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Three-dimensional twistronic photogalvanic effect from spiral lattice-photon momentum 
interactions 
 
Recent studies of twisted moire systems have elucidated the exquisite effect of quantum geometry 
of the electronic bands on their measured properties as well as the discovery of new correlated 
phases determined by the twist angle between 2D layers. While these remarkable discoveries 
demonstrate the versatility of creating new quantum states arising from the twist degree of 
freedom, most studies have been limited to only a few layers where the system remains in the quasi 
2D limit. The idea of twistronics generalized to its 3D limit when the twist between the adjacent 
layers forms a periodic pattern in the third dimension has not been experimentally realized, due to 
the constraints in manually stacking the 2D layers with precise control. An important question is, 
if light-matter interactions in 3D helical solid state structures changes fundamentally owing to the 
lattice lengthscales and sample thickness becoming comparable to optical wavelengths and if the 
structural helicity influences these interactions. Here we report nonlinear optical Hall effect in self-
assembled supertwisted WS2 system formed by natural screw-dislocation-driven mechanisms with 
a nonsymmorphic screw symmetry. The polarity of optical Hall current reflects the structural 
chirality of the supertwisted system, and an unusual photon-momentum dependence of the 
nonlinear optical response when electrons are modulated by the moire potential is observed. 
Furthermore, signatures of thickness-dependent exciton-polariton and the associated strong photon 
momentum-lattice interaction dependent photocurrent response are found, which suggest a 
fundamentally altered light-matter interaction in this 3D moire system. Our microscopic theory 
explains the origin of the photon momentum dependent optical response, revealing new 
observables of the system beyond Berry curvature and other widely explored band geometrical 
quantities. Our study not only connects 2D and 3D twistronics, but also provides a seamless bridge 
connecting the electrons and photons by overriding their significant length scale differences in 
conventional systems and demonstrates the versatility of 3D moire systems for exploring hidden 
light–matter interaction phenomena in condensed matter systems, which is of great importance in 
realizing extreme optical nonlinearities and versatile quantum simulators for future quantum 
nanophotonic devices. 
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Fig. 1 Supertwisted WSe2 system. a) AFM image of the WSe2 supertwisted flake. Peak thickness is ~80 nm.
b) Reflectance spectrum at spot 1 (thickness ~5 nm, top) showing dominant intralayer A-exciton peak and at spot 2
(thickness ~80 nm) bottom) also showing a dominant interlayer exciton.

c) Schematic of the supertwisted WSe2 system showing interlayer excitonic correlations.
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Fig. 3  Chirality and strong light-matter 
interaction in supertwisted WSe2 system. 
a) Schematic of the supertwisted system 
with opposite structural chirality. b) 
Strong nonlinear Hall coefficient showing 
opposite magnitude for structurally chiral 
systems. The origin of optical chirality is 
due to the pseudomagnetic field due to 
structural chirality which produces a 
strong optical Hall effect.  c) Optical image 
of  the device. d) Nonlinear Optical hall 
Voltage as a function of device thickness 
(arrow shows scan direction in c). Strong 
polaritonic splitting of the excitonic peaks 
are observed demonstrating extremely 
large nonlinearities and strong light-
matter coupling in twisted moire systems.



104 Chapter 4. Opto-twistronics in Van der Waals multilayers

“twistronic” systems in general and could also be utilized for designing efficient SHG crystals over

a broad range of wavelengths and their potential applications as novel nonlinear media for device

applications.

4.2 The role of photon momentum in nonlinear optical responses

4.2.1 Identifying sources of the photogalvanic effect

FIGURE 4.4: Left: Photovoltage measured at different angles of incidence; Right: CPGE voltage
and normalized conductivity as a function of incident wavelength.

As shown in Fig. 4.4, in our setup, the incident beam can be characterized by a polar angle φ,

an azimuthal angle α within the 2D plane, and the quarter wave plate angle θ (with respect to its

fast axis).

We measured photovoltage response from the quasi-2D, spiral WS2 samples. Explicitly, on a

same sample, we measured at three incidence angles, φ = 0o, φ = −30o, φ = 30o (left figure).

Then, by comparing the photovoltages obtained at quarter wave plate angles θ = 45o (LCP) and θ =

135o (RCP), circular photogalvanic effect (CPGE) current was extracted. CPGE current adopted a

same sign at φ = ±30o, while at φ = 0o, its amplitude was much smaller. On the same device, we



4.2. The role of photon momentum in nonlinear optical responses 105

found a peak of CPGE conductivity near the A-exciton frequency of WS2 (right figure). The trend

of CPGE current amplitude changing with incidence angle φ appears to contradict the symmetry

arguments of CPGE in WS2. In order to explain this phenomenon, in the following sections, the

possible sources of CPGE will be identified, and microscopic models will be discussed.

Let’s consider the case of a 2D material illuminated by a monochromatic light source, with

electric field defined as the plane wave

Ei(r, t) = Eie
(iq·r−ωt) + c.c. (4.9)

where indicies i, j and k represent the Cartesian coordinates, ω is the angular frequency, and q is

the wave vector. Following the definitions in the last section, the incident beam can be characterized

by a polar angle φ, an azimuthal angle α with the 2D plane, and the quarter wave plate angle θ (with

respect to its fast axis). Then, the carried photon momentum can then be written as q,

q = −q(sinφ cosα, sinφ sinα, cosφ) (4.10)

and the electric field would be,

E =


−i sinα sin 2θ + (1− i cos 2θ) cosφ cosα

i cosα sin 2θ + (1− i cos 2θ) cosφ sinα

−(1− i cos 2θ) sinφ

E0 (4.11)

For discussion on circularly polarized light, we write the pseudo-vector E ×E∗ as,

E ×E∗ =


−2i cosα sin 2θ sinφ

−2i sinα sin 2θ sinφ

−2i sin 2θ cosφ

E2
0 (4.12)
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By doing a Taylor expansion over the wavevector q, we can write JDCl as,

JDCl = σ
(2)
ljk(ω, q)EjE

∗
k = κljk(ω)EjE

∗
k + Tljkµ(ω)qµEjE

∗
k (4.13)

Here we focus on distinguishing the first, q(0) term (regular photogalvanic effect) from the second,

q(1) term.

The photogalvanic current independent of q can be divided into two parts as follows,

J
DC,(0)
l = κsymljk (ω)EjE

∗
k + κantisymljk (ω)EjE

∗
k = J

LPGE,(0)
l + J

CPGE,(0)
l (4.14)

where the Levi-Civita tensor εsjk can be used to contract κantisymljk to only one pseudo vector index,

∑
jk

κantisymljk (ω)(EjE
∗
k − EkE∗j ) = i

∑
sjk

2γlsεsjk(EjE
∗
k − EkE∗j ) = i

∑
s

γls(E × E∗)s (4.15)

where γls is a second order pseudo-tensor and l and s stand for Cartesian coordinates. Then,

J
CPGE,(0)
l can be expressed as,

J
CPGE,(0)
l = i

∑
j

γij(E × E∗)j (4.16)

In a similar fashion, for JCPGE,(1)
l we get,

J
CPGE,(0)
l = i

∑
jk

Tijkqj(E × E∗)k (4.17)

A free standing 1L-TMDC system (2H phase) has a D3h symmetry. The x-y mirror plane can be

sometimes broken by the substrate, reducing its symmetry to C3v. Here we consider the constraints

on photocurrent tensors under these two circumstances.
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D3h symmetry

The scenario of an ideal crystal has three symmetry operations, a 2π/3 rotation,

R =


cos(2π/3) sin(2π/3) 0

cos(2π/3) sin(2π/3) 0

0 0 1

 (4.18)

(E ×E∗) becomes R(E ×E∗) and jCPGE becomes RjCPGE , thus we obtain,

Rγ = γR (4.19)

On the other hand, imposing that, for a transverse EM wave, (E × E∗) and q should be parallel

with each other, we get qj(E×E∗)k = qk(E×E∗)j . Then, by imposing jCPGE,(1) = RjCPGE,(1)

under the 2π/3 rotation, we get,

TµijRikqkRjl(E × E∗)l = Tµijqi(E × E∗)j (4.20)

From each qi(E × E∗)j , we have,

Txzz = 0;Txyy = −Txxx;Tyxx =

√
3

2
Txxx;Tyxy + Tyyx = −2Txxx;

Tyxz + Tyzx = −(Txyz + Txzy);Tyyz + Tyzy = Txxz + Txzx;Txyy = −1

2
(Txxy + Txyx);

Tzxz + Tzzx = Tyyz + Tyzy = Tzxy + Tzyx = 0;Tzyy = Tzxx

(4.21)

Another constriant is given by the mirror symmetries,

M =


cos(2ψ) sin(2ψ) 0

sin(2ψ) − cos(2ψ) 0

0 0 1

 (4.22)
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whereψ is defined as the angle between its mirror plane and the x axis. As a pseudo-vector, (E×E∗)

becomes −M(E × E∗). JCPGE becomes MJCPGE . Therefore, we obtain,

Mγ = −γM (4.23)

Combining these two constraints, we find,

γ =


0 γxy 0

−γxy 0 0

0 0 0

 (4.24)

However, the mirror plane in the xy plane,

σz =


1 0 0

0 1 0

0 0 −1

 (4.25)

requires γxy = 0. As a result, JCPGE,(0) contribution cancels out for the D3h symmetry. For

JCPGE,(1), the additional mirror, σz does not have further constraints, so it reads,

jCPGE,(1) = i(Tyxz + Tyzx)qz


−(E × E∗)y

(E × E∗)x

0

 ∝

− sinα sin 2θ sin 2φ

cosα sin 2θ sin 2φ

0

 (4.26)

In conclusion, under D3h, JCPGE,(0) vanishes, and JCPGE,(1) changes sign upon switching the

incident angle from φ to −φ.
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C3v symmetry

As discussed above, JCPGE,(0) adopts the form,

jCPGE,(0) = i


0 γxy 0

−γxy 0 0

0 0 0

 (E ×E∗) ∝


− sinα sin 2θ sinφ

cosα sin 2θ sinφ

0

 (4.27)

which means it has a sin(φ) dependence. JCPGE,(1) has the same form as in the case of D3h

symmetry.

Now we consider the geometry of a spiral stack of TMDC layers, with twist angles ∼ 0.5 deg

between each neighboring layers, and a total twist angle < 20 deg. This system has a chiral point

group, C3. This is distinct from regular Bernel stacking of TMDC, which has a bulk symmetry of

D6h.

C3 symmetry

The absence of mirror symmetry M in this case allows more independent parameters in γij , and

JCPGE,(0) takes the form,

γ =


γxx γxy 0

−γxy γxx 0

0 0 γzz

 (4.28)

jCPGE,(0) = i


γxx γxy 0

−γxy γxx 0

0 0 γzz

 (E×E∗) ∝


cosα sin 2θ sinφγxx + sinα sin 2θ sinφγxy

− cosα sin 2θ sinφγxy + sinα sin 2θ sinφγxx

sin 2θ cosφγzz


(4.29)

Therefore, upon the reduction of mirror symmetry, JCPGE,(0) still has sin(φ) dependence.
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On the other hand, more tensor elements in Tijkl are allowed for JCPGE,(1), e.g., Tyzx, Tyxy.

The complete form of the in-plane photocurrent response reads,

jCPGE,(1)
x ∝ sin(2θ){(Txxx(sin 2α+ cos 2α) sin2 φ+ [(Txyz + Txzy) sinα+

(Txxz + Txzx) cosα] sin 2φ}

jCPGE,(1)
y ∝ sin(2θ){(Txxx(

√
3

2
cos2 α− sin 2α) sin2 φ+ [−(Txyz + Txzy) cosα+

(Txxz + Txzx) sinα] sin 2φ}

(4.30)

Here, we find that JCPGE,(1) has a sin2(φ) part, which can be distinguished from the angular

dependence (same sign at φ and −φ) from all other terms.

Furthermore, this term is only dependent on the in-plane photon momentum, and originates

directly from the twisted stacking induced mirror symmetry breaking. A prove is as follows, q

becomes Mq, E × E∗ becomes −M(E × E∗), j becomes Mj, so tensor element in T with

subscripts in the same direction, i.e., Tiii would vanish, if there is a mirror perpendicular to it, i.e.,

Mj with εij = 0.

Cs symmetry

Consider the case where the rotation symmetry of spiral TMDC stack is extrinsically broken by

strain, in-plane fields, all the tensor elements in γij describing JCPGE,(0) will be nonzero. Espe-

cially, γxz and γyz will lead to terms dependent on cosφ. However, the angular dependence of

E ×E∗, which is proportional to either cosφ or sinφ, determines that the symmetric-of-φ part of

JCPGE,(0) would reach its maximum at normal incidence. In comparison, JCPGE,(1) ∼ sin2(φ)

vanishes at normal incidence and increases with φ. Consequently, external symmetry breaking in-

duced JCPGE,(0) can be distinguished from JCPGE,(1) by this characteristic.

From the data shown in Fig. 1, where CPGE at ±φ are of the same sign, and becomes much

smaller at normal incidence, proves the existence of JCPGE,(1), and especially the part of JCPGE,(1)

that is not allowed in C3v monolayer WS2, nor in D3h WS2 multilayers, but appears only in the C3

spiral stack.
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There are many phenomena that arise from the breaking of degeneracy between left and right

circularly polarized light in media, including rotation of polarization with propagation, e.g., optical

activity, Faraday effect, and upon reflection, e.g., Kerr effect. Those phenomena are regarded as the

most unambiguous and sensitive tools to probe symmetry breaking in condensed matter.

The optical gyrotropy is described by a first order in q expansion of an antisymmetric tensor

Γij = −Γji,

Γij(q) = Γij(0) + Γijlql + ... (4.31)

The gryotropic magnetic effect (GME) coefficient can be written as a rank-two linear combination

of optical gyrotropy tensor, e.g., αxx = − i
2Γyzx + i

2Γxyz + i
2Γxzy. It describes the rotation of

polarization plane of light perpendicular to the quasi-2D slab.

Here, jCPGE,(1) is a nonlinear optical analogue of GME, for its linear dependence on q. It char-

acterizes a dc current flowing perpendicular to the polarization plane of light, and its geometrical

origin (stacking induced symmetry breaking) is reflected in its dependence on the photon momen-

tum (incident angle).

4.2.2 Microscopic interpretation of optical responses in quasi-2D stacks

The tight binding Hamiltonian of a n-layer spiral stack can be written as,

H =
n∑
l=1

Hl +
n∑
l=1

(Hl+1,l +Hl,l+1) (4.32)

where Hl(l = 1, ..., n) describe the isolated layers, and Hl,l′ describe the hopping of electrons

from layer l′ to layer l, which has Hl,l′ = H†l,l′ is the unperturbed Hamiltonian. The assumption

here is only closest layers are coupled to each other, because of the exponential suppression of the

hopping integrals with distance.
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Within each layer l, the Hamiltonian could be written as

Hl =
∑

Rlα,R
′
lα′

hllαα′(Rl,Rl′)c
†
l,Rl,α

cl,R′
l,α′

(4.33)

where hllαα′ are hopping parameters, c and c† are the creation and annihilation operator.

Between layer l and l′, the interlayer Hamilonian reads

Hl,l′ =
∑

Rlα,R
′
l′β

hll
′
αβ(Rl,Rl′)c

†
l,Rl,α

cl′,Rl′,β
(4.34)

where hll
′
αβ are interlayer hopping terms.

The quasi-2D system is periodic and infinite in the (x,y) plane, but has open boundary in ẑ

direction. Since the tight-binding Hamiltonian of a quasi-2D stack can be expanded under maxi-

mally localized Wannier functions |Rlα〉, where the positionRlα runs over all orbital α in the layer

l(= 1..n), N is the number of monolayer unit cells in the whole system. The position operator is

diagonalized in the Wannier basis as r̂ |Rlα〉 = rlα |Rlα〉. The Bloch and Wannier functions are

related by [10],

|klα〉 =
1√
N

∑
R

eik·rlα |Rlα〉 (4.35)

where k = (kx, ky) is the two-dimensional Bloch wave vector. Therefore, the ẑ operator is well-

defined in the Bloch basis. With cell-periodic wave function ukn(r), the effective velocity operator

v̂z can be written as,

(v̂z)nm = 〈ukn| v̂z |ukm〉 = 〈ukn|
1

ih̄
[H, ẑ] |ukm〉 =

i

h̄
(εn − εm) 〈ukn| ẑ |ukm〉 (4.36)

It is off-diagonal. Similarly, the ’Berry connection’ in the ẑ direction reads,

i 〈un| ∇z |um〉 = 〈un| ẑ |um〉 (4.37)
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Now, we can consider the vector potential of an electromagnetic wave as,A(r, t) = A(q, ω)

ei(q·r−ωt)+c.c..

The Coulomb gauge is adopted here, which is justified by ∇ ·A = 0 for plane waves. Further-

more, the longitudinal field represented by the Coulomb potential created by the charges vanishes,

φ = 0. Therefore, the minimal coupling Hamiltonian H = H(p+ eA) is valid.

Hint,ω =

∫
drj(r) ·A(r, ω) (4.38)

j(r), the current operator at r (where rj represents position of electron) reads,

j(r) =
e

2m

∑
j

[(p+ eA(r, t))δ(r − rj) + δ(r − rj)(p+ eA(r, t))] (4.39)

It is a summation over all particles’ velocities. The second quantized version of current operator can

be rewritten as,

j(r) =
−ih̄e
2m

[Ψ†(r)∇rΨ(r)−Ψ(r)∇rΨ†(r)]− e2

m
A(r, t)Ψ†(r)Ψ(r) (4.40)

Since the kinetic momentum operator P = −ih̄∇− eA is a gauge invariant quantity, the current is

also gauge invariant. The Fourier transform of the current operator has the form,

j(q) =
∑
αβ

c†αcβ

∫
d3re−iq·r{−ih̄e

2m
[ψ∗α(r)∇rψβ(r)−ψα(r)∇rψ

∗
β(r)]− e

2

m
A(r, t)ψ∗α(r)ψβ(r)}

(4.41)

By constructing the creation and annihilation operators out of the Bloch eigenfunctions ψkn and

field operators Ψ(r),

ckn =

∫
d3rψ∗kn(r)Ψ(r)

c†kn =

∫
d3rψ∗kn(r)Ψ†(r)

(4.42)
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we get,

J =
∑

kk′nm

〈ψkn| j(q) |ψk′m〉 c†k′nckm (4.43)

The j(q) operator would be,

j(q) =
e

2
[vAe−iq·r + e−iq·rvA] (4.44)

with the diagonal (δkk′) velocity being vA = p
m + eA(r,t)

m .

The density matrix is defined as

ρkk′nm =
〈
c†k′mckn

〉
(4.45)

In the Heisenberg picture,
∂ρkk′nm

∂t
=

1

ih̄

〈
[c†k′mckn, H]

〉
(4.46)

According to H , We proceed to expand the RHS into two parts. The first part is,

I1 =
1

ih̄

〈
[c†k′mckn,

∑
qr

εqrc
†
qrcqr]

〉

=
1

ih̄
εqr[δqkδrn

〈
c†k′mcqr

〉
− δqk′δmr

〈
c†qrckn

〉
]

=
1

ih̄
(εk,n − εk′m)

〈
c†k′mckn

〉
=

1

ih̄
(εk,n − εk′m)ρkk′nm

(4.47)



4.2. The role of photon momentum in nonlinear optical responses 115

The second part reads,

I2 =
1

ih̄

〈
[c†k′mckn, eA(r, t) ·

∑
qq′rr′

ṽq′qr′rc
†
q′r′cqr]

〉

=
e

ih̄
A(r, t) ·

∑
qq′rr′

ṽq′qr′r[δq′kδr′n

〈
c†k′mcqr

〉
− δqk′δrm

〈
c†q′r′ckn

〉
]

=
e

ih̄
A(r, t) ·

∑
qq′rr′

ṽkqnr

〈
c†k′mcqr

〉
−
〈
c†qrckn

〉
]

=
e

ih̄
A(r, t) · (vρ− ρv)kk′nm

(4.48)

The last term adopts a relaxation time approximation, subtle gauge problem with the relaxation time

is not considered here. Therefore, we obtain the equation of motion as,

ih̄
∂ρkk′nm

∂t
=

(εk,n − εk′m)ρkk′nm + eA(r, t) ·
∑
q′r

ṽkq′nrρq′k′rm − ρkq′nrṽq′k′rm]−
ih̄(ρkk′nm − ρ

(0)
kk′nm)

τ

(4.49)

and by expanding into different orders ofA,

ρkk′nm = ρ
(0)
kk′nm + ρ

(1)
kk′nm + ρ

(2)
kk′nm + ... (4.50)

the zeroth order density matrix is,

ρ
(0)
kk′nm =

1

1 + exp
{

(
εk,n−εF
kT )

}δkk′δnm (4.51)

where εF is the Fermi energy. The first order ρ(1) ∼ A(q1, ω1) reads,

ρ
(1)
kk′nm = e

e−iω1tA · ṽkk′nm

εk′m − εkn + h̄ω1 + ih̄/τ
(fk′m − fkn) (4.52)

fkn = ρ(0)δkk′δnm is the Fermi-Dirac distribution.
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The second order density matrix ρ(2) ∼ A(q1, ω1)A(q2, ω2) can be written as,

ρ
(2)
kk′nm =e2 e−i(ω1+ω2)tAγ

εk′m − εkn + h̄(ω1 + ω2) + ih̄/τ

×
∑
q′r

[
ṽγkq′nrAβ ṽ

β
q′k′rm

εk′m − εq′r + h̄ω1 + ih̄/τ
(fk′m − fq′r)−

Aβ ṽ
β
kq′nrṽ

γ
q′k′rm

εq′r − εkn + h̄ω1 + ih̄/τ
(fq′r − fkn)

]
(4.53)

The general velocity operator ṽkk′nm is an anticommutator of velocity matrix vknm and e1q·r.

The matrix elements of the velocity operator v in the Bloch basis reads,

vkk′nm = 〈n,k| p̂
m

∣∣m,k′〉 =
1

V

∫
d3rψ∗kn(r)(

−ih̄
m
∇)ψk′m(r)

=
−ih̄
m

1

V

∫
d3re−ik·reik

′·ru∗kn(r)(ik +∇)uk′m(r)

=
−ih̄
m

1

V

∑
R

ei(k
′−k)·R

∫
d3ru∗kn(r)(ik +∇)uk′m(r)

=
−ih̄
m

δk′k
1

vc

∫
uc
d3ru∗kn(r)(ik +∇)uk′m(r)

= δkk′vknm

(4.54)

The above expression can be evaluated as,

∇k 〈ukn|H(k) |uk′m〉 = 〈ukn| ∇kH(k) |uk′m〉+ 〈∇kukn|H(k) |uk′m〉+ 〈ukn|H(k) |∇kuk′m〉

= δkk′εk′m 〈∇kukn|uk′m〉+ δkk′εkn 〈ukn|∇kuk′m〉+
h̄2

m
+ h̄vkk′nm

(4.55)

recall that∇k 〈ukn|H(k) |uk′m〉 = δnmδkk′∇kεkn, and 〈ukn|∇kuk′m〉+ 〈∇kukn|uk′m〉 = 0, we

get the velocity operator,

vknm =
1

h̄
[∇kεknδnm + rαknm(εkm − εkn)] (4.56)
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with rnm = i 〈un|∇kum〉 being the Berry connection. On the other hand, the plane wave

operator, eiq·r can be simplified,

〈n,k| eiq·r
∣∣m,k′〉 =

1

V

∫
d3re(i(k′+q−k)·r)u∗kn(r)uk′m(r)

=
1

V

∫
d3ru∗kn(r)uk′m(r)

∑
R

e(i(k′+q−k)·R)

=
1

vc

∫
uc
d3ru∗kn(r)uk′m(r)δk′,k−q

= δk′,k−q 〈ukn|uk−qm〉

(4.57)

where the lattice sum rule is adopted. Then, the anticommutator of v and ei(q·r) reads,

ṽkk′nm =
1

2
〈n,k| {v, eiq·r}

∣∣m,k′〉
=

1

2

∑
k”l

(〈n,k| v |l,k”〉 〈l,k”| eiq·r
∣∣m,k′〉+ 〈n,k| eiq·r |l,k”〉 〈l,k”| v

∣∣m,k′〉
=

1

2
[
∑
l

vknl
〈
ukl
∣∣u(k−q)m

〉
+
〈
ukn
∣∣u(k−q)l

〉
v(k−q)lm]δk′,k−q

(4.58)

Another way of derivation would be

ṽkk′nm = 〈n,k| p̂
m

∣∣m,k′〉 =
1

V

∫
d3rψ∗kn(r)(

−ih̄
2m

(∇eiq·r + eiq·r∇)ψk′m(r)

=
−ih̄
2m

1

V

∫
d3re−ik·reik

′·ru∗kn(r)(ik′ + iq +∇+ ik′ +∇)uk′m(r)

=
−ih̄
m

1

V

∑
R

ei(k
′−k+q)·R

∫
d3ru∗kn(r)(i(k′ +

q

2
) +∇)uk′m(r)

=
−ih̄
m

δk′(k−q)
1

vc

∫
uc
d3ru∗kn(r)(i(k′ +

q

2
) +∇)uk′m(r)

= 〈n,k| vk− q
2
|m,k− q〉

(4.59)

It can be seen that the ṽkk′(q) operator only correlates k and k − q. In the long wavelength

limit, q � qF , the above equation can be simplified by only considering terms up to first order of q.

In the leading order of q, we can expand uk−q(r) ∼ ukn(r) − q · (∇kukn). With this expansion,
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we can write it in terms of the Berry connection,

〈ukn|uk−qm〉 = δnm + iq · rknm (4.60)

rknm is the Berry connection. The result follows,

ṽα(qβ) =
1

2
〈n| {ṽα, eiqβrβ} |m〉 = vα,nm +

i

2
qβ{vα, rβ}nm −

1

2
qβ∂βvα,nm (4.61)

where the first term is the conventional velocity, and the latter two terms are akin to the covariant

derivative in its form. The diamagnetic part v ∼ A does not contribute to (ω,−ω) response, since

ρ(1) is off-diagonal, Tr
[
ρ(1), A

]
vanishes.

4.2.3 Symmetry analysis and the circular dichorism

With E(ω) = iωA(ω), we can define the conductivity tensor, σαβγ(q1, ω1; q2, ω2), by,

j(2)
α (q3, ω3) =

∑
βγ

σαβγEβEγ =
∑
βγ

ω1ω2σαβγ(q1, ω1; q2, ω2)Aβ(q1, ω1)Aγ(q2, ω2) (4.62)

Here α, β, γ are Cartesian indices and α indicates the direction of the current, while β and γ are the

polarization of the incident optical electric field. With the derived generalized velocity operator and
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density matrix, we can write the nonlinear optical response as,

j(2)
α (q3, ω3; q1, ω1, q2, ω2) = e

∑
kk′nm

ṽαkk′nmρ
(2)
k′kmn

= e
∑
knmr

∑
±β±γ

ρ
(2)
k(k−q1−q2)nmṽ

α
(k−q1−q2)kmn

= e3
∑
knm

∑
±β±γ

e−i(ω1+ω2)tAγAβ ṽ
α
(k−q1−q2)kmn

ε(k−q1−q2)m − εkn + h̄(ω1 + ω2) + 2ih̄/τ

× [
ṽγk(k−q2)nr

ṽβ(k−q2)(k−q2−q1)rm

ε(k−q2−q1)m − ε(k−q2)r + h̄ω1 + ih̄/τ
(f(k−q2−q1)m − f(k−q2)r)

−
ṽβk(k−q1)nr

ṽγ(k−q1)(k−q2−q1)rm

ε(k−q1)r − εkn + h̄ω1 + ih̄/τ
(f(k−q1)r − fkn)]

(4.63)

It includes summation over ±ω1(±q1), ±ω2(±q2), and γ ⇐⇒ β. Specifically, the dc photocurrent

response under a monochromatic fieldA(ω, q) would be,

j(2,dc)
α (q − q, ω − ω)

= e3δq′
∑
knmr

∑
±s,γ⇔β

AγAβ ṽ
α
kkmn

εkm − εkn + 2ih̄/τ

× [
ṽγk(k−sq)nrṽ

β
(k−sq)krm

εkm − ε(k−sq)r − sh̄ω + ih̄/τ
(fkm − f(k−sq)r)

−
ṽβk(k+sq)nrṽ

γ
(k+sq)krm

ε(k+sq)r − εkn − sh̄ω + ih̄/τ
(f(k+sq)r − fkn)]

(4.64)

where the summation s = ±1 incorporates (ω,−ω) and (−ω, ω) contributions. ṽαkkmn reduces to

velocity matrix vknm. Subsequently, σαβγ(q, ω,−q,−ω) would be,

σαβγ(q, ω,−q,−ω) =
e3

ω2

∫
BZ

dk
∑
nmr

∑
s

vαkmn
εkm − εkn + 2ih̄/τ

× [
ṽγk(k−sq)nrṽ

β
(k−sq)krm

εkm − ε(k−sq)r − sh̄ω + ih̄/τ
(fkm − f(k−sq)r)

−
ṽβk(k+sq)nrṽ

γ
(k+sq)krm

ε(k+sq)r − εkn − sh̄ω + ih̄/τ
(f(k+sq)r − fkn)]

(4.65)
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This is the major result of this section. When q ∼ 0, the second order dc conductivity recovers

the result of quadratic response theory proposed by von Baltz and Kraut.

σαβγ =
e3

ω2

∫
BZ

dk
∑
nmr

∑
s

vαmn
εm − εn + 2ih̄/τ

× [
vγnrv

β
rm

εm − εr − sh̄ω + ih̄/τ
(fm − fr)−

vβnrv
γ
rm

εr − εn − sh̄ω + ih̄/τ
(fr − fn)]

(4.66)

In the small q limit, we evaluate the first order in q terms in the conductivity tensor, σ(1)
αβγ .

(1) The perturbation on the energy denominator gives,

1

εk+qr − εkn − h̄ω + ih̄/τ
≈ 1

εkr − εkn − h̄ω + ih̄/τ
− qη

∂εkr
∂kη

1

(εkr − εkn − h̄ω + ih̄/τ)2

(4.67)

(2) The perturbation on the Fermi-Dirac distribution,

fk+qr − fkn ≈ fkr − fkn + qη
∂fkr
∂kη

(4.68)

We can then combine these two parts, and by defining their product as a function D̃,

D̃k′krn(ω) =
fk′r − fkn

εk′r − εkn − h̄ω + ih̄/τ
(4.69)

We get,

D̃(k+qη)krn(ω) ≈ Dkrn + (
∂fkr
∂εη

− 1

εkr − εkn − h̄ω + ih̄/τ
)qη ·

∂εkr
∂kη

Dkrn (4.70)

With the above, we can substitute back into the equation of conductivity to arrive at,

σαβγ =
e3

ω2
qη

∫
BZ

dk
∑
nmr

∑
±s

vαmn[vγnrv
β
rmDmr(ω)− vβnrvγrmDrn(ω)]

εm − εn + 2ih̄/τ

(
∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄τ
)
∂εr
∂kη

(4.71)
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When we set n = m, the injection current piece is obtained,

σ
(1),I
αβγ =

−iτe3

2h̄ω2
qη

∫
BZ

dk
∑
nr

∑
±s

vηrrv
α
nn[vγnrv

β
rnDnr(ω)− vβnrvγrnDrn(ω)]

(
∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)
∂εr
∂kη

=
πτe3

2h̄2ω2
qη

∫
BZ

dk
∑
nr

{vαnnvηrr(
∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)

− vηrrvαnn(
∂fn
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)}(vγnrvβrn + vβnrv

γ
rn)(fr − fn)δ(εn − εr − h̄ω)

(4.72)

Different from normal injection current which contributes only to CPGE, σ(1),I
αβγ is real, and is hence

associated with linearly polarized light (LPGE). The quantum metrics tensor Qnm = rαnmr
β
mn +

rβnmrαmn has Qnm(−k) = Qmn(k). The constraint from T and I are the same, so the system need

not to be inversion-broken. Furthermore, the vanishing dispersion of bands in ẑ indicate that qz

would not appear in this term.

(3) The perturbation on the velocity matrix gives,

ṽαk(k+qη)nr ≈ v
β
nr +

i

2
qη{vα, rη}nr −

1

2
qη∂ηv

α
nr (4.73)

Specifically, for light propagating perpendicular to the 2D plane, i.e., q = qz, the equation becomes:

ṽβk(k+qz)nr ≈ v
β
nr −

i

2
qz
∑
m

{vαnm, ẑmr} (4.74)

For simplicity, we define an operator jα = 1
2{v

α, ẑ}. The injection current piece reads:

σ
(1),II
αβγ =

−τe3

2h̄ω2
qz

∫
BZ

dk
∑
nr

(vαnn − vαrr)[vγnrjβrn − jγnrvβrn](Dnr(ω)−Drn(ω)) (4.75)
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Since ẑknm = (ẑkmn)∗ and v̂knm = (v̂kmn)∗, we have ĵknm = (ĵkmn)∗. Also, in the clean limit,

we have,

Dnr(ω) = P (
fn − fr

εn − εr − h̄ω
) + iπδ(εn − εr − h̄ω)(fn − fr) (4.76)

so that Dnr(ω) = Drn(−ω)∗ Therefore, σ(1),II
αβγ is real, and this term contributes to LPGE. On

the other hand, if the wavevector of light is partially in-plane, i.e., q = (qx, qy), then in the above

equation. ẑnm is replaced by r̂nm. The integrand has, (vj − jv)k = −(vj − jv)−k, it obeys time

reversal symmetry T , and has no requirement on I.

Having considered the terms with n = m in Eqn. 4.65, or the terms related to the definition of

injection current, we find that those terms would not contribute to CPGE, so now we will analyze

terms related to "shift current" from the n 6= m terms. First, we consider the covariant derivative of

velocity operator,

(∇kv)nm = ∇kvnm − i[r,v]nm

= i
∑

r 6=n,r 6=m
vnrrrm − rnrvrm +∇kvnm − ivnm(rnn − rmm)

(4.77)

On the other hand, (∇kv)nm = [D,v]nm = h̄
mδnm. Therefore, When n 6= m, we have,

∑
r 6=n,r 6=m

vnrrrm − rnrvrm

= i∇kvnm + vnm(rnn − rmm)

= i(〈n|v(
∂

∂k
|m〉) + (

∂

∂k
〈n|)v |m〉) + vnm(〈n| ∂

∂k
|n〉 − 〈m| ∂

∂k
|m〉)

(4.78)

This equation cannot be calculated directly on a finite k-point grid. An appropriate expression must

be constructed that retains gauge invariance and accommodates the ambiguity in band identity near
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degeneracies. we can reformulate the this term using

rann = i 〈nk| ∂
∂ka
|nk〉

= i
〈
nk
∣∣nk′〉 ∂

∂k′a
|k′a=ka ln

〈
nk
∣∣nk′〉

= i lim
∆ka→0

1

∆ka
ln 〈nk|n(k + ∆k)〉 − i ln 〈nk|nk〉

= i lim
∆ka→0

1

∆ka
ln 〈nk|n(k + ∆k)〉

(4.79)

and,

〈nk|v(
∂

∂ka
|mk〉) = 〈nk|v

∣∣mk′〉 ∂

∂k′a
|k′a=ka ln 〈nk|v

∣∣mk′〉
= 〈nk|v |mk〉 lim

∆ka→0

1

∆ka
ln 〈nk|v |m(k + ∆k〉 − ln 〈nk|v |mk〉

= 〈nk|v |mk〉 lim
∆ka→0

1

∆ka
ln
〈nk|v |m(k + ∆k)〉
〈nk|v |mk〉

(4.80)

Then we get,

∑
r 6=n,r 6=m

vnrr
a
rm − ranrvrm = lim

∆ka→0

1

∆ka
i[ln
〈nk|v |m(k + ∆k)〉 〈n|n(k + ∆k)〉

〈nk|v |mk〉

+ ln
〈n(k + ∆k)|v |mk〉

〈nk|v |mk〉 〈m|m(k + ∆k)〉
]vnm

(4.81)

The coefficient is the so-called shift vector,Rab
nm(k). (1) Perturbation on D̃k′krn(ω)
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First, starting with Eqn. 4.65,

σ
(1),III
αβγ

=
e3

ω2
qη

∫
BZ

dk
∑
nmr

∑
±ω

vαmn[vγnrv
β
rmDmr(ω)− vβnrvγrmDrn(ω)]

εm − εn + 2ih̄/τ
(
∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄τ
)
∂εr
∂kη

=
e3

ω2
qη

∫
BZ

dk
∑
nmr

∑
±ω

rαmn[vγnrv
β
rmDmr(ω)− vβnrvγrmDrn(ω)](

∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)
∂εr
∂kη

=
e3

ω2
qη

∫
BZ

dk
∑
mnr

∑
±ω

[−vγmnrαnrvmm(
∂fm
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)

+ rαmnv
γ
nrv

η
rr(
∂fr
∂εη
− 1

εkr − εkn − h̄ω + ih̄/τ
)]vβrmDmr(ω)

(4.82)

σ
(1),III
αβγ is purely imaginary. Here, only whenEβ(ω)Eγ(−ω) is imaginary, i.e., light has a circularly

polarized component, would induce a nonzero current. When q = 0, the expression corresponds to

the shift current.

(2) Perturbation on ṽk′krn

We define an operator G to describe the "derivative" of the velocity matrix induced by q,

Gαηnr =
i

2
{vα, rη}nr −

1

2
∂ηv

α
nr (4.83)

Then,

σ
(1),IV
αβγ =

e3

2h̄ω2
qη

∫
BZ

dk
∑
nmr

∑
±ω

rαmn{[Gγηnrvβrm − vγnrGβηrm]Dmr(ω) + [Gβηnrv
γ
rm − vβnrGγηrm]Drn(ω)}

=
e3

2h̄ω2
qη

∫
BZ

dk
∑
mr

∑
±ω

Rα(vγ)mrG
βη
rmDmr(ω) + Sα(Gγη)mrv

β
rmDmr(ω)

(4.84)
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When q = qz ẑ, Eqn. 4.84 changes to,

σ
(1),IV
αβγ = − e3

2h̄2ω2
qz

∫
BZ

dk
∑
rm

(Drm(ω)−Dmr(−ω))(Rαγmrv
γ
mrj

β
rm −Rαγmrjγmrvβrm)

= − iπe3

2h̄2ω2
qz

∫
BZ

dk
∑
rm

δ(εm − εr − h̄ω)(fm − fr)(Rαγmrvγmrjβrm −Rαγmrjγmrvβrm)

(4.85)

Since (DvDk )rm = −(DvDk )∗mr, Drm(ω) = Dmr(−ω)∗ and jmr = j∗rm, the response function is

imaginary. As a result, it corresponds to the circular dichroism. According to the analysis in the

previous section, we arrive at a general response function of the photocurrent,

σαβγ(ω,−ω) =
e3

2ω2
θβγ

∫
BZ

dk
∑
nmr

iqηv
α
mn

εm − εn + ih̄/τ
[

jγnrv
β
rm − vγnrjβrm

εm − εr − h̄ω + ih̄/τ
(fm − fr)

+
jβnrv

γ
rm − vβnrjγrm

εr − εn − h̄ω + ih̄/τ
(fr − fn)

(4.86)

Here the explicit k ependence of the quantities are omitted. The carrier lifetime and is set

to 0.2 ps in the following. jα = 1
2{v

α, ẑ} is the differential current operator. θβγ is the coef-

ficient corresponding to the phase between Eβ and Eγ , i.e., θxy = 1 for LPL, and θxy = ±i

for CPL. We consider that the numerator is composed of N = vαvβjγ , and the denominator

M = 1
(εm−εn+ih̄/tau)(εm−εr−h̄ωih̄τ) can be divided into a real part Re(M) ∼ 1

(εm−εn)(εm−εr−h̄ω) ,

and an imaginary part Re(M) ∼ π P
(εm−εn)δ(εm − εr − h̄ω).

The symmetry arguments can be summarized as,

va(k) ja(k) Nabc(k)

P −va(−k) ja(k) Nabc(−k)

T −va∗(−k) −ja∗(−k) −Nabc∗(−k)

Therefore, only the imaginary part of Nabc would contribute to PGE due to time reversal constraint,

while inversion need not to be broken to have this response. The shift current part can be written

as iqNabc Im(D), and the injection current would be iqNabc Re(D)(n = m). Consequently, shift

current gives CPGE response, while injection current gives LPGE response. Especially for Moire
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cells, when q exceeds the Brillouin zone size G, this equation can be calculated on multiple unit

cells, i.e., vk(k−q) = vk(k−q+nG).
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