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Three-dimensional twistronic photogalvanic effect from spiral lattice-photon momentum
interactions

Recent studies of twisted moire systems have elucidated the exquisite effect of quantum geometry
of the electronic bands on their measured properties as well as the discovery of new correlated
phases determined by the twist angle between 2D layers. While these remarkable discoveries
demonstrate the versatility of creating new quantum states arising from the twist degree of
freedom, most studies have been limited to only a few layers where the system remains in the quasi
2D limit. The idea of twistronics generalized to its 3D limit when the twist between the adjacent
layers forms a periodic pattern in the third dimension has not been experimentally realized, due to
the constraints in manually stacking the 2D layers with precise control. An important question is,
if light-matter interactions in 3D helical solid state structures changes fundamentally owing to the
lattice lengthscales and sample thickness becoming comparable to optical wavelengths and if the
structural helicity influences these interactions. Here we report nonlinear optical Hall effect in self-
assembled supertwisted WS; system formed by natural screw-dislocation-driven mechanisms with
a nonsymmorphic screw symmetry. The polarity of optical Hall current reflects the structural
chirality of the supertwisted system, and an unusual photon-momentum dependence of the
nonlinear optical response when electrons are modulated by the moire potential is observed.
Furthermore, signatures of thickness-dependent exciton-polariton and the associated strong photon
momentum-lattice interaction dependent photocurrent response are found, which suggest a
fundamentally altered light-matter interaction in this 3D moire system. Our microscopic theory
explains the origin of the photon momentum dependent optical response, revealing new
observables of the system beyond Berry curvature and other widely explored band geometrical
quantities. Our study not only connects 2D and 3D twistronics, but also provides a seamless bridge
connecting the electrons and photons by overriding their significant length scale differences in
conventional systems and demonstrates the versatility of 3D moire systems for exploring hidden
light-matter interaction phenomena in condensed matter systems, which is of great importance in
realizing extreme optical nonlinearities and versatile quantum simulators for future quantum
nanophotonic devices.
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Fig. 1 Supertwisted WSe2 system. a) AFM image of the WSe2 supertwisted flake. Peak thickness is ~80 nm.

b) Reflectance spectrum at spot 1 (thickness ~5 nm, top) showing dominant intralayer A-exciton peak and at spot 2
(thickness ~80 nm) bottom) also showing a dominant interlayer exciton.

c) Schematic of the supertwisted WSe2 system showing interlayer excitonic correlations.
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Fig. 3 Chirality and strong light-matter
interaction in supertwisted WSe2 system.
a) Schematic of the supertwisted system
with opposite structural chirality. b)
Strong nonlinear Hall coefficient showing
opposite magnitude for structurally chiral
systems. The origin of optical chirality is
due to the pseudomagnetic field due to
structural chirality which produces a
strong optical Hall effect. c) Optical image
of the device. d) Nonlinear Optical hall
Voltage as a function of device thickness
(arrow shows scan direction in c). Strong
polaritonic splitting of the excitonic peaks
are observed demonstrating extremely
large nonlinearities and strong light-
matter coupling in twisted moire systems.
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“twistronic” systems in general and could also be utilized for designing efficient SHG crystals over
a broad range of wavelengths and their potential applications as novel nonlinear media for device
applications.

4.2 The role of photon momentum in nonlinear optical responses

4.2.1 Identifying sources of the photogalvanic effect
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FIGURE 4.4: Left: Photovoltage measured at different angles of incidence; Right: CPGE voltage
and normalized conductivity as a function of incident wavelength.

As shown in Fig. 4.4, in our setup, the incident beam can be characterized by a polar angle ¢,
an azimuthal angle « within the 2D plane, and the quarter wave plate angle 6 (with respect to its
fast axis).

We measured photovoltage response from the quasi-2D, spiral WSs samples. Explicitly, on a
same sample, we measured at three incidence angles, ¢ = 0°, ¢ = —30°, ¢ = 30° (left figure).
Then, by comparing the photovoltages obtained at quarter wave plate angles § = 45° (LCP) and § =
135¢ (RCP), circular photogalvanic effect (CPGE) current was extracted. CPGE current adopted a

same sign at ¢ = £30°, while at ¢ = 0°, its amplitude was much smaller. On the same device, we
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found a peak of CPGE conductivity near the A-exciton frequency of WSs (right figure). The trend
of CPGE current amplitude changing with incidence angle ¢ appears to contradict the symmetry
arguments of CPGE in WSs. In order to explain this phenomenon, in the following sections, the
possible sources of CPGE will be identified, and microscopic models will be discussed.

Let’s consider the case of a 2D material illuminated by a monochromatic light source, with

electric field defined as the plane wave
E;(r,t) = E;eliar—wt) 4 ¢ ¢ 4.9)

where indicies ¢, j and k represent the Cartesian coordinates, w is the angular frequency, and q is
the wave vector. Following the definitions in the last section, the incident beam can be characterized
by a polar angle ¢, an azimuthal angle « with the 2D plane, and the quarter wave plate angle 8 (with

respect to its fast axis). Then, the carried photon momentum can then be written as g,
g = —q(sin ¢ cos a, sin ¢ sin v, cos ¢) (4.10)

and the electric field would be,

—isin asin 20 4+ (1 — 7 cos 260) cos ¢ cos «
E = | icosasin20+ (1 —icos20)cosgpsina | Lo (4.11)
—(1 —icos20)sin¢

For discussion on circularly polarized light, we write the pseudo-vector E X E* as,

—2i cos asin 20 sin ¢
E X E* = | _2isinasin20sin¢ | Ej 4.12)

—2i 8in 26 cos ¢
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By doing a Taylor expansion over the wavevector g, we can write JZD < as,
Ji = o, Q) BBy = k(W) B By + Tijku(w) g, Ej Ex (4.13)

Here we focus on distinguishing the first, ¢(?) term (regular photogalvanic effect) from the second,
¢ term.

The photogalvanic current independent of g can be divided into two parts as follows,

DC,0) _  sym * antisym x+ _ 7LPGE,(0) CPGE,(0)
Jl = Kk (w)E]Ek + Rk (w)E]Ek = Jl + Jl 4.14)
where the Levi-Civita tensor ¢,:; can be used to contract x2£**¥"™ to only one pseudo vector index,
sjk 1jk y p

Iﬂ??ﬁfisym(W)(EjEZ - EkE;) — ,LZ 27ls€sjk(EjE;ck — EkE]*) = zZ"ylS(E X E*)s (4.15)
ik sjk $

where 7, is a second order pseudo-tensor and [ and s stand for Cartesian coordinates. Then,

PGE
ch GE,(0) can be expressed as,

JlCPGE,(O) _ iZ%'j(E x E¥); (4.16)
J
In a similar fashion, for J ZC PGE,(1) we get,
JETE Y Ty (5 P @)
I

A free standing 1L-TMDC system (2H phase) has a D3y, symmetry. The x-y mirror plane can be
sometimes broken by the substrate, reducing its symmetry to Cs,. Here we consider the constraints

on photocurrent tensors under these two circumstances.
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Dgsy, symmetry

The scenario of an ideal crystal has three symmetry operations, a 27 /3 rotation,

cos(2m/3) sin(27/3) 0
R = | cos(27/3) sin(27/3) 0 (4.18)
0 0 1

(E x E*)becomes R(E x E*) and j°TEF becomes Rj“T“F, thus we obtain,

Ry=~R (4.19)

On the other hand, imposing that, for a transverse EM wave, (E X E*) and g should be parallel
with each other, we get ¢;(E x E*);, = qx(E x E*);. Then, by imposing j¢FG5(1) = RjCPGE 1)

under the 27 /3 rotation, we get,

T#iniqule(E X E*)l = ijqi(E X E*)j (420)

From each ¢;(E x E*);, we have,

V3
Ty.. = 0; szy = —Thpa; Tywm = 7Tmzm; Tymy + Tyym = 2T ru;
1 @21)
Tywe + Tyzw = —(Toyz + Tozy); Tyye + Tyzy = Toz + Tozas Tayy = _§(Tx:cy + Toye);
Toae + Toza = yyz T Tyzy = szy + szm = 0; szy =Toze
Another constriant is given by the mirror symmetries,
cos(2y) sin(2¢) 0
M = | sin(2¢)) —cos(2¢)) 0 (4.22)

0 0 1
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where ¢ is defined as the angle between its mirror plane and the x axis. As a pseudo-vector, (E x E*)

becomes —M (E x E*). JYPGE becomes M JCTPCF | Therefore, we obtain,

M~y = —yM (4.23)
Combining these two constraints, we find,
0 Yy O
Y=y 0 0 (4.24)
0 0 0

However, the mirror plane in the xy plane,

1 0 0
o.=10 1 0 (4.25)
00 -1

requires vz, = 0. As a result, J CPGE,(0) contribution cancels out for the Dy, symmetry. For

JCPGE,(1) the additional mirror, o, does not have further constraints, so it reads,

—(E x E*)y — sin a sin 26 sin 2¢
FOPCEW) = (T + Tyoa)az | (E x E*)y | < | cosasin20sin 26 (4.26)
0 0

In conclusion, under Dsj,, JSPEE:0) vanishes, and JCPEE(1) changes sign upon switching the

incident angle from ¢ to —¢.
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Csy Ssymmetry

As discussed above, JCPGE (0) adopts the form,

0 7y O — sin asin 26 sin ¢
FOPEEO) = Yy 0 0| (EXE") x| cosasin2fsing (4.27)
0 0 O 0

which means it has a sin(¢) dependence. J¢PGE (1) has the same form as in the case of Dy,
symmetry.

Now we consider the geometry of a spiral stack of TMDC layers, with twist angles ~ 0.5 deg
between each neighboring layers, and a total twist angle < 20 deg. This system has a chiral point
group, Cs. This is distinct from regular Bernel stacking of TMDC, which has a bulk symmetry of
Dgp,.

Cs symmetry
The absence of mirror symmetry M in this case allows more independent parameters in -;;, and

JOPGE,(0) takes the form,

Yexz  Vxy 0
0 0 7
Ve Yoy O cos arsin 20 sin ¢y, + sin asin 20 sin ¢y,

jCPGE’(O) =1 Yoy VYzz O (EXE*) < | — cosasin 26 sin $Yay + sin o sin 20 sin ¢y,

0 0 7. sin 26 cos ¢,
(4.29)

Therefore, upon the reduction of mirror symmetry, J<F¢(0) still has sin(¢) dependence.
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On the other hand, more tensor elements in 7j;;; are allowed for J CPGE,(1), e.g., Tyowr Tyay.

The complete form of the in-plane photocurrent response reads,

FEPEEQ) o sin(20){(Thaa (sin 20 + cos 2) sin? ¢ + [(Tayz + Trzy) sin a+

(Tyaz + Tpza) cos ] sin 20}
/3 (4.30)
ngGE’(l) x sin(20){(me(7 cos? a — sin 2) sin® ¢ + [ (Tuy» + Tizy) cOS -t

(waz + T:pzx) sin Oé] sin 2@5}

Here, we find that JEPGE:(1) has a sin?(¢) part, which can be distinguished from the angular
dependence (same sign at ¢ and —¢) from all other terms.

Furthermore, this term is only dependent on the in-plane photon momentum, and originates
directly from the twisted stacking induced mirror symmetry breaking. A prove is as follows, g
becomes Mq, E x E* becomes —M (E X E*), j becomes Mj, so tensor element in 7" with
subscripts in the same direction, i.e., 7Tj; would vanish, if there is a mirror perpendicular to it, i.e.,
M; with €;; = 0.

Cs symmetry
Consider the case where the rotation symmetry of spiral TMDC stack is extrinsically broken by
strain, in-plane fields, all the tensor elements in ~y;; describing J CPGE,(0) will be nonzero. Espe-
cially, 7., and ~y,. will lead to terms dependent on cos ¢. However, the angular dependence of
E x E*, which is proportional to either cos ¢ or sin ¢, determines that the symmetric-of-¢ part of
JOPGE0) would reach its maximum at normal incidence. In comparison, JEPGE-(1) ~ sin?(¢)
vanishes at normal incidence and increases with ¢. Consequently, external symmetry breaking in-
duced JEPGE-0) can be distinguished from JEPEE-(1) by this characteristic.

From the data shown in Fig. 1, where CPGE at +¢ are of the same sign, and becomes much
smaller at normal incidence, proves the existence of J¢F“F:(1) and especially the part of J¢GE:(1)
that is not allowed in Cs, monolayer WSs, nor in D3, WSo multilayers, but appears only in the Cs

spiral stack.
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There are many phenomena that arise from the breaking of degeneracy between left and right
circularly polarized light in media, including rotation of polarization with propagation, e.g., optical
activity, Faraday effect, and upon reflection, e.g., Kerr effect. Those phenomena are regarded as the
most unambiguous and sensitive tools to probe symmetry breaking in condensed matter.

The optical gyrotropy is described by a first order in g expansion of an antisymmetric tensor
Lij = =Ty,

Lij(q) = T45(0) + Tijuqr + .. 4.31)

The gryotropic magnetic effect (GME) coefficient can be written as a rank-two linear combination
of optical gyrotropy tensor, €.g., Qizy = _%Fyzx + %nyz + %me. It describes the rotation of
polarization plane of light perpendicular to the quasi-2D slab.

CPGE,(1) is a nonlinear optical analogue of GME, for its linear dependence on q. It char-

Here, 5
acterizes a dc current flowing perpendicular to the polarization plane of light, and its geometrical
origin (stacking induced symmetry breaking) is reflected in its dependence on the photon momen-

tum (incident angle).

4.2.2 Microscopic interpretation of optical responses in quasi-2D stacks

The tight binding Hamiltonian of a n-layer spiral stack can be written as,

H=> H+> (Hqi+ Hy) (4.32)
=1 =1

where H;(l = 1, ...,n) describe the isolated layers, and H; ;» describe the hopping of electrons
from layer !’ to layer [, which has H;y = H ZT p 18 the unperturbed Hamiltonian. The assumption
here is only closest layers are coupled to each other, because of the exponential suppression of the

hopping integrals with distance.
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Within each layer [, the Hamiltonian could be written as

u
Hi= % hi(R,Ry)dp an (4.33)
Ry, vR;a/
ll . . oy . .
where h/ , are hopping parameters, ¢ and ¢! are the creation and annihilation operator.
Between layer [ and [, the interlayer Hamilonian reads
i
Hyp= Y Ws(R, Rl’)cle’aCl’,Rl/’B (4.34)
Rla aR{/B

where hlgﬁ are interlayer hopping terms.

The quasi-2D system is periodic and infinite in the (X,y) plane, but has open boundary in 2
direction. Since the tight-binding Hamiltonian of a quasi-2D stack can be expanded under maxi-
mally localized Wannier functions | Ry, ), where the position Ry, runs over all orbital « in the layer
[(= 1..n), N is the number of monolayer unit cells in the whole system. The position operator is
diagonalized in the Wannier basis as 7 |R;,) = 7o |Rjo). The Bloch and Wannier functions are

related by [10],
1 )
ki) = — > eF e | Ry, (4.35)
VN 2

where k = (k, k) is the two-dimensional Bloch wave vector. Therefore, the £ operator is well-
defined in the Bloch basis. With cell-periodic wave function ug, (1), the effective velocity operator

¥, can be written as,

1 .
(@z)nm = <ukn| @z |uk:m> = <uk:n| E[Ha 2] |uk:m> = %(fn - em) <ukn| z |uk:m> (4-36)

It is off-diagonal. Similarly, the Berry connection’ in the 2 direction reads,

i (Uun| Vz [um) = (un| 2 |um) (4.37)
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Now, we can consider the vector potential of an electromagnetic wave as, A(r,t) = A(q,w)
ellar—wicc.,

The Coulomb gauge is adopted here, which is justified by V - A = 0 for plane waves. Further-
more, the longitudinal field represented by the Coulomb potential created by the charges vanishes,

¢ = 0. Therefore, the minimal coupling Hamiltonian H = H (p + eA) is valid.

Hintw = /drj(r) cA(r,w) (4.38)
J(r), the current operator at r (where r; represents position of electron) reads,

e

ir) =5 Y [+ eA(r, )5(r — ;) +5(r —r;)(p+ eA(r,1))] (4.39)

J

It is a summation over all particles’ velocities. The second quantized version of current operator can

be rewritten as,

—ih 2
j(r) = ; Ut )V, 0 (r) — U(r)V, 0 ()] — S Al )T ()T (r) (4.40)
m m
Since the kinetic momentum operator P = —iAV — e A is a gauge invariant quantity, the current is

also gauge invariant. The Fourier transform of the current operator has the form,

—ihe e?
3@ = Y chen [ dbre O 1)V () ) V)] = S A 05 (1))
af

m
4.41)
By constructing the creation and annihilation operators out of the Bloch eigenfunctions 1/, and

field operators ¥ (r),
cun = [ dErs (r)¥(r)

(4.42)
o = [ Eroinmvie)
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we get,

J = Z <wkn’](q> ’wk’m) CJI;’nckm

kk'nm

The j(q) operator would be,

with the diagonal (§xx+) velocity being vl = % +

The density matrix is defined as

Pkk'nm = <C};/mckn >

In the Heisenberg picture,

apk@% — % <[cL,kamH]>

According to H, We proceed to expand the RHS into two parts. The first part is,

1
Il = E <[CL,kan, Z EqTCI],r.qu]>

qr
1 i i
= Eeqr [5qk6rn <Ck/mcqr> - 6qk'5mr <quckn>]
1
= o (e — em) <6Lm6kn>
1

= %(Ek,n — €k'm) Phk/nm

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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The second part reads,

L /oy . t
I = s <[ck,mckn, eA(r,t) - Z vq,qwrcqwcqr]>
qq'rr’
e -
= fA(’I",t) . Z ’Uq/q,,,/r[(sq/k(s,,‘/n <CL,quT> — (qu/(srm <CZ’T”CI‘m>]
ih
qq’rr’ (4.48)
€ -
= ﬁA(r7t) : Z Vkgnr <CL/qur> - <C:[1rckn>]
qq'rr’
e
= %A(rvt) - (vp — pV)kKrm

The last term adopts a relaxation time approximation, subtle gauge problem with the relaxation time

is not considered here. Therefore, we obtain the equation of motion as,

8pkkz’nm o

- DPkknm _
o

. 0
Zh(pkk’nm - pi;k);’nm)

(Ek,n — Gk/m)pkk/nm + €A(7"7 t) : Z Qjk:q”m"pq’k:’rﬂ’b - pkq’nrﬁq’k’rm] -

- T
qr
(4.49)
and by expanding into different orders of A,
0 1 2
PEk'nm = pgck):’nm + pgck):’nm + pgck):’nm +o (450)
the zeroth order density matrix is,
1
pgcolz'nm = €k m—€r 6kk’5nm (451)
14+ exp{( o )}
where €r is the Fermi energy. The first order p(l) ~ A(qy,w) reads,
eiiwltA Vot
e = € BRI (firm — fen) (4.52)

Plekrnim €k'm — €kn + w1 + ’ih/T

fren = P98k 0 is the Fermi-Dirac distribution.
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The second order density matrix p(®) ~ A(qq,w1)A(gz,w2) can be written as,

P(2)/ =¢? e_i(w1+W2)tA7
kk’nm €k'm — €kn T h(w1 + OJQ) + ih/T
=Y =8 =8 =
Uk ’ A,BU % A/ka: 107U /!
x Z o " (fim — far) — A (fare = frn)
€k'm — €q'r + hwi + iR/ T €q'r — €kn + hwy +iR/T

(4.53)
The general velocity operator Ugp/ny, 1S an anticommutator of velocity matrix vgy,,, and elar,

The matrix elements of the velocity operator v in the Bloch basis reads,

ikt = (1, k] 2 [, k) = / & i (7)Y ()
—zh 1

=7 Bre Tk Tyt (0)(ik 4+ V) g (1)

—h 1 1y
- WZV Y R / dBruf, (r)(ik + Vugm(r)  (4.54)
R

—ih 1
- %5,6%* dBru, (r)(ik + V) wgm (r)

Ve Jue

= Okk/Vknm

The above expression can be evaluated as,

Vi (ukn| H(k) [ugrm) = (ukn| VieH (k) [ugrm) + (Vieukn| H(E) [ugm) + (uen| H(E) |V iugm)
h2
= Ok €k/m (ViUkn |Ukim) + Okk €kn (Ukn| Vit m) + s UKk nm
4.55)

recall that V, (u,m| H(k) |uk/m> = 0Ok’ Vk€kn, and (u,m|Vkuk/m> + <Vkukn|uk/m> =0, we

get the velocity operator,

1
Vknm = ﬁ[vkekndnm + rgnm(ekm - Ekn)] (4.56)
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with 7, = @ (up|Vguy,) being the Berry connection. On the other hand, the plane wave

operator, e'4°" can be simplified,

(n, k| el ‘m, k:'> = ‘1//dgre(i(kl"'q_k)'r)u,*m(r)uk/m(r)
1 * i(k’ —k)-
=7 /d?’rukn(r)uk/m(r) %:e( (k'+q—k)-R)

= — [ d@ruf, (r)urm(r)ow k—q

Ve Jue

= Ok ke—q (Ukn|Uk—qm)

where the lattice sum rule is adopted. Then, the anticommutator of v and ei(ar) reads,

1 .
Ukl mam, = 5 (n, k| {v, T} ’m, k:'>

2
k"l

1
= 51D vrnt (it [ we—qym) + (ko | g)1) k- qyim Ok g
l

Another way of derivation would be

—1ih

ikrnm = (n, k| = \ k:’>=l / @1, (1) (o (VT + €977 ) g (1)

—ih 1

= LS k0L R (€97 [, ) + (i, K] €97 1K) (L, Ko m, )

4.57)

(4.58)

_ /d3 em kTR Ty (1) (ik 4 ig + V + ik + V) g (1)

T omV

—ih 1 .
= TN il ket R / druf, (r) (i(K +

m V 2
R

—ih

1 * , q
— de/(k q)/ d3rug, (r)(i(k + 5) + V) ugrm (1)

C

= <n7 k’ vk—g |ma k — q>

Ty V) ugrm(r)

(4.59)

It can be seen that the Oggs(q) operator only correlates k and k — q. In the long wavelength

limit, ¢ < g, the above equation can be simplified by only considering terms up to first order of q.

In the leading order of q, we can expand ug_q(7) ~ Uk,(r) — q - (Viugy,). With this expansion,
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we can write it in terms of the Berry connection,

<ukn]uk_qm> = Opm + 1q * Tknm (4.60)

Tknm 15 the Berry connection. The result follows,

- 1 o _igPrPB i 1
va(qﬂ) = 9 <n’ {Uav et } lm) = Va,nm + 5‘]/8{7)@7 rﬁ}nm - iqﬁaﬁva,nm (4.61)

where the first term is the conventional velocity, and the latter two terms are akin to the covariant
derivative in its form. The diamagnetic part v ~ A does not contribute to (w, —w) response, since
oW is off-diagonal, Tr [p(l), A} vanishes.

4.2.3 Symmetry analysis and the circular dichorism

With E(w) = iwA(w), we can define the conductivity tensor, ong~(q1,w1; g2, w2), by,

72 (q3,ws) = Z apyEgEy = ZWIWZUaﬁ'Y(‘h»Wl; q2,w2)Az(q1,w1)A(q2,w2)  (4.62)
By By

Here o, 3, v are Cartesian indices and « indicates the direction of the current, while 5 and -y are the

polarization of the incident optical electric field. With the derived generalized velocity operator and
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density matrix, we can write the nonlinear optical response as,

. . 2
32 (g3, w35 g1, w1, g2, w2) = € Z v,ifk,nmp;,)kmn

kk’nm
DI v
- Pk(k—q1—gqz2)nm (k—th—qz)kmn
knmr £8+~

e—ilwitwa)t g Agv(k q1—q2)kmn

3
=e
%ni%v €(k—q1—g2)m — €kn + h(wl + wz) + 2171/7’

= ~
Yk(k—g2)nr(k—gz2) (k—g2—q1)rm
€(k—qz—qi1)m — €(k—qo)r T Pw1 + iR /T

(fk q2—q1)m f(k Q2)T)

~B
Uk,(k: q1)nr (k q1)(k—q2— q1)rm(f iy )]
€(k—q1)r — €kn + Ty —f—zh/q- k—q1)r kn
(4.63)

It includes summation over +w1(4q1), Twa(4qo2), and v <= B. Specifically, the dc photocurrent

response under a monochromatic field A(w, q) would be,

739 (q - g, —w)

_ Ay AsURkmn
—° 5 Z Z 1€knT2ih/T

knmr is,'y@,@

-3 (4.64)
% [ vk(k—sq)nrv(k—sq)krm (fk _ 7 )
€km — €(k—sq)r — shw + ZTL/T " (k=sq)r

=B el
_ vk(k+sq)nrv(k+sq)krm
€(k+sq)r — €kn — shw + ’LTL/T

(f(k—i—sq)r - fkn)]

where the summation s = +1 incorporates (w, —w) and (—w, w) contributions. v, . reduces to

velocity matrix vg,,,. Subsequently, oaigv(q, w, —q, —w) would be,

e3

O-O‘B’Y(qv w,—q, —(,U) = — dk; Z Z ’Ugmn

et e €, — €k + 2ih/T

P
Uk(k: sq)nr (k sq)krm
- 4.65
X [ek _ E(k_sq)r Shw + Zh/T (fkm f(k—sq)'r) ( )
P
k:(k:-i—sq)m" (k:+sq)k:rm

B €(k+sq)r — €kn — Shw +ih/T

(f(k+sq)r - fk:n)]
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This is the major result of this section. When ¢ ~ 0, the second order dc conductivity recovers

the result of quadratic response theory proposed by von Baltz and Kraut.

UQ'BW/ dkzzem—en—F?zh/T

nmrs (4.66)

’U%H]fm Uﬁrvgm
% [€m — €p — Shw +Z7:L/’7'(fm - f?“) - € — €y — Shw _I_Zh/T(fT‘ - fn)]

(1)

In the small g limit, we evaluate the first order in g terms in the conductivity tensor, o, By

(1) The perturbation on the energy denominator gives,

1 -~ 1 (%kr 1
€ktqr — €kn — hw + iR/T " ey — €lon — hw + i /T @ Oky (€kr — €n, — hw + th/T)?
(4.67)
(2) The perturbation on the Fermi-Dirac distribution,
Ofrk
fk—i—qr_fkn%fk:r_fkn""‘qU% (4~68)
n
We can then combine these two parts, and by defining their product as a function D,
a fk’r — fk:n
Dy = 4.69
rkrn () €y — €kn — hw + ih)T (4.69)
We get,
_ 8fkr 1 O€kr

D ~ D — : D 4.70
(k+Qn)kT’n(w) krn T ( 8677 €kr — €n — hew + Zh/T)qn 8kr,7 krn ( )

With the above, we can substitute back into the equation of conductivity to arrive at,

3 B .
e [vn, ol W) — UnrVpim Dipn (W

L L D

w nmr =+s €n F 21 /7- (471)

(afr B 1 )Oer
Oey  €py — €gn — hw + th7’ Ok,
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When we set n = m, the injection current piece is obtained,

-3
1),I —17e
0;37 = 2hw2 qﬁ/ dkzzvrr Unn vnrvrnD ( ) nrvrnD ( )]

nr =+s
Oey  €ry — €pn — hw +ih /77 Ok,
nred afr 1
= dk -
2h%w 2q"/ Z{U”" o €lr — €kn — hw + z‘h/T)
Ofn 1
(2 008+ 0E 0T (fr — F)o(en — € — )

Dey, em—ekn—hw—&-ih/T)}(
“4.72)

Different from normal injection current which contributes only to CPGE, aélg’f is real, and is hence

associated with linearly polarized light (LPGE). The quantum metrics tensor Q.,, = rﬁmrﬁm +
rﬁmr%n has Qpnm(—k) = Qmn(k). The constraint from 7 and Z are the same, so the system need
not to be inversion-broken. Furthermore, the vanishing dispersion of bands in Z indicate that ¢,

would not appear in this term.

(3) The perturbation on the velocity matrix gives,
~a .3 L a . 1 o
vk(kJrqn)nr R Uy + 5%7{1) s T }n’r‘ - iqﬂanvnr 4.73)
Specifically, for light propagating perpendicular to the 2D plane, i.e., ¢ = gz, the equation becomes:
i .
f:(kﬂ»qz)nr ~ ’UQT’ - iqz Z{vgm> ZWLT} (474)
m

For simplicity, we define an operator j¢ = %{vo‘, 2}. The injection current piece reads:

3
e dk> " (v v 38— 32 0P ) (Dpp(w) — D
Uafg’y 2TIOJ2 qz /BZ )[ nr]rn -]’m" Tn]( nr((d) rﬂ(w)) (475)

nr
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Since Zgnm = (Zkmn)* and Ogpm = (Okmn)*, We have Jenm = (Jkmn)*- Also, in the clean limit,

we have,
fn - fr

€n — € — hw

Dpy(w) = P( )+ imd(en — er — hw)(fu — f) (4.76)

so that Dy, (w) = Dyn(—w)* Therefore, USB)’WH is real, and this term contributes to LPGE. On
the other hand, if the wavevector of light is partially in-plane, i.e., ¢ = (g, gy), then in the above
equation. 2y, is replaced by 7,,. The integrand has, (vj — jv)x = —(vj — jv)_g, it obeys time
reversal symmetry 7, and has no requirement on Z.

Having considered the terms with n = m in Eqn. 4.65, or the terms related to the definition of
injection current, we find that those terms would not contribute to CPGE, so now we will analyze

terms related to "shift current" from the n # m terms. First, we consider the covariant derivative of

velocity operator,

(vk'v)nm = vk'vnm - i[ra 'U]nm

] ) 4.77)
=1 Z VnrTrm — TorUrm + VeUnm — Wnm (Tnn — Pmm
r#n,r£m
On the other hand, (Vgv)nm = [D, 0]nm = %5nm- Therefore, When n # m, we have,
Z UnrTrm — TnrUrm
r#n,r#m
4.78)

= 1VVnm + Vnm (Tnn — Tmm)

= im0 m)) + (S nl)o m)) + vl ) — (m] )

This equation cannot be calculated directly on a finite k-point grid. An appropriate expression must

be constructed that retains gauge invariance and accommodates the ambiguity in band identity near
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degeneracies. we can reformulate the this term using

0
Ok

= z<nk:|nk:'>

ro =1 {nk| |nk)

0
BT |I<:g:ka In <nk:’nk:/>
a 4.79)
Y
" A0 Ay

i 1
=1 m
Akqe—0 Ak‘a

In (nk|n(k + Ak)) — iln (nk|nk)

In (nk|n(k + Ak))

and,

o )
dky |k =k, In (nk| v |mk')

(k| o o

Imk)) = (nk| v |mk’)

) 1
= (nk| v |mk) Aklargo A In (nk|v|m(k + Ak) — In (nk|v |mk) (4.80)
: 1 (nk|v|m(k + Ak))
= (nk k) 1 |
(nklvfmk) im0 ko k)

Then we get,

S ot o — i Ly k0 m(k + AR)) (nln(k + AK)
Akqa—0 Ak, (nk|v|mk)
rFnTEm (4.81)
(n(k + Ak v lmk)
(nk|v [mk) (mm(k + Ak)) ™™

+ In

The coefficient is the so-called shift vector, R% (k). (1) Perturbation on Dj/jr (w)
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First, starting with Eqn. 4.65,

(1),I11
afy

e3 Z Z [V Vb Doy (w) — V507 Dy ()], O f 1 Oe
— dk mn mr nrv¥rm ™ T _ r

w2 / o —€n + 2ih)T (8677 €kr — €y, — hW + ihT)akn

e3 af 1 Oe
=— k> — 05,07, D, - -

w2 n /B L L Tmn nr rm (w) UnrUrm (W)](aﬁr] hr — Chom — o + Zh/T akn

el af, 1
= 5 dk E E e mm L. ;

w? qn/ et b ~Vinn T Vm 0ey  €hr — € — hw + ’Lh/’l’)

af, 1
Y oM ro_ 8 D
+ Tmnvnr TT(BEW her — €hom — fiw + ZTL/T)]UTm mT(W)
(4.82)

Sg’fn is purely imaginary. Here, only when E”(w)E"(—w) is imaginary, i.e., light has a circularly

polarized component, would induce a nonzero current. When g = 0, the expression corresponds to

g

the shift current.

(2) Perturbation on Vg’ gy,

We define an operator G to describe the "derivative" of the velocity matrix induced by g,

Gpll = {v e — —0pvsy, (4.83)

Then,
Y = gty [k Y v G — v GE Do ) + (G = oy GTALD ()}
nmr tw

3

- 2hw? qn/ deZRa U'Y mr DmT(w) + Sa(Gvn)mrvﬁmDmT(w)
mr fw
(4.84)
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When g = ¢.2, Eqn. 4.84 changes to,

3
1,1V e . .
AN ==t [ Ak S (Do) = Do () B~ R 0E0)
2R w BZ o
imed ay, vy B ay v .8
= _qu dk Z 6(6771 — & — hw)(fm - fr)<Rmrvmrjrm - Rmrjmrvrm)
w BZ
(4.85)
Since (BY),m = —(BY)%,.. Dim(w) = Dypy(—w)* and jpy = ji,,, the response function is

imaginary. As a result, it corresponds to the circular dichroism. According to the analysis in the

previous section, we arrive at a general response function of the photocurrent,

3 iqyve G, — vl i,
a —w) = —0 dk nVmn T (fon —
Tapy (W, —w) 2uw? ﬁﬁ//BZ r%;em—En-l-ih/T[em_e’”_hw—'_ih/T(f " (4.86)

+ jgrvzm_vﬁrjvym (f *f)
€ — €n — hw +in/T " "

Here the explicit k ependence of the quantities are omitted. The carrier lifetime and is set

to 0.2 ps in the following. ;% = %{vo‘, 2} is the differential current operator. 63, is the coef-

ficient corresponding to the phase between Ejg and E., ie., 0, = 1 for LPL, and 0,, = =i

for CPL. We consider that the numerator is composed of N = v®v%j7, and the denominator
_ 1 PP 1

M = et Jtaw) (en—er—Foifir) Can be divided into a real part Re(M) ~ (o T e

and an imaginary part Re(M) ~ wmd(em — € — hw).

The symmetry arguments can be summarized as,

v (k) j* (k) N (k)

P| (k) | k)| N(R)

T —Ua*(—k) _ja*(_k) _Nabc*(_k)

Therefore, only the imaginary part of N would contribute to PGE due to time reversal constraint,
while inversion need not to be broken to have this response. The shift current part can be written
as igN ¢ Im(D), and the injection current would be ig N Re(D)(n = m). Consequently, shift

current gives CPGE response, while injection current gives LPGE response. Especially for Moire
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cells, when g exceeds the Brillouin zone size G, this equation can be calculated on multiple unit

CCHS, i.e., Uk:(k—q) = vk(k_q+ng).



References 127

References

(1]
(2]

(3]

(4]

(5]

(6]

(71

(8]
(91

[10]

Yuen-Ron Shen. “The principles of nonlinear optics”. In: New York (1984).

Xiaobo Yin et al. “Edge nonlinear optics on a MoS2 atomic monolayer”. In: Science 344.6183

(2014), pp. 488-490.

Xiaopeng Fan et al. “Broken symmetry induced strong nonlinear optical effects in spiral WS2

nanosheets”. In: ACS nano 11.5 (2017), pp. 4892-4898.

Xiaopeng Fan et al. “Controllable growth and formation mechanisms of dislocated WS2 spi-

rals”. In: Nano letters 18.6 (2018), pp. 3885-3892.

Xiaopeng Fan et al. “Mechanism of Extreme Optical Nonlinearities in Spiral WS2 above the

Bandgap”. In: Nano letters 20.4 (2020), pp. 2667-2673.

Hualing Zeng et al. “Optical signature of symmetry variations and spin-valley coupling in

atomically thin tungsten dichalcogenides”. In: Scientific reports 3.1 (2013), pp. 1-5.

Weijie Zhao et al. “Evolution of electronic structure in atomically thin sheets of WS2 and

WSe2”. In: ACS nano 7.1 (2013), pp. 791-797.
Robert W Boyd. Nonlinear optics. Elsevier, 2003.

Kurt Lejaeghere et al. “Reproducibility in density functional theory calculations of solids”.

In: Science 351.6280 (2016).

Yan-Qi Wang, Takahiro Morimoto, and Joel E Moore. “Optical rotation in thin chiral/twisted

materials and the gyrotropic magnetic effect”. In: Physical Review B 101.17 (2020), p. 174419.



