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1. Introduction 

Opposed-flow diffusion flames (OPDFs) provide a useful laboratory setup for 
studying the combustion of separate impinging fuel and oxidizer streams or of solid 
fuels (e.g., strand burners) burning against an incoming oxidizer jet. Under well-
defined and idealized conditions (i.e., steady-state, laminar flow, and constant 
pressure), the OPDF configuration can be accurately simulated using a 1-D 
numerical model. The computational cost savings from the 1-D approximation, 
compared to 2-D or 3-D simulations, affords the use of detailed, finite-rate chemical 
kinetics mechanisms. By comparing with experimental measurements, an OPDF 
model can be used to validate these mechanisms. Once validated, the models and 
the kinetics mechanisms can then be used to provide insight into the flame structure 
inaccessible to experimental methods. Furthermore, these models can be used to 
predict regression rates of solid fuel and propellant formulations.1,2 

As detailed later, the numerical model of the OPDF, when discretized using a finite-
different method, requires the solution of a highly nonlinear system of differential 
equations with 𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 unknowns where 𝑁𝑁𝑔𝑔 is the number of mesh points used to 
discretize the spatial domain and 𝑀𝑀𝑏𝑏 = (4 + 𝑛𝑛𝑠𝑠) is the number of unknowns at each 
point with 𝑛𝑛𝑠𝑠 gas-phase chemical species. 

Two commonly used OPDF models, OPPDIF3 and Cantera,4 solve the nonlinear 
equations iteratively using a damped, modified Newton–Raphson method. This 
approach requires the frequent assembly and factorization of the system’s Jacobian 
matrix (or an approximation thereof), a block-tridiagonal matrix with 𝑁𝑁𝑔𝑔 block 
rows, and square matrix blocks of size 𝑀𝑀𝑏𝑏

2. Both software packages use direct 
matrix factorization (e.g., lower–upper factorization with partial row pivoting 
[LUP]) to solve the block-tridiagonal linear system. Assuming 𝑛𝑛𝑠𝑠 ≫ 1 and 𝑁𝑁𝑔𝑔 ≫
1, the computational cost* of the matrix factorization scales as 𝒪𝒪�𝑁𝑁𝑔𝑔𝑛𝑛𝑠𝑠3� and the 
storage as 𝒪𝒪�𝑁𝑁𝑔𝑔𝑛𝑛𝑠𝑠2�. Since the factorized Jacobian matrix can be reused many 
times in the modified Newton–Raphson method, the overall run-time of the OPDF 
model scales between 𝑛𝑛𝑠𝑠2 and 𝑛𝑛𝑠𝑠3 since other more frequent operations (e.g., linear 
system solves) have leading costs of 𝒪𝒪�𝑁𝑁𝑔𝑔𝑛𝑛𝑠𝑠2�. 

While the computational cost of evaluating the reaction rates and mixture-averaged 
transport properties (e.g., species diffusion coefficients) is high, the Jacobian 
assembly and factorization dominates for large chemical mechanisms due to the 
cubic scaling. Typical values of 𝑁𝑁𝑔𝑔 are 𝒪𝒪(100 − 1,000) for detailed chemical 

 
*Computational cost is approximated as the leading number of floating-point operations. 
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mechanisms for combustion simulations. The mesh resolution requirement can be 
influenced by the chemistry (e.g., faster reactions or diffusion); however, the 
overall mesh size does not vary greatly across mechanisms owing to the resolving 
efficiency of the adaptive mesh refinement capabilities provided by OPPDIF and 
Cantera. 

Unlike mesh sizes, mechanism sizes vary widely across different combustion 
modeling applications with 𝑛𝑛𝑠𝑠 spanning 𝒪𝒪(10 − 10,000). The number of reactions 
(𝑛𝑛𝑟𝑟) is typically 5–20 times larger than 𝑛𝑛𝑠𝑠. For example, the GRI-Mech (v3.0) 
mechanism,5 often used to model light hydrocarbon (e.g., methane) combustion, 
has 53 species and 325 reactions while the US Army Combat Capabilities 
Development Command (DEVCOM) Army Research Laboratory (ARL) “HTPB” 
mechanism, which models the decomposition of 𝐶𝐶20𝐻𝐻32, is 25 times larger with 
over 1,300 species and nearly 6,000 reactions. The ARL mechanism is designed for 
modeling the gas-phase combustion of the hydrocarbon 6-ethenyl-2,8,12,16-
octadecetetraene (EODT), which is postulated as being representative of the 
nascent products (NPs) emanating from the pyrolysis of R45M-type hydroxyl-
terminated polybutadiene (HTPB), a common propellant ingredient in rocket 
motors. See Chen and McQuaid,2,6 and references therein for details on the 
motivation and evolution of the ARL EODT mechanism. 

OPDF modeling using the full EODT mechanism, and similarly large mechanisms 
related to propellant pyrolysis and combustion modeling, are intractable using the 
standard versions of OPPDIF or Cantera packages due to the cubic time and 
quadratic storage costs. For example, the run-time, typically 𝒪𝒪(0.1 − 1) min with 
GRI-Mech on a modern (ca., 2023) desktop computer, would increase to 𝒪𝒪(10) 
days with the full EODT mechanisms and would require 𝒪𝒪(100) GB. 

OPDFs, along with burner-stabilized premixed flames, are used to model the gas-
phase combustion in models coupling condensed- and gas-phase combustion. 
These models, such as that of Miller and Anderson7 and Geipel et al.,8 are used to 
predict propellant linear burning rates by iteratively adjusting the fuel boundary 
condition to converge energy and mass conservation across the condensed- and gas-
phase interface. This means that the flame models are solved repeatedly, often 
requiring 𝒪𝒪(10) successive flame solutions, to converge the condensed- and gas-
phase interface conditions. Similarly, the trial mechanism method (TMM),1 a 
statistical method used to reduce the size of chemical kinetics mechanisms for 
specific applications, repeatedly solves a set of predefined flame simulations using 
a sequence of smaller mechanisms to identify important reactions and species. As 
a statistical method, TMM may require 𝒪𝒪(10 − 1,000)𝑛𝑛𝑟𝑟 simulations though the 
size of the mechanism (and the computational cost) declines as the mechanism is 
reduced. The high cost of the flame models is exacerbated when applied within 
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these iterative methods and is a driving factor in the current effort to optimize the 
computational performance of the models and reduce their cost. 

To reduce the high run-time and memory requirements of the OPDF model, an 
alternative direct matrix factorization method, specialized for block-tridiagonal 
matrices, has been implemented within the OPPDIF model. The factorization 
method has lower theoretical run-time and storage cost compared to the original 
banded matrix format used in OPPDIF and Cantera. This method does not alter the 
nonlinear algorithm and can be used directly within the existing flame models (and 
similar applications); however, it retains the same cubic cost scaling of the band-
matrix method. Iterative linear solvers avoid direct factorization and, if well-
conditioned, may reduce the time complexity to quadratic or even linear. For 
example, Lapointe et al.9 demonstrated that (steady) freely propagating premixed 
flames can be solved using a Jacobian-free Newton–Krylov (JFNK) method in 
nearly linear time (i.e., 𝒪𝒪(𝑛𝑛𝑠𝑠)). While this, and similar Krylov-space methods, 
avoid direct matrix factorization costs, convergence is strongly dependent on 
preconditioning, which can be application-specific and, as such, is not as robust as 
direct methods. 

In addition to optimizing direct matrix factorizations, more efficient methods for 
approximating the Jacobian matrix and for estimating its condition number were 
implemented to reduce the overall cost of the OPDF model. 

This report is organized as follows:  

• OPPDIF’s mathematical model is detailed;  

• the nonlinear solver method and related algorithms are summarized;  

• the new matrix factorization and related optimizations are detailed; and 

• finally, performance benchmarks are provided to demonstrate the impact of 
these advances on the performance and efficiency of the OPPDIF model.  

2. Model Formulation 

For this study, the author employed a modified version of the OPPDIF combustion 
model.3 It used the pre-commercial CHEMKIN library (version 3.0)10 for 
thermodynamic and chemical kinetics computations and the associated TRANLIB 
library for molecular transport properties11 (e.g., conductivity, viscosity, and 
species diffusivity). 
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The OPPDIF model simulates a steady and laminar stagnation flame formed by the 
impingement of two opposing, circular gaseous streams. Under an axisymmetric 
assumption, the mass conservation in cylindrical coordinates is 

∂ρ𝑢𝑢
∂z

+
1
𝑟𝑟
∂ρ𝑣𝑣𝑣𝑣
∂𝑟𝑟

= 0 . (1) 

Here, 𝜌𝜌 is the gas density and [𝑢𝑢, 𝑣𝑣] are the axial (𝑧𝑧) and radial (𝑟𝑟) velocity 
components. As detailed in Lutz et al.,3 the 2-D model can be reformulated as a  
1-D model with the introduction of the similarity variables, 𝐺𝐺(𝑧𝑧) = −𝜌𝜌𝜌𝜌 𝑟𝑟⁄  and 
𝐹𝐹(𝑧𝑧) = 𝜌𝜌𝜌𝜌 2⁄ , that are functions only of 𝑧𝑧. With these, the continuity equation 
reduces to 

G(𝑧𝑧) =
𝑑𝑑𝑑𝑑(𝑧𝑧)
𝑑𝑑𝑑𝑑

 . (2) 

The momentum, energy, species conservation equations also become functions of 
𝑧𝑧 only. Assuming constant axial pressure (i.e., ignoring gas compressibility), these 
are 

 𝐻𝐻 −
𝑑𝑑
𝑑𝑑𝑑𝑑 �

𝐹𝐹𝐹𝐹
𝜌𝜌 �

+
3𝐺𝐺2

𝜌𝜌
+
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝜇𝜇

𝑑𝑑
𝑑𝑑𝑑𝑑 �

𝐺𝐺
𝜌𝜌�
� = 0  

𝜌𝜌𝜌𝜌
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
1
𝑐𝑐𝑝𝑝

𝑑𝑑
𝑑𝑑𝑑𝑑 �

λ
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�

+
ρ
𝑐𝑐𝑝𝑝
�𝑐𝑐𝑝𝑝𝑘𝑘𝑌𝑌𝑘𝑘𝑉𝑉𝑘𝑘

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑘𝑘

+
1
cp
�ℎ𝑘𝑘ω̇𝑘𝑘
𝑘𝑘

= 0 (3) 

𝜌𝜌𝜌𝜌 𝑑𝑑𝑌𝑌𝑘𝑘
𝑑𝑑𝑑𝑑

𝑑𝑑
𝑑𝑑𝑑𝑑

(ρ𝑌𝑌𝑘𝑘𝑉𝑉𝑘𝑘) − ω̇𝑘𝑘𝑊𝑊𝑘𝑘 = 0,  

where 𝑇𝑇 and 𝑌𝑌𝑘𝑘 are the temperature and species mass fractions; 𝜇𝜇 and 𝜆𝜆 are the 
mixture-averaged gas viscosity and conductivity; 𝑐𝑐𝑝𝑝 is the mixture-averaged heat 
capacity at constant pressure; 𝑐𝑐𝑝𝑝𝑘𝑘, ℎ𝑘𝑘, ω̇𝑘𝑘, 𝑉𝑉𝑘𝑘 , and 𝑊𝑊𝑘𝑘 are the heat capacity, molar 
enthalpy, net molar reaction rate, diffusion velocity, and molar mass of the kth 
species, respectively. Lastly, 𝐻𝐻 = 1

𝑟𝑟
∂p
∂r

 is a constant (eigenvalue) satisfying the 
radial momentum. To maintain a block-tridiagonal matrix structure, this constraint 
is solved as 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = 0. 

The system of equations is closed by specifying a model for 1) the gas equation of 
state; 2) the thermochemical reaction rates; 3) the diffusion velocity (e.g., mixture-
averaged, or multicomponent species transport) and other transport properties; and 
4) the velocity, chemical composition, and temperature at the fuel and oxidizer 
boundaries. The closure models are summarized in the following. 

We assume a thermally perfect mixture of the gaseous chemical species governed 
by the ideal gas law. All thermodynamic properties and chemical reaction rates are 



 

5 

computed by the CHEMKIN library. Note that we have added support for pressure-
dependent reactions via tabulated log-pressure interpolation (PLOG) and Tsang and 
Herron12 models to our in-house version of the CHEMKIN library. 

The diffusion velocity is modeled as mixture-averaged, such that, 

𝑉𝑉𝑘𝑘 = −
1
𝑋𝑋𝑘𝑘

𝐷𝐷𝑘𝑘𝑚𝑚
𝑑𝑑𝑋𝑋𝑘𝑘
𝑑𝑑𝑑𝑑

−
𝐷𝐷𝑘𝑘𝑇𝑇

ρ𝑌𝑌𝑘𝑘
1
𝑇𝑇
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

(4) 

𝐷𝐷𝑘𝑘𝑚𝑚 =
1 − 𝑌𝑌𝑘𝑘

∑ 𝑋𝑋𝑗𝑗 𝒟𝒟𝑗𝑗𝑗𝑗⁄𝐾𝐾
𝑗𝑗≠𝑘𝑘

 , 

where 𝑋𝑋𝑘𝑘 are the mole fractions; and 𝐷𝐷𝑘𝑘𝑚𝑚, 𝐷𝐷𝑘𝑘𝑇𝑇 and 𝒟𝒟𝑗𝑗𝑗𝑗 are the mixture-averaged 
diffusion, thermal diffusion, and multicomponent diffusion coefficients of the 
species. The mixture-averaged and multicomponent species diffusion, thermal 
conductivity, and viscosity coefficients are computed by the TRANLIB library 
given the local thermodynamic state. 

The use of mixture-averaged transport is justified due to the lack of reliable 
information on the transport properties for many of the chemical species in our 
chemical mechanism. For example, the EODT mechanism currently involves 1,373 
species, of which only 115 have published data for the molecular properties 
required by the TRANLIB library when generating polynomial fits of the transport 
properties from kinetic theory.11 That is, we lack data for the Lennard–Jones well 
depth (𝜀𝜀) and collision diameter (𝜎𝜎); the dipole moment (𝜇𝜇); the polarizability (𝛼𝛼); 
and the rotational relaxation collision number (𝑧𝑧𝑟𝑟𝑟𝑟𝑟𝑟). We approximate the 
remaining species using the Joback13 group additivity method. We employ the 
Reaction Mechanism Generation14–16 software to approximate the necessary 
molecular properties via Joback’s method given the molecular structure of the 
chemical species (e.g., a canonical Simplified Molecular Input Line Entry System 
[SMILES] string).17 Since we lack rigorous data for so many species in the EODT 
mechanism and rely upon approximations, multicomponent diffusion properties 
would be a wasteful expense with little improved model fidelity. 

The final closure is the specification of the composition, temperature, and velocity 
at the fuel and oxidizer boundaries. The oxidizer composition, temperature and 
velocity are all presumed to be known. The boundary values are also assumed 
known when modeling a gaseous fuel jet. However, the fuel boundary conditions 
are not explicitly known when modeling a pyrolyzing solid propellant. In that 
scenario, we follow the framework of Miller and Anderson.7,18 Their method, 
known as CYCLOPS, has been used to successfully predict the regression rates of 
burning propellants. 
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In CYCLOPS, we assume that condensed-phase chemical reactions and diffusion 
can be neglected and that only the energy and mass flux across the condensed- and 
gas-phase interface must be modeled. Under these assumptions, we must 1) specify 
the gaseous products emanating from the condensed-phase pyrolysis (i.e., we 
specify the fuel gas-phase composition explicitly) and 2) compute the gas-phase 
fuel temperature (𝑇𝑇𝑓𝑓) and velocity (𝑉𝑉𝑓𝑓) such that energy and mass are conserved 
across the interface. The energy flux across the interface can be expressed as 

�λg
dT
dz
�
+0

= 𝑚̇𝑚′′  ��(yk)−0(ℎ𝑘𝑘)+0
NP

k

− (ℎ𝑐𝑐)−∞�  . 

 

(5) 

On the left-hand side, the gas-phase conductivity (𝜆𝜆𝑔𝑔) and temperature gradient are 
evaluated at the interface boundary using only data from the gas phase (i.e., denoted 
by the +0 superscript). The right-hand side of Eq. 5 represents the net enthalpy 
carried into the gas phase with the mass flux rate (𝑚̇𝑚′′). The net enthalpy is the 
difference between the bulk enthalpy of the condensed phase (ℎ𝑐𝑐) and the gas phase 
enthalpy at the interface of the NP set (i.e., the set of chemical species assumed to 
emit from the pyrolysis of the condensed phase). The mass fractions (𝑦𝑦𝑘𝑘)−0 of the 
NP species are assumed to be known and specified as a boundary condition and 
their enthalpies (ℎ𝑘𝑘)+0 are determined by the OPDF model solution. The ℎ𝑐𝑐 is 
assumed to be a known property of the condensed phase and is generally some 
function of the heat of formation (Δ𝐻𝐻𝑓𝑓), bulk temperature, and specific heat 
capacity. 

To conserve mass, 𝑚̇𝑚′′ must be constant across the interface. The energy flux,  
Eq. 5, assumes that all heat conducted back into the pyrolysis layer is balanced 
entirely by the advection of chemical energy from the condensed phase. The drop 
in enthalpy across the interface represents all processes required to convert the solid 
propellant to the NP gases (e.g., endothermic phase chance). 

The predicted fuel regression rate (𝑟̇𝑟) (i.e., the linear burning rate) and 𝑉𝑉𝑓𝑓 are 
determined from the condensed- and gas-phase mass flux definitions: 

 𝑚̇𝑚′′ = ρ𝑐𝑐𝑟̇𝑟 = ρ𝑔𝑔𝑉𝑉𝑓𝑓, (6) 

where ρ𝑐𝑐 and ρ𝑔𝑔 are the condensed- and gas-phase mass densities, respectively, 
with ρ𝑐𝑐 being a constant or some function of the bulk temperature in the condensed 
phase and ρ𝑔𝑔 being evaluated at the gas-phase side of the interface at the at the fuel 
boundary temperature (𝑇𝑇𝑓𝑓) and composition. 
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𝑇𝑇𝑓𝑓 can be specified, if known, or can be similarly determined by introducing a 
second interface model coupling 𝑚̇𝑚′′ with 𝑇𝑇𝑓𝑓 and solving simultaneously with  
Eq. 5. That is, we specify some relation 

 𝑚̇𝑚′′ = 𝑚̇𝑚′′�𝑇𝑇𝑓𝑓� . (7) 

Different empirical or physics-based models can be used in Eq. 7. For example, the 
mass flux can be modeled with the (empirical) pyrolysis law of Chiaverini et al.,19 
or as the evaporation of the fuel expressed via the Hertz–Langmuir–Knudsen 
relation (i.e., a physics-based model) as was demonstrated by Chen and McQuaid.20 

These boundary flux equations constitute a nonlinear system of equations (i.e., two 
equations and two unknowns) that is solved iteratively. At each iteration, OPPDIF 
is solved with a given 𝑉𝑉𝑓𝑓 and 𝑇𝑇𝑓𝑓 using a previous solution as the initial guess for 
the gas-phase solution. In the present benchmark study, 𝑇𝑇𝑓𝑓 is fixed at 750 K and 
only 𝑉𝑉𝑓𝑓 is solved (i.e., only Eq. 5 is solved). Note that this does not alter the cost of 
solving an individual OPDF problem with a given set of fuel boundary conditions. 

3. Numerical Method 

The 1-D conservation equations for 𝑇𝑇, 𝐹𝐹, 𝐺𝐺, 𝐻𝐻, and 𝑌𝑌𝑘𝑘 are solved using a finite-
difference method on a mesh with variable spacing. The convective terms are 
approximated with upwind differences (first-order) and the diffusion terms with 
central (second-order) differences. 

At steady-state, the previous equations constitute a nonlinear, algebraic two-point 
boundary value problem that must be solved numerically. That is, OPPDIF seeks 
to find the root of the residual function 

 ℛ(𝑔𝑔) = 0, (8) 

where 𝑔𝑔 is the global state vector and 𝑔𝑔𝑖𝑖 = �𝑇𝑇𝑖𝑖 ,𝐹𝐹𝑖𝑖 ,𝐺𝐺𝑖𝑖 ,𝐻𝐻𝑖𝑖 ,𝑌𝑌𝑖𝑖,𝑘𝑘=1,𝑛𝑛𝑠𝑠�
𝑇𝑇
is the state 

vector at the ith mesh point. Here, 𝑔𝑔 is a block vector with 𝑁𝑁𝑔𝑔 rows (i.e., mesh 
points) and 𝑀𝑀𝑏𝑏 columns per row (i.e., unknowns per mesh point) leading to 𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 
unknowns overall. 

OPPDIF employs the TWOPNT nonlinear boundary value solver21 to solve the 
multivariate boundary value problem iteratively using a damped, modified 
Newton–Raphson method. When the steady-state system does not converge or 
converges too slowly, TWOPNT will advance the equations in pseudo-time 
(generally an easier nonlinear problem to solve) to drive the system toward a well 
of convergence. 
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In addition to solving the nonlinear boundary value problem, TWOPNT also refines 
the finite-difference mesh to resolve solution gradients and curvatures (i.e., second-
derivatives) to within specified tolerances (i.e., CURV and GRAD). Values of 0.05 
and 0.25 for CURV and GRAD are used, respectively, throughout this study resulting 
in meshes of between 300 and 400 points. 

Absolute (ATOL) and relative (RTOL) tolerances of 10–9 and 10–6, respectively, are 
used to terminate the TWOPNT nonlinear solver. Note that TWOPNT does not 
directly control the error in Eq. 8, as measured by some norm of ℛ, but considers 
the solution converged when the length of the Newton correction step (𝑠𝑠) is less 
than the prescribed tolerances as measured in the ∞-norm. That is, the solution is 
deemed converged when the following is satisfied for all unknows at all mesh 
points: 

 |𝑠𝑠| ≤ 𝑚𝑚ax(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴,𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 ∗ |𝑔𝑔|) . (9) 

The step correction at each nonlinear iteration is found by solving the Newton–
Raphson equation: 

 𝒥𝒥𝓂𝓂𝑠𝑠𝑘𝑘 = −ℛ(𝑔𝑔𝑘𝑘)  (10) 

where 𝒥𝒥 is the Jacobian (or an approximation) of Eq. 8 (i.e., 𝒥𝒥 = ∂ℛ ∂𝑔𝑔⁄ ). 

As noted, TWOPNT uses a modified Newton method meaning that 𝒥𝒥 does not have 
to be evaluated at the most recent solution iterate (i.e., 𝑘𝑘 ≥ 𝑚𝑚). This approach is a 
common optimization as the assembly (and factorization) of the Jacobian is costly. 
TWOPNT will update the Jacobian after a fixed number of iterations (NJAC) or if 
the step correction is rejected at some iterate. 

TWOPNT accepts a new solution iterate based on the following criteria: 

|𝑠𝑠𝑘𝑘+1| < |𝑠𝑠𝑘𝑘|             (11) 

where the trial step (𝑠𝑠𝑘𝑘+1) is found by solving Eq. 10 with 𝑔𝑔𝑘𝑘+1 = 𝑔𝑔𝑘𝑘 + λs𝑘𝑘. Here, 
λ is the damping factor used to keep the solution within bounds (with λ = 1 being 
a full Newton step). TWOPNT does not search for an optimal λ (e.g., a line search 
method) but simply halves λ recursively for up to five iterations (i.e., λ𝑙𝑙 = 2−𝑙𝑙 ,  l =
0,4). If Eq. 11 is never satisfied and the Jacobian is out of date (i.e., 𝑘𝑘 > 𝑚𝑚), 
TWOPNT updates 𝒥𝒥 using 𝑔𝑔𝑘𝑘 and searches for a new, acceptable damping 
coefficient. If that also fails, TWOPNT will resort to a fixed number of pseudo-
time steps to drive the solution closer to a convergence well. 

While it is possible to analytically evaluate many (or all) of the terms in 𝒥𝒥 exactly 
or approximately,9 OPPDIF approximates 𝒥𝒥 entirely using a first-order finite 
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difference method. Each column of 𝒥𝒥 is approximated by perturbing a single 
element of the state vector, such that, 

𝒥𝒥𝑗𝑗 =
ℛ(𝑔𝑔 + ϵ𝑒̂𝑒) − ℛ(𝑔𝑔)

ϵ
;  𝑒̂𝑒𝑖𝑖 = �1, 𝑖𝑖 = 𝑗𝑗

0, 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  

 
(12) 

where 𝜖𝜖 is a small but significant value relative the jth state variable and 𝑒̂𝑒 is a vector 
with only 1 in row j. 

Since a three-point, central finite-difference stencil is used to approximate the 
spatial derivatives, the residual function at some point 𝑖𝑖 (i.e., ℛ𝑖𝑖) is only dependent 
on itself and its neighboring points at 𝑖𝑖 − 1 and 𝑖𝑖 + 1. This results in a block-
tridiagonal matrix with 𝑁𝑁𝑔𝑔 block rows (i.e., one per mesh point) and square 
𝑀𝑀𝑏𝑏 × 𝑀𝑀𝑏𝑏 blocks. Note that the boundary points are included in the residual function 
to allow the enforcement of the radial pressure gradient eigenvalue and other 
gradient conditions at the boundaries. For example, species can diffuse into the 
boundary points causing the steady-state composition at the boundaries to differ 
from the specified boundary values. 

As noted earlier, the cost of the OPPDIF flame model is often dominated by the 
Jacobian assembly and factorization when factorized and solved directly. The 
Jacobian is reused over several nonlinear iterations to reduce the cost. Two 
additional optimizations (or approximations) are used by OPPDIF to reduce the 
assembly and factorization costs of the Jacobian: 

1) Since the residual function at points i ± 2 and further apart are decoupled, 
𝑁𝑁𝑔𝑔/3 columns of 𝒥𝒥 are evaluated concurrently by perturbing every third 
block row of 𝑔𝑔. This greatly reduces the number of residual function 
evaluations needed to assemble the Jacobian matrix from 𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 to only 3𝑀𝑀𝑏𝑏 
and reduces the cost scaling of the approximation from quadratic to linear 
with respect to the mesh size. 

2) OPPDIF does not reevaluate the transport coefficients when approximating 
𝒥𝒥 at the perturbed state in Eq. 12. Instead, the transport coefficients are 
evaluated only at unperturbed solution state (𝑔𝑔𝑘𝑘) and frozen. The impact on 
the convergence is expected to be minor; however, this has not been 
investigated in this study. 

4. Algorithm Enhancements 

Improvements to the OPPDIF and underlying CHEMKIN libraries have been 
implemented to improve both the computational performance and the numerical 
efficiency. Note that while the improvements mentioned here have been 
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implemented in an in-house version of the legacy CHEMKIN library and OPPDIF, 
the improved linear algebra and Jacobian approximation methods can be applied to 
similar flame models in the Cantera4 software package as they use the same matrix 
storage approach and finite-difference Jacobian approximation described here. 

4.1 Parallelization 

OPPDIF was previously modified21 to support multicore parallel processing with 
OpenMP22 to reduce the computational cost. Briefly summarizing the methods in 
Stone,23 the residual function and the Jacobian assembly were refactored such that 
parallelism can be applied across independent mesh points and matrix columns, 
respectively. For the residual function, the convective and diffusive fluxes and 
thermochemical reaction rates and states (e.g., density) are evaluated across the 𝑁𝑁𝑔𝑔 
mesh points concurrently and in parallel. With the mesh tolerances and adaptivity 
discussed earlier, converged solutions commonly have 300–600 mesh points, 
which is sufficient to saturate most modern high-performance computing (HPC) 
systems with 𝑂𝑂(10 − 100) cores. For the Jacobian assembly, the 3𝑀𝑀𝑏𝑏 independent 
columns are evaluated currently. Since 𝑀𝑀𝑏𝑏 is typically 𝑂𝑂(100 − 1,000) for 
chemical mechanisms of interest, ample parallelism exists in this operation as well. 
Note, when assembling the Jacobian in parallel, parallelism within the residual 
function itself is disabled. That is, nested parallelism was not exploited in Stone23 
and this approach is retained here. See Stone23 for further details on these 
parallelization strategies and the necessary modifications to the CHEMKIN and 
TRANLIB libraries to support this. 

An additional optimization has been implemented for the Jacobian assembly 
operation. A direct application of the finite difference approximation in Eq. 12 
results in redundant computation of the nonspatial (i.e., inhomogeneous) terms in 
the residual function. These terms (e.g., ω̇𝑘𝑘 in the species and energy equations) 
only contribute to the diagonal block on each block row. To address this, the 
residual function was split into spatial and nonspatial contributions. The Jacobian 
is then assembled in two steps: First, 𝑀𝑀𝑏𝑏 nonspatial residual functions are evaluated 
initializing the diagonal block matrices of the Jacobian. Then, the spatial residual 
terms are evaluated on the 3𝑀𝑀𝑏𝑏 matrix columns updating the diagonal blocks and 
setting the off-diagonal blocks in the Jacobian matrix. In both steps, multicore 
parallelism is used. If the chemical reaction rates dominate the residual function 
cost, an easily justifiable assumption when using mixture-averaged transport 
properties, splitting the Jacobian assembly in this manner should reduce the 
Jacobian assembly cost by nearly a factor of three.  
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4.2 Jacobian Factorization 

As noted, the Jacobian matrix is block tridiagonal with dense blocks. Figure 1a 
shows an example of a block-tridiagonal matrix with equal sized blocks. The 
original OPPDIF implementation stored the sparse Jacobian matrix using a banded 
matrix format with upper and lower bandwidths equal to 2𝑀𝑀𝑏𝑏 − 1. This format is 
the most appropriate format supported by the LAPACK24 linear algebra library, 
which was used to directly factor and solve the resulting linear systems (i.e.,  
Eq. 10) during a nonlinear iteration. However, storing a block-tridiagonal system 
with a band matrix format results in a 33% storage overhead. That is, the block-
tridiagonal matrix in Fig. 1a requires 3𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔 storage but the band-matrix equivalent 
(shown in Fig. 1b) requires 4𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔. On each block row (with slight differences at 
the first and last two block rows), zero-filled upper and lower triangular matrices 
must be added to make the underlying system banded. 

           

(a) Block-tridiagonal matrix (b) Banded matrix with    (c) Block-tridiagonal 
(no infill) padding (yellow) and    matrix with pivot in-fill 
 in-fill from pivoting   (yellow) 
 (orange) 

Fig. 1 Matrix sparsity with five mesh points. (a) Exact block-tridiagonal matrix without 
infill. (b) Factored banded matrix with padding (yellow) and pivot in-fill (orange). (c) Exact 
block-tridiagonal matrix with superblock pivot (yellow). 

The storage overhead increases substantially when row pivoting is included in the 
factorization to increase the numerical stability, a necessity in this model. This 
makes the effective storage requirement for the banded matrix format 6𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔 for 
𝑀𝑀𝑏𝑏 ≫ 1 as opposed to only 4𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔 to store the unfactored Jacobian. The extra 
overhead accounts for pivot rows coming from the zero-filled triangular matrices 
(i.e., the padded regions of the banded matrix). Note that the storage requirements 
for direct matrix factorization (banded or dense) with LAPACK make no regard for 
zeros in the system as is done by sparse matrix methods such as SuperLU.25 

A new block-tridiagonal LUP factorization and linear system solver algorithm were 
formulated and implemented to reduce the storage requirement and improve 
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performance. This method is based on Intel Corporation’s Factoring General Block 
Tridiagonal Matrices,26 but extends that method such that a strictly block-
tridiagonal structure is maintained, even with partial row pivoting, reducing the 
storage requirement to only 3𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔, half of that needed with the band matrix 
format. For clarity and comparison, the full algorithm from Intel’s Factoring 
General Block Tridiagonal Matrices26 is presented first. 

In Factoring General Block Tridiagonal Matrices,26 a composite matrix, 𝐷𝐷𝑖𝑖′, is 
formed and factored sequentially and recursively for i = 1 → 𝑁𝑁𝑔𝑔 − 2. The 2 × 3 
rectangular block matrix is defined as 

 𝐷𝐷𝑖𝑖′ = � 𝐷𝐷𝑖𝑖 𝑈𝑈𝑖𝑖 0
𝐿𝐿𝑖𝑖+1 𝐷𝐷𝑖𝑖+1 𝑈𝑈𝑖𝑖+1

� (13) 

where 𝑈𝑈𝑖𝑖, 𝐿𝐿𝑖𝑖, and 𝐷𝐷𝑖𝑖 are the upper, lower, and diagonal blocks on the ith block row. 
Note that the last two block rows (i.e., i = (Ng − 1) → 𝑁𝑁𝑔𝑔) are factorized separately 
as a single square system. The resulting factorization leads a super-diagonal block 
matrix at (𝑖𝑖, 𝑗𝑗 + 2) (i.e., to the right of 𝑈𝑈𝑖𝑖, replacing the null block) and accounts 
for pivot rows coming from the 𝐿𝐿𝑖𝑖+1 lower block matrix. This method ensures that 
the resulting LUP factorization matches that generated by the equivalent dense (or 
banded) algorithm and as such ensures equivalent numerical stability. This 
factorization results in a storage of 4𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔, a 33% improvement over the band 
format with equivalent stability. 

As an optimization, the pivot row search is constrained to only rows on the same 
block row (i.e., only rows in 𝐷𝐷𝑖𝑖). That is, potential pivot rows from 𝐿𝐿𝑖𝑖+1 in Eq. 13 
are not considered. This allows 𝐷𝐷𝑖𝑖 to be factored directly, eliminating the need for 
the super-diagonal block. The resulting factorization remains strictly block 
tridiagonal and reduces the storage to 3𝑀𝑀𝑏𝑏

2𝑁𝑁𝑔𝑔. 

Restricting the pivot search can reduce the numerical stability of the factorization 
compared to Eq. 13. Buttari et al.27 used a similar restricted pivot approach in their 
tiled, parallel LUP factorization of dense matrices and noted that the stability is 
reduced when small tiles are used. (Note, a tile in Buttari et al.27 is equivalent to a 
full block in our method.) While no formal stability can be proven for this method, 
we note that the largest Jacobian terms below the diagonal, which would be selected 
as the pivots, tend to be associated with reaction rates and those terms are only 
within 𝐷𝐷𝑖𝑖. As such, while this method does produce different factorizations than 
with a complete pivot row search, no change in the convergence rate or the matrix 
condition number has been observed. It is also important to recall that the Jacobian 
is only used to drive the system toward convergence and is not part of the solution 
itself. 
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The estimated leading (serial) cost of the three Jacobian factorization methods is 
shown in Table 1. Only the highest power is retained to show scalability trends. See 
the Appendix for further details on the derivation of the cost estimates. 

Table 1 Leading cost estimates for factorization and linear system solve for the banded 
and block-tridiagonal matrix methods 

Method Factorization Linear system solves 
Band matrix 16𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

3 12𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 

Full block-tridiagonal 
matrix 19/3𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

3 8𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 

Strictly block-tridiagonal 
matrix 11/3𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

3 6𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 

 
The full block-tridiagonal LUP factorization following Eq. 13 has a leading time 
cost approximately 2.5 times faster than the original band matrix with in-fill and 
equivalent row pivoting. The strictly block-tridiagonal method reduces the leading 
cost constant by an additional 42%, or nearly 4.4 times faster than using a band 
matrix format during the Jacobian factorization. 

The block-tridiagonal approach is also theoretically more efficient during the 
forward- and backward-substitution phases of the solution of the linear systems due 
to the lack of in-fill and the expanded LUP matrix system. The banded matrix linear 
system solver cost is approximately 50% more expensive than the full block-
tridiagonal LUP solver and twice as expensive as the strictly block-tridiagonal 
variant. While solving the linear systems (with a previously factorized matrix) is 
significantly faster than the matrix factorization and scales quadratically, it still 
constitutes a substantial portion of the overall run-time since it is executed at least 
twice per nonlinear iteration (like the residual function itself) when searching for 
the acceptable damping coefficient via Eq. 11. 

In practice, both block-tridiagonal methods are expected to outperform their 
theoretical advantage over their band matrix counterparts since they can exploit 
optimized dense matrix factorization and multiplication kernels provided by vendor 
math libraries (e.g., Intel’s Math Kernel Library [MKL]28). Further, band matrix 
methods are generally limited to level-1 Basic Linear Algebra Subprograms 
(BLAS) operations (i.e., vector–vector operations) while the dense matrix 
operations in LAPACK can exploit multithreaded dense matrix–vector and matrix–
matrix operations (i.e., matrix–vector and matrix–matrix) that tend to be more 
cache efficient. 

As noted, Jacobian-free (matrix-free) methods exist (e.g., inexact Newton–Krylov) 
and have been used for similar 1-D, steady flame models.9 This avoids the explicit 
assembly and factorization of the Jacobian matrix and instead solves Eq. 10 
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iteratively with a Krylov method and approximates the Jacobian-vector product 
using a form like Eq. 12. Convergence of these methods depends strongly upon 
preconditioning, which itself may require the assembly of a Jacobian-like matrix. 
We have investigated using the KINSOL nonlinear solver library29 within the 
OPPDIF framework. KINSOL provides both modified Newton as well as inexact 
Newton–Krylov methods. However, convergence challenges were encountered due 
to the treatment of constraint conditions. Solution constraints are necessary to 
prevent nonphysical values such as negative species concentrations. It was not 
possible to incorporate OPPDIF’s constraint conditions within the limited 
constraint framework provided by KINSOL to attain efficient solutions. 
Furthermore, simple preconditioners (i.e., not application-specific) were not 
sufficient for the resulting linear system to converge. Both shortcomings require 
further research to resolve. 

4.3 Condition Number Estimation 

TWOPNT reports the condition number of the Jacobian whenever it is formed if a 
nonzero value is provided. The reported value is used only for diagnostic purposes 
and does not impact the solution accuracy. However, generating the estimate can 
be costly. OPPDIF estimates the condition number (or its reciprocal) using the 
LAPACK function DGBCON. According to Intel’s LAPACK documentation,28 the 
iterative method requires “usually 4 or 5 and never more than 11” solutions of the 
linear system in addition to evaluating the 1-norm of the original and factorized 
matrices. Since this is only used for diagnostics, an option has been added to 
OPPDIF to forego the estimation and not report the diagnostic. Hager’s method30 
has also been implemented for when the estimate is desired. The new estimates are 
sufficiently close to those from DGBCON (e.g., within a factor of 10) for diagnostic 
purposes. This method reduces the number of linear solves generally needed to 
estimate the condition number reducing the computational cost. As the linear solver 
algorithms require 𝑛𝑛2 floating-point operations, this savings can be significant as 
the Jacobian matrix size increases. 
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5. Results and Discussion 

This section presents a set of benchmarks to demonstrate the performance 
improvements and scalability of the four proposed parallelization and factorization 
methods. Enumerated, these are as follows: 

1) Hager’s method for the condition number estimation. 

2) Using a block-tridiagonal matrix storage format and factorization method. 

3) Restricting row pivoting to rows within the same diagonal block. 

4) And, splitting the residual function into spatial and nonspatial terms to avoid 
redundant computations when approximating the Jacobian with finite 
differences. 

These four optimizations are applied to the same model and input conditions for 
repeatability. For this work, an opposed-flow diffusion flame stabilized above an 
HTPB fuel grain is modeled following the experimental setup of McDonald et al.31 
A single oxidizer flow rate (5.5 L/min) and a single composition (100% 𝑂𝑂2) were 
selected from that study. 

We used the full EODT as well as two smaller reduced versions to determine the 
performance impact and scalability of the optimization methods. The number of 
species and reactions for each mechanism is listed in Table 2. With the full 
mechanism, 343 mesh points were required to satisfy the mesh gradient and 
curvature requirements. Slightly fewer points where required for the reduced 
mechanisms. Adaptivity was disabled for this benchmark so that all tests used the 
same mesh size. 

Table 2 EODT mechanism sizes and mesh resolution used in benchmarks 

Mechanism Species Reactions Points 
Full 1,373 5,790 343 
S813 813 2,800 323 
S600 600 1,283 312 

 
To mimic the behavior of a CYCLOPS calculation, the benchmark was restarted 
from a previously converged solution with a small perturbation applied to the fuel 
boundary velocity. OPPDIF was run for 100 pseudo-time steps and then the steady 
Newton solver was run to convergence. A new (unsteady) Jacobian is evaluated 
ever 10 pseudo-time steps and each step required only one iteration. Two nonlinear 
iterations were required to solve the steady solver to the tolerances. In total, the 
Jacobian was assembled and factorized 11 times; the linear system was solved 202 
times; and the residual function was evaluated 314 times. Note that the number of 
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residual function evaluations does not include those needed to approximate the 
Jacobian matrix. 

The benchmark was conducted on a single compute node on the Koehr system32 at 
the US Navy Defense Shared Resource Center (DSRC). Each node has two Intel 
Xeon Skylake 8168 (platinum) processors with 24 cores and 170 GB of memory. 
Parallel benchmarks used up to 48 cores with OpenMP thread parallelism with one 
thread per code. 

The OPPDIF code is compiled using the Intel Parallel Studio (XE) 2019 (version 
19.0.4.243) compiler suite with default optimization (i.e., -O2). All LAPACK (and 
BLAS) matrix and vector operation function calls link with the external MKL 
implementations. The MKL release matched the compiler suite version. 

Figure 2 shows the net run-time for the full and reduced (S600) versions of the 
EODT mechanism with the baseline, banded-matrix-based formulation (i.e., from 
Stone22) and the four optimizations, cumulatively applied, with 24 cores on the 
same CPU.† The major function run-times are also shown to highlight the 
individual contributions of each method. The very high cost of the Jacobian 
operations is evident; combined, the assembly, factorization, condition number, and 
linear solver operations account for over 95% of the run-time with the full and 
smaller S600 mechanisms. The condition number estimation is seen to take 
between 19% and 29% of the run-time with the proportional cost increasing as the 
mechanism size decreases. The linear solver also has the same quadratic cost 
scaling and follows the same proportional cost trend (i.e., 27%–39% from largest 
to smallest). 

 

 
†Faster run-times can be attained using all 48 cores with both processors, but the run-to-run 
variability was higher than when isolating to within a single processor due to nonlocal memory 
accesses. A single processor was used to highlight the function cost improvements.  
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(a) Full 

 
(b) S600 

Fig. 2 Total run-time and function breakdown for OPPDIF simulation with the (a) full and 
(b) reduced (S600) EODT mechanisms using the baseline parallel algorithm and the four 
optimizations. Optimizations are applied cumulatively. 

The new condition number estimation method is approximately 3 times faster than 
the baseline LAPACK version (i.e., between 3.0 and 3.3 times faster across the 
mechanism sizes). The new estimation method requires only 1–2 linear solver 
operations, several times fewer than the baseline version. As the linear solver 
operations are the dominant cost of this operation, this translates into significant 
run-time savings. The net savings for the full mechanism was 12.4% and 15.9% for 
the S600 mechanism. 

The new block-tridiagonal matrix storage and factorization provided a much larger 
cost savings, the largest of all the optimizations. For the full mechanism, the cost 
was reduced by more than 50% over the baseline solver. The savings are seen both 
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in the factorization (3.4×) and linear solver phases (4.6×) compared to the baseline 
format and implementations. When limiting pivot rows to only the diagonal blocks 
(i.e., strictly block tridiagonal), the overall run-time is reduced by an additional 
6.2%. The extra savings derive mostly from the factorization (2.8×) phase, but the 
linear solver is also improved by 15%. 

With the smaller S600 mechanism, the overall savings with the strictly block-
tridiagonal method is 44% over the baseline banded matrix. The factorization phase 
has a proportionally smaller cost than the linear solver phase with the small matrix, 
which may be explained by the cubic versus the quadratic cost scaling (i.e., the 
factorization savings with smaller matrix size scale cubically, too). 

As anticipated, the realized gains for the block matrix factorization methods 
significantly exceeded their theoretical advantage shown in Table 1 due to 
improved parallelism over the band matrix methods. Analyzing the measured serial 
run-time cost (i.e., 1 thread) with the S600 mechanism showed that the strictly 
block-tridiagonal method was 82% faster than the full block-tridiagonal method 
and the full block-tridiagonal method was 67% faster than the banded matrix 
method. This is less than the theoretical scaling advantage. This discrepancy could 
be due to additional data movement overhead (i.e., copy in/out) required to 
temporarily form the intermediate matrix 𝐷𝐷𝑖𝑖’ in Eq. 13. 

The final optimization involves avoiding redundant computation when 
approximating the Jacobian with finite difference by splitting the assembly into two 
steps as detailed previously. This optimization reduces the run-time between 2.5 
and 2.3 times for the largest and smallest mechanisms. As noted, this method is 
constrained to improving the Jacobian assembly cost by up to 3 times in the limit 
of overwhelmingly costly reaction rate terms compared to all other residual terms. 
Overall, this final optimization improved the net run-time by 11% and 8% for the 
large and small mechanism, respectively. 

When combined, the four optimizations improve the run-time by 5.0 and 3.1 times 
on the large and small mechanism, respectively, using a single CPU with 24 cores. 
While not shown in Fig. 2, the net improvement increases to 3.8, 4.1, and 5.8 times 
when using the full compute node (i.e., both CPUs) with the small, medium, and 
large mechanisms, respectively. The higher impact on the larger mechanisms is due 
to the larger proportional cost of matrix factorization and linear system solver 
operations but also to improved parallel scalability of these methods. 

The overall parallel run-time speedup (𝑆𝑆𝑝𝑝) is shown in Fig. 3. 𝑆𝑆𝑝𝑝 is defined as 

 𝑆𝑆𝑝𝑝 = 𝑇𝑇1
𝑇𝑇𝑝𝑝

 (14) 
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where 𝑇𝑇1 is the run-time when using 1 core and 𝑇𝑇𝑝𝑝 is the run-time with 𝑝𝑝 cores. The 
ideal speedup (𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) is shown for comparison where 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑝𝑝. For all three 
mechanisms, the original banded-matrix method results in the lowest scalability 
achieving less than 16% efficiency where efficiency (𝐸𝐸𝑝𝑝) is defined as 

 𝐸𝐸𝑝𝑝 = 𝑆𝑆𝑝𝑝
𝑝𝑝

 (15) 

 
(a) Full 

 
(b) S813 

 
(c) S600 

Fig. 3 Parallel speedup for OPPDIF simulation with the (a) full, (b) medium (S813), and 
(c) small (S600) mechanisms with the four optimizations 
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Ideal speedup (as defined) may be unattainable on modern CPUs due to dynamic 
frequency scaling (i.e., throttling) in which core frequencies are increased or 
decreased to manage temperatures while maximizing single-core performance. In 
this scenario, the core frequency when using only one core may be higher than 
when using many (or all) cores leading to a drop in realized parallel efficiency 
though this decrease may not be due entirely to implementation inefficiencies (i.e., 
Amdahl’s law effects). This technology is available on the present system; 
however, the extent of the impact is difficult to discern. 

As a test, the speedup of the Jacobian assembly with the full EODT mechanism was 
analyzed. This operation should exhibit the best scalability in the current algorithm 
due to its high computational cost, large loop operation count (i.e., well balanced 
across threads), and minimal thread synchronization overhead. 𝑆𝑆𝑝𝑝 > 45 (i.e., 𝐸𝐸𝑝𝑝 >
94%) was measured with all 48 cores using the original assembly method.‡ With 
only one CPU (i.e., 24 cores), the efficiency exceeded 96%. From this, it appears 
that frequency throttling does not have a significant impact on the present system 
and loss of scalability should be attributed to the application’s (and the 
implementation’s) parallel overhead. 

Returning to Fig. 3, 𝑆𝑆𝑝𝑝 using the original banded-matrix method (with and without 
the new condition number method) shows a significant drop compared to using the 
new block-tridiagonal method. The culprit for this poor scalability is the linear 
solver operation, which achieved no parallelism (i.e., 𝑆𝑆𝑝𝑝 ≤ 1) for all 𝑝𝑝. While 
accounting for only 4% of the net run-time in the serial case with the baseline 
implementation, it limits 𝑆𝑆𝑝𝑝 to less than 25 times, per Amdahl’s law. With zero 
scalability, its proportional cost increases to over 25% of the overall run-time. With 
the strictly block-tridiagonal method, the linear solver is 5% of the run-time serially 
but achieves up to 2.5-times speedup, which, while small, reduces the negative 
impact. The factorization scalability of the banded matrix method was less than 7 
times on the full compute node and increased to over 12 times with the strictly 
block-tridiagonal method. From both the linear solver and factorization costs it is 
evident that the block-tridiagonal method provided the scalability improvements 
observed in Fig. 3 for the full mechanism. 

As a final remark on the scalability, it must be noted that the split Jacobian method 
reduces the realized speedup, especially when using both CPUs. As noted earlier, 
this method improves the overall performance significantly; however, it reduces the 

 
‡Note, the efficiency of the Jacobian assembly dropped to 87% when using the splitting approach 
due to an increase in thread synchronization (necessary to avoid race conditions between the two 
phases) and an overall reduction in computational cost. However, this method, as shown, was 
significantly faster overall. 
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cost of the most scalable operation (i.e., the Jacobian assembly)—thus, 
accentuating the remaining, and less scalable operations, particularly the linear 
solver operations, which become the dominant cost accounting for over 50% of the 
run-time for all three mechanisms. For the two small mechanisms, this, coupled 
with the very negative scalability of the linear solver method across multiple CPUs 
(i.e., spanning memory regions) leads to negative overall scalability and limits the 
OPPDIF application to a single CPU for efficient execution. 

6. Summary and Conclusions 

A new matrix factorization method was introduced for block-tridiagonal matrix 
systems. This was applied to the opposed-flow diffusion flame model, OPPDIF, 
using a finite-rate chemical kinetics mechanism to model the decomposition and 
combustion of EODT in pure oxygen at atmospheric pressure and temperature. A 
variant of the block-tridiagonal matrix method was introduced that restricted the 
pivot row search such that the resulting factorized matrix retained a block-
tridiagonal structure. That is, it does not incur in-fill due to row pivoting. This 
variant reduced the overall memory storage requirement by 50% compared to the 
original method using a banded matrix format and was possible (and stable) since 
the dominant terms (attributed to reaction rates) tend to cluster in the diagonal block 
matrices. 

When combined with a new estimation for the Jacobian-matrix condition number 
using Hager’s method and a faster Jacobian assembly method that eliminated 
redundant computation, the net performance of the flame solver was improved (i.e., 
the run-time reduced) by a factor of 5 for the largest (full) mechanism with 1,373 
species and 3.15 with the smallest mechanism with only 600 species. 

The parallel scalability was also improved by over a factor of two with the largest 
mechanism leading to more effective use of HPC resources in addition to an overall 
reduction in run-time. It was shown that a key factor in improving the scalability 
was achieving positive scaling with the linear system solver using the block 
tridiagonal and strictly block-tridiagonal variant. 

While the new factorization methods were demonstrated in the OPPDIF flame 
model, block-tridiagonal matrices occur frequently in combustion models (e.g., 
burner stabilized premixed flames) and more broadly in computational models of 
1-D, multivariable physical systems. The strictly block-tridiagonal method could 
be directly implemented in similar 1-D combustion models in the Cantera library.4 
Cantera does not support multithreaded parallelism as used here; however, the 
performance could be improved by accelerating the matrix factorization and linear 
solver operations alone as those are external to Cantera itself (e.g., a library function 
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call as done here). The factorization and linear solver functional costs accounted 
for 29% of the baseline serial run-time using the full EODT mechanism in OPPDIF. 
Assuming the major operations have comparable costs, replacing only the Jacobian 
factorization and linear system solver operations with the parallel to strictly block-
tridiagonal implementation would reduce the overall run-time by 40% using 24 
cores. Additionally, this would reduce the memory usage by 50% allowing larger 
models to be simulated. 
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Appendix. Complexity Analysis 
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The computational cost of the band matrix and the two block-tridiagonal matrix 
factorization methods are approximated here. The cost is approximated as the 
number of floating-point operations with all operations counted equally; that is, 
addition, subtraction, multiplication, and division operations are given the same 
cost factor of 1. 

All three factorization and linear solver implementations rely on LAPACK 
subroutines internally to perform dense matrix operations. Table A-1 lists the cost 
estimates for these core functions based on reference implementations of LAPACK 
kernels from Netlib.§ 

Table A-1 Cost estimates for LAPACK matrix operations used by band and block matrix 
factorization and linear solve methods 

Function Description Cost 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀,𝑁𝑁) 
Lower–upper factorize dense 
matrix with 𝑀𝑀 rows and 𝑁𝑁 
columns with 𝑀𝑀 ≤ 𝑁𝑁 

[𝑀𝑀2𝑁𝑁 − 1/3𝑀𝑀3 −𝑀𝑀𝑀𝑀 + 1/3𝑀𝑀]
+ 1/2[𝑀𝑀2 −𝑀𝑀] 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀,𝑁𝑁,𝐾𝐾) Multiple two dense matrices of 
sizes 𝑀𝑀 𝑥𝑥 𝐾𝐾 and 𝐾𝐾 𝑥𝑥 𝑁𝑁 𝑁𝑁[𝑀𝑀 + 2𝐾𝐾𝐾𝐾] 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀,𝑁𝑁) 
Solve upper or lower triangular 
system of a dense matrix with 
𝑀𝑀 rows and 𝑁𝑁 columns 

1/2𝑀𝑀𝑀𝑀[𝑀𝑀 + 1] 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀,𝐾𝐾) 
Solve upper or lower triangular 
system of a band matrix with 𝑀𝑀 
rows and bandwidth 𝐾𝐾 

2𝑀𝑀[𝐾𝐾 − 1] 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀,𝑁𝑁) 

Perform rank-1 update 𝐴𝐴 = 𝐴𝐴 +
α𝑥𝑥𝑦𝑦𝑇𝑇 on matrix with 𝑀𝑀 rows 
and 𝑁𝑁 columns and vectors with 
length 𝑀𝑀 𝑥𝑥 1 and 𝑁𝑁 𝑥𝑥 1 

𝑁𝑁[1 + 2𝑀𝑀] 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆(𝑀𝑀) Scale a vector of length 𝑀𝑀 𝑀𝑀 
 
Band matrix factorization uses the LAPACK function DGBTRF to factor a matrix 
with 𝑀𝑀 rows, 𝑁𝑁 columns, and lower and upper bandwidths 𝐾𝐾𝐾𝐾 and 𝐾𝐾𝐾𝐾, 
respectively. For OPPDIF, the Jacobian matrix is square with 𝑀𝑀 = 𝑁𝑁 = 𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 and 
𝐾𝐾𝐾𝐾 = 𝐾𝐾𝐾𝐾 = 𝐾𝐾 = 2𝑀𝑀𝑏𝑏 − 1. Since 𝑁𝑁𝑔𝑔 ≫ 1, we can ignore complicated analysis 
near the top and bottom of the matrix. That is, we shall not account for nonuniform 
costs for rows 𝑗𝑗 < K and 𝑗𝑗 > 𝑀𝑀 − K (where 𝑗𝑗 is the row index) and instead treat all 
rows uniformly. With this simplification, the factorization cost per row is 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆(𝐾𝐾) + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 2𝐾𝐾) = 𝐾𝐾 + 2𝐾𝐾[1 + 2𝐾𝐾] = 3𝐾𝐾 + 4𝐾𝐾2 . (A-1) 

Expanding with the Eq. A-1 definitions leads to the following cost estimate for band 
matrix factorization: 

 
§Netlib LAPACK. [accessed 2024 Mar 25]. https://netlib.org/lapack/   

https://netlib.org/lapack/
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𝑁𝑁𝑔𝑔[16𝑀𝑀𝑏𝑏
3 − 10𝑀𝑀𝑏𝑏

2 + 𝑀𝑀𝑏𝑏] ≈ 16𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
3 . (A-2) 

The band matrix linear system solve cost is approximately 12𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 of which 2/3 

of the cost is in the backward substitution phase. 

We use the same simplification for the block matrix methods as for the (scalar) 
band matrix and ignore the special costs on the first and last few block rows. Thus, 
the full block-tridiagonal matrix factorization cost per block row, with block size 
𝐾𝐾, is 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(2𝐾𝐾,𝐾𝐾) + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 2𝐾𝐾) + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 2𝐾𝐾,𝐾𝐾)
= 19/3𝐾𝐾3 + 3𝐾𝐾2 − 1/2𝐾𝐾 . (A-3) 

Expanding, this leads to the overall leading cost of 

𝑁𝑁𝑔𝑔[19/3𝑀𝑀𝑏𝑏
3 + 3𝑀𝑀𝑏𝑏

2 − 1/2𝑀𝑀𝑏𝑏] ≈ 19/3𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
3 . (A-4) 

Similarly, the strictly block-tridiagonal factorization method has a cost per block 
row of 

DGETRF(𝐾𝐾,𝐾𝐾) + 2 DTRSM(𝐾𝐾,𝐾𝐾) + DGEMM(𝐾𝐾,𝐾𝐾,𝐾𝐾)
= 11/3𝐾𝐾3 + 3/2𝐾𝐾2 − 1/6K . (A-5) 

Expanding, this leads to the overall leading cost of 

𝑁𝑁𝑔𝑔[11/3𝑀𝑀𝑏𝑏
3 + 3/2𝑀𝑀𝑏𝑏

2 − 1/6𝑀𝑀𝑏𝑏] ≈ 11/3𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
3 . (A-6) 

The linear system solve for the three methods is found in similar fashion. For a 
band matrix with 𝑀𝑀 rows, and bandwidth 𝐾𝐾, the cost of the DGBTRS function is 
approximately: 

[𝑀𝑀]𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 1) + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀, 2𝐾𝐾) = 𝑀𝑀[1 + 2𝐾𝐾] + 2𝑀𝑀[2𝐾𝐾 − 1]
= 6𝑀𝑀𝑀𝑀 −𝑀𝑀 .                                                 (A-7) 

Expanding, with 𝑀𝑀 = 𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 and 𝐾𝐾 = 2𝑀𝑀𝑏𝑏 − 1 leads to the overall leading cost of 

6𝑁𝑁𝑔𝑔Mb[2Mb − 1] − NgMb = 12𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 − 7𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 ≈ 12𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

2 . (A-8) 

The full block-tridiagonal linear system solve cost per block row is approximately 

[2]𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 1) + [3]𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 1,𝐾𝐾) = 2[𝐾𝐾2 + 𝐾𝐾] + 3[𝐾𝐾 + 2𝐾𝐾2]
= 8𝐾𝐾2 + 5𝐾𝐾 . (A-9) 

Expanding, with 𝑁𝑁𝑔𝑔 block rows and 𝐾𝐾 = 𝑀𝑀𝑏𝑏 leads to the overall leading cost of 

𝑁𝑁𝑔𝑔�8𝑀𝑀𝑏𝑏
2 + 5𝑀𝑀𝑏𝑏� = 8𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

2 − 5𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 ≈ 8𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 . (A-10) 

Finally, the strictly block-tridiagonal linear system solve cost per block row is 
approximately 
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[2]𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 1) + [2]𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝐾𝐾, 1,𝐾𝐾) = 2[𝐾𝐾2 + 𝐾𝐾] + 2[𝐾𝐾 + 2𝐾𝐾2]
= 6𝐾𝐾2 + 4𝐾𝐾 , (A-11) 

which leads to an overall leading cost of 

𝑁𝑁𝑔𝑔�6𝑀𝑀𝑏𝑏
2 + 4𝑀𝑀𝑏𝑏� = 6𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏

2 − 4𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏 ≈ 6𝑁𝑁𝑔𝑔𝑀𝑀𝑏𝑏
2 . (A-12) 

  



 

30 

List of Symbols, Abbreviations, and Acronyms 

1-/2-/3-D  one-/two-/three-dimensional 

ARL  Army Research Laboratory 

BLAS  Basic Linear Algebra Subprograms 

CPU  computer processing unit 

DEVCOM  US Army Combat Capabilities Development Command 

DOD  Department of Defense 

DSRC  Defense Shared Resource Center 

EODT  6-ethenyl-2,8,12,16-octadecetetraene 

GB  gigabyte 

HPC  high-performance computing 

HTPB  hydroxyl-terminated polybutadiene 

JFNK  Jacobian-free Newton–Krylov (method) 

LUP  lower–upper matrix factorization with row pivoting 

MKL  Math Kernel Library 

NP  nascent product 

OPDF  opposed-flow diffusion flame 

SMILES  Simplified Molecular Input Line Entry System 

TMM  trial mechanism method 
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