent with n sources and m targets based on a conserved attribute α is defined

as

si,conv =
min

(
αi,s, αi,t

)
max

(
αi,s, αi,t

) αi,s =

n∑
j=0

αsi,j αi,t =

m∑
j=0

αti,j (2.11)

where αsi,j and αti,j are the values of the conserved attribute of the event’s sources and targets, respectively. A

(sub)event is considered to be realizable if its score is bigger than a specified threshold.

Depending of the event type under consideration different types of subevents can be extracted from the original

event. The only subevents that can be extracted from a continuation event are one disappearance and one creation.

Hence, if a continuation event does not satisfy the conservative event constraint, there is no alternative other than

decoupling the continuation into a disappearance and a creation.

The extraction of subevents aims to avoid creation and disappearances as subevents, if possible. Original split

and merge events that satisfy the constraint are therefore accepted without considering their potential subevents. A

split event can fail the conservation constraint because of two reasons: (1) not all targets of the source are found in

the search or meaningful correspondences have been rejected by previously applied constraints. Since at this point

in the algorithm it is impossible to add correspondences to an event, there is no mechanism to recover from this

rejection by the constraint. The split may be either kept or is completely decoupled into one disappearance and

a creation event for each target of the original split. (2) the split is rejected because too many targets have been

assigned to the source and passed the previous constraining process. Analogously, a merge can be rejected either

because not enough sources are present in the event to fulfill the constraint or too many source are connected to the

merging target. A mechanism to recover from a split (or merge) for which too many targets (or sources) are present

in the original event is to extract subevents by removing one or multiple targets (or sources) from the event and

testing the realizability of the resulting subevents. For a split (merge) event with n targets (sources), the number of

subevent to be tested is given by c =
∑n
r=1 n!/(n− r)!r!.

The subevent with the maximum score may be a split (merge) of reduced order or a continuation event. If the

optimal score satisfies the constraint, this subevent is accepted and a creation (disappearance) event is generated for

each of the remaining targets (sources). If the maximum score which can be achieved with the given pool of targets
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(sources) still does not satisfy a specified tolerance of the constraint, the optimized event may still be kept and either

a creation (disappearance) is only generated for the remaining targets (sources) or the original event is completely

decoupled.

Under certain circumstances, the proposed correspondence search can generate compound events in which a pair

of sources exist that has a pair of common targets, called double connections in the following. The correspondences

between these sources and targets typically differ significantly in their confidence values. To simplify the event and

especially to enable the extraction of subevents, the correspondence between these subgroup of source and targets

within the compound event with the lowest confidence may be removed if its confidence is lower than a specified

threshold.

A compound event which has no double connections or from which double connections have been successfully

removed previously can be decomposed into simpler subevents by classifying its targets based on their backward

connections. In a compound without double connections three types of targets can be identified: regular targets have

a single backward correspondence; merge targets have multiple backward correspondences and are the only target

to one of their sources; split targets have multiple backward correspondences and all of their sources have multiple

targets. Due to its single backward correspondence, a compound event cannot be decomposed into subevents at a

regular target. In contrast, both merge and split targets allow the decomposition of the compound event. However,

to avoid disappearances, the way subevents are extracted differs between decompositions based on a split or merge

target. Because their sources have multiple forward correspondences, split targets are assigned to all candidate

subevents that are generated by decomposing the compound event at the split target. After the score of all candidate

subevents is determined the split target is ultimately assigned to the subevent with the maximum score, while the

other reduced subevents still need to satisfy the constraint after the split target has been removed. In contrast, since

a merge target has one source which has only the merge target as a target, the merge target can only be assigned to

the subevent in which this source participates, to avoid that this source becomes a disappearing source.

Since the subevents extracted from compound events can themselves be compound events of reduced complexity,

the compound decomposition needs to be applied in a recursive manner. Furthermore, the compound decomposition

can be applied to the lowest possible level, i.e. aiming for subevents which are as simple as possible and still satisfy

the constraint, or stopped at an intermediate level. In the latter case, the decomposition is stopped where further

decomposing the subevents would lead to simpler events, which, on the other hand, have lower scores.

2.7.3 Sequence of event realizability constraints

If an event is constrained by one of the described constraints, the resulting sub-events are generated immediately.

Therefore the order matters in a series of these constraints, as the events a constraint is acting on depends on the

position of the constraint in the series. A general guideline to order event constraints is to go from complexity to

simplicity, i.e. constraints acting on complex compound events should be applied first as they may generate simplified

regular sub-events which need to be tested later on in the series in constraints acting on these simpler event types.
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Figure 2.5: Duplication of boundary intersecting or crossing structures under periodic boundary conditions for one
frame. Straight arrows indicate the estimated location of the structure in the successive or previous frame due to
forward source or backward target projection. Bent arrows show the estimated location of the duplicate structure
at the opposite side of the domain. Bent solid arrows illustrate duplication due to periodic structure reconnection,
while bent dashed arrows show duplication due to boundary crossing structures.

2.8 Treatment of periodic boundaries

The applied geometrical characterization and classification of disconnected isosurfaces of the original field is limited

to closed surfaces. As the tracking depends on the characterization as a pre-step from which the feature attributes

are obtained, the tracking itself is also restricted to closed surfaces. However, this limitation could be overcome if

a different set of attributes would be used. Because the features are required to be closed surfaces, any interaction

of a structure with a domain boundary that leads to open surfaces requires a strategy to close the structures and,

consequently, enable their tracking. Structures intersecting with non-periodic domain boundaries may be included

in the geometrical analysis and tracking attempt by closing them either by simply using the boundary that they

intersect or by closing them using their mirrored extension. Contrary, structures intersecting periodic boundaries

are continued at the opposite side of the domain and, hence, these structures can be closed by reconnecting their

pieces across the periodic boundary. To reconnect a structure across a periodic domain boundary Bermejo-Moreno

& Pullin (2008) apply a matching algorithm for the intersection curves between the boundary and the structure on

both sides of the domain. After the structure pieces are reconnected in the periodic direction, the structure is present

as one closed surface at one arbitrarily chosen side of the domain used in the reconnection process. Note that if all

three dimension are periodic, the periodic reconnection needs to be applied in all three dimensions simultaneously

to close a structure that intersects all three boundaries.

Periodic reconnection enables the geometrical characterization of previously open surfaces intersecting periodic

domain boundaries. However, additional steps are required to apply the tracking under periodic boundary conditions.
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In order to use the spatial attributes of a feature in the search for correspondences under periodic conditions, boundary

crossing structures need to be detected and duplicated according to the periodicity of the domain. The spatial

attributes of the duplicated structure are obtained from those of the original structure by applying a translation

as specified by the domain size in the periodic direction, while the geometrical attributes are unaffected by the

duplication. Furthermore, to solve the correspondence problem between source and target frames under periodic

conditions, boundary crossing structures must be detected in both frames prior to the correspondence search. To

detect potentially boundary-crossing structures, their location in the subsequent (source) or previous (target) frame

is estimated by a linear projection, as described in §2.4.1. Structures that have not been reconnected prior to their

geometrical characterization are duplicated if the radius search region or the bounding volume (whichever is bigger)

of the projected structure intersects or crosses the boundary. Structures that have been reconnected across periodic

boundaries are duplicated according to the original location of the structure fragments. However, the potential

combination of boundary crossing and intersecting structure also needs to be taken into account (see blue structure

in figure 2.5 for an illustrative example). The need to duplicate both sources and targets occurs because a source

may correspond to a target which does not meet the criteria to be duplicated (source duplication needed) or vice

versa.

The search for correspondences does not distinguish between duplicated and original structures. Correspondences

are individually established for each duplicate (figure 2.6a). However, each original structure and its duplicates

are fundamentally the same structure, therefore, all correspondences found need to be collected and assigned to

one structure after the correspondence search (figure 2.6b). For example, if both the source and the target of a

correspondence are duplicated, the correspondence will also be duplicated, i.e. two correspondences are established

at different sides of a periodic domain, with common source and target and are duplicated correspondence between

the same structures. Hence, during the collection of correspondence, duplicated correspondences are removed.

2.9 Graph representation of temporal evolution of flow features

Graph data structures represent pairwise relationships between objects and are therefore ideal to organize the tem-

poral evolution of flow features by mapping the accepted events solving the correspondence problem between pairs

of frames onto a graph at the end of each tracking step. Objects are abstracted to form the set of vertices of the

graph and each related pair of vertices is an edge of the graph. In the present tracking methodology of turbulent flow

structures each vertex of the graph represents a flow structure at a certain instant in time, while each edge indicates

the correspondences between source and target structures. Each vertex and edge carries properties associated to the

represented structure or correspondence, respectively. In particular, the structure identification and the time instant

in which the structure exists are essential vertex properties to interrogate the graph for post-processing purposes. An

edge can, for example, store the confidence of the correspondence associated with it. Here, edges connect from source

to target vertex, i.e. have a direction associated with them and the resulting graph is directed. The source vertex of

an edge always represents a structure at one time instant earlier than the structure represented by the target vertex
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Figure 2.6: Correspondence search and event reconnection under periodic boundary conditions. (a) individually
found correspondences (green) between duplicated and original source (blue) and target (red) structures. (b) resulting
reconnected events. Primes indicate duplicated structures. Each structure is present in only one of the reconnected
events in form of the original structure or one of its duplicates.

of the edge. At the end of each tracking step, the accepted events are mapped onto the graph and extend it by

one frame, resulting in an ordering of vertices into a temporal sequence. Therefore the graph is characterized by a

topological ordering, which forbids directed cycles. The graph is a directed acyclic graph.

After the list of accepted events is obtained for a tracking step, the graph needs to be updated according to this

list of events. How different event types are incorporated in the graph building process is explained in the following.

Intrinsic to the graph building process is an implicit vertex clustering which results into two-layer hierarchy of

subgraphs, defined as tree and branch, of the overall graph data structure as illustrated in figure 2.7. By clustering

the vertices and introducing the subgraph hierarchy, the graph reflects the life time and relationships of the tracked

features. Each tree graph is a subgraph of the overall graph data structure, while each branch is a subgraph of a

tree. Each branch is a representation of the lifetime of one individual structure, i.e. the first vertex of a branch is

associated with the frame in which this particular structure first appears, either resulting from a creation or split

event. On the other end, the last vertex of a branch represents the final presence of the structure either due to a

following disappearance or a merge event. A tree is a composition of branches. All branches of a tree constitute the

lifetime of structures that originated from the same parent structure, which is the root vertex of the tree. From this

unique root vertex, all other vertices of the tree are reachable, which requires a minimum of connectivity between

the branches of a tree. If structures originating from different root structures interact with each other , then their

branches within the different trees will be connected. The only events that can connect trees are a merge or a

compound. Due to the orientation of the edges, for a root vertex of one tree, there are unreachable vertices in the

other tree and the trees are weakly connected. On the other hand, there may exist trees in the graph which are

disjoint from all other trees. The structures of such an isolated tree only interact with structures that have the same
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Figure 2.7: (a) Illustrative representation of the temporal evolution (from left to right) and interaction of structures
of arbitrary shapes, where each color indicates an individual structure (undergoing merges, splits, creation and
disappearances). (b) Representation of the structure evolution and interactions in (a) as a directed acyclic graph,
with the same color scheme as the individual structures. Dominant edges in events indicated as solid arrows ,
while non-dominant edges are shown as dashed arrow . Node and structure colors identify the same structure in
multiple frames. Node shapes indicate the event type from which the structure results: creation, continuation,

split, merge, and compound events. Trees and branches indicated as solid and dashed wrapping.
Branches classified as primary ( , , ), incoming ( , ), outgoing ( , , , ) and reconnecting ( ). Note
that a branch can be outgoing from or incoming to multiple branches through compound events. Not shown are
branches of connecting type which are outgoing from a branch and incoming to another branch. Branches that have
connecting and re-connecting character are considered to be of mixed type, see also fig. 2.9.
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root structure. Finally, the union of all weakly connected or disjoint trees describes the evolution of all structures

present over all frames of the dataset.

Each structure in the first source frame of the tracking application is represented as a root vertex, which seeds a

directed tree with currently one branch. After a root vertex has been generated for each structure in the first source

frame, the initial graph data structure consists of a number of trees equal to the number of structures in the frame.

Each of these trees has one branch containing one vertex, which is the root vertex of the tree. Each root vertex is

uniquely associated with a source of an event of the first tracking step. As the tracking progresses over time, the

source structures of all events can always be mapped to the set of added vertices in the previous tracking step. On

the other hand, to extend the graph according to newly found events, the target structures of the events are added

as new vertices to existing trees, but not necessarily to already existing branches. The only exceptions are target

structures that are involved in creation events. By definition, a newly created target does not have an antecessor

and is therefore represented as a new root vertex in the graph, similar to the structures in the first source frame. A

creation event always seeds a new tree with one active branch. Contrary, source structures that disappear do not

have a successor and, consequently, a disappearance event terminates the branch to which the vertex representing

the source structure has been added in the previous tracking step. Depending on how many active branches the tree

has, the termination of the branch may also terminate the tree. The degree of a vertex can be used to distinguish

different types of vertices. In a directed graph, the number of incoming edges of a vertex is its indegree, while the

number of outgoing edges is the outdegree. Consequently, a vertex associated with a target of a creation event has

an indegree of zero, while a disappearing source is a vertex of outdegree zero. A continuation event extends an

existing branch of an existing tree. Since a continuation event is a single correspondence, the source vertex of the

continuation has an outdegree of one, while its target vertex has an indegree of one.

Because the vertices involved in creation, disappearance or continuation events have degrees of either zero or one,

the vertex clustering into branches to build these events in the graph is unique. In contrast, the source vertex of split

and the target vertex of a merge have degrees higher than one. Multiple vertices of degree higher than one exist in

a compound event.

As illustrated in figure 2.8, different strategies for the vertex clustering can be applied to build these event types

in the graph. For example, the targets of these events could always start a new branch. This strategy applied to a

split event does not need further decision making, as the newly created branches are part of the tree of the splitting

vertex. However, the same approach used to build a merge event between trees already requires a process that

decides to which of the merging trees the new branch should belong, as a branch cannot exist outside of a tree. To

avoid this decision making process an alternative would be to not only branch out the target, but seed a new tree

all together.

An alternative vertex clustering approach aims to continue branches in the building of these event types. In case

of a split event, the target vertex that continues the branch of the splitting source vertex would still be interpreted

as the same structure after the split rather than a new structure which starts its lifetime after the split. Depending

on the split order, multiple target candidates exist to continue the branch of the splitting vertex. Therefore, a
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(a) (b)

Figure 2.8: Different vertex clustering strategies to build a first order split in the graph. In (a) the branch of the
splitting vertex is continued by one of its target vertices (continuation of the parent branch). Contrary, each of the
targets in (b) starts a new branch, while the branch of the splitting vertex is terminated (out branching of the child
branch). In both building variants all involved branches are part of the same existing tree. Solid arrows indicate a
dominant edge, while dashed arrows represent a non-dominant edge.

strategy is needed to select the dominant correspondence (edge) of the split whose target is continuing the parent

branch. The decision can be based on multiple criteria, however the result should consider that this selected target

will be interpreted as the source structure after the split. Analogously, for a merge event, a dominant source needs

to be selected, so that the merged target continues the branch of the dominant source. For a compound event, the

decision-making process is applied to the sub-split and sub-merge events to select dominant sources and targets.

To allow a decision based on multiple criteria, a total score is calculated for each of the candidate correspondences

as a weighted sum of scores of this correspondence for each criterion. Hence, the total score of the i-th candidate

correspondence based on n criteria is defined as

stotal,i =

n∑
j=0

ωjsij ,

n∑
j=0

ωj = 1, sij ∈ [0, 1] (2.12)

where ωj is the specified weight for the j-th criterion and sij is the score of the i-th candidate in the j-th criterion,

which is bounded by [0, 1]. Since the dominant target of the (sub)split event will be seen as the successor of the

splitting source, and the dominant source of a (sub)merge event will be interpreted as the predecessor of the merged

target, a criterion to decide on the dominant edge(s) of an event can be based on the comparison between the

volume of candidate and the reference volume. For a (sub)split, the reference is the splitting source, whereas for

a (sub)merge, the reference is the merged target. The score of the i-th candidate in this volume-based criterion is

determined as

si,volume =
min (Vi, Vref)

max (Vi, Vref)
(2.13)

Other criteria based on any physical quantity of the structures could be introduced in the same way as the

volume-based criterion. In addition to the volume-based criterion, the confidence value of each correspondence in

the event can be used as an score for the candidate as well. This way, a dominant edge is linked to a correspondence

of high confidence. The confidence includes a contribution from the geometrical signature due to the NN search.

However a criteria explicitly based on shape could be added.
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In contrast to dominant target candidates for (sub)splits, the history of source candidates for (sub)merge events

is available and can be utilized to form another criterion based on the lifetime of the source structure before the

(sub)merge event. To assign a lifetime-based score bounded in [0, 1], the score of the i-th source candidate is defined

as

si,lifetime = 1− e−
1
2 (ti−ti,0) (2.14)

, where ti,0 is the time of the frame in which the i-th source candidate is first present as a individual structure.

If two source candidates differ by ∆t in their lifetime, their difference in the lifetime score depends on the lifetime

of the structures due to the exponential slope of the score. Two long-living source structures differing in lifetime by

a small fraction of both structures lifetime ∆t obtain a similar lifetime score and the decision will be dominate by

another criterion.

After the scores of each criterion have been determined for each candidate, the candidate that maximizes the total

score si,total is selected as the dominant source or target of the (sub)merge or (sub)split event. While the dominant

target of a (sub)split continues the parent branch, each non-dominant target generates a new branch within the

same tree. The outdegree of a splitting source vertex equals the number of targets. Contrary to a split, a merge can

connect branches of the same or different trees. For a merge between trees selecting the dominant source, not only

specifies the continued branch but also answers the question to which tree the merged target is assigned since the

continued branch is uniquely associated with a tree. The branches of the non-dominant sources of a merge event are

terminated. The indegree of the merged target equals the number of sources of the merge.

Finally, a hybrid vertex clustering approach can be used to outbranch targets of split or merge events if their

total score or specified subscore is below a threshold. The hybrid approach especially useful for higher order events,

where the targets may be interpreted as individual structures due to the multiple interactions of the event. For

example, if a source generates multiple approximately equally sized targets in a higher order split, the targets may

be outbranched.

While post-processing the graph data structure resulting from the application of the tracking algorithm, the

branches can be classified based on the connectivity of their start and end vertices as suggested by Lozano-Durán

& Jiménez (2014). The start vertex of a primary branch results from a creation event, i.e. it has no antecessor,

whereas its end vertex is a disappearing structure, i.e. it has no successor. Branches that do not satisfy both criteria

are considered secondary branches. More specifically, incoming branches have start vertices without an antecessor,

but their end vertex has a successor in another branch. Their counterpart, outgoing branches, are characterized

by having a start vertex with antecessor, but having an end vertex without successor. In contrast, connecting and

re-connecting branches are described by start and end vertices that are connected to other branches, as illustrated in

figure 2.9. An end vertex of a re-connecting branch is connected to the same branch as its start vertex, whereas the

end vertex of a connecting branch is connected to a different branch than its start vertex. Note that the connections

between branches need not be regular split or merge events, but can also be more complex compound events. For

example, an incoming branch could also end in a compound event rather than a pure merge. Therefore, the branches
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Figure 2.9: Classification of branches based on how they emerge and disappear. Start and end vertices of primary
branches ( ) do not have an antecessor or successor, respectively. The start vertex of an incoming branch ( ) has
no antecessor, but its end vertex has at least one successor, while the opposite scenario defines an outgoing branch
( ). The start vertices of connecting ( ) and re-connecting ( ) branches have at least one antecessor and their
end vertices have at least one successor. The end vertex of a reconnecting branch is connected to a vertex of a
branch from which the reconnecting branch originated, while the end vertex of a connecting branch is connected to
a separate branch. indicates branch connecting edges. Figure adapted from Lozano-Durán & Jiménez (2014).

are classified by the indegree of their start vertex and the outdegree of their end vertex, rather than the event types

these vertices participate in.

2.10 Graph mining for pattern recognition in flow feature evolution

The application of the flow feature tracking algorithm described in the previous sections results in a graph data

structure representing the temporal evolution and interactions of all individually tracked structures. To extract

common patterns in the structure evolution, data mining techniques can be applied to its graph representation.

Mined patterns are subgraphs of the tracking graph which occur frequently and hence are of significance for the flow

feature evolution. While the input graph obtained from the tracking may have disjoint components, patterns are

required to be connected subgraphs. In contrast to the frame-to-frame events detected by the correspondence search,

patterns span multiple frames and therefore have a certain temporal extent. The actual occurrences of a pattern in

the input graph are denoted as the instances of the pattern, while the pattern itself refers to the general definition

of the subgraph.

One of the established graph mining approaches is the Subdue graph-based relational learning system (Cook

& Holder, 1993; Holder et al., 1994; Ketkar et al., 2005). The following describes how the Subdue algorithm is

adapted in the present work to recognize common patterns in the temporal interactions of flow features. One of

the common challenges of graph mining approaches is the immense number of potentially interesting subgraphs

extracted from large graphs. In contrast to mining techniques focusing on frequent subgraph discovery, such as the

gSpan algorithm (Yan & Han, 2002), Subdue, in its unsupervised form, searches for patterns which best compress

the graph dataset based on the minimum description length (MDL) principle (Rissanen, 1998) and typically reports

fewer, but ideally more relevant patterns (Cook & Holder, 2006). To further reduce the number of extracted patterns
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by allowing slight variations between instances of the same pattern, Subdue applies an inexact graph matching

between a pattern and its instances (approximate graph isomorphism).

During the flow feature evolution, continuation events typically occur much more frequently than all other event

types. Consequently, most subgraphs extracted from a graph representing the feature evolution are also dominated

by continuation events. These subgraphs have a high value in terms of the overall graph compression. Therefore the

majority of extracted patterns by Subdue in its unsupervised form are continuation-dominated and less interesting in

terms of interactions between structures. Hence, a number of measures are introduced to guide the Subdue pattern

search towards patterns which allow a certain amount of continuations, but focus on structure interactions and events

other than continuations.

As a pre-step to the Subdue pattern search, the tracking graph is processed by labeling functions which assign

additional attributes to the nodes and edges of the graph. In a labeled graph the pattern mining not only takes the

connectivity (structure) of the extracted subgraphs into account, but also the attributes of the involved nodes and

edges. To illustrate the graph labeling process, a synthetic tracking graph is considered in fig. 2.10.

The first two node attributes to be used in the Subdue pattern mining are the in- and outdegree of the node

in the tracking graph. The node degrees significantly constrain the instance matching. For example, without these

attributes, a first-order split could be matched with a sub-split of a second-order split. The unequal outdegree of

the splitting node prevents matching those two subgraphs to the same pattern. A third node attribute evaluates

the forward and backward distance of the node to another node involved in an event other than continuation. The

attribute, denoted as continuation attribute in the following, has a value of 0 if the node is closer than a user-specified

limit to a source or target node of a non-continuation event, otherwise the value of this node attribute is 1. The

purpose of this continuation node attribute is to guide the pattern search towards patterns including events other

than continuations as explained below in more detail.

In addition to node labels, attributes are also assigned to the edges of the tracking graph to be accounted for

during the pattern mining. For each edge, the outdegree of the source node of the edge and the indegree of the

target node of the edge are used as two edge attributes. An additional attribute stores the information whether

or not the edge is a dominant edge in the tracking graph. This edge attribute preserves the tree-branch subgraph

hierarchy of the tracking graph in the pattern mining process. Assigning the described attributes to the nodes and

edges of the synthetic tracking graph of fig. 2.10 results in the labeled graph of fig. 2.11. Contrary to the previously

described attributes, which are based on the properties of the tracking graph itself, attributes used in the pattern

mining process can also be based on information extrinsic to the graph. For instance, a node attribute can describe

the shape of the structure that the node represents. Introducing such an attribute places a geometric constraint on

the pattern mining process. Rather than using the geometric signature of a structure directly as node attribute, the

attribute can be obtained from clustering all tracked structures in the geometric feature space. The ID of the cluster

to which the structure belongs to is then assigned to the geometric node attribute. Attributes extrinsic to the graph

are not utilized in the demonstration of the graph mining using the synthetic graph, but will be employed in mining

the graph representing vortical structures in mixing layers in chapter §4.

40



Figure 2.10: Synthetic graph used to demonstrate the graph labeling process and serving as input for the Subdue
graph miner. Boxes indicate the tree-branch subgraph hierarchy of the graph. Node shapes symbolize event types
as detailed in fig. 2.7.

Node and edge attributes other than those introduced by the labeling functions, such as the structure ID or time

attribute of a node, are ignored when the tracking graph is fed into the Subdue algorithm. The initial state of the

pattern search is the set of all uniquely labeled nodes of the tracking graph. Subdue applies a variant of beam search

to expand those pattern candidates: pattern candidates are extended in all possible ways by a single edge and a

vertex. The obtained pattern candidates are evaluated and ordered in terms of graph compression (or domain-specific

rules as described below). Only the top beam patterns are expanded in the next iteration of the pattern candidate

extension, where the beam width is a user-specified input value. This pattern growth process terminates when the

search space is exhausted and no further growth can be realized. To focus the pattern candidates on some sort of

event activity other than solely continuations, a barrier is introduced into Subdue’s pattern growth approach by

utilizing the previously introduced continuation node attribute: Instead of extending the pattern candidate in all

possible ways, only those extensions are allowed which add nodes to the pattern which have the same continuation

attribute value as the nodes already in the pattern.
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(a) (b)

Figure 2.12: Illustrative split-dominated graphs labeled with in- and outdegree node attributes and in-, outdegree and
dominant edge attributes. The two input graphs in the top row of (a) are similar but not isomorphic. Compression
of the subgraphs highlighted in red leads to two isomorphic graphs in the bottom row. Compression of a different
subgraph selection of the same two input graphs also generates two isomorphic graphs in (b). Figure continued in
2.13 (a)

.

Once the pattern search terminates, a graph compression procedure is invoked which substitutes all instances of

the best pattern (based on the evaluation method, see below) in the tracking graph by single nodes, illustrated in

fig. 2.12 and 2.13. Those compressed nodes represent the pattern in the compressed graph. During the compression

procedure, edges, incoming or outgoing from best pattern instances, are redirected to be incoming to or outgoing

from the compressed node. The graph compression operation also affects the node and edge attributes of the graph.

In contrast to regular nodes, the compressed nodes do not carry the two node degree attributes, but contain an

attribute indicative of the the pattern this compressed node is an instance of. The continuation node attribute value

is inherited from the nodes the instance compressed. As a consequence, compressed nodes can only be matched with

other compressed instances of the same pattern. The source outdegree and target indegree attribute are removed

from the edges incoming to or outgoing from compressed nodes, respectively, but the dominant edge attribute is

kept to maintain the tree-branch hierarchy of the graph. After compressing the graph, the Subdue pattern search is

carried out in another iteration on the compressed graph. This process is repeated, while a list of patterns ordered by

value is reported after each iteration and always the best pattern of the current iteration is used for compression.(The

Subdue algorithm is applied iteratively on the successively compressed graphs, using the best pattern for compression

in each iteration.) Due to the compression the graph size is iteratively reduced and Subdue has a higher chance to

find larger pattern as pattern can involve compressed nodes. The pattern search of each iteration can be constrained

by a minimum and maximum number of edges a pattern needs to consist of. A higher minimum number of edges can

ensure a certain amount of complexity in the pattern, especially if only a few iterations of the Subdue algorithm are

carried out. However, smaller patterns found in early iterations can serve as building blocks of complex pattern of

later iterations. It’s worth noting, that graph compression can disrupt the temporal ordering of the tracking graph

and also generate parallel edges between nodes, which makes the graph a directed multi-graph as in the example

shown in fig. 2.13b. In contrast to the original Subdue version, the creation of self-loops (edges where the source

and target is the same node) is prevented during the graph compression to avoid paths of infinite length.
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(a) (b)

Figure 2.13: (a) Iterative graph compression leading to isomorphism.(b) Generation of parallel edges through partial
compression of reconnecting branches. The example illustrates the preservation of the dominant edge attribute
during compression.

2.10.1 Criteria for pattern evaluation

The pattern evaluation based on the graph compression using the MDL principle is replaced by a set of factors

measuring the value of a pattern in terms of the application of the mining to flow feature evolution. First, a value

of 0 is assigned to patterns consisting solely of nodes having a continuation attribute value of 1. Therefore those

pattern candidates are never considered for expansion during the beam search. The coverage and compactness of

a pattern are two measures suggested as domain-independent (Holder et al., 1994). The coverage is defined as the

ratio of the number of edges in the pattern to the total number of edges in the graph (at the current state of

compression) multiplied by the number of instances of the pattern candidate (minus 1). Despite of differing from

the MDL principle, the coverage value of a pattern still values the graph compression potential of the pattern. The

compactness value of a pattern is defined as the ratio between edges and vertices of the pattern.

To favor patterns with structure interactions (rather than just continuation events), the product of all in- and

outdegrees of the pattern’s nodes is considered as another factor of the pattern evaluation. Here, the degrees of

the nodes in the subgraph extracted from the graph at the current state of compression are used. The subgraph

may contain compressed nodes which are not present in the original graph. For nodes having a degree of zero in

the subgraph it is inspected if this degree value coincides with the degree value of the node in the original graph,

if the node exists in the original graph. If this is the case, those nodes contribute with a factor of 2 to the product

of node degrees to value creation and disappearance events, otherwise the node does not contribute to the node

degree product. Note that a node may contribute with its outdegree but not with its indegree and vice versa. The

final degree product of the subgraph is decreased by one before multiplication with the other factors of the pattern

evaluation.

To favor pattern candidate of high temporal length, the length of the longest path in the subgraph is considered.

A path in a directed graph is a sequence of connected, directed edges. For the longest path computation edges
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are weighted in terms of event activity they are part of: For edges which are not incoming to and outgoing from

compressed nodes the sum of the indegree and outdegree edge attribute decreased by one is used as an edge weight.

This way, edges of continuations have a weight of 1 and edges of other event types get higher weights. For edges

incoming to or outgoing from compressed nodes, the number of edges the node compressed is used as a weight to

add attraction to those nodes. For nested compressed nodes the cumulative number of compressed edges is used as a

weight. If the edge connects compressed nodes, the sum of the edges compressed by both nodes is used as a weight.

The overall value of the pattern candidate is calculated as the product of its value in coverage and compression and

its node degree-based and longest path-based values.

2.10.2 Application to a synthetic tracking graph

The Subdue algorithm with the described modifications and pattern evaluation rules is applied to mine patterns

from the labeled synthetic tracking graph of fig. 2.11. The minimum number of edges constraint for a pattern is

set to 2 and the node distance limited to determine the value of the node continuation attribute is also set to 2 in

this application. The synthetic graph compressed by the two instances of the best pattern of the first iteration is

drawn in fig. 2.14. With described settings, the best patterns of the Subdue iterations after the 8-th iteration have

only one instance in the graph and the mining is terminated at this stage. The compressed tracking graph after

the 8-th iteration is drawn in fig. 2.15, where the colored compressed nodes correspond to the best pattern of the

particular iteration plotted in fig.2.16. The node and edge attributes of the best patterns show their values based on

the original graph( fig. 2.11) rather than based on the connectivity of the pattern itself. When inspecting the best

pattern of iterations 6 and 7, it is evident that the subgraphs only partially express the connectivity of the graph

region from which they are extracted. For example, the merge node of the best pattern of iteration 7 has a indegree

of 3 in the original graph, but in the extracted pattern the node has only 2 incoming edges. It is therefore useful to

embed the instances of a pattern into their surroundings in the original graph to gain context information. Naturally,

the embedding differs between the instances of the same pattern.

The two instances of the best pattern of iteration 7 are embedded in fig. 2.10.2. Nodes and edges drawn in solid

indicate a pattern instance, while dashed nodes and edges show the connectivity of the instance to the surrounding

input graph. One layer of predecessors and successors of the instance nodes is considered to represent the embedding.

From the context information of the embedding it is clear that one of the source nodes of the second-order merge

differs in in its attributes from the other node and the extracted pattern only partially covers the merge.

If a pattern instance contains compressed nodes, those are recursively decompressed before embedding the instance

into the surroundings of the the tracking graph. Two scenarios can lead to pattern instances involving compressed

nodes: First, a compressed node can be added in the pattern growth during the pattern search. In this case, all

instances of the pattern will have a compressed node representing an instance of the same best pattern of a previous

iteration. The second way a compressed node can be integrated into a pattern instance is in cases where a pattern

instance overlaps with an instances of a best pattern. This best pattern can be the best pattern of a previous, the

same as the current or even a subsequent iteration. Here, the compressed node is only added to the instance which
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overlaps with the other best pattern instance. Consequently, the variation between the pattern instances is increased.

The second scenario is shown in fig. 2.18, where only the first instance of the pattern carries a compressed node.

Depending on the overlap, it is also possible that different instances of the same pattern include compressed nodes

representing different best patterns as illustrated in fig. 2.19.
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Figure 2.16: Best pattern of each iteration of the Subdue algorithm applied to the synthetic input graph. Colors
corresponding to compressed nodes in fig, 2.15. Since node shapes can vary among the instances of a pattern, the
double circle shape is used as a generic shape. Node and edge attributes show their values based on the original
graph (fig. 2.11).

(a) (b)

Figure 2.17: Embedding of the two instances of the best pattern of iteration 7. The nodes and edges drawn in solid
indicate the actual pattern instances, while the dashed nodes and edges are the embedding of the instances in the
original graph.
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Figure 2.18: Embedding and decompression of the two instances of pattern 11 of iteration 4. The first instances
overlaps with an instance of the best pattern of iteration 4 in two nodes, highlighted in half-white half-green.
Therefore the overlapping instance of the best pattern of iteration 4 is added to the first instance of pattern 11 of
iteration 4. The definition of the best pattern of iteration 4 is given in 2.16. Inserting overlapping instances of best
patterns into instances of another pattern increases the variation among these instances.

Figure 2.19: Embedding and decompression of the two instances of pattern 6 of iteration 5. The definitions of the
involved best patterns are given in 2.16. Both instances contain compressed nodes of different pattern types, leading
to quite a variation between the instances, when they are decompressed and embedded.
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Chapter 3

Passive scalar structures in isotropic turbulence and shock-turbulence

interaction

3.1 Introduction

A comprehensive understanding of compressibility effects on turbulent mixing processes is of great relevance to

advance air-breathing super- and hypersonic propulsion systems (Andreopoulos et al., 2000; Urzay, 2018). Shock

wave-induced mixing enhancement has been proposed to accommodate the very short time scale requirements for

nonpremixed combustion in these applications (Budzinski et al., 1992). Furthermore, compressibilty effects can

originate from heat release in non-premixed and, especially, in premixed combustion (Bilger, 2004). Despite the

identification of the scalar dissipation rate as a key parameter in non-premixed combustion several decades ago(Bilger,

1976; Pitsch & Steiner, 2000), the study of compressibilty effects on scalar mixing has been the focus only in more

recent direct numerical simulations (DNS) of homogeneous isotropic turbulence (HIT) (Pan & Scannapieco, 2010,

2011; Ni, 2015, 2016; Danish et al., 2016; Panickacheril John et al., 2020) and also shock-turbulence interaction

(STI)(Tian et al., 2017; Boukharfane et al., 2018; Gao et al., 2020). These numerical studies confirm that the

amplification of turbulence kinetic energy (TKE) and transverse vorticity variance in conjunction with decreased

turbulence length scales (Lee et al., 1993, 1994; Ryu & Livescu, 2014) result in an increase of the scalar dissipation

rate across a shock wave, as suggested by earlier experiments (Hesselink & Sturtevant, 1988; Agui et al., 2005).

While the TKE amplification saturates(Lee et al., 1997) for Mach number, M , larger than 3, the amplification of

the scalar dissipation rate does not saturate at least up to M = 5, but is lowered for larger Taylor-Reynolds number,

Reλ, and turbulence Mach number, Mt (Gao et al., 2020). The shock-induced enhancement of scalar mixing is

expressed by a reduced scalar Taylor-microscale and an intensified decay of scalar variance in the post-shock region

(Boukharfane et al., 2018). The interaction of spatial velocity and scalar gradients contributes to the scalar transport

(Danish et al., 2016). The increase of scalar dissipation across the shock is associated with the evolution of the

alignment between the scalar gradient, ∇φ, the vorticity, ω, and the strain-rate tensor eigenvectors, denoted as α,β

and γ (Kerr, 1985; Ashurst et al., 1987; Parashar et al., 2017), and ordered by their respective eigenvalues from most

extensional to most compressive, α ≥ β ≥ γ. Recent statistical volumetric analyses of HIT (Ashurst et al., 1987;
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Danish et al., 2016) and STI (Gao et al., 2020; Boukharfane et al., 2018) have shown that the scalar gradient is most

aligned with the most compressive eigendirection γ of the strain-rate tensor, followed by α and β (Batchelor, 1959;

Vedula et al., 2001; Donzis et al., 2010), consistent with Batchelor’s turbulence theory. The scalar gradient alignment

with the eigenvectors of the solenoidal component of the strain-rate tensor shows very similar behavior to that of

incompressible turbulence (John et al., 2019). Scalar gradient alignment with the most extensional eigenvector, α,

increases across the shock. For reactive scalars in premixed combustion, the α alignment is also known to increase

due to dilatational motion induced by heat release in the reaction zone (Swaminathan & Grout, 2006; Kim & Pitsch,

2007). In contrast, the alignment with the intermediate and most compressive eigenvectors decreases due to enhanced

scalar dissipation immediately after the shock. A weakening of alignment between the scalar gradient and the most

compressive strain-rate eigenvector γ in flow regions of high dilatation was recently reported (Panickacheril John

et al., 2020). A strong anti-correlation found between the scalar gradient and the vorticity (Kerr, 1985) has been

interpreted structurally as the passive scalar being wound around vortex tubes. The decrease of scalar gradient

alignment with the intermediate eigenvector β and the vorticity ω is thus expected since the alignment between β

and ω is strengthened by the shock-interaction (Livescu & Ryu, 2016; Boukharfane et al., 2018). The alignment

analysis has been utilized in the development of SGS models for the flux of a passive scalar (Pullin, 2000).

To complement statistical studies of the scalar mixing, the research objective this chapter is to investigate the

dynamics of this process in decaying HIT and its enhancement by shock-interaction in STI from a structural point

of view.

3.2 Numerical setup and initialization of passive scalar structures

The presented tracking algorithm is applied to study compressible turbulent mixing of passive scalars from a structural

rather than volumetric view. To elucidate the effect of shock waves on the geometry of the scalar structures and

mixing enhancement, we compare temporally decaying homogeneous isotropic turbulence (DHIT), and the canonical

statistically stationary interaction of a nominally planar shock wave with spatially decaying isotropic turbulence

(STI) at two different Mach numbers. Shock-capturing direct numerical simulations of these two flow configuration

are performed based on a numerical method described in detail in Larsson & Lele (2009) and Larsson et al. (2013).

To include passive scalars in these flow simulations the compressible Navier-Stokes equations for a calorically perfect

gas are complemented with additional advection-diffusion equations

∂t(ρφm) + ∂j
[
ρ(φmuj− Dm∂jφm)

]
= 0 (3.1)

for the passive scalar transport as described in detail in Gao et al. (2020). Here, ρ is the density, φm are the scalars, uj

the j-th velocity component (j = 1, 2, 3), and Dm the scalar diffusivities. The most relevant dimensionless parameters

for the DHIT are the Taylor microscale Reynolds number, Reλ = ρ̄u′rms/µ̄, where µ is the dynamic viscosity,

λ = [u′2u
′
2/(∂2u2)2](1/2) is the Taylor microscale and u′rms = (u′iu

′
i/3)1/2 is the r.m.s value of the velocity fluctuation,

and the turbulent Mach number, Mt =
√

3u′rms/c̃ and additionally the mean flow Mach number, M = ũ1,u/c̃, for
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the STI simulation. In these definitions, Reynolds averages of a flow quantity, f , are indicated as f̄ , while f̃ denotes

a Favre averaged flow quantity. The corresponding fluctuations are f ′ = f − f̄ and f ′′ = f − f̃ . In the STI flow

configuration, these dimensionless parameters are chosen as Reλ = 40, Mt = 0.2 and M = {1.5, 3.0} , where Reλ

and Mt are taken just upstream of the shock location. The initial values of Reλ and Mt in the corresponding DHIT

configuration are chosen as (Reλ,Mt) = (46, 0.23) for the M = 1.5 STI and (Reλ,Mt) = (42, 0.21) for the M = 3.0

STI to account for the decay from the inlet to the shock location in the STI. The Schmidt number, defined as the ratio

of the kinematic viscosity ν of the fluid and the diffusivity Dmof the m-th passive scalar, is chosen to be Sc = 1 in all

presented DHIT and STI simulations, such as typically for supersonic mixing of gases. For the STI flow configuration,

a resolution of 1280 × 384 × 384 was found to be grid converged, seeGao et al. (2020). The grid resolution in each

coordinate direction of the DHIT configuration matches the transverse resolution the STI simulation.

In a volumetric study of passive scalar mixing in (compressible) decaying isotropic turbulence the passive scalars

are typically initialized to have defined (initial) spectra, such as E(k) ∝ k4e−2k2/k20 with k0 = 4. In contrast, to study

the mixing from a structural point of view, we initialize the passive scalar fields with a well-defined initial structure

such that their isosurfaces present a specific initial shape. Precursor DHIT simulations are performed and the initial

passive scalar fields are added to a time instant in which the turbulence is fully developed (velocity derivative skewness

approximately -0.5, temporally increasing dissipation-based length scale Lε = K3/2/ε,K = u′′i u
′′
i

:
/2, ε = τijSij/ρ̄)

and the Taylor microscale Reynolds number and the turbulent Mach number match their target values of Reλ = 46

(42)and Mt = 0.23 (0.21), respectively. This time instant of fully developed turbulence complemented with initialized

passive scalar structures serves as the initial field of the DHIT simulations and also as the inflow database for the

STI configuration, as described at the end of this section. To study geometric changes of canonical shapes in a

turbulent background, for each simulation the passive scalar fields, denoted as φλ, φ2λ, and φ4λ, are initialized as

collections of uniformly spaced spheres of uniform radius equal to one, two and four times, respectively, the initial

Taylor microscale, λ, of the underlying decaying turbulence.

The scalar fields are initialized using a smooth radial profile that transitions between zero outside and unity inside

the targeted spherical shapes (see figure 3.1). The smooth transition aims to avoid discontinuities in the scalar fields

that can result in spurious numerical instabilities. The transition profile describes the scalar value φ(r) as a function

of the distance r from the center of the ellipsoid as

φ(r) =
φmax + φmin

2
+
φmax − φmin

2
erf

(
2− 4(r − rin)

rout − rin

)
(3.2)

, where rin and rout are the inner and outer radius, i.e. φ(r = rin) = φmax and φ(r = rour) = φmin.

The three initial configurations of passive scalar structures whose temporal evolutions are studied in this work are

summarized in table 3.1. The configurations of each structure type in the initial DHIT frame and in the corresponding

STI inflow database are identical. The same sampling interval length of ∆t = τ0/12.7 is used for the tracking for

all structures in the STI M = 1.5 and corresponding DHIT flow configurations, where τ0 = λ/urms is the initial

large-eddy turnover time of the DHIT configuration. To account for the higher upstream velocity, the sampling
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(a) (b)

Figure 3.1: (a) Radial scalar profile at initialization. (b) Detected regions of scalar discontinuities (red) during the
development from the initial condition in DHIT in a slice of the φ4λ field.

Symbol Radius Transition Spacing Number

φλ λ 5η 3λ 123

φ2λ 2λ 10η 6λ 63

φ4λ 4λ 20η 12λ 33

Table 3.1: Initial configuration of passive scalar structures used in the DHIT and STI configuration. Initialized
number of structures per DHIT domain block. Radial transition length from φmin to φmax.

frequency is doubled in the M = 3.0 STI and in the corresponding DHIT. Figure 3.2 shows the initialized φ4λ

structures and their temporal evolution in the DHIT configuration at three different time instants. The application

of the reconnection of surfaces intersecting periodic domain boundaries is demonstrated in 3.2 (c).

Despite of initializing the passive scalar structures using the smooth radial profile 3.2, large gradients are detected

in the passive scalar fields by applying a jump-based scalar discontinuity sensor, figure 3.1. In domain regions

marked by the scalar discontinuity sensor, a fifth-order weighted essentially non-oscillatory (WENO) scheme with

HLL flux splitting, Ducros et al. (2000), is applied, while a sixth-order central difference scheme is applied elsewhere.

Discontinuities in the hydrodynamic flow field near the shock (or shocklets, for sufficiently large Mt) as detected by

a dilatation-vorticity based sensor (−θ > 1.2ωkωk) are analogously treated numerically.

Since the radial length rout − rin in which the scalar initially transitions from φmin to φmax is a fix fraction of

the nominal initial radius of the passive scalar structures, the region of non-zero initial scalar gradient thickens with

increasing nominal radius (figure 3.3). As the structures deform after the initialization, stretching of the transitional

region induces local increases of the scalar gradient magnitude, which are more pronounced the longer the initial
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.2: Evolution of structures educed from φ4λ (a-c), φ2λ (d-f) and φλ (g-i) scalars in DHIT captured in different
frames from left to right: t/τ0 = 0.0 (a,d,g), t/τ0 ≈ 1.65 (b,e,h), t/τ0 = 4.5 (c), t/τ0 = 3.5 (f), t/τ0 = 2.4 (i). Coloring
indicates the identification of the individually tracked structures. Thus, color changes are associated with split and
merge events. Periodic reconnection has been applied to structures crossing boundaries. For instance, in (c) the top
part of the green structure is located outside the computational domain as it has been periodically reconnected to
its lower part continuation inside the domain, leaving the void region on the opposite side (see also fig. 2.5 for an
illustration of the reconnecting algorithm). The rendering shows the periodically reconnected structure at one of its
possible locations, all of which are considered in the correspondence search.
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transitional length is. The increased stretching of larger transitional regions enhances the mixing of the passive scalar

field (Villermaux, 2019).

To generate the inflow database used for the STI simulation, three individual DHIT precursor simulations without

passive scalars are performed and from each the time instant in which the Taylor-Reynolds number and turbulent

Mach number reach their target values Reλ = 46(42) and Mt = 0.23(0.21) to start the DHIT simulation including the

passive scalar fields. From each of those three time instants two additional field are obtained by applying rotations

with respect to the y and z coordinate axes. The nine obtained boxes are blended together following a technique

introduced in Larsson (2009). After the blending operation the passive scalar structures are initialized on the obtained

cuboid grid in the same way as previously described for the DHIT flow configuration, figure 3.4.The same initial

geometry is used for the DHIT and STI study to make comparison between the passive scalar mixing in both flow

configurations, table 3.1. The nominally planar shock wave is located stationarily a distance ≈ 2 downstream of

the inlet, which will be taken as the origin of the x axis (k0x ≈ 0). To avoid acoustic reflections from the outflow

boundary into the subsonic region of the domain, a sponge layer of length π is introduced before the outlet boundary

(Larsson & Lele, 2009). Since damping terms are added to the Navier-Stokes equation in the sponge layer region,

the flow field in the sponge layer is considered to be not physically meaningful. Therefore the effective downstream

length of the STI configuration relevant to the tracking is reduced to the region starting at the position downstream

of the inlet where the structures first become closed surfaces, which depends on the initial size of the structures, to

the the starting position of the sponge layer.

To obtain individual passive scalar structures from the underlying field by iso-surfacing in principle any vale

φiso ∈ [φmin = 0.0, φmax = 1.0] can be used as an iso-value. Not only the shape of the passive scalar isosurfaces

extracted at each frame of the simulation depend on the chosen contour value, but also the total number of educed

structures in each step. For the STI application, figure 3.5a reports the total number of extracted structures in a

certain frame in the statistically stationary state for contour values ranging from φmin to φmax for the considered

passive scalar fields φλ, φ2λ and φ4λ. The number of extracted structures peaks around φiso = 0.3 and decreases for

larger iso-values. The downstream length of the region in which structures are present is significantly affected by the

choice of the iso-value. In general, a lower contour value leads to an increased lifetime of the scalar structures and

hence an increased number of extracted structures. For φiso < 0.3 very large connected regions are obtained and the

number of extracted structures is reduced. Due to the structure deformation induced by the shock, the post-shock

region is prone to the formation of widely connected isosurfaces as visualized in figure 3.5b. Large isosurfaces in the

post-shock region are unfavorable in terms of tracking individual structures. Additionally, surfaces which span across

the domain and connect to themselves via periodic boundaries have infinite extent, remaining open and therefore

lead to a failure of their geometrical characterization. The size of the isosurface of largest extent is found to be

quite sensitive to the chosen iso-value φiso and also depends on the choice of the initial spacing of the passive scalar

structures. For the given spacing, an isovalue of φiso = 0.6 is chosen to define the passive scalar structure in all

presented configurations, which decreases the initial size of the structures insignificantly compared to the nominal

radius but prevents the formation of large isosurfaces in the post-shock region. From all isosurfaces extracted for
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(a)

Figure 3.3: Scalar gradient of φ4λ (top row) and φ2λ (bottom row) visualized in plane cuts of the DHIT M = 1.5
domain: Initial transitional region φ4λ (top,left), Transitional region φ4λ at t/τ0 = 0.98 (top,right), Initial transitional
region φ2λ (bottom,left), Transitional region φ2λ at t/τ0 = 0.98 (bottom,right).
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Figure 3.4: Problem setup of passive scalar mixing in STI and blended DHIT precursor simulations. Length of inflow
database reduced in figure. Adapted from Gao et al. (2020).

Nearest-neighbor search Radius search Correspondence constraints
fx fy fz fŜ fĈ fλ̂ cNN ωNN εR ωR lref ε εrel ω

1/2π 1/2π 1/2π 1 1 1 0.5 0.5 1.5 0.1 µ 0.2 0.4 0.1

Table 3.2: Scaling factors, confidence value, and weight for the NN search. Tolerance and weight utilized in the
radius search. Structure reference length, tolerance, relaxed tolerance and weight used for both OBB distance and
surface proximity correspondence constraints, as defined in §2.4.2-2.5.

φiso = 0.6, only those having a polygonal mesh consisting of at least 50 points will be considered in the geometrical

characterization (and, hence, in the tracking), to ensure a reliable calculation of the differential-geometric properties.

The tracking methodology is applied to the analysis of structures of passive scalar mixing with the settings

presented in tables 3.2-3.4. In the NN search, the spatial attributes are scaled using by the inverse of the transverse

domain length, such that they are balanced with the geometrical attributes (table 3.2). This scaling gives more

emphasis to the mean shock-normal dominant flow direction in the STI configuration. In the radius search, a large

tolerance εR is applied to the OBB half-diagonal to form a search radius that captures all possible correspondence

candidates. The same settings are used for both applied correspondence constraints. The obtained distances are

compared to a fraction ε of the maximum of the µ values of source and target structures of the tested correspondence.

For small structures, defined by having a number of surface triangulation points smaller than 1000, a relaxed fraction

εrel = 2ε is used to provide a higher tolerance. Table 3.3 lists the parameter settings for the event constraints ordered

according to their sequence of application. First, a conservation-based constraint is applied to compound events where

each extracted sub-event needs to satisfy a constraint threshold ε in terms of the estimated mass. A relaxed threshold

εrel is used if the extracted sub-event is a continuation. Correspondences of the compound event with less confidence

than cmin may be removed to resolve double connections (see §2.7). After a surface point constraint is deployed
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(a) (b)

Figure 3.5: (a) Number isosurfaces Ns of each scalar field φλ, φ2λ, φ4λ for different isovalues φiso extracted from a
frame in the statistically stationary state of the STI. (b) Formation of a φλ isosurface of largest extent (green) for
φiso = 0.3 in the post-shock region. Shock visualized as a dilatation isosurface (gray).

Conservation Surface points Conservation

Compound Merge, Sub-merge Compound Merge Split Continuation
ε εrel cmin Npts ε εrel cmin ε ε ε

0.5 0.25 0.75 250 0.4 0.15 0.8 0.6 0.3 0.2

Table 3.3: Settings of the event constraining. Type of the constraint and event type the constraint acts on. Event
constraints are applied in sequence from left to right.

to test merge events and potentially simplify remaining compound events, another conservation-based constraint is

applied to compound events with a less restrictive setting. Subsequently, merge, split and continuation events are

tested by a conservation-based constraint that skips splitting and continuing source structures with less than 1000

surface triangulation points. The weights used for the dominant target/source selection for the construction of split,

merge or compound events in the graph data structure are listed in table 3.4. Here, the conservation-based criteria

use again the estimated mass of the structures involved in the event to build.

(Sub-) Split (Sub-) Merge

Conservation Confidence Lifetime Conservation Confidence

0.8 0.2 0.5 0.3 0.2

Table 3.4: Weights used for the dominant target/source selection to build (sub-)split/merge events in the graph data
structure.
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Figure 3.6: Hierarchical layout of the graph of the φ4λ scalar in DHIT (evolving from left to right). Colors highlight
communities as detected by edge betweenness clustering, Girvan & Newman (2002).

3.3 Downstream distribution of events

The graph representation of the temporal evolution of all tracked φ4λ structures in the DHIT M = 1.5, figure 3.6,

indicates that the majority of detected events are continuations of structures which evolve from source to target frames

without interacting with others. Second to continuing structures, the graph is dominated by split and, consequently,

disappearance events. The reduced lifetime of the φ2λ structures compared to the φ4λ structures of larger initial size

is apparent in the reduced length of the branches of the graph representing the φ2λ evolution in figure 3.7, as the

sampling frequency is the same in both applications of the tracking. The number of outgoing branches relative to

the number of primary branches is reduced in the graph representation of the φ2λ structure evolution.

These findings motivated by the appearance of the graphs are quantified in the following by investigating the

temporal or equivalently spatial (downstream) distribution of different event types. Since the STI configuration is

statistically stationary, the temporal evolution of individual passive scalar structures is investigated by means of their

60



Figure 3.7: Hierarchical layout of the graph of the φ2λ scalar in DHIT (evolving from top to bottom). Colors highlight
communities as detected by edge betweenness clustering, Girvan & Newman (2002).

downstream evolution. Since the structure velocity in x is always positive the mapping from time to downstream

location is monotonic, tn < tn+1 ⇒ x(tn) < x(tn+1). To compare the structure evolutions in the temporally decaying

DHIT configuration to those of the STI, the time coordinate of the DHIT configuration is translated into a equivalent

downstream coordinate as

xhit =


uut for t < xs/uu

xs + ud(t− xs/uu) else

(3.3)

, where xs is the shock location and uu and ud are the mean downstream flow velocities upstream and downstream

of the shock. The downstream distribution of different event types during structure evolution in the STI and DHIT

configuration is presented in figure 3.8, where the downstream coordinate is normalized by the k0 wavenumber

and the initial Taylor micro-scale, λ, of the DHIT configuration. Here, the histogram count of number of events

per downstream interval is normalized by the interval length and the number of incoming (STI) or initial (DHIT)

structures.

Due to scalar dissipation, no creation of new structures are expected to occur from the underlying passive scalar

field, as the scalar value stays below the threshold used for iso-surfacing. The only expected source of creation events

are incoming structures of the inflow database of the STI configurations. Figure 3.8 shows the expected sharp peak

of creation events close to the inlet boundary. The peak location is shifted downstream as the structures increase in

initial size from φλ to φ4λ and become closed surfaces at a later downstream location. A small number of creation

events is detected in the post-shock region, especially for the φ4λ structures. Those structures falsely detected as

being newly created are small in volume and are small continuing structures or targets of split events in most cases.

The distributions of the other event types are also shifted downstream with increasing initial size leading to

practically no disappearance, split or merge events for φ2λ and φ4λ structures in the pre-shock region. The number

and distribution of disappearance events are linked to the number and distribution of split events as the majority of

(early) splits have one dominant structure similar in size of the parent structure, see §3.8.1, and a number of smaller

targets which disappear in close proximity to the split event. The peak of disappearance events is closer to the shock
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(a) (b)

Figure 3.8: Downstream distribution of different event types for the φλ, φ2λ and φ4λ passive scalar structures in
DHIT and STI configurations for M = 1.5 (a) and M = 3.0 (b). Relative (normalized by bin size) histogram
counts are normalized by its bin size and the number of initial (DHIT) or incoming (STI) structures: Nc: number
of creations, Nd: number of disappearances, Ns: number of splits, Nsub,s: number of sub-splits of compound events.
Shock location at x/λ = 0.

locatio in STI than in the corresponding DHIT, which is a consequence of the shock-induced mixing enhancement.

This difference between STI and DHIT becomes larger for the higher MAch number M = 3.0. Note that figure 3.8

is not distinguishing between split or merge events of different order. While disappearance and split events start to

occur approximately at the same downstream location, the downstream range of disappearance events is larger than

for split events as structures (which have been continuing for a while) disappear without prior splitting.

For all structure types (φλ, φ2λ, φ4λ), the number of split and, consequently, disappearance events per initial

(DHIT) or incoming (STI) structure is larger in the STI than in the DHIT configuration due to the added structure

deformation induced by the shock. This difference between STI and DHIT further increases with the shock Mach

number and becomes larger with increasing initial size of the structures. While the peak location is approximately

at the same downstream location for φλ and φ2λ, the disappearances and splits peak further upstream (closer to the

shock) in the STI than in the DHIT for the φ4λ structures, which indicates again the dependence of the structure

deformation on the (initial) size of the structures. For both, DHIT and STI, the number of disappearance and splits

per initial and incoming structure, respectively, increased with initial size, which can also be seen in the graphs,

figure 3.6 and 3.7. The higher shock Mach number M = 3.0 induces more splits in closer proximity to the shock.

The number of compound events is larger in the STI than in the DHIT, increasing with higher Mach number

and peaks closely after the shock location. The sub-split events hidden in the compound events explain the reduced

number of pure split events in the STI and, also, contribute to the number of disappearing structures closely behind
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(a) (b)

Figure 3.9: Representative compound events of φ2λ structures in the post-shock region of the STI configuration. For
each event (a)-(b) target structures are artificially displaced for clarity. The diagram below each rendering represents
the structures as nodes (with colors matching those of the associated rendered structures) and the correspondences
as arrows, directed from source to target structures. Structure colors indicate branches as illustrated in fig. 2.7.

the shock, especially for the φ4λ structures, as the number of compound events per incoming structure is larger for

increasing initial size of the structure, figure 3.8.Note that, despite the higher sampling frequency, which reduces

the number of sub-splits in the DHIT used for the STI with M = 3.0 compared to the DHIT used for the STI

with M = 1.5, the number of sub-splits increases for the higher Mach number in STI. In both DHIT and STI flow

configurations and for all structure types the number of merge events per initial/incoming structure is small compared

to the number of splits. Similar to sub-split events, there is a considerable number of sub-merge events hidden in

compound events. While the number of pure split events is clearly larger than the number of compound events, the

number of compound events is comparable or even larger than the number of pure merge events, especially in the

STI configuration where more compound events, and hence more sub-merge events, occur. While there is typically

one sub-merge per compound event, multiple sub-split events of potentially higher order occur per compound event,

see figure 3.9 for some representative examples of compound events. Compound events are of importance to capture

all cases of structure interactions in the scalar mixing process. Therefore it is essential for the tracking algorithm to

account for compound events rather than neglecting them as in previous feature tracking methodologies.
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(a) (b)

Figure 3.10: Volume histogram of disappearing φλ (a) and φ4λ (b) structures in DHIT and STI M = 1.5 normalized
by the number of initial and incoming structures. Volume Vs of source structures relative to a sphere of radius of
the initial Taylor-microscale λ.

3.4 Structure volumes of event types

In this section we investigate the volumetric size of source and target structures of different event types. In addition

to providing physical insight, this section also serves as a verification of the detected events. The volume histograms

of disappearing φλ and φ4λ structures in STI M = 1.5 and corresponding DHIT are shown in 3.10. As already seen

in the downstream distribution of disappearance events presented in the previous section, the normalized number

of disappearing structures per initial/incoming structures is larger for the φ4λ structures of larger initial size than

the φλ structures and for the same initial size more structures per incoming / initial structure disappear in the STI

than in the DHIT, due to the increased number of splits per structure. As expected, the volume of disappearing

structures of both structure types and in both flow configuration is small compared to the volume of a sphere of

radius equal to the initial Taylor micro-scale in the DHIT simulation. The volume range of disappearing structures is

approximately the same for both structure types. While the largest disappearing structure in the DHIT configuration

is similar in volume to the largest disappearing structure in STI, the smallest disappearing structure in the DHIT is

significantly larger than the smallest disappearing structure in the STI configuration, because of the increased grid

resolution of the STI in downstream direction. As both configurations apply the same minimum number of surface

points criterion for a structure to be considered in the tracking, a smaller volume can be realized with this minimum

number of points in the STI configuration due to the higher resolution.

A similar grid resolution effect can be observed in the joint source and target volume histograms of continuing

φλ and φ4λ structures in STI M = 3.0 and DHIT, shown in figure 3.11. A deviation from volume-preserving

continuation events is observed on small scales due to scalar dissipation and for larger shock-crossing structures due

to the compression of the structure and the scalar dissipation amplification by the shock.

The joint histograms of splitting φλ and φ4λ structures in STI and DHIT for both considered Mach numbers are

formed by the volume of the source structure and the sum of the volume of the target structures of the split events,
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(a) (b)

Figure 3.11: Joint histogram of volumes Vs of source and Vt targets of continuation events in the evolution of φλ
(left) and φ4λ (right) structures in DHIT and STI for M = 3.0 normalized by the number of initial and incoming
structures. Volumes of the source and target structures are normalized by the volume of sphere of radius of the
initial Taylor-microscale. Green reference line indicates volume preserving splits. Marginal histograms included as
projections.

figure 3.12, where the grid resolution effect can be observed again. In accordance with the downstream distribution

of split events, figure 3.8, the number of splitting structures per initial/incoming structure is larger for the initially

bigger sphere φ4λ. Note that the splitting of a structure can occur after the structure participated in a merge event,

which allows the ratio of the splitting volume to the reference volume, Vs/(4/3)πλ3, to be larger than the ratio of the

volume of the initialized structures to this reference volume. While the largest splitting volumes are naturally found

for the φ4λ structures, the smallest splitting structures have similar volumes for both scalar fields as the dissipation

affects both fields on the same scales.

Similar to the disappearing volumes, the largest splitting volume in the DHIT and STI are comparable, while the

smallest splitting structure have less volume in the STI than in the DHIT due to the increased grid resolution. For

both, DHIT and STI, the smallest splitting volume are significantly larger than the smallest disappearing volumes.

Hence, structures that have shrunk to a certain volume due to scalar dissipation or previous splits, do not split

further and simply continue until they reach the end of their lifetime and disappear by dissipation. In agreement,

structures of small volumes, near the end of their lifetime, are characterized by a relatively high compactness, λ̂,

which decreases the probability of a split (see §3.8.1). Figure 3.12 also indicates that the sum of the volume of the

target structures of a split approximately conserves the volume of large source structures, while the sum of the target

volumes is reduced compared to the source volume for small source volumes due to increased scalar dissipation on

smaller scales.

Figure 3.13 expresses an increased number of compound events in the STI compared to the DHIT for both

structure types, φλ and φ4λ. The number of occurring compound events per initial/incoming structure increases from

φλ to φ4λ structures for both DHIT and STI. Compared to pure split events, the smallest structures participating in

compound events are larger as, by definition, a compound event has at least one sub-merge event, and merge events
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(a) (b)

(c) (d)

Figure 3.12: Joint histogram of volumes Vs of source and Vt of summed targets of split events in the evolution of
φλ (left) and φ4λ (right) structures in DHIT and STI for M = 1.5 (top) and M = 3.0 (bottom) normalized by the
number of initial and incoming structures. Volumes of the source and target structures are normalized by the volume
of sphere of radius of the initial Taylor-microscale. Green reference line indicates volume preserving splits. Marginal
histograms included as projections.

typically occur between structures of relatively large volume (as can be inferred from the volume histogram for merge

events, not shown). Similar to split events, for φ4λ structures the portion of compound events for which the volume

is approximately conserved is higher than for the smaller φλ structures as the deviation occurs for smaller volumes.

3.5 Split and merge events in geometrical feature space

The geometrical signature {Ŝ, Ĉ, λ̂} of source and target structures of split and merge events are investigated in this

section, focusing on the effects of the initial structure size and the shock. The joint histograms (λ̂, Ĉ) and (Ŝ, Ĉ) of

the geometrical attributes of source and target structures of split events in DHIT (figure 3.14 (a)) and STI (figure

3.14 (b)), indicate that splitting source structures are characterized by lower values of the compactness, λ̂, and the

absolute shape index than their targets, while the dimensionless curvedness Ĉ is comparable between sources and

targets. Structures characterized by low compactness are more stretched and likely to contain a ligament portion,

which increases the probability of these structures becoming the source of a split.

Figure 3.15 suggests that once the highly stretched ligament section of a source breaks, the produced target

structures exhibit a dome-like region in the region previously connected to the former ligament section, thus increasing
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(a) (b)

Figure 3.13: Joint histogram of volumes of summed source and summed targets of compound events in the evolution
of φλ (left) and φ4λ (right) structures in DHIT and STI M = 1.5 normalized by the number of initial and incoming
structures. Volumes of the source and target structures are normalized by the volume of sphere of radius of the
initial Taylor-microscale. Green reference line indicates volume preserving compound events.

(a) (b)

Figure 3.14: Joint histograms of geometrical attributes of source and target structures of split events in DHIT (a)
and M = 1.5 STI (b). Top: φλ, Center:φ2λ, Bottom:φ4λ. Contour line: , : 0.2, , : 0.4, , : 0.6, , :
0.8.
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(a) (b)

Figure 3.15: Absolute shape index mapped on φ2λ structures in DHIT during split events of order one (a) and order
two (b). Source structures artificially displaced with source on the top and target on the bottom.

their absolute shape index. The compactness λ̂ of splitting sources in DHIT (figure 3.14 (a)) decreases with larger

initial size of the structures from φλ to φ4λ, as the structures become more convoluted and stretched before they split.

The higher convolution of the source structures for bigger initial size also shows in a higher dimensionless curvedness

Ĉ and an increased amount of hyperbolic surface points, which lowers the absolute shape index (Ŝ < 0.5). In contrast,

splitting φλ structures tend to be dominated by elliptical points (Ŝ > 0.5). This dependence of the geometric signature

of splitting sources on the initial size is linked to geometrical trajectories of the structures, which have a common

starting point in the geometric feature space as all of them are spheres but develop very differently depending on the

initial structure size (see §3.8.1). Furthermore, for φ2λ and φ4λ structures, the Ŝ-Ĉ joint PDF of source structures

is essentially enclosed by that of the target structures. As the geometrical trajectories indicate, split events early in

the structure lifetime typically contain a dominant target structure which is similar in shape to the splitting source

structure. Hence, this target is located in close proximity to the splitting source in the geometrical feature space.

The compression of the passive scalar structures by the shock wave leads to lower values of compactness, λ̂, and

absolute shape index, Ŝ, of splitting source structure in the STI, figure 3.14 (b), compared to the DHIT. This effect

is most pronounced for φ4λ structures, which causes the increase of in the number of split events from the DHIT to

the STI to be the highest for the φ4λ structures, as already observed in §3.3.

The joint histograms (λ̂, Ĉ) and (Ŝ, Ĉ) of the geometrical attributes of source and target structures of merge

events in DHIT and STI presented in figures 3.16(a) and (b), respectively, show opposite relations between source

and target geometrical signature than previously observed for split events. Here, the merged target structure is

characterized by a lower compactness. The difference between merging sources and merged targets in terms of the

absolute shape index is less pronounced than previously observed for split events. The dependencies of the geometric

signature on the initial structure size previously observed for splitting source structures apply to merged target

structures.
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(a) (b)

Figure 3.16: Joint histograms of geometrical attributes of source and target structures of merge events in DHIT (a)
M = 1.5 STI (b). Top: φλ, Center:φ2λ, Bottom: φ4λ. Contour line: , : 0.2, , : 0.4, , : 0.6, , : 0.8.

3.6 Downstream evolution surface-averaged physical quantities

Ensemble statistics of the downstream evolution of surface-averaged physical quantities of the flow field computed as

qavg =
1

A

∫
A

qdA (3.4)

on individually tracked isosurfaces of φλ and φ4λ passive scalar in STI and corresponding DHIT configurations are

investigated in this section. The effect of the shock on these surface-averaged quantities is more pronounced for

a higher Mach number M = 3.0 in the STI configuration. The downstream evolution of the ensemble mean and

standard deviation of the magnitude of the scalar gradient |∇φ| normalized by its initial mean value in the DHIT

is presented in figure 3.17. In both flow configurations, the influence of the size of the transitional length of the

initialized structures (see figure 3.3) on the early development of the scalar gradient magnitude is apparent. While

the scalar gradient magnitude of φλ structures immediately decays after the initialization, stretching of the non-

zero scalar gradient region of the φ4λ structures cause an initial increase of the scalar gradient magnitude. After the

initial increase the magnitude of scalar gradient monotonically decays in the DHIT configuration as the scalar mixing

progresses. In contrast, the scalar gradient magnitude is amplified while the structures pass through the shock wave

in the STI configurations. This amplification is larger for a larger initial size of the structures which indicates the

scalar dissipation enhancement is larger for those structures. After the scalar gradient magnitude has reached its
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maximum, its decay is more pronounced than in the corresponding DHIT as the scalar dissipation rate is amplified

by the shock (Gao et al., 2020; Boukharfane et al., 2018).

Contrary to the downstream evolution of the scalar gradient magnitude, the vorticity magnitude does not exhibit

a transient development as the turbulence is already fully developed at the initialization of the structures. The

downstream evolution of the ensemble statistics of the surface-averaged vorticity magnitude shown in figure 3.17

is normalized by the initial mean value in the DHIT. As the turbulence decays in the DHIT, the surface-averaged

vorticity magnitude monotonically decreases over time. In contrast, the vorticity magnitude is amplified as the

structures pass through the shock wave. Unlike the scalar gradient magnitude, the increase of the vorticity magnitude

is similar for all initial structure sizes. Similar to the evolution of the scalar gradient magnitude, the vorticity

magnitude decays more rapidly in the post-shock region than in the DHIT.

The scalar gradient and the vorticity show no preferential alignment at initialization since the turbulence is

homogeneous and isotropic. After initialization a transient develops in which the alignment decreases, figure 3.17.A

strong anti-correlation between the scalar gradient and the vorticity was found by Kerr (1985), interpreted as the

scalar being wound around vortex tubes. In the present STI configuration, the alignment is further decreased when

the structures pass through the shock wave. The minimal alignment during transient becomes smaller with increasing

initial structure size. Again, the downstream evolution in the STI is shifted against the DHIT evolution, especially

in the initial rapid decay of the alignment. The alignment is increasing for all initial structure size in the post-shock

region. While the alignment in the STI has a lower minimum than in the DHIT and stays below the alignment in

the DHIT for φλ structures, the minimum is bigger in the STI than in the DHIT for φ4λ and the alignment reaches

similar values in both configurations further downstream in the post-shock region.

The amplification of the passive scalar dissipation rate across the shock is associated with evolution of the

alignment between the eigenvectors of the strain-rate tensor and the scalar gradient (Kerr, 1985; Ashurst et al., 1987;

Danish et al., 2016; Parashar et al., 2017).Alignment analysis of these vectors has been utilized in the development of

SGS models for the flux of a passive scalar (Pullin, 2000). Figure 3.18 show the downstream evolution of the ensemble

mean and standard deviation of the surface-averaged alignments between∇φ and the strain-rate eigenvectors, denoted

as α,β and γ with their respective eigenvalues ordered from most extensional to most compressive, α ≥ β ≥ γ.

Due to the ad-hoc initialization of the passive scalar structures and the isotropic, homogeneous background

turbuence, the upstream starting point in the DHIT corresponds to no preferential alignment (all cosines of those

angles equal approximately 0.5). After the initialization, a transient development is observed for all alignments on all

considered isosurfaces, which lasts longer for larger initial size of the structures. According to Batchelor’s theory, the

scalar gradient is most aligned with the most compressive eigendirection of the strain-rate tensor Batchelor (1959);

Vedula et al. (2001); Donzis et al. (2010). In agreement, the surface-averaged mean alignment with γ becomes the

largest, followed by α and β. These results, obtained for ensembles of initially spherical structures from surface-

averaged data, are consistent with previous volumetric analyses of HIT (Ashurst et al., 1987; Danish et al., 2016) and

STI (Boukharfane et al., 2018; Gao et al., 2020). In addition, the scalar gradient alignment with the eigenvectors of

70



Figure 3.17: Ensemble mean of the downstream evolution of the scalar gradient magnitude (left), vorticity magnitude
(center) and the alignment between the scalar gradient and vorticity averaged on φλ (row 1 for M = 1.5 and 3
M = 3.0) and φ4λ (row 2 M = 1.5 and 4 M = 3.0) isosurfaces. Color filled region indicate one standard deviation.
Structure location defined by its most downstream surface point.
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Figure 3.18: Ensemble mean of the downstream evolution of the scalar gradient alignment with the α (left), β
(center) and γ (right) eigenvector of the strain-rate tensor averaged on φλ (row 1 for M = 1.5 and 3 M = 3.0) and
φ4λ (row 2 M = 1.5 and 4 M = 3.0) isosurfaces. Color filled region indicate one standard deviation. Structure
location defined by its most downstream surface point.
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the solenoidal component of the strain-rate tensor shows very similar behavior to that of incompressible turbulence

(John et al., 2019).

After the transient, the alignment with α becomes nearly constant, whereas alignment with γ (β) slightly

decreases (increases) in a similar way for all considered initial structure sizes. The alignments in the STI exhibit a

similar transient development than in the DHIT with a temporal (downstream) shift which becomes more significant

with increasing initial structure size. While the transient development affects the entire structures immediately after

their initialization in the DHIT, only the part of an incoming structure in the STI configuration which is already

inside of the domain experiences the transient development, while the part of the structure outside of the domain

remains in the initial conditions of the inflow database. Once the incoming structures become closed surfaces, the

transient development is more advanced on the further downstream region of the surface. Hence, the surface-averaged

transient development is shifted compared to the DHIT structures and the shift is more significant for larger incoming

structures, as they become closed surfaces at a more downstream location. A change of slopes is observed as the

structures traverse the shock, which is more pronounced for the small φλ structures due to the shorter streamwise

distance of interaction and for the higher Mach numer M = 3.0. In particular, the scalar gradient alignment with

the most extensional eigenvector α increases across the shock. For reactive scalars in premixed combustion, the

α alignment is also known to increase due to dilatational motion induced by heat release in the reaction zone

Swaminathan & Grout (2006); Kim & Pitsch (2007). The alignment with the intermediate and most compressive

eigenvector decreases due to enhanced scalar dissipation immediately after the shock. The decrease in alignment

with the intermediate eigenvector β and the vorticity ω is thus expected since the alignment between β and ω is

strengthened by the shock-interaction (Livescu & Ryu, 2016; Boukharfane et al., 2018). A weakening of alignment

between the scalar gradient and the most compressive strain-rate eigenvector γ in flow regions of high dilatation was

recently reported by (Panickacheril John et al., 2020). In the post-shock region, the alignments in the STI reach

similar values than in the DHIT.Especially for the φ2λ and φ4λ structures the variance of the ensemble statistics

increases over time in the DHIT and STI configuration.

3.7 Correlations between local surface geometry and physical quantities

on the surface

The local geometry of a surface can be characterized by the pointwise values of dimensionless curvedness C and the

absolute shape index S on the surface (see figure 3.19a,b). Additionally, pointwise physical quantities can be mapped

on the surface, such as the alignment between the scalar gradient and the most compressive eigenvector γ of the

strain-rate tensor (figure 3.19c). To eludicate correlations of local physical quantities on a passive scalar isosurface

with its local geometry, the average alignment of scalar gradient and γ conditioned on S and C accounting for the

area-based joint PDF is obtained (figure 3.19e). For the sample structure shown in figure 3.19, a clear correlation

between flat regions (low C) and high alignment of ∇φ and γ is observed on the surface renderings (a,c) and the

conditioned joint PDF (e).
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(a) (b) (c)

(d) (e)

Figure 3.19: Local values of the dimensionless curvedness (a), absolute shape index (b) and the alignment between
the most compressive eigenvector γ of the strain-rate tensor and the scalar gradient ∇φ4λ (c) mapped on a isosurface
of the φ4λ at t/τ0 = 4.3. (d) Area-based joint and marginal probability density functions of S and C. (e) Average
alignment of scalar gradient and γ conditioned on S and C (hue) accounting for the area-based joint PDF (saturation,
from white for zero area coverage to the full color for the maximum area coverage), with area-based marginal PDFs
of S and C colored by the average alignment conditioned on each variable. Equispaced contour lines for 0.2 (dotted),
0.4 (dash-dotted), 0.6 (dashed), and 0.8 (solid) of the peak joint PDF value.
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Figure 3.20 shows ensemble mean and standard deviation of the suraface distributions, conditioned on S and C,

of alignments between ∇φ and strain-rate eigenvectors and the vorticity, and the scalar gradient magnitude obtained

on φ4λ isosurfaces, for collections of isosurfaces centered around four different streamwise intervals at any given time

of the simulation. Positive correlations with C < 5.0 are observed for the alignment of ∇φ (which is parallel to

the normal to the isosurface at every point, n) with α and β, indicating that regions of higher curvature present

better alignment between the scalar gradient and the most extensional and intermediate strain-rate eigenvectors.

The opposite trend is observed for the alignment with the most compressive strain-rate eigenvector, γ, indicating

that flatter regions of the isosurfaces present larger alignment between ∇φ (and thus n) and γ. For C < 5.0 these

correlations are strengthened as the isosurfaces are transported downstream. For regions of very large curvedness

(C > 5.0) the expected alignment with α and β slightly decreases, whereas the opposite trend is observed for the

alignment with γ. Across the shock, the scalar gradient alignment with α (γ) increases (decreases) for the entire

range of the absolute shape index, S. A decreased alignment with β downstream of the shock is more pronounced

at parabolic points (S = 0.5) of the isosurfaces.

For the scalar gradient alignment with the most extensive strain-rate eigendirection α, the correlation with S are

less pronounced than with C: at the further downstream locations there is a slightly positive correlation with the

shape index in its hyperbolic range (S < 0.5). The same correlation is found for the alignment with the intermediate

eogendirection β farther downstream. The ordering of the ensemble means by the three considered locations is

according to the downstream evolution of their surface-averaged values, §3.6. Contrary to the α and β alignment

with ∇φ, the alignment with the most compressive eigendirection γ shows a negative correlation with the absolute

shape index for hyperbolic points. In the elliptical range of S, however, the correlation is positive, but becomes less

pronounced further downstream.

The alignment between ∇φ and ω shows a positive correlation when conditioned on C and with S in its hyperbolic

range. Hence, the anti-correlation between ∇φ and ω is more pronounced on flatter surface regions. The correlation

between the magnitude of ∇φ and the local geometry exhibits similar trend to found for the alignment between ∇φ

and γ. This implies that most of the dissipation after the transient and its enhancement while crossing the shock

occurs on flatter regions (lower Ĉ). Again, the ordering of the ensemble means by location is in agreement with the

downstream evolution of the surface-averaged scalar gradient magnitude described in 3.6. Similar correlations are

found in the DHIT and STI M = 3.0 configurations and for all initial structure sizes (not shown).

The correlation between theQ-criterion on the passive scalar isosurface and the surface geometry shows similarities

to the findings for the vorticity magnitude (not shown). At the most upstream location Q is positively correlated to

C over its entire range. At locations further downstream this correlation becomes more pronounced for C < 2.5. A

slightly negative correlation is established for highly curved regions, but the expected value of the Q-criterion is still

significantly higher than for flat regions. When conditioned on S Q shows a positive correlation in the hyperbolic

range of S and for the more downstream locations peaks at the parabolic value of S = 0.5, which is also observed for

the vorticity magnitude. Note that the ordering of the ensemble means conditioned on S by downstream location is

opposite for the Q-criterion than for the vorticity magnitude.
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Figure 3.20: Surface distributions of the alignment between the scalar gradient and the eigenvectors α,β, γ of the
strain-rate tensor and the vorticity ω and the magnitude of the scalar gradient conditioned on local dimensionless
curvedness (left) and absolute shape index (right) of φ4λ in STI M = 1.5 at different downstream locations: k0x ∈
[−2.2,−1.8] ( ), k0x ∈ [4.0, 4.4] ( ) k0x ∈ [8.0, 8.4]( ). Lines represent ensemble mean of the conditional pdf,
while colored region enclose two standard deviations.

3.8 Trajectories of primary structures in the feature space

3.8.1 Geometrical trajectories and surface area evolution

The deformation of passive scalar structures during their temporal evolution can be quantified by investigating the

structure’s trajectory (or path) in the geometrical feature space {Ŝ, Ĉ, λ̂}. Here, we focus on the temporal evolution

of primary structures. Hence, from the graph representing the evolution of all tracked structures only branches

whose start vertex results from a creation event and end vertex is a disappearing structure are considered. In the

DHIT configuration only the initialized structures and in the STI only the incoming structures are candidates for

primary structures, but depending on the structure interaction only a subset of them are truly primary structures.

At initialization, all φ4λ passive scalar structures in the DHIT are spheres and thus their trajectories have a common
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starting point in the feature space at {Ŝ, Ĉ, λ̂} = (1, 1, 1) (see figure 3.21). As visualized in figure 3.2 (a)-(c), the

isosurfaces become highly convoluted shortly after the initialization, causing a rapid increase in the dimensionless

curvedness Ĉ and a decrease in the absolute shape index Ŝ, due to the occurrence of hyperbolic surface points where

S < 0.5. The deviation form the spherical shape also lowers the compactness, λ̂, of the structures, as they are

stretched. After reaching the maximum dimensionless curvedness, all structures follow a nearly linear trajectory in

the Ĉ-λ̂ plane towards the (0.7, 0.25) location, thus lowering both their dimensionless curvedness and compactness.

The absolute shape index, Ŝ, follows a rapid initial transition from 1.0 (spherical shape) to 0.5, reached as the

maximum Ĉ is attained. The subsequent decrease of Ĉ and λ̂ has a lesser effect on Ŝ, indicating a balance between

the area coverage of hyperbolic and elliptic geometries on the convoluted surfaces.

From the start of the trajectories to the occurrence of the first non-continuation event the change in the geometric

signature from one frame to the next (given by the distance between consecutive trajectory points corresponding to

tracking steps) monotonically decreases due to the viscous decay of the underlying turbulent background field. As the

stretching increases (λ̂ < 0.5) first split events occur in the structure evolution. The highly stretched structures tend

to split over a sequence of frames. However, despite this cascade of split events, the change in geometrical signature

of the structure is comparable to that of a continuation event, implying that these early splits do not alter the

geometry significantly. As visualized in figure 3.22(a), the split events that occur in this early stage of the structure

evolution tend to be dominated by one target structure, similar in shape to the splitting source structure, and other

smaller targets. As the dominant target continues the branch of the primary structure, its geometrical signature

is moderately changed by the split event. This geometrical similarity between the source and the dominant target

structure is also observed in the joint histograms of geometrical attributes (see figure 3.14 (a)). After these cascades

of split events, the structures have reached their minimum compactness (maximum stretching), and the jump in

length between consecutive tracking steps in the trajectory in the geometric feature space is increased as subsequent

split events tend to affect the geometrical signature more significantly (figure 3.22 (b)). The later generations of splits

do not form a cascade, even though the branch section between splits remain short in some cases. The structure

evolution in between splits is again characterized by a decreasing dimensionless curvedness and compactness. The

later generations of splits affect the geometric signature of the primary structure in accordance with the findings

in the joint histograms of split events in the feature space (see §3.5): while the dimensionless curvedness remains

relatively constant, the compactness and by trend the absolute shape index increase during the split event. The final

stage of the lifetime of primary structures is characterized by continuation events with increasing area coverage of

elliptical surface points and increasing compactness, which makes a further splitting of the structure less likely. This

trend is in accordance with the downstream distribution of split compared to disappearance events, discussed in §3.3.

From the collection of individual geometrical trajectories, we calculate ensemble statistics resulting in the mean

trajectory and its standard deviation (at each tracking step) for structures of each scalar field (φλ, φ2λ, φ4λ) in DHIT

and STI (M = 1.5, 3.0) configurations. These ensemble trajectories, shown in figure 3.23, enable a characterization

of the effects of the initial size and the shock compression on the geometric evolution of the structures. Whereas all

structures start from a spherical shape (λ̂, Ŝ, Ĉ) = (1, 1, 1) in DHIT, the initial increase in curvedness is significantly
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Figure 3.21: Trajectories in the geometric feature space of individually tracked primary φ4λ structures in DHIT.
Markers indicate start (filled) and end (empty) points of sections of the branch where only continuation events occur:

denotes a section start resulting from a split event, indicates a splitting section end. Half-filled markers
are used if the section consists only of one frame. Analogously, and are used for merge and compound events,
respectively.

(a) (b)

Figure 3.22: Higher-order split of φ4λ structures (translucent) in DHIT with one dominant target structure (blue)
occurring at a earlier stage of a structure’s evolution (a) and a higher-order split with two dominant target structures
(in red and green) occurring at a later stage of a structure’s evolution (b).
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Figure 3.23: Ensemble mean trajectories of primary structures of φλ (green), φ2λ (blue), and φ4λ (red), in the

(Ŝ, Ĉ, λ̂) geometric space, for DHIT (top), STI with M = 1.5 (center), and STI with M = 3.0 (bottom) cases.
Arrows at each tracking time step indicate the direction of time. Error bars indicate one standard deviation of
ensemble trajectories in each geometric parameter, plotted every eighth tracking step for clarity. The yellow circle
marks the mean shock-crossing tracking step for the STI cases. Each trajectory considers tracking steps relative to
its own creation event.
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(a) (b)

Figure 3.24: Temporal evolution of the normalized surface area (solid) of primary φλ (green), φ2λ (blue) and φ4λ

(red) structures in DHIT corresponding to STI M = 1.5 (a) and STI M = 3.0 (b). Errorbars include one standard
deviation, plotted every 8-th data point. Dashed line represent fitted curves of exponential growth and decay. Yellow
marker indicate the range used for the curve fitting.

less pronounced for the φ2λ than for the φ4λ structures. Furthermore, the mean ensemble trajectory of φλ structures

does not exhibit an initial increase in Ĉ at all, since the initially smaller φλ structures are less convoluted by the

background turbulence eddies.

Due to the differences in surface convolution and stretching, the mean area evolution of primary structures

in DHIT, shown in figure 3.24, also depends on their initial size, but suggests a certain degree of self-similarity.

Exponential area growth has been proposed in the literture for the evolution of Lagrangian structures in statistically

stationary turbulence (Etemadi, 1990; Girimaji & Pope, 1990, 1992; Goto & Kida, 2007; Yang et al., 2010). In

the present study, despite the temporally decaying turbulence and diffusion acting on the (non-Lagrangian) passive

scalar structures, an exponential time dependence of the form A(t/τ0)/A0 = a exp(b t/τ0) can be fitted to the early,

stretching-dominated surface area evolution, with a and b constant. A larger initial area growth is observed for

initially larger structures. The area growth rate is larger for the DHIT with a slightly higher initial Taylor-Reynolds

number (Reλ = 46 compared with 42, corresponding to inflow turbulence used for STI cases with M = 1.5 and 3.0,

respectively). After the initially exponential growth, the area growth rate decreases as the dissipation takes over

the surface stretching and the surface area reaches its maximum. In the following diffusion-dominated regime, a

exponential decay can be fitted to the area decrease. The area decay rate is faster for more stretched surfaces with a

larger surface area (i.e., φ4λ structures). Cascade splits, which potentially shrink the surface area significantly, occur

in this period of exponential surface area decay.

As the initial structure size increases (from φλ to φ4λ), the ensemble mean trajectory reaches lower values of

the shape index, Ŝ, favoring hyperbolic points, and compactness, λ̂, indicative of an increased convolution. With

increasing initial size, also the mean structure lifetime increases, as it takes longer for the structure to be diffused

below the threshold used for iso-surfacing. Increased lifetime translates into a mean disappearance location which is
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STI with M = 1.5 STI with M = 3.0

DHIT STI DHIT STI

φλ φ2λ φ4λ φλ φ2λ φλ φ2λ φ4λ φλ φ2λ

(x̄d − xs)/λ 10.17 28.99 54.2 7.78 15.33 12.9 31.5 64.6 5.9 11.94
(x̄c,s − xs)/λ 3.61 9.93 15.71 3.64 7.34 6.5 12.9 23.9 3.11 5.5
(x̄c,e − x̄c,s)/λ 1.09 2.63 7.40 0.81 3.07 0.51 0.94 2.1 0.39 1.6

Table 3.5: Normalized mean disappearance location (top row), mean start location of split cascade (center row) and
mean spatial length of split cascade (bottom row) for primary structures of type φλ, φ2λ and φ4λ in STI for M = 1.5
and M = 3.0 and corresponding DHIT flow configurations.

(a) (b)

Figure 3.25: Streamwise evolution of the surface area of primary φλ (green) and φ2λ (blue) structures in DHIT
(solid) and STI (dashed) normalized by its initial DHIT value. STI M = 1.5 and corresponding DHIT shown in (a),
while STI M = 3.0 and corresponding DHIT in (b). Errorbars include one standard deviation, plotted every 8-th
data point. Time coordinate in DHIT is transformed into spatial coordinate using equation 3.3.

farther downstream after translating time to streamwise coordinate (equation 3.3). The lifetime reduction indicates

that the mixing of larger structures benefits more from the shock-interaction: for the shock interaction with M = 1.5,

the mean disappearance location of φλ structures is reduced by 24%, while for φ2λ structures the reduction is 47%.

For the higher Mach number case, the reductions are 54% and 62%, respectively. The dependence of the lifetime

reduction on the structure size correlates with that of the surface-averaged scalar gradient magnitude on the structure

size. Furthermore, the cascade splits start at a later streamwise location and are spread over a larger streamwise

length (see table 3.5). As the pre- and post-shock mean streamwise velocity differs between the two considered STIs,

the streamwise locations of the corresponding DHITs differ in table 3.5. At the end of their lifetime, structures of

all scalar fields considered tend towards the same geometrical attributes: moderate compactness and dimensionlesss

curvedness with predominantly elliptical points.

In the STI flow configurations, the structures have already been deformed individually at the time when they

become closed surface. Therefore, their trajectories in the feature space do not have a common starting point and

differ based on initial structure size (see center and bottom rows of figure 3.23). The more upstream half of the
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structure is less convoluted than the more downstream half when the structures become closed as the downstream

half already spent more time within the domain. This discrepancy between front and rear half is more pronounced

for bigger structures (as it takes longer for them to be closed) and for the lower Mach number case M = 1.5 due

to the lower pre-shock velocity. As a consequence, especially for the φ4λ structures the maximum curvedness is less

than in the DHIT as the more upstream part of the structure is less convoluted than the more downstream part

and thus overall the maximum curvedness is less than in the DHIT. The shock interaction lowers the lifetime of the

primary structures in comparison to the corresponding DHIT as the mixing is enhanced (table 3.5). Additionally,

the shock induces an earlier starting point of the cascade split events. Compression of the structures by the shock

wave lowers the dimensionless curvedness Ĉ (flattening the surface normal to the compression) and the compactness

λ̂ (higher stretching, thus favouring split events) compared to the DHIT. The deformation induced across the shock,

particularly for M = 3 is more pronounced for the smaller φλ structures, as a larger portion of the structure is

compressed by the shock at once. For the STI M = 3 case, the curvedness of the φλ and φ2λ structures reaches a

minimum after the structures are completely processed by the shock, and increases afterwards due to shock-induced

turbulence amplification.

The amplificaton of turbulence across the shock also leads to a surface area re-growth of φ2λ structures in the

post-shock region that is stronger for the higher Mach number (figure 3.25). This period of area re-growth correlates

with the decreasing behavior of the compactness parameter, λ̂, in the feature space trajectories (figure 3.23) after the

structures have been processed by the shock. While the amplification of the surface-averaged vorticity magnitude

is similar for all initial structure sizes (figure 3.17), the area re-growth is larger for φ2λ than for φλ structures. At

this post-shock location the size of the φλ structures is smaller than the Taylor microscale and, therefore, those

structures are mainly advected by the (amplified) eddies. In contrast, φ2λ structures are still large enough to be

also stretched by the (smaller) turbulence eddies. Prior to the surface area re-growth in the post-shock region, the

higher Mach number compression decreases the surface area more significantly. Structures of φ4λ exhibit a similar

behavior up to a certain post-shock location where consecutive structures in the streamwise direction, decelerated

by the shock, merge with each other and pile up, generating structures of large streamwise extent. A bigger initial

spacing of the structures is needed to avoid this pile up process. The cascades of split events start at slightly higher

values of dimensionless curvedness and end at slightly lower values of the compactness. Even though the cascade

(sequence of consecutive splits) ends there, the structures are still highly stretched, thus further splits are likely to

occur at later times of their evolution. In contrast to the DHIT, a number of splits (or compound events) occur for

the STI cases, which affect the geometric signature of the primary structures early in their evolution. The number

of primary φ4λ structures in the STI configurations with very long lifetime is too small to be statistically significant

and therefore the final steps of their lifetime are excluded from the mean ensemble trajectory. Therefore those mean

trajectories do not reach similar values of the geometrical properties as the other two mean trajectories at the end

of the trajectory.
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Figure 3.26: Ensemble mean trajectories (solid) of primary structures of φλ (green), φ2λ (blue), and φ4λ (red)

for DHIT in the (Ŝ, Ĉ, λ̂) geometric space with scalar gradient (top) and vorticity magnitude (bottom). Physical
quantities normalized by their initial value in DHIT. Error bars include one standard deviation of ensemble trajectories
in each geometric and physical parameter, plotted every eighth tracking step for clarity. For φλ and φ4λ structures
the individual closest-to-mean trajectory (dotted) is plotted with highlighted steps (yellow markers) corresponding
to the structures rendered in figure 3.29.

3.8.2 Trajectories with scalar dissipation and vorticity

The study of ensemble trajectory statistics is extended to include the evolution of two physical quantities averaged

on the surfaces: the magnitude of the scalar gradient (indicative of the scalar dissipation on the surface) and the

vorticity magnitude, shown in figure 3.26 for the DHIT case. For φ4λ structures, the scalar gradient magnitude

exhibits a rapid initial increase, due to stretching, of the initial scalar transitional region, as previously observed

in the streamwise evolution (figure 3.17). The peak in curvedness is reached significantly earlier than the peak in

the scalar gradient magnitude: while the curvedness already decreases, the scalar gradient magnitude still increases.

The geometry of φ4λ structures, especially the curvedness and the absolute shape index, develops much faster than

both the scalar gradient and the vorticity magnitude at early stages of the trajectory. In contrast, for the smaller

φλ structures, the decrease in scalar gradient magnitude is initially more pronounced than the geometric changes.

During the cascade split events, not only is the geometrical signature of the primary structure marginally affected,

as previously explained, but also both surface-averaged physical quantities. Since the turbulence is already fully

developed at structure initialization, the surface-averaged vorticity magnitude exhibits a monotonic decay in DHIT.

Due to their longer lifetime, the vorticity magnitude reaches lower values on the larger φ4λ structures.

The individual trajectory closest to the ensemble mean in terms of geometry and scalar gradient magnitude (and

thus, scalar dissipation) is also shown in figure 3.26 for φ4λ and φλ structures. Figure 3.29 shows the structures
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Figure 3.27: Ensemble mean trajectories of primary structures of φλ (green), φ2λ (blue), and φ4λ (red) for STI with

M = 1.5 in the (Ŝ, Ĉ, λ̂) geometric space with normalized scalar gradient (top) and vorticity magnitude (bottom).The
yellow star marks the mean shock-crossing tracking step. Other plot elements are the same as in figure 3.26.

corresponding to four highlighted steps of the closest-to-mean trajectory rendered with the alignment between the

scalar gradient and the γ eigenvector of the strain-rate mapped on the surface. The area-based joint and marginal

probability density functions of S and C for the structures at each highlighted step are also shown, indicating

that for both structure sizes (and for all four highlighted steps) the largest curvedness on the surfaces is found at

parabolic points (S = 0.5) that occur on the ridges of the convoluted surfaces. This is in agreement with Girimaji

& Pope (1992) who reported that highly curved surface elements of propagating surfaces in isotropic turbulence are

of cylindrical shape. The correlation, found in §3.7, between flatter surface regions and close alignment between

the scalar gradient and the most compressive strain-rate eigenvector, γ, emerges shortly after the ad-hoc spherical

initialization, weakening later in the structure lifetime.

The ensemble mean trajectories of primary structures in STI with M = 1.5 differ from those in DHIT due to

the open structure evolution close to the inlet and the impact of the shock on the geometrical and physical surface

properties (see figure 3.27). As previously noted, the number of primary φ4λ structures with very long lifetime is too

small to be statistically significant and therefore the final steps of their lifetime are excluded from the mean ensemble

trajectory. Hence, the mean φ4λ trajectory does not reach scalar gradient and vorticity magnitudes as low as in the

mean trajectories of φλ and φ2λ structures. While the increase in scalar gradient magnitude depends on the size of

the primary structures, the increase of the vorticity magnitude is the same for all structure sizes. These findings are

consistent with figure 3.17, where all structure types, not only primary ones, have been investigated.

The stronger compression and quicker closure of incoming structures in the STI M = 3.0 configuration change

the ensemble mean trajectories in terms of geometrical and physical structure properties compared to the lower
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Figure 3.28: Ensemble mean trajectories (solid) of primary structures of φλ (green), φ2λ (blue), and φ4λ (red) for

STI with M = 3.0 in the (Ŝ, Ĉ, λ̂) geometric space with normalized scalar gradient (top) and vorticity magnitude
(bottom).For the φλ and φ4λ structures the individual closest-to-mean trajectory (dotted) is plotted with highlighted
steps (yellow markers) corresponding to the structures rendered in figure 3.30. Other plot elements are the same as
in figure 3.27.

Mach number case (figure 3.28). The smaller the initial size of the structures, the lower their curvedness is at the

point of highest scalar dissipation. Compared to the DHIT (figure 3.26), φ4λ structures reach significantly higher

average scalar dissipation, and at lower curvedness resulting from the flattening normal to the shock. Considering the

evolution after the peak in scalar gradient magnitude, the curvedness of the φλ and φ2λ structures decays in DHIT,

is nearly constant for STI with M = 1.5, and has a period of increase for the STI with M = 3.0. Since the pile-up

process of φ4λ structures farther downstream of the shock generates structures of large streamwise extent, the scalar

gradient and vorticity magnitude do not evolve toward the low values observed for smaller (φλ, φ2λ) structures in

the final stage of their ensemble mean trajectories.

The average alignment between scalar gradient and the most compressive strain-rate eigenvector conditioned on

S and C at highlighted steps of the closest-to-mean trajectory (figure 3.30) confirms again the correlation between

flatter regions and high alignment for both initial structure sizes.
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(m) (n) (o) (p)

Figure 3.29: Renderings of primary φ4λ (a-d) and φλ (i-l) structures in DHIT with the alignment between scalar
gradient and the γ eigenvector of the strain-rate mapped on the surface, corresponding to the highlighted steps of
the closest-to-mean trajectory in figure 3.26 (left to right, not to scale). The corresponding distribution of average
alignment of scalar gradient and γ conditioned on S and C (hue), accounting for the area-based joint PDF is shown
underneath each rendered structure (e-h,m-p). The horizontal direction in the renderings corresponds to the average
shock-normal direction.
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(m) (n) (o) (p)

Figure 3.30: Renderings of φ4λ (a-d) and φλ (i-l) in STI M = 3.0 and corresponding distribution of average align-
ment of scalar gradient and γ conditioned on S and C (hue) accounting for the area-based joint PDF (e-h,m-p)
corresponding to the highlighted steps of the closest-to-mean trajectories in figure 3.28. Other plot elements are the
same as in figure 3.29.
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Chapter 4

Vortical structures in temporally developing compressible mixing layers

4.1 Introduction

The mixing of two parallel streams and, hence, the growth rate of the mixing / shear layer forming between them is

substantially inhibited at high Mach number compared to its incompressible counterpart. Statistical analyses have

shown that compressibilty has a stabilizing effect which reduces the turbulence levels and growth rate of the mixing

layer (Papamoschou & Lele, 1993; Cambon et al., 1992; Friedrich & Bertolotti, 1996). To measure compressibilty

a set of dimensionless parameters is used. Denoting the free stream velocity, density and speed of sound in the

two free streams as Ui, ρi, ci, for i = 1, 2, the convective Mach number, Mc = (U2 − U1)/(c2 + c1), is a measure of

the compressiblity of the mixing layer, where equal specific heat capacities are assumed (Bogdanoff, 1983). Other

compressibility measures are the turbulent Mach number, Mt = urms/c, where urms is the root mean square velocity,

and the gradient Mach number, Mg = Sl/c, where S denotes the mean velocity gradient and l is a characteristic

length scale in the direction of the gradient. The gradient Mach number was found especially useful to distinguish

the stronger compressibility effects in shear layers from those in boundary layers (Sarkar, 1995).

In the literature, the canonical flow configuration of a mixing layer has been studied in terms of a temporally or

spatially developing mixing layer, focusing on the dynamics of large, organized structures (Brown & Roshko, 1974),

process of transition to turbulence and the self-similar state of the shear layer including passive and reactive scalar

transport (Clemens & Mungal, 1995; Karasso & Mungal, 1996). From perturbed laminar initial (or inlet) conditions

the flow develops to a turbulent, self-similar state via Kelvin-Helmholtz instability (Moser & Rogers, 1993; Rogers

& Moser, 1994). During the transition to turbulence the occurrence of different structures, such as rollers and rib

vortices (Moser & Rogers, 1991; Rogers & Moser, 1992) and Λ-vortices, harpin-vortices and “flower” structures (Zhou

et al., 2012) has been observed. The dynamics of these structures have been found to be sensitive to initial (inlet)

conditions. Statistical features of the turbulence in its self-similar state, such as the longitudinal velocity structure

functions and scaling exponents, follow the observations for homogeneous isotropic turbulence for small scales, but

differ from those for larger scales (Attili & Bisetti, 2012). Linear stability analysis revealed that the mixing layer

becomes truly three dimensional above a convective Mach number of Mc = 0.6 (Sandham & Reynolds, 1990). The

formation of shocklets in three-dimensional compressible mixing layer was reported for a convective Mach number of
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Mc = 1.2 (Vreman et al., 1995; Fu & Li, 2006). However, Zhou et al. (2012) observed shocklets in a spatial developing

mixing layer at a lower convective Mach number of Mc = 0.7.

It is of interest how the phenomenology of a decreased growth rate of mixing layers with increased compressibilty

can be explained from a standpoint of turbulence structures. To gain insight into these structural mechanisms, the

geometrical analysis and the flow feature tracking, §2, are applied to vortical structures extracted as isosurfaces of

the Q-criterion from the mixing layer. Despite of the introduction of the hairpin vortex concept by Theodorsen in

the 1950s, the occurrence, persistence and significance of such vortices in shear flow configurations is still subject of

debate. Therefore, special interest exists to study the evolution of hairpin-lie vortices in the mixing layer.

4.2 Problem formulation and numerical setup

4.2.1 Setup of the flow configuration

Two measures of the thickness of the mixing layer are commonly used in the literature: the vorticity thickness

δω(t) =
∆U

|∂ũ/∂y|max
(4.1)

and the momentum thickness

δθ(t) =
1

ρ0∆U2

∫ ∞
−∞

ρ̄

(
∆U

2
− ũ1

)(
∆U

2
+ ũ1

)
dy (4.2)

where the Favre-avearged streamwise velocity component is ũ1 = ¯ρu1/ρ̄ and the free stream velocity difference

is denoted as ∆U = U2 − U1. Those two thickness measures can be used as characteristic length scales to form

the vorticity thickness Reynolds number Reω = ρ∆Uδω/µ and the momentum thickness Reynolds number Reθ =

ρ∆Uδθ/µ. Besides the convective Mach number, Mc, the density ratio between the free streams ρ2/ρ1 was also found

to affect the growth rate of the mixing layer. This density ratio may be affected by the gas composition and heat

release, such as in high-speed propulsion applications. In high-speed flow, a reduced (momentum thickness) growth

rate for unequal free stream densities has been linked to a shift of the dividing streamline towards the low-density

side (Pantano & Sarkar, 2002). In the present application the equal-density case ρ2/ρ1 = 1 is considered.

Following the configuration setup of a temporally developing mixing layer by Pantano & Sarkar (2002) and Foysi

& Sarkar (2010), the mixing of two equally but opposite free streams, −U1 = U2 = ∆U/2, is presently studied by

conducting direct numerical simulations at higher spatial resolution than in previous studies, followed by a geometric

characterization and temporal tracking of the resulting turbulent structures. Figure 4.1(a) presents the simulation

domain and setup. The flow is initialized such that the mean streamwise velocity component ū1 is prescribed by a

hyperbolic tangent profile, while the cross-stream and spanwise mean velocity components are set to zero:

ū1 =
∆U

2
tanh

(
− y

2δθ,0

)
, ū2 = 0, ū3 = 0 (4.3)
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Figure 4.1: (a)Illustration of the initial condition of the temporally developing mixing layer. Mean streamwise
velocity profile and sponge boundary damping indicated in red.(b) The Mc = 1.1 mixing layer at the beginning
of its self-similar regime (τ = 650). Planes with reduced opacity show the density field (white: ρ = 0.7 , black:
ρ = 1.1) where the center plane is artificially displaced to the bottom for visibility.Vortical structures are identified
as iso-surfaces of the Q-criterion and colored by the streamwise velocity component (blue: u1 = −1.0,red: u1 = 1.0).

Pressure and density are initially uniform across the domain. The vorticity and momentum thickness Reynolds

number have initial values of Reω,0 = 640 and Reθ,0 = 160. The initial vorticity thickness is specified to be δω,0 = 1,

while the momentum thickness is δθ,0 = 0.25 initially. To trigger the transition to turbulence broadband fluctuations,

u′i, are added to the mean velocity components. Those fluctuations are obtained from a random field on which a

isotropic turbulence spectrum (Ristorcelli & Blaisdell, 1997) is imposed as

E(k) ∝ k4e−2k2/k20 (4.4)

with k0 = 48. Applying this initialization technique leads to a nonzero compressible velocity component derived

based on a small Mt expansion of the Navier–Stokes equations. Additionally, (incompressible) fluctuations of the

pressure field and linearly related density and temperature fluctuations are also initially present. To limit the velocity

fluctuation to the center region of the domain a damping cross-stream function, f(y), is applied in the form of a

hyperbolic secant shape following Li & Fu (2003):

f(y) = C sech2

(
y

2δθ,0

)
(4.5)

with C = 0.25. The velocity components are initialized as ui = ūi + f(y)u′i.

Since the size of turbulent structures in mixing layers decreases with increasing convective Mach number (Lesieur

et al., 2005), three convective Mach numbers of Mc = 0.3, 0.7 and 1.1 are considered. Whereas periodic boundary
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Mc L̃x × L̃y × L̃z Nx ×Ny ×Nz L̃y,core Ny,core

0.3 345× 560× 86 1024× 1127× 256 299.7 908
0.7 345× 480× 86 1024× 973× 256 253.5 768
1.1 345× 400× 86 1024× 931× 256 253.5 768

Table 4.1: Grid properties of the mixing layer configuration for different convective Mach number Mc simulation
cases. The domain extent is normalized by the initial momentum layer thickness.

Figure 4.2: Cross-stream grid coordinates (a) and spacing (b) of the mixing layer domain for Mc = 1.1 as a function
of the grid point index, j in that cross-stream direction.

conditions are utilized in streamwise and spanwise directions, non-reflective sponge layers are added to the bottom

and top boundaries of the domain to avoid spurious acoustic reflections (Mani, 2012). Different sponge lengths

of normalized cross-stream extent of L̃s = 153.25, 113.25 and 73.25 are chosen depending on the convective Mach

number of the mixing layer Mc = 0.3, 0.7 and 1.1, respectively. All grids share the same spatial resolution in the

uniformly-spaced core region of the domain (see table 4.1). The grids have a uniform spacing in stream- and spanwise

direction. For the cross-stream core region of the domain, |ỹ| < 150 (Mc = 0.3) or |ỹ| < 126 (Mc = 0.7, 1.1), the grid

spacing in the y direction is uniform, whereas a grid stretching based on the geometric series is applied towards the

bottom and top boundary (figure 4.2). For the Mc = 0.7 and Mc = 1.1 configurations the beginning of the sponge

layers coincides with the beginning of the grid stretching, whereas for the Mc = 0.3 case the sponges start in the

outer region of the core of the grid.
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Figure 4.3: A hairpin vortex (blue) extracted from the Mc = 1.1 mixing layer at τ = 196 and its OBB tree
representation (red) of increasing depth from left to right. To capture the bent shape of the structure, the level of
the tree needs to be sufficiently high.

Nearest-neighbor search Radius search Correspondence constraints
fx fy fz fŜ fĈ fλ̂ cNN ωNN lref εR εR,rel ωR lref ε εrel ωOBB ωlocal

1/Lx 1/Lx 1/Lx 1 1 1 0.5 0.5 dOBB 1.2 1.4 0.1 dOBB 0.075 0.15 0.1 0.3

Table 4.2: Scaling factors, confidence value, and weight for the NN search. Tolerance and weight utilized in the
radius search. Structure reference length, tolerance, relaxed tolerance and weight used for both OBB distance and
surface proximity correspondence constraints, as defined in §2.4.2-2.5.

4.2.2 Setup of the tracking algorithm

Vortical structures in the mixing layer, identified and extracted as detailed in §4.4, are individually tracked by applying

the flow feature tracking methodology as described in §2. To increase the performance of the tracking algorithm,

in the OBB distance constraint, see §2.5, a OBB tree representation of varying depth, fig. 4.3, is used rather than

always using the root node of the tree to represent the structures in the GJK-distance calculation. Benefiting from

an improved surface representation, the distances between the leaf nodes of a source-target correspondence pair

are calculated and more false correspondences are rejected in the OBB distance constraint, which otherwise would

be rejected by the computationally more expansive surface proximity constraint. If a distance between leaf nodes

satisfies the constraint, computation of all other (not yet determined) distances is skipped. The level of the OBB

tree used to represent a structure is based on the compactness parameter λ̂ and the absolute shape index Ŝ: Larger

stretching and an increased number of hyperbolic surface points are used as indicators that a higher level of the tree

is needed to capture the bent surface shape correctly.

The settings of the tracking algorithm are summarized in tables 4.2 and 4.3. The main difference in the setting

compared to the tracking of the passive scalar structures, see §3, are: (i) Since the Q-structures are not convoluted

Conservation Surface points Conservation (Sub-)Split/Merge

Compound Merge, Sub-merge Compound Merge Split Continuation Conservation Confidence
ε εrel cmin Npts ε εrel cmin ε ε ε

0.8 0.7 0.5 350 0.6 0.6 0.75 0.5 0.5 0.25 0.8 0.2

Table 4.3: Settings of the event constraining and event building in the graph. Type of the constraint and event type
the constraint acts on. Event constraints are applied in sequence from left to right. Weights used for the dominant
target/source selection to build (sub-)split/merge events in the graph data structure.
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Mc τss,s τss,e δ̇θ,ss

0.3 350 700 0.01308
0.7 500 950 0.009572
1.1 650 1050 0.008739

Table 4.4: Start τss,s and end τss,e time of the self-similar regime for different convective Mach number Mc. δ̇θ,ss
denotes the slope of the linear regression conducted in the self-similar regime.

compared to the passive scalar structures, the diagonal of the structure OBB is used as a reference length for the radius

correspondence search and also for the spatial constraints rather than the µ parameter. (ii) The conservation-based

events constraints are based on the volume rather than on the estimated mass of the structure. (iii) The weights

used for the dominant target/source selection for the construction of split, merge or compound events in the graph

data structure are based on conservation (volume) and confidence, i.e. the lifetime weight is not used for (sub-)merge

events.

4.3 Validation of self-similarity and growth rate of the mixing layer

The temporal development of the mixing layer configuration of Mc = 0.7 is visualized in fig. 4.4 by means of the

density distribution on the z = 0 plane spanning in streamwise (x) and cross-stream (y) direction. Due to friction

between the two streams the temperature rises in the mixing layer, which results in a decrease of density as the

overall pressure is nearly constant. Local pressure minima associated with vortices and acoustic waves emanating

from the mixing layer are hinted in the density visualization.

Self-similar solutions can be derived for the equations and boundary conditions governing a turbulent mixing

layer of sufficiently high Reynolds number (Townsend, 1980). The time necessary to the reach self-similar state

is influenced by the choice of method and its perturbation strength used to generate initial random fluctuation in

the flow field. The requirements for the mixing layer to be in the self-similar state are linear thickness growth and

the independence of the shapes of the mean velocity and Reynolds stress profiles of time (or downstream distance

in spatial developing layers) when scaled by the velocity difference and local mixing layer thickness (Mehta, 1991).

These three indications of a self-similar period in the mixing layer evolution are validated in the following for the

three considered simulation cases.

The growth of the mixing layer, expressed in terms of momentum thickness, is shown in Fig. 4.5a. A period of

linear growth can be found in all three momentum thickness evolutions as indicated by the linear regression of high

correlation coefficient in this period. With increasing convective Mach number a longer time of transition is observed

until the mixing layer reaches its period of linear growth. Again indicative of turbulence inhibitions by higher Mc,

the momentum thickness growth rate

δ̇θ =
1

∆U

dδθ
dt

=
1

δθ,0

dδθ
dτ

(4.6)

in the self-similar period, δ̇θ,ss, is lower for higher Mc, table 4.4.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.4: Density xy-planes of the Mc = 0.7 mixing layer configuration at different times: (a) τ = 4, (b) τ = 200,
(c) τ = 400, (d) τ = 600, (e) τ = 1000, (f) τ = 1800. Frames (c)-(e) roughly fall within the self-similar regime of the
mixing layer τ = 500− 960. The figure is limited to the transversal core region of the domain, see table 4.1.
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(a) (b)

Figure 4.5: (a) Temporal evolution of the momentum thickness for different convective Mach numbers Mc. Markers
indicate evolution interval used for the linear regression in the self-similar period. (b) Mixing layer growth rate in
self-similar period for present simulations ( ) and references: ‘Langley curve’ by Birch & Eggers (1972) ( ), Barre
et al. (1996) ( ), Freund et al. (2000) ( ), Bonnet et al. (1993) ( ) Fu & Li (2006) ( ), Pantano & Sarkar (2002) (

), Zhou et al. (2012)( ).

Following Pantano & Sarkar (2002), the lower convective Mach number case, Mc = 0.3, is taken as quasi-

incompressible in fig. 4.5b to determine the influence of the Mach number on the mixing layer growth rate in the

self-similar regime. For the Mc = 0.3 case, the present DNS has a growth rate of δ̇θ,ss = 0.01308, while Pantano

& Sarkar (2002) report a slightly higher value of 0.016. While a good agreement with the reference data is found

for Mc = 0.7, the decrease in δ̇θ,ss relative to the quasi-incompressible growth rate is less pronounced in the present

DNS compared to other simulations. Better agreement could be reached by slightly modifying the fitting-ranges of

the Mc = 0.3 and Mc = 1.1 cases. However, the time periods leading to the highest amount of self-similarity in the

velocity and Reynolds stress profiles, discussed in the following, were chosen as the periods of self-similarity.

The streamwise velocity profiles averaged over homogeneous flow directions are considered in fig. 4.6. The

velocity is normalized by the free-stream velocity difference and cross-stream coordinate is scaled by the momentum

or vorticity thickness of the time the profile is extracted from. The individual profiles taken from a collection of time

instants throughout the self-similar regime show indeed a high degree of collapse.

A collapse of Reynolds stress profiles Rij = u′′i u
′′
j

:
= uiuj
: − ũiũj is considered to be a more sensitive evidence

for self-similarity than a collapse of mean velocity profiles (Rogers & Moser, 1994). Therefore instantaneous cross-

stream profiles of the streamwise turbulence intensity are examined for self-similarity in fig.4.7. Instead of individual,

ensemble mean profiles of the streamwise, cross-stream and spanwise turbulence intensities and Reynolds shear stress

profile are examined in fig. 4.8. The present DNS shows good agreement with previous simulations and experiments.

Peak turbulence intensities are found in decreasing order along the streamwise, spanwise, and cross-stream directions,

respectively, in agreement with Pantano & Sarkar (2002).
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Figure 4.6: Self-similar streamwise velocity profiles for Mc = 0.3 (top),Mc = 0.7 (center) and Mc = 1.1 (bottom).
Time interval between profiles ∆τ ≈ 40 in order: , , , , , , , , , , , . Reference data by Bell
& Mehta (1990) ( ), Pantano & Sarkar (2002) ( ) and Rogers & Moser (1994) ( ) for the (quasi-)incompressible
mixing layer.
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Figure 4.7: Instantaneous cross-stream (y) profiles of streamwise turbulence intensity for the Mc = 0.3 (right),
Mc = 0.7 (center), and Mc = 1.1 (left) cases just after initialization ( ) and in the self-similar periods: τ =
360 − 680, τ = 521 − 922, τ− = 680 − 1040 for Mc = 0.3, 0.7, 1.1. Time interval between profiles ∆τ ≈ 40 in order:

, , , , , , , , , , . Each profile is spatially averaged in the homogenous directions (x and z).

Figure 4.8: Ensemble mean profile of streamwise, cross-stream and spanwise turbulence intensities and Reynolds
shear stress for Mc = 0.3: Present DNS ( ), Pantano & Sarkar (2002, ), Rogers & Moser (1994, ), Bell & Mehta
(1990, ) and Spencer & Jones (1971, ).
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4.4 Identification, extraction and general statistics of vortical structures

To investigated the temporal mixing layer configuration, described in §4.2.1, from a structural viewpoint, the present

analysis focuses on the inhibiting effect of compressibility, expressed as a set of convective Mach numbers Mc =

{0.3, 0.7, 1.1}, on the evolution and geometrical properties of vortical structures in the mixing layer. As the vortex

identification method, the compressible version of the Q-criterion originally introduced by Hunt et al. (1988) is

utilized. Like the ∆-criterion by Dallmann (1983); Vollmers et al. (1983); Chong et al. (1990), λ2-criterion by Jeong

& Hussain (1995) or the λci-swirl-strength criterion by Berdahl & Thompson (1993); Zhou et al. (1999), the Q-

criterion identifies vortices based on the velocity gradient tensor Aij = ∂Vi/∂xj . Comprehensive reviews of vortex

identification methods can be found in Epps (2017) and Zhang et al. (2018). To summarize the motivation of the

Q-criterion, the characteristic polynomial of the velocity gradient tensor det
(
Aij − λI

)
= 0, which can be formulated

as

λ3 + Pλ2 + Qλ+ R = 0 (4.7)

is considered. Here I is the identity matrix and λ are the eigenvalues of the velocity gradient tensor. The tensor’s

invariants P,Q and R can be expressed as (Suman & Girimaji, 2010; Epps, 2017)

P = −tr[A] = −Sii (4.8)

Q =
1

2

(
P2 − tr[A2]

)
=

1

2

(
P2 − SijSji −ΩijΩji

)
(4.9)

R =
1

3

(
−P3 + 3PQ− tr[A3]

)
=

1

3

(
−P3 + 3PQ− SijSjkSki − 3ΩijΩjkSki

)
(4.10)

where Ωij = 1/2(Aij −Aji) is the rotation-rate tensor and Sij = 1/2(Aij + Aji) is the strain-rate tensor. These

two tensorial quantities are defined as the antisymmetric and symmetric part of the velocity gradient tensor Aij .

The Q-criterion defines a vortex as a region where Q > Qiso, where nominally Qiso > 0. In incompressible flow, this

condition is satisfied where the vorticity magnitude is larger than magnitude of rate of strain.

The Q-structures of interest are obtained by iso-contouring the Q scalar field. Due to the threshold-based

character of the Q-criterion, the choice of the iso-contour value Qiso is crucial for the shape, spatial extent and

number of Q-structures extracted from the flow field at an instant. A low iso-value generates large, widely ramified

structures not suitable for the tracking of individual structures, while a high iso-value shrinks the extracted Q-

structures reducing their complexity and lifetime. To account for the temporally evolving character of the flow field,

a time-dependent iso-value is chosen: From the mean, 〈Q〉, and standard deviation,
√
〈Q2〉 − 〈Q〉2, of the scalar Q

field of each frame the iso-value used for extraction is formed as Qiso = 〈Q〉 + n
√
〈Q2〉 − 〈Q〉2. Here, the standard

deviation is found to be the dominant contribution to Qiso. For the lower convective Mach number case (Mc = 0.3),

a choice of n = 6.0 was found to extract a satisfactory number of individual Q structures throughout the simulation

and mainly structures of tube-like shape in the self-similar regime and later stages of the simulation. Due to the

inhibiting effect of compressibility on the turbulence intensities in the mixing layer, the lower Mach number case is
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(a) (b)

Figure 4.9: (a) Evolution of the iso-contour value Qiso used to extract individual Q structures from the mixing layers
of varying convective Mach number Mc. (b) Number of extracted structures based on the iso-value evolution. The
yellow marker indicate the begin and end of the self-similar regimes of the mixing layers.

(a) (b)

Figure 4.10: Smoothed number of detected events of different types over time: (a) Creations (solid), disappearances
(dashed), (b) splits (solid) and merger (dashed) of any order.

the most prone to formation of large, ramified Q structures. Therefore, a lower choice for n would still avoid largely

connected structures for the higher Mach number cases. However, for the sake of consistency and to limit the number

of parameter influencing the study, the same choice of n = 6.0 is made for Mc = 0.7, 1.1. Note that, despite the

same choice of n, at a given time instant the iso-value Qiso tends to be lower for the higher Mach number, as the

standard deviation of the Q field is lower, see fig. 4.9a. After an initial transient, which is longer for larger Mc, the

iso-value reaches its maximum before the beginning of the self-similar regime for all considered Mach number Mc

and decays afterwards. Indicative of the expression of turbulence inhibition on the structural level, a larger number

of structures is extracted throughout the simulation for lower Mach number, fig. 4.9b. Similar to the iso-value

evolution, a transient is present in the number of extracted structures and the temporal distribution of detected

event types, fig. 4.10. Based on the applied iso-contouring and extraction method, the number of structures decays

in the self-similar regime for Mc = {0.7, 1.1} and only in the Mc = 0.3 case the number of extracted structures
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Figure 4.11: Temporal evolution of the geometrical signature of all structures extracted during the early, pre-self-
similar stage (τ = 0 - 240) of the Mc = 0.3 mixing layer configuration. Each sample is weighted by the inverse of the
total number of structures of the frame from which the sample is extracted.

remains constant throughout the self-similar regime of the mixing layer. The peak event activity coincides with the

peak in extracted structures (and iso-value) and is ordered by Mach number. The number of merger exceeds the

number of split events only in the very early stage of the simulation.

The initialized velocity fluctuations, see §4.2.1, generate small, rather compact (λ̂ > 0.6) Q-structures in the very

first frames of the simulations. While these structures grow and merge with others, they become more stretched

shortly after initialization (τ < 40 for Mc = 0.3), see fig. 4.11. The continued merging process (τ = 40 - 120 for

Mc = 0.3) leads to the formation of large structures characterized by a low value of compactness and more elliptical

than hyperbolical surface points (Ŝ > 0.5). These largely connected (ramified) structures, visualized in fig. 4.12, are

reminiscent of Λ-vortices observed near the inlet of spatially developing mixing layers (Zhou et al., 2012). As the

structures span across the center plane of the mixing layer, they split into smaller, less ramified structures shortly

after, when parts of the structures are pulled into the oppositely directed free streams.

Another indicator of the inhibiting effect of compressibilty on the turbulent dynamics of the mixing layer can be

seen in the statistics of the (anti-)alignment between the normal vector of the Q-isosurfaces and the vorticity vector,

fig. 4.13(a), as it takes longer for the vorticity to become approximately tangential to the surfaces after initialization.

Consistent with the Reynolds stress profiles, see figure 4.7 and 4.8, the majority of new vortices is created near

the center plane of the mixing layer, fig. 4.13(b), where the cross-stream location of a structure is defined as the

mean of the maximal and minimal cross-stream coordinate of the structure’s surface points. Less new vortices are

created per frame of the self-similar regime with increasing convective Mach number Mc.

The geometrical variety of the Q-structures extracted during the self-similar regimes of the mixing layers is

shown in fig. 4.14. The majority of the structures is characterized by a tube-like shape of decreasing curvedness

with increasing convective Mach number Mc. The tube-like structures show a large variation in stretching, which

decreases with decreasing curvedness.

100



(a)

ωx/(∆U/δω,0)

-1 -0.5 0 0.5 1

(b)

Figure 4.12: Selection of largely connected vortical structures extracted at τ = 40 (a) and τ = 80 (b) from the
Mc = 0.3 mixing layer configuration colored by streamwise vorticity and individual structure color, respectively.
Periodic reconnection of domain boundary intersecting structures is applied in streamwise and spanwise direction.
The highly stretched structures span across the center plane of the mixing layer. The shape of the vortices is
reminiscent of Λ-vortices observed near the inlet of spatially developing mixing layers (Zhou et al., 2012).

4.5 Creations neighboring existing vortices

Newly created Q-structures in the self-similar regime of the Mc = 0.3 mixing layer are geometrically characterized

as generally of tube-like shape with a relatively higher compactness λ̂, fig. 4.15. A large portion of the newly

created structures disappears below the iso-value Qiso used for surface extraction in the particular frame within a

few tracking time steps and without any interaction with other structures. Contrary to these short-lived, isolated

structures, other structures participate in structure interactions shortly after their creations. Therefore, this section

focuses on the first event (other than continuation and disappearance) in the lifetime of newly created structures.

Compound events rarely occur as such (at least in the self-similar regime) and created structures mainly have merge

or split events as their first structure interaction. Presented in fig. 4.15, created structures that are the source of

a split in their first event typically live longer than merging newly created structures and become more stretched

tube-like before the split occurs.

If the first event in the lifetime of a newly created structure is a merge, the structure either merges into another

structure (i.e., the newly created structure is a non-dominant source of the merge) or the new structure continues
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(a) (b)

Figure 4.13: (a) Temporal evolution of the ensemble mean of of the surface-averaged angle between the surface normal
and the vorticity on the surface. Filled area encloses two standard deviations. After an initial transient, which takes
longer for increasing Mc, the vorticity becomes approximately tangential to the Q-isosurfaces. (b) Distribution of
cross-stream locations of creation events during the self-similar periods of the mixing layers. Counts normalized by
number of frames in the self-similar regime.

(a) (b)

S

Figure 4.14: (a) Geometrical variety of all extracted Q-structures with more than 100 surface points in the self-similar
regimes of the mixing layers for different convective Mach numbers. Contour lines of the PDF indicate 0.1 (solid),
0.4 (dashed) and 0.7 (dotted) of the maximum count. (b) Exemplary structures extracted from the Mc = 0.3 at
τ = 344 case corresponding to the letters in the feature space plot. Structures colored by absolute shape index S.
Structure renderings are not to scale.
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Figure 4.15: Newly created structures during the self-similar regime of the Mc = 0.3 mixing layer and their geometric
signature while participating as a source in the first merge (red), split (blue) or compound(orange) event after their
creation. Newly created structures which do not have any structure interaction during their (short-lived) existence
are excluded from the figure. The size of the event source marker is indicative of the lifespan from the creation to
the first event. For merge events, the shows a merge into another existing structure, while a marker is used if
another structure merges into the newly created structure.

(a) (b) (c)

(d) (e) (f)

Figure 4.16: Examples of patterns of a newly created structure merging with an existing structure extracted from
the self-similar regime of the Mc = 0.3 mixing layer. Number of instances of each pattern: a) 50, b) 4, c) 122, d) 3,
e) 12, f) 11. Dashed nodes do not belong to the pattern instance itself but to its embedding of the entire tracking
graph. Node shapes signal event types following fig. 2.7

its life after another structure merged into it. While both scenarios occur, the first one is found to be (much) more

frequent. In this case, the structure is created in close proximity to an existing structure and merges into such shortly

after its creation.

To further support these findings based on fig. 4.15, the graph mining method, presented in §2.10 is applied.

Due to the size of the tracking graph, this graph mining effort is conducted only on the graph representing all

structures evolutions in the self-similar regime of the Mc = 0.3 mixing layer rather than searching the graph of the

entire data set for frequent subgraphs. While the graph miner detects many split-dominated patterns and also the

previously mentioned short-lived structure evolution only consisting of a creation, a sequence of continuation varying

in length and a disappearance, this section focuses on found patterns involving creation and merge events. Examples

of detected creation-merge patterns and their statistical significance are shown in fig. 4.16.
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Figure 4.17: Creation of a new vortex of rather compact shape in the neighborhood of an existing straight, tube-like
vortical structure. The merging of both structures yields a tube-like structure of bent shape. Temporal order from
left to right. Green arrows indicate vorticity on the structures colored by tracking ID.

(a)

(b)

Figure 4.18: The incoming (newly created) structure often develops an additional “finger” on the existing structures.
These addition are often found to be twisted as in (b)

Consistent with fig. 4.15, the patterns indeed exhibit merging structures shortly after their creation. Depending

on the relative position and orientation of the merging structures, the interaction of an existing straight tube-like

structure with a newly created structure can yield a bent shape of the resulting structure, fig. 4.17.

The existing, dominant structure often develops a additional branch (“finger”) in the course of merging with

the incoming (newly created) structure. During the merge process the incoming, merging structure undergoes a

stretching, as seen in fig. 4.18(b). The new branch of the merge target structure can be of straight or rather twisted

shape depending on the stretching during the merging process.

4.6 Detection of hairpin-like vortical structures

Considering the geometrial variety of the extracted vortical structures, see fig. 4.14, the conceptual model of a

hairpin vortex (Theodorsen, 1952, 1955; Robinson, 1991) is proposing a vortical structure of distinctive shape. While

observed in other shear flow configurations, such as homogeneous shear turbulence (Rogers & Moin, 1987; Vanderwel

& Tavoularis, 2011; Dong et al., 2017) and mixing layers (Brown & Roshko, 1974; Rogers & Moser, 1992; Moser
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Figure 4.19: Plane cuts of the velocity field surrounding an individual hairpin extracted at τ = 144 from the Mc = 0.3
mixing layer crossing its center plane. The velocity vector is colored by the cross-stream velocity component, while
the streamwise vorticity component is mapped on the surface.

& Rogers, 1993; Zhang et al., 2019; Zhou et al., 2012), hairpin vortices are frequently reported in wall-bounded

turbulence (Acarlar & Smith, 1987; Chaćın et al., 1996; Zhou et al., 1999; Tomkins & Adrian, 2003; Adrian, 2007;

Wu & Moin, 2009; Schlatter et al., 2014; Eitel-Amor et al., 2015). The characteristic elements of a hairpin vortex

are the spanwise oriented head connecting a pair of quasi-streamwise, counterrotating vortices referred to as the

legs of the hairpin (Adrian et al., 2000). The growth of hairpin vortices is related to Townsend’s attached eddy

hypothesis (Townsend, 1980), which states that the size of eddies are proportional to their distance from the wall. In

wall turbulence the hairpin concept offers a mechanism to generate Reynolds shear stress, low-speed streaks and to

transport vorticity of the mean shear at the wall outward (Adrian, 2007). Conceptually, the hairpin head undergoes

a (small) upward (wall-normal) motion and lies further away from the wall as the leg pair. In agreement with

observations of hairpins in boundary layers, the velocity field (perturbed by smaller-scale turbulence) surrounding an

individual hairpin extracted from the Mc = 0.3 mixing layer displays an ejection in between the legs of the hairpin,

see fig. 4.19. The inner part of the head of such individual hairpin is dominated by hyperbolic surface points, while

the outer head part and the tips of the legs are elliptical in shape, fig. 4.20(a).

To investigate the temporal evolution of hairpin-like vortical structures in mixing layers, an algorithm to filter

hairpin-like structures from all vortical structures extracted from a turbulent flow field is proposed in the following.

The goal of the algorithm is to filter individual hairpin-like structures, whereas (depending on the iso-value used for

iso-surfacing ) largely connected hairpins, fig. 4.20(b), are extracted from the flow field but rejected by the filter.

While there is no exact mathematical definition of a hairpin vortex in the literature, hairpin-like structures are

filtered by imposing a sequence of geometrical and physical constraints on each extracted vortical structure. A set

of input parameters required by the algorithm is listed in table 4.5 with parameter values used for all applications

in this work. Processing one structure at a time, the algorithm starts with an application of spectral clustering to

the surface points of the structure. To identify candidates for the head and leg pair of the potentially hairpin-like

structure, this spatial clustering is conducted with a prescribed number of three clusters. No scaling operation is

performed prior to the spectral clustering. Structures having a spatial clustering where any of the three clusters has

less than a user-defined minimum size smin are rejected.
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Figure 4.20: (a) Absolute shape index mapped on the surface of an individual hairpin vortex extracted at τ = 144
from the Mc = 0.3 case. (b) Large, connected hairpin vortices extracted at τ = 128 from the Mc = 0.3 case.
Streamwise vorticity component mapped on surface, while green arrows represent the vorticity at sampled surface
points. Renderings not to scale.

Required Optional

smin αleg ε σ αdip ddip

250 π/4 0.5 150 0.05 10

Table 4.5: Input parameter of the hairpin filter algorithm: smin minimum size of spatial clusters, αleg maximum
angle between the leg pair,ε maximum distance between two samples to be considered in the neighborhood of each
other in the leg vorticity - cross coordinate clustering, σ minimum cluster size in the leg vorticity - cross coordinate
clustering. Parameter used for the optional bimodality test of the leg cross coordinate distribution: αdip significance
threshold and ddip interval merge distance of the UniDip algorithm.

The three spatial clusters are assigned as a head candidate and two leg candidates based on the number of

openings each surface cluster has: The head candidate has two openings, whereas each leg has one opening. If the

clustering leads to any other combination of openings, the structure is rejected. Next, the OBB tree of each surface

cluster is obtained, where the tree depth is one for a leg and two for the head to better capture its bent shape,

see fig. 4.21. The two OBB leaf nodes of each leg are used to define the direction of the leg as the line connecting

the centers of the leaf nodes and pointing away from the root node of the head candidate. The angle between the

leg directions is computed and compared against a user-provided maximum angle αleg. It is observed that a local

coordinate system {x̂OBB1 , x̂OBB2 , x̂OBB3 } based on the major, medium and minor direction of the OBB of the entire

surface may lead to a poor capturing of the direction of the legs if the structure is rather asymmetric due to unevenly

long legs for example, see fig. 4.21 (a). To correct this tilt a local coordinate system is constructed as follows: From

the two leg directions a mean leg direction ~l is obtained and projected onto the major-medium plane of the structure

OBB as ~lproj = ~l − (~l · x̂OBB3 )x̂OBB3 . A orthnormal basis {x̃1, x̃2, x̃3} is formed using the unit projected mean leg

direction x̃1 = l̂proj, the minor direction x̂OBB3 of the structure OBB and their cross product x̃3. Using this local

coordinate system it is required for the head candidate to have at least one leaf node in between the legs in terms of

the x̃3 coordinate.
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A number of extracted structures approximate a hairpin-like shape, but their leg pairs do not exhibit counter-

rotating character which is essential for hairpin vortices, fig. 4.22. Therefore, simple statistical constraints are

imposed on the distribution of the x̃1 component of the vorticity on the candidate surface: (i) The mean of the

distribution on the surface cluster is required to have opposite signs for the two legs due to the counter-rotation.

(ii) The absolute value the mean is expected larger than the standard deviation. To include tolerance, the coefficient

of variation is required to be smaller than two. (iii) Since the vorticity changes orientation along the head, the

absolute value of the mean on the head cluster is expected smaller than on both legs.

A hairpin with straight, approximately parallel legs exhibits a bimodal distribution of x̃3 surface point coordinates

of the leg pair, i.e., the distribution excludes the head cluster, fig. 4.21 (a). To detect such bimodality the probability

density function is obtained from the x̃3 coordinates of the legs using a kernel density estimation (KDE) where the

bandwidth is optimized by utilizing a cross-validation approach. After adding noise to this estimated PDF, random

samples are obtained from the distribution and fed into the UniDip algorithm (Maurus & Plant, 2016) to determine

the modality of the distribution.

However, hairpins are often distorted by surrounding eddies. For example, if a leg is bent inwards, the distribution

of the x̃3 coordinates of the legs may not be bimodal. To detect those more asymmetric hairpins the bimodality is

neither a necessary nor a sufficient criterion. It is kept in the algorithm to optionally filter the subset of hairpins that

satisfy this criterion, but not applied to obtain the results in the present work. Complementing the x̃3 coordinates,

the x̃1 component of vorticity, ω̃1, is considered as another feature of the leg pair. The z-scores of those two features

of the leg pair are obtained independently and the standardized features are clustered by applying the DBSCAN

algorithm (Ester et al., 1996; Schubert et al., 2017). In contrast to the earlier used spectral clustering, the number

of clusters is not prescribed but estimated by the DBSCAN algorithm. Requiring a certain amount of compactness

in x̃3 and ω̃1, it is expected that each leg contributes one cluster to the data, i.e., the DBSCAN algorithm estimates

two clusters in total. This approach is robust against smaller eddies which merged into the hairpin impairing not

only its shape (x̃3) but also its vorticity distribution due to the noise detection of the DBSCAN algorithm. Fig. 4.23

illustartes different types of rejections of vortical structures which passed all other prior constraints.

As mentioned earlier, hairpins are often lopsided and the (quasi-streamwise) legs are only rarely counter-rotating

pairs of equal strength leading to asymmetry (Robinson, 1991). The proposed hairpin filter detects those imperfect

candidates, referred to as hooks and arches in fig. 4.24, as hairpin-like. The number of detections of these imperfect

hairpins can be greatly reduced by requiring the candidate head surface cluster to have an OBB root node center

which has the utmost (smallest or largest) major coordinate x̂1 of the entire surface OBB compared to the OBB root

node centers of the other two surface clusters.
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(a)

(b)

Figure 4.21: Elements of the hairpin detection method from left to right: Leg component of the vorticity mapped on
the extracted surface. Green arrows represent the vorticity at sampled surface points. The three clusters resulting
from the spatial clustering of the surface are indicated in red, green and blue. The OBB trees of each surface cluster
are colored according to the cluster they enclose. A tree depth of one is used for the legs, while the depth is two for
the head cluster. Red and green arrows show the direction of each leg, while black arrows are the mean leg direction
projected onto the major-medium plane of the global OBB of the surface (black cuboid). Modes in the distribution
of the cross coordinates of the legs are highlighted as density intervals. Probability density function obtained from
the KDE of the leg cross coordinates shown in black. Histogram obtained from the samples fed into the UniDip
algorithm with added noise. Convex hulls enclose the clusters obtained from the clustering of the leg component
vorticity - cross coordinate clustering of the legs. Cluster core points plotted with increased point size. Scatter points
colored by the leg component of the vorticity. Range of color bar based on leg vorticity component of entire surface
to also apply to the surface mapping (left). (a) showing a bimodal distribution of cross coordinates of the legs, while
a unimodal distribution was detected for (b). Structures extracted from the Mc = 0.3 case at τ = 148 and τ = 232,
respectively.

Figure 4.22: Representative structures approximating a hairpin-like structure in shape, while differing in vorticity
distribution on their surface from a hairpin vortex. Leg component of the vorticity mapped on the surfaces, while
green arrows indicate vorticity. The structures are detected as non-hairpin-like based on their physical dissimilarity
to a hairpin vortex.
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Figure 4.23: Representation of different types of rejections in the leg vorticity component - cross coordinate clustering
step of the hairpin detection method. Convex hulls enclose detected clusters. Core and non-core cluster members
are colored by the leg vorticity component, where non-core members are reduced in size. Noise points indicated in
black.
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Figure 4.24: Examples of hooks (top row) and arches (bottom row) detected as hairpin-like in the pre-self-similar
stage of the Mc = 0.3 mixing layer case. Other plot elements as in fig. 4.22.

(a) (b) (c) (d)

C

Figure 4.25: Dimensionless curvedness mapped on hairpins extracted from the Mc = 0.3 (a,τ = 232, Ĉ = 0.78),
(b,τ = 360, Ĉ = 0.82) and Mc = 1.1 (c,τ = 464, Ĉ = 0.63), (d,τ = 424, Ĉ = 0.58) mixing layer. For the higher
convective Mach number flatter regions are found on the legs of the hairpin.

4.7 Hairpins in the geometrical feature space

The proposed detection method, §4.6, is applied to filter hairpin-like structures from all extracted structures of the

compressible mixing layers considering all frames from initialization until the end of the simulations in the post-

self-similar regime. The filter settings are listed in table 4.5. The detected hairpin-like structures are mapped into

the geometrical feature space in fig. 4.26. The hairpin vortices are characterized as stretched tube-like structures.

While there is a number of detections showing a balance of hyperbolic and elliptic surface points (Ŝ ≈ 0.5), elliptic

surface points slightly dominate for most cases due to the shape of the outer head region and the tips of the legs,

fig. 4.20 (a). For the lower convective Mach number (Mc = 0.3) the range in geometric signature is in agreement

with hairpins recently reported in stably stratified atmospheric boundary layers (Harikrishnan et al., 2021). Similar

to the observations regarding structures of all shapes in the self-similar regimes, see fig. 4.14, the curvedness of the

detected hairpins decreases with increasing convective Mach number. The decrease in curvedness is mainly localized

on the hairpin legs rather than on the head of the structure. Highly stretched hairpin detections are typically
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(a)

(b)

(c)

Figure 4.26: Hairpin vortices in the geometrical feature space. Hairpins detected in the Mc = 0.3(a), Mc = 0.7(b)
and Mc = 1.1(c) mixing layer. Markers of the same color indicate the same structure detected as hairpin-like in
different (not necessarily successive) frames. Marker types are indicative of the time of extraction: Pre-self-similar

, self-similar , post-self-similar . The lines , , correspond to 0.25, 0.5 and 0.75 contour level respectively.
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Figure 4.27: Geometrical signatures of hairpin-like vortices detected in the pre-self-similar (top), self-similar (center)
and post-self-similar stage of the Mc = 0.3 mixing layer. Marker color indicative of tracking ID.

characterized by a medium curvedness compared to other detections of the same convective Mach number. Similar

geometrical signatures are obtained for hairpins detected at different stages of the mixing layer evolution (pre-/post-/

self-similar), see fig. 4.27.

4.8 Temporal distribution and formation of hairpin-like vortices

The temporal distribution of hairpin-like structure detections during the mixing layer evolution is presented in fig.

4.28. If an individual structure is detected to be of hairpin-like shape in multiple frames within the its lifetime,

each detection contributes to the distribution. Throughout their lifetime Q-structures can develop and lose hairpin-

like shape multiple times with or without interacting with other structures. Therefore the lifetime of a structure
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(a)

(b)

(c)

Figure 4.28: Temporal distribution of hairpin detections in mixing layers of convective Mach number Mc = 0.3
(top),Mc = 0.7 (center) and Mc = 1.1 (bottom). Number of detections normalized by the total number of extracted
structures with at least 750 surface points of the time step. While the solid distributions include all detections, the
dashed distributions are based on the first in sequence detections. Markers on the temporal axis show self-similar
periods. The event types forming the hairpin-like structures are included as stacked contributions to the first in
sequence distribution. 113



temporarily in hairpin-like shape can be split into sequences of detections in consecutive frames of the simulation. The

sequences of consecutive detections vary in temporal length, however, the majority is found to be rather short-lived

(∆τ < 20, or even shorter).

For all considered convective Mach numbers, the number of hairpin detections peaks in the pre-self-similar stage

and decays afterwards. This concentrated occurrence is related to the breakup process of the large, connected

structures, see fig. 4.12 and fig. 4.20(b), which were formed through (sub-)merge events in the very early stage of the

mixing layer development. Consequently, split and compound event, i.e., sub-split events, contribute the most to the

peak occurrence of individual, disconnected hairpins. Examples of this structural breakup process are rendered in

fig. 4.29 for the Mc = 0.7 mixing layer. The breakup process is observed for connected structures within which the

hairpin heads are located in the same free stream side as well as in opposite sides. The breakup of large, connected

hairpins is influenced by the choice of the iso-value used for extracting the Q-structures, i.e., a structure which is

observed to breakup for the used iso-value of the frame, may stay connected for a lower iso-value.

As discussed in §4.4, the Mc = 0.3 case exhibits the most restrictive requirement for the choice of n in Qiso = 〈Q〉+

n
√
〈Q2〉 − 〈Q〉2 to prevent the formation of very large connected structures in the early mixing layer development.

While a choice of n = 6 indeed prevents the formation of domain-spanning structures, a significant portion of hairpin-

like structure may still be connected for this choice of n and is therefore not detected as individual hairpin-like

structures, which decreases the count of detections in fig. 4.29(a). The number of connected hairpins (not accounted

for in this analysis) need to be kept in mind when evaluating the peak count of detections for the different convective

Mach numbers. For the given choice of n = 6 the normalized peak count decreases with increasing convective

Mach number from Mc = 0.7 to Mc = 1.1. With increasing convective Mach number the occurrence of the peak

in the temporal distribution of the hairpin-like detections is delayed in time, but occurs approximately at the same

momentum thickness Reynolds number of Reθ ≈ 400. In the self-similar regimes of the mixing layers, which are less

prone to the formation of largely connected structures compared to the early stage of the mixing layer development,

the normalized number of detections may slightly decrease with increasing convective Mach number. The reduced

detection of hairpin-like structures for increasing momentum thickness Reynolds number Reθ supports observations

of hairpins in turbulent boundary layers for which the hairpin regeneration process was reported to be not sustained

once the turbulent background is developed (Eitel-Amor et al., 2015). The same authors find no evidence of hairpin

vortices reaching into the wall region for Reθ > 400, which matches with the momentum thickness Reynolds number

of the peaks in the temporal distribution of the hairpin-like detections in fig. 4.28. In the subsequent stages of the

mixing layer evolution the detected, individual hairpin-like structures contribute less than 5% to the total number

of structures with more than 750 surface points of the frame and are therefore not considered as a dominant flow

feature. However, a number of hairpins connected to other (not necessarily hairpin-like) structures may still exist,

but is not accounted for.

Fig. 4.30 demonstrates how hook-like structures with quite unevenly pronounced legs can develop arch- or hairpin-

like shape by either splitting the dominated leg or merging with another tube-like structure which serves as the second
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(a) (b)

(c) (d)

Figure 4.29: Connected, partially hairpin-like structures, see also fig. 4.12(b) and fig. 4.20(b), breaking into individual
hairpins during the pre-self-similar stage of the Mc = 0.7 mixing layer. The breakup process is observed for connected
structures within which the hairpin heads are located in the same free stream side (b,τ = 164), opposite sides
(c,τ = 172) and (d,τ = 192) as well as often in mixed cases (a,τ = 104). Target structures artificially displaced for
visibility, renderings are not to scale.

(a) (b)

Figure 4.30: Hook-like structures developing in arch-like and hairpin-like shape by splitting the dominant leg (a)
(τ = 156) and merging with a tube-like vortex (b) (τ = 252) in the Mc = 0.7 mixing layer, not to scale.
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Figure 4.31: Side view (xy) of a series of merge events generating a short-lived hairpin vortex in the Mc = 0.3 mixing
layer and subsequent breakup from τ = 304 (top,left) to τ = 340 (bottom,right). Structure color represents structure
ID, while green arrows are the down sampled vorticity on the structures. Note the tilted orientation of the hairpin
with respect to the center plane of the layer indicated in gray.

leg of the hairpin. Note, however, that hook-like structures can also develop more hairpin-like shape in a sequence

of continuation events without structure interactions by gradually growing or losing a leg.

The formation of a hairpin vortex in a series of merge events is shown in fig. 4.31. First, the merging of two

tube-like structures generates a hook which develops a bent shape and eventually merges with another structure to

form a hairpin. Note, that both, the hook and the more tube-like structure, grow towards each other in this merging

process. Interestingly, the hairpin has a tilted orientation with respect to the center plane of the mixing layer. The

resulting hairpin is short-lived as it loses its first leg only one frame after its formation.
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Figure 4.33: Trajectory of a vortical structure temporarily developing hairpin-like shape in geometrical feature space
enhanced with surface-averaged streamwise vorticity component. The trajectory section between points A and B
corresponds to the renderings in fig. 4.32. Detected haipin-like structures are highlighted as in the left subplot. In
the center subplot markers , and indicate if a step of the trajectory is the target of a split, merge or compound
event respectively.

Fig. 4.33 presents the full trajectory of a structure which preserves its hairpin shape for a longer sequence of

frames in the geometrical feature space enhanced with the surface-averaged streamwise vorticity component. The

temporal evolution of the structure is rendered for a subsection of its trajectory in the corresponding fig. 4.32. The

structure originates from a creation event at τ = 80 and develops tube-like shape, while being orientated mainly in

streamwise direction and intersecting with the center plane of the mixing layer. As the tube-like structure becomes

more stretched, its streamwise vorticity component intensifies. The structure develops hook-like shape as a result of a

complex compound event and eventually becomes hairpin-like over a series of frames within which one leg intensifies

while the other leg is shortened in splits. At the time the structure is first detected as a hairpin the streamwise

vorticity component is almost balanced on the structure. The geometric signature of the hairpin detections is in

agreement with those presented in fig. 4.26. The sequence of consecutive hairpin detection ends in a split of a leg,

which leads to an imbalance in the surface-averaged streamwise vorticity. However, the structure retrieves its hairpin

shape in a merge with another structure serving as the new leg.

4.9 Cross-stream and spanwise growth of hairpin vortices

The entire lifespan of two structures which temporarily develop hairpin-like shape in the Mc = 0.3 mixing layer are

shown in fig. 4.34 and fig. 4.35. Both structures remain close to the center plane of the mixing layer throughout their

lifetime, often intersecting with it. Therefore, the streamwise component of the surface-averaged velocity changes

its sign multiple times during the structure evolution. Resulting from a split, the structure shown in fig. 4.35 has
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Figure 4.34: Lifetime (τ = 280 - 376) of a structure temporarily developing hairpin-like shape in the Mc = 0.3 mixing
layer. Streamwise vorticity mapped on the structure and vorticity sampled as green arrows. Due to the proximity to
the center plane of the mixing layer, the surface-averaged streamwise velocity of the surface often changes its sign.
Artificial structure displacement added for visibility based on the sign of this surface-averaged velocity: Starting from
level A a transition upwards indicates a change towards an (on average) left moving structure, while a downwards
transition indicates a shift toward a right moving structure. Size of the black arrow indicates the temporal order of
these transitions. The yellow plane indicates the center plane of the mixing layer at each level of the figure. The 3D
renderings on the right show the structures of each level of the left side of the figure (parallel projection). While the
rendering are not to scale, the pink line serves as a reference scale (10 times the initial momentum layer thickness).
The structures from which the hairpin-like structure originally split (source of (sub-)split) and eventually merges
(target of (sub-)merge) are added with reduced opacity. Note that the head of the hairpin becomes quite tilted at
the end of the lifetime.

a hairpin-like shape with the head located in the upper free stream. However, multiple structure interactions later,

the structure has developed into a larger hairpin with the head located in the lower free stream.

The distribution of the cross-stream location of all detected hairpin-like structures and the first-in-sequence

subset is presented in fig. 4.36 for the three considered convective Mach numbers. Here, the cross-stream location of

a structure is defined as the mean of its minimal and maximal cross-stream position. Following the Reynolds stress

profiles, fig. 4.7 and fig. 4.8, the distributions peak at the center plane and are about symmetrical. The distribution

including only the first-in-sequence detections shows slightly less variance and more detections occur closer to the

center plane.

Fig. 4.37 investigates the subset of the center plane crossing detected structures and their extent on each free

stream side of the mixing layer relative to the momentum layer thickness at the time. The majority of the structures

shows an uneven top and bottom cross stream extent, which is also supported by the previous renderings of detected

structures. For hairpins whose legs are oriented in the streamwise direction and the head in spanwise direction, the
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Figure 4.35: Lifetime (τ = 96 - 172) of a structure developing temporarily hairpin-like shape while crossing the
center plane of the mixing layer. As frequently observed, the hairpin loses one leg over time and becomes a hook-like
structure. Other plot elements as in fig. 4.34.

dominant cross-stream side is the side on which the head is located. Fig. 4.37 includes structures which have a tilted

orientation with respect to the center plane of the mixing layer.

In turbulent boundary layers the cross-stream and spanwise growth rate are reported to be similar to each other

and is associated with Townsend’s attached eddy hypothesis (Adrian, 2007). Therefore, the hairpin growth behavior

is investigated in the context of the mixing layer configuration, in fig. 4.38. The minimal and maximal surface

point coordinate in the cross-stream and spanwise direction is used to define the extent of a hairpin structure in the

particular direction, ∆y and ∆z. The evolution of each structure temporarily in hairpin shape is inspected visually

to exclude structures that show a significant tilted orientation and hairpins that are distorted by connecting to other

structures at any point in their evolution. While no exact measure is used to exclude those structures, it is ensured

that the spanwise extent is representative for distance of the outsides of the legs and the cross-stream extent is an

indication of the distance between the head and the legs. Due to these requirements mainly hairpins occurring in the

pre-self-similar regime are included in the analysis. While the growth behavior differs between individual hairpins,

the overall trend for the Mc = 0.3 case is in rough agreement with the findings reported for hairpins in wall-bounded

turbulence. The cross-stream and spanwise structure extents are similar to each other. The results are less clear for

the Mc = 1.1 mixing layer as a number of hairpins is found to grow in cross-stream direction while approximately

preserving their spanwise extent. However, the overall ranges of cross-stream and spanwise extents are similar for

both convective Mach numbers.
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Figure 4.36: Distribution of the cross-stream location of all detected hairpins (solid) and the first-in-sequence subset
of hairpins (dashed) normalized by the momentum thickness. Compare to the Reynolds stress profiles in fig. 4.7 and
fig. 4.8 as well as the cross-stream distributions of newly created structures of all shapes in the self-similar regimes
in fig. 4.13 (b).

Figure 4.37: The cross-stream extent of center plane crossing hairpins. Most hairpin-like structures emerge unevenly
into the top and bottom free stream. On the basis of prior renderings, the dominant cross-stream side is the side
where the head is located.
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(a) (b)

Figure 4.38: Growth of the cross-stream ∆y and spanwise ∆z extent of selected hairpin-like vortices in the Mc = 0.3
(a) and Mc = 1.1 (b) mixing layers. Colors indicate individual tracking structure ID, while temporal order is shown
with arrows. For hairpin detections in non-consecutive frames dashed arrows are used. Note that the hairpins may
be affected by structure interactions at any time, which influence the extent of the structure. Hairpin detection in
the pre-self-similar self-similar and post-self-similar stage plotted as , and , respectively.
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Chapter 5

Conclusion

A hybrid approach of attribute- and region-based local tracking has been introduced to study the temporal evolution

of flow features, defined as closed surfaces of any kind in a turbulent flow field. As a pre-step of the explicit tracking,

flow feature are extracted and characterized for each frame of the given data set independently. The resulting spatial

and geometrical feature attributes are utilized in the search for correspondences between feature in consecutive

frames aiming to generate candidates of temporal feature relation. A sequence of region-based correspondence and

attribute-based event realizability constraints has been proposed to test the physical plausibility of the detected

correspondence candidates. A graph data structure is built to organize the evolution and record the interactions of

individually tracked flow features over time. The graph data structure is analyzed and queried to gain insight of the

flow feature dynamics by means of individual structure evolution as well as ensemble statistical evolution. Graph

data mining techniques have been adapted to search for common pattern in the interactions between flow features.

The tracking algorithm was applied to investigate the evolution of passive scalar structures in temporally decaying

homogeneous isotropic turbulence and statistically stationary shock-turbulence interaction at Mach numbers 1.5 and

3.0. Here, the flow features were defined as iso-surfaces of the underlying passive scalar field. The tracking application

and the comparison of both flow configurations allowed to elucidate the effect of shock waves on the scalar mixing

on finite-sized structure evolution and surface-mapped physical quantities relevant to mixing.

Shock-induced deformation increases the occurrence of split and subsequent disappearance events, shifting those

events closer to the shock for increasing Mach number. The structural breakup process facilitates the scalar mixing.

As expected, initially larger structures take longer to diffuse, but their mixing benefits more from the shock-interaction

as the number of splits and disappearances per incoming structure increases more (compared to the DHIT) and the

upstream shift of event activity is more significant than for smaller structures.

Small-structure interactions were found to deviate from volume-preservation as a consequence of increased scalar

dissipation at fine scales, whereas events involving larger structures show a high degree of volume preservation (apart

from larger shock-crossing structures which are compressed and affected by the shock-amplified scalar dissipation).

Structures that have shrunk to a certain volume due to scalar dissipation or previous splits, tend not to split further,

and simply continue until they reach the end of their lifetime and disappear by diffusion.
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The geometric signature of structures involved in split and merge events show opposite trends: splitting (merging)

structures are more stretched (compact) and show a larger (smaller) area of hyperbolic points than the resulting

split (merged) structures. Compared to DHIT, shock-induced compression of the passive scalar structures increases

their stretching and, in turn, the probability of the structure to split in the STI configuration.

The enhancement of scalar dissipation by the shock is expressed at the structural level as an amplification of the

surface-averaged scalar gradient. This amplification increases with initial structure size, indicating a better mixing

enhancement by the shock-interaction for larger structures. Surface-averaged alignments of the scalar gradient with

the most extensional strain-rate eigendirection increases across the shock, while the alignment with the intermediate

and most compressive eigenvector decreases. This result, previously reported in volumetric statistical analysis of

fully-developed scalar mixing, is here confirmed also at the structure level from scalar fields initialized with uniform

patterns of well-defined shapes.

Larger scalar gradient (hence, dissipation), its shock-induced amplification, and alignment with the most com-

pressive strain-rate eigendirection were found to correlate with flatter surface regions. These correlations emerged

shortly after the initial convolution of the initially spherical structures by the background turbulence. The geo-

metrical trajectories of the passive scalar structures depend on their initial sizes (relative to the eddy sizes of the

background turbulent flow). The amount of surface convolution early in the structure’s lifetime increases with initial

size and leads to larger curvedness and area-coverage of hyperbolic points, resulting in an increased number of splits

per structure. Shock compression alters the geometrical trajectories in the STI configurations, lowers the compact-

ness and curvedness of the structures. Less compact (i.e. more stretched) structures are more likely to split, while a

decreased curvedness shows increased area-coverage of flat surface regions where scalar dissipation dominates. The

sudden shock interaction flattens the structures and enhances mixing more for larger structures. The post-shock

amplification of turbulence increases the curvedness again, inducing a period of re-growth of the surface area and

stretching of the structures, which increases the probability of splits and enhances scalar mixing.

In a second application, the flow feature tracking was applied to study the dynamics and geometrical properties of

vortical structures in temporarily developing mixing layers of varying convective Mach numbers Mc = {0.3, 0.7, 1.1}

to complement existing statistical analyses on the inhibiting effect of compressibilty on the turbulence intensities in

such flow configuration. The compressible Q-criterion was used to identify vortices in the flow field. The tracking

algorithm was successfully applied with the same types of realizabilty constraints as in the passive scalar mixing.

In contrast to the passive scalar application, a time-dependent iso-value was used for the structure extraction to

account for the temporarily developing character of the flow. With increasing convective Mach number less vortices

were extracted which pronounces the inhibiting effect of compressibilty on the structural level. Higher compressibilty

was observed to lower the curvedness of the extracted Q-structures.

The application of the graph data mining approach focused on the creation of vortices in the neighborhood

of existing vortices. The subsequent merging of both vortices is recognized as a prominent pattern of the vortex

dynamics. Other patterns of statistical significance are split-dominated or highlight the short-lived evolution of

isolated structures without structure interactions in their lifetime.
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A detection method for hairpin-like vortices was introduced based on geometrical and physical constraints. In

combination with the tracking, the hairpin filter was used to evaluate the occurrence, persistence and significance of

hairpin-like vortices in the mixing layers. For all convective Mach numbers, the number of hairpin detections peaks

at Reθ ≈ 400 in the pre-self-similar stages of the mixing layers and decays afterwards, suggesting that hairpins are

not a dominant flow feature once the turbulent background is developed. These findings support previous reports of

the hairpin regeneration process, which was found not to be sustained at higher Reynolds number in wall-bounded

turbulence. It would be of great interest to evaluate what influence different choices for the iso-value have on the

number of detected hairpins, especially for the lower Mach number case.

The time span in which vortices preserve their hairpin-like shape varies, but most hairpins are rather short-lived

as they cross the center planes of the mixing layers and are partially pulled into the opposite free streams. This

mechanism could explain the reduced lifetime of hairpins in the mixing of two opposite free streams compared to

those found in boundary layer flow. The majority of individual hairpins is formed by the structural breakup process

of largely connected hairpins which originate from Λ vortices that grow in the early stage of the mixing layer through

merging of tube-like vortices. A number of hairpins have a tilted orientation with respect to the center plane,

especially in the later stages of the mixing layer. Hairpins with quasi-streamwise orientation exhibit equal rates of

simultaneous growth in cross-stream and spanwise direction.

Future extensions of the presented flow feature tracking methodology could target to track features not of only

one type, but of multiple types simultaneously. This would allow to study relations between the dynamics of flow

feature of different types. The graph mining technique would greatly benefit from a pattern classification method to

summarize the pattern extracted from large graphs better. To increase the performance of the algorithm, parallelism

could be added to the implementation, especially to the local surface distance computation that is currently the

computational bottleneck of the method. Another mode can be introduced to the algorithm in which it does not

operate as a pure post-processing tool of a given data set, but in which the tracking is coupled with the solver

generating the data set. Thereby an adaptive sampling frequency can be determined on the fly by evaluating the

complexity of the detected events.
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