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1 Investigation of the passive flapping motion of wings

at low Reynolds numbers

1.1 Introduction

Many insects have spring-like elements in the form of elastic materials in their thoraxes,
muscles, and tendons that may reduce the energetic demands of flapping flight and improve
flight efficiency Lynch et al. (2021). Their flight mechanisms have been studied extensively
by researchers worldwide through direct kinematics measurements (Bergou et al., 2007; Chen
et al., 2019), numerical (Bergou et al., 2007; Chen et al., 2016; Huang et al., 2023) and
analytical modelling (Ennos, 1988; Whitney and Wood, 2010). Recent progress was reviewed
by Shyy et al. (2016) and Eldredge and Jones (2019). Insects can be generally divided into two
groups based on flight mechanisms. The first group is insects with direct-flight actuation, such
as dragonflies and mayflies, whose flight muscles insert directly into the hinged base of their
wings and cause the wings to flap by initiating movements in the base. The other group is the
insects with indirect-flight actuation, such as bumblebees and butterflies, whose flight muscles
attach to the walls of their thorax instead of the wings. The muscle contractions distort the
thorax shape, which in turn causes the wings to move since the wings are extensions of the
thoracic exoskeleton. Direct-flight actuation has been widely studied (Spagnolie et al., 2010;
Chen et al., 2016; Huang et al., 2021a, 2023), while flight via indirect actuation remains poorly
explored. In this study, we propose a fluid-structure interaction (FSI) model that couples two
elastic wing-hinge dynamics and unsteady flapping aerodynamics to explore passive flapping
and pitching mechanisms in a fruit-fly model. This study may enable us to fill the important
knowledge gaps by reaching new levels of understanding of insects’ actuation mechanism of
indirect-flight muscles.

1.2 Model description

The unsteady incompressible flow is governed by the continuity and Navier-Stokes equations

∇ · u = 0,
∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u+ f , (1)

where u is the fluid velocity, ρ is the constant density, f is the body force and p and ν are
pressure and kinematic viscosity, respectively.

1.3 Derivation of the passively pitching and flapping wing kinemat-
ics

Schematic diagram in figure 1 shows the definitions of a rectangular wing planform. The
wing was assumed as a thin (ignore the thickness) and rigid plate for simplified analysis. In
this model, the two angles of concern are the the stroke position angle ϕ around Z−axis and
the pitching angle θ around the torsion axis (i.e., pitching axis). Here, the pitching axis was
aligned with the leading edge of the wing.

From Newton’s second law of motion in classical mechanics, the total torque T̃ applied
on the wing root to actuate the flapping-wing system equals to the rate of change of angular

1
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Figure 1: Coordinates and dimensions for a rectangular wing planform: G is the centre of
mass and θ is the pitching angle. Z−axis and Y−axis are the flapping axis and pitching axis,
respectively. The wing has a chord length 2a and a span of 2d.

momentum H̃, i.e.,

T̃ =
d

dt
(H̃). (2)

The flapping-wing system is then decomposed into pitching and flapping motions, as shown
in figures 2 and 3.

Z

X

G

O

(a) X − Z plane;

X

Y

G

d

O

(b) X − Y plane; (c) Y − Z plane

Figure 2: Pitching motion analysis in three different views. aθ̇ is the tangential pitching
velocity at the centre of mass G.

For the pitching, the angular momentum is H̃pitch = r × mv, where r = (ûx, ûy, ûz) is
the position vector of the centre of mass (relative to the wing root), m = 4ρwad is the wing
mass, ρw is the wing density, and v is the linear velocity vector at G. According to the
resolved motions in three different views in figure 2, the pitching angular momentum H̃p is
more specifically calculated as

H̃pitch = maθ̇ · aûy +maθ̇ cos θ · dûz +maθ̇ sin θ · dûx. (3)

For the flapping motion, as shown in figure 3, the radius of rotation or the length of the
moment arm r and it’s angle definitions can be calculated as

r =
√
d2 + a2 sin2 θ, cos β =

d

r
, sin β =

a sin θ

r
. (4)

2
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(a) X − Y plane;

Z

X

G

O

(b) X − Z plane; (c) Y − Z plane.

Figure 3: Flapping motion analysis in three different views. rϕ̇ is the tangential flapping
velocity at the centre of mass G.

Similarly, according to the resolved motions in three different views, the flapping angular
momentum H̃flap can be calculated as

H̃flap = mrϕ̇ · rûz +mrϕ̇ cos β · a cos θûy −mrϕ̇ sin β · a cos θûx (5)

Therefore, the total momentum H̃ of the flapping-wing system is

H̃ = H̃pitch + H̃flap

= (ma2θ̇ +madϕ̇ cos θ)ûy + (madθ̇ sin θ −ma2 sin θ cos θϕ̇)ûx + (madθ̇ cos θ +mr2ϕ̇)ûz.
(6)

For a general (non-rectangular) wing, we define the wing in the non-pitched position with
subscript o (i.e., θ = 0 and x = 0). Then, the moment of inertia around the flapping axis
(Z−axis) when the wing is rotated around the pitching axis Jyzo is calculated as

Jyzo = −
∫

yzdm = −ρw

∫ 0

−2a

∫ 2d

0

yzdydz = −4ρwadad = −mad. (7)

Similarly, the moment of inertia around the pitching axis Jyyo and the moment of inertia
around the flapping axis Jzzo are, respectively, given as

Jyyo =

∫
(x2 + z2)dm =

1

3
m(2a)2, Jzzo =

∫
(x2 + y2)dm =

1

3
m(2d)2. (8)

Substituting equations 7 and 8 into equation 6, this gives

H̃ = (Jyyoθ̇ − Jyzoϕ̇ cos θ)ûy︸ ︷︷ ︸
pitch

+(−Jyzoθ̇ sin θ −
1

2
Jyyoϕ̇ sin 2θ)ûx︸ ︷︷ ︸

roll

+
[
−Jyzoθ̇ cos θ + (Jzzo + Jyyo sin

2 θ)ϕ̇
]
ûz︸ ︷︷ ︸

flap

.
(9)

If the deviation angle outside the stroke plane is taken as zero, then

d

dt
(ûz) = 0. (10)

3
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In addition, the Cartesian coordinate system (ûx, ûy, ûz) and the cylindrical coordinate system
(ûϕ, ûr, ûz) have the following relationships

ûx = −ûϕ,
d

dt
(ûx) = − d

dt
(ûϕ) = ϕ̇ûr = ϕ̇ûy,

ûy = ûr,
d

dt
(ûy) =

d

dt
(ûr) = ϕ̇ûϕ = −ϕ̇ûx.

(11)

Then, the total torque T̃ applied on the wing root can be calculated as

T̃ =
dH̃

dt
=
(
Jyyoθ̈ − Jyzoϕ̈ cos θ + Jyzoϕ̇θ̇ sin θ

)
ûy

−
(
Jyyoθ̇ − Jyzoϕ̇ cos θ

)
ϕ̇ûx

+

(
−Jyzoθ̈ sin θ + Jyzoθ̇

2 cos θ − 1

2
Jyyoϕ̈ sin 2θ − Jyyoϕ̇θ̇ cos 2θ

)
ûx

+

(
−Jyzoθ̇ sin θ −

1

2
Jyyoϕ̇ sin 2θ

)
ϕ̇ûy

+
(
−Jyzoθ̈ cos θ + Jyzoθ̇

2 sin θ + Jzzoϕ̈+ Jyyo sin
2 θϕ̈+ Jyyo sin 2θϕ̇θ̇

)
ûz.

(12)

Reorganise equation 12 and this gives

T̃ =

[
−
(
Jyyoθ̇ − Jyzoϕ̇ cos θ

)
ϕ̇+

(
−Jyzoθ̈ sin θ + Jyzoθ̇

2 cos θ − 1

2
Jyyoϕ̈ sin 2θ − Jyyoϕ̇θ̇ cos 2θ

)]
︸ ︷︷ ︸

roll

ûx

+

(
Jyyoθ̈ − Jyzoϕ̈ cos θ −

1

2
Jyyoϕ̇

2 sin 2θ

)
︸ ︷︷ ︸

pitch

ûy

+
(
Jzzoϕ̈+ Jyyo sin

2 θϕ̈− Jyzoθ̈ cos θ + Jyzoθ̇
2 sin θ + Jyyo sin 2θϕ̇θ̇

)
︸ ︷︷ ︸

flap

ûz.

(13)

Then, the flapping and pitching inertial torque are

T flap
iner =

(
Jzzo + Jyyo sin

2 θ
)
ϕ̈+ Jyyo sin(2θ)θ̇ϕ̇− Jyzo

(
θ̈ cos θ − θ̇2 sin θ

)
,

T pitch
iner = Jyyoθ̈ − Jyzoϕ̈cosθ −

1

2
Jyyoϕ̇

2sin2θ.
(14)

Therefore, for the fully prescribed motions the total input torque to actuate the wing flap
and pitch can be calculated, respectively, as

T flap
Input =

(
Jzz + Jyy sin

2 θ
)
ϕ̈+ Jyy sin(2θ)θ̇ϕ̇− Jyz

(
θ̈ cos θ − θ̇2 sin θ

)
︸ ︷︷ ︸

T flap
iner

−T flap
aero ,

T pitch
Input = −Jyyθ̈ + Jzyϕ̈cosθ +

1

2
Jyyϕ̇

2sin2θ︸ ︷︷ ︸
T pitch
iner

+T pitch
aero ,

(15)

where T flap
aero and T pitch

aero are the flapping aerodynamic torque and the pitching aerodynamic
torque, respectively.

4
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Figure 4: Wing geometry: (a) the schematic shows the two-angle flapping kinematics, with
the stroke angle (ϕ) and the pitching angle (θ). ϕ̇ and θ̇ are the stroke and pitching angular
velocity, respectively. c is the mean wing chord, and L is the wingspan. (b) dimensions of the
wing planform at r1 = 0.43.

1.4 Passively pitching and flapping wing model

In this study, the wing of the mean chord c and span L was modelled to undergo two-angle
flapping kinematics, where the two angles of concern are the stroke position angle ϕ and the
pitching angle θ, as shown in figure 4. The deviation angle outside the stroke plane was taken
as zero as a simplified case of normal hovering. The wing shape was generated using the Beta
function (β(p, q)) by giving the radius of the first moment of area r1 = 0.43. The equations
for the wing-shape generation were adopted from Ellington (1984),

r1 =

∫ 1

0

c · rdr, r2 = 0.929 (r1)
0.732 , (16)

p = r1

(
r1 (1− r1)

r22 − r21
− 1

)
, q = (1− r1)

(
r1 (1− r1)

r22 − r21
− 1

)
, (17)

β(p, q) =

∫ 1

0

rp−1(1− r)q−1dr, c =
rp−1(1− r)q−1

β(p, q)
, (18)

where c is the wing chord normalised by c and r is the spanwise distance from the wing root
normalised by L. r1 and r2 are the non-dimensional radii of the first and second moments
of area of the wing, respectively. In our model, the passive flap and pitch dynamics were
modelled using torsional springs at the wing hinge. The passive wing stroke dynamics was
given as,(
Jzz + Jyy sin

2 θ
)
ϕ̈+ Jyy sin(2θ)θ̇ϕ̇− Jyz

(
θ̈ cos θ − θ̇2 sin θ

)
︸ ︷︷ ︸

T flap
iner

−T flap
aero +Ksfϕ = −TA cos(2πft)︸ ︷︷ ︸

T flap
Input

,

(19)
where Jzz is the moment of inertia around the Z−axis, Jyz is the moment of inertia around

Z−axis when the wing is rotated around the pitch axis (note, Jyz = Jzy), T
flap
iner is the flapping

5
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inertial torque, T flap
aero is the flapping aerodynamic torque, Ksf is the torsional stiffness of the

spring for flapping, T flap
Input is the total input torque to actuate the wing flap, TA = 0.043 is

the input torque amplitude, and f is the input torque frequency. For the passive pitching
dynamics, the passive pitching angle θ was determined by solving the dynamical equation for
the pitching motion of the wing, as described in Kolomenskiy et al. (2019),

−Jyyθ̈ + Jzyϕ̈cosθ +
1

2
Jyyϕ̇

2sin2θ︸ ︷︷ ︸
T pitch
iner

+T pitch
aero −Ksp(θ − θ0)− Cθ̇ = 0, (20)

where Jyy is the moment of inertia around the pitching axis, θ̈ is the pitching angular acceler-
ation, Jzy is the moment of inertia around the pitching axis when the wing is rotated around

the Z−axis (i.e. flapping axis), ϕ̈ is the flapping angular acceleration, T pitch
iner is the pitching

inertial torque, C is the damping coefficient of the spring, Ksp is the torsional stiffness of the
spring for pitching, θ0 = 0 is the rest pitching angle, and T pitch

aero is the aerodynamic pitching
moment on the wing.

The torsional spring stiffness for flapping and pitching were defined using non-dimensional
Cauchy numbers (Chf and Chp),

Chf =
ρϕ2

Af
2c3L2

Ksf

= 0.2778 and Chp =
ρϕ2

Af
2c3L2

Ksp

= 0.2084, (21)

where ϕA = 165◦ is the peak-to-peak flapping amplitude. The Cauchy numbers provide a
relative measure of the aerodynamic forces acting on the wing and the elastic torsional spring
force at the wing hinge. The Reynolds number, mass ratio, drag and lift coefficients were
defined as

Re =
UL

ν
= 300, M =

ρwh

ρc
= 1, CD =

2Fx

ρU2A
, CL =

2Fz

ρU2A
, (22)

where U = 2fϕAL is the mean wingtip velocity, ρw is the density of the wing material,
and h = 0.03c is the wing thickness. The value of M dictates the relative effects of the
aerodynamic forces versus the inertial forces. Here Fx and Fz are the forces acting on the
wing by the ambient fluid in the x and z directions, respectively. A is the surface area of the
wing.

1.5 Numerical methods

The D3Q19 lattice Boltzmann method (LBM) with multi-relaxation-time (MRT) model was
adopted for simulating the flow over a flapping wing. Two-way fluid-structure interactions
are coupled by a feedback immersed-boundary method (IBM). The velocity error, streamline
penetration and the consequences of the IB-LBM have been discussed in Huang et al. (2022).
The numerical method used here has been extensively validated in our previous publications
(Huang et al., 2020, 2021b; Huang, 2021; Huang et al., 2021c,a) for various flow conditions.
The computational domain has a size of 30c × 30c × 30c. The finest grid around the wing is
of size 0.04c, and the total grid number is 7.25× 106. The grid size of the wing is half of the
finest fluid grid size (i.e. 0.02c).

6
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Figure 5: Validation against the prescribed flapping with passive pitching case in Lei and Li
(2020): (a) wing kinematics in two stroke cycles; (b) time history of the lift coefficients CL.
Simulation results of the passive flapping and pitching model: (c) wing kinematics in two
stroke cycles; (d) time history of CL.

1.6 Results

A fruit fly wing in hover with prescribed flapping and passive pitching was performed to vali-
date the proposed two elastic wing-hinge model. In the simulation, ksf was set to 0 in equation
19 to approximate the prescribed flapping motion. The input torque was assumed as cosine
waves with amplitude TA = 0.0018183 measured from the prescribed flapping simulation.
Re = 300, M = 1, and Chp = 0.15. More simulation parameters can be found in Lei and Li
(2020). Figures 5(a) and 5(b) show the time histories of the pitching angle, flapping angle, and
lift coefficient CL, which agree well with the prescribed flapping and passive pitching results
of Lei and Li (2020). A passive flapping and pitching wing simulation was performed based
on the validated model. The simulation parameter was introduced in Section 1.4. Figure 5(c)
shows wing kinematics, where the passive flapping motion profile is a sinusoidal wave and
leads the passive pitching motion by a phase of ∼ 50◦. Figure 5(d) shows the time history of
CL, where the variation in CL is consistent across two consecutive cycles. Figure 6 shows a
clear leading edge vortex (LEV), which is the dominant flow feature responsible for the high
lift at t/T = 5.5. The LEV creates a high suction pressure on the wing surface beneath the
vortex. The LEV is smaller near the root and increases in size in the spanwise direction.

1.7 Conclusions

A fluid-structure interaction model that couples two elastic wing-hinge dynamics and unsteady
flapping aerodynamics was proposed to explore passive flapping and pitching mechanisms in a

7
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Figure 6: Vortices are visualized by semi-transparent iso-surfaces of the normalised Q-criterion
(Q∗ = 50) and the wing suction sides are coloured by the normalised pressure [p∗ = p/(ρU2)]
contours at t/T = 5.5.

fruit-fly model, which may improve our understanding of indirect-flight actuation mechanisms
of insects. The results provide validation data for benchmarking computational fluid dynamics
solvers in the simulation of passively flapping and pitching wings.

8
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2 Dynamic mode decomposition for unsteady flow over

flapping wings

2.1 Introduction

Deviation from the steady flow is an expected and routine reality for flapping wings in natural
outdoor environments where unsteadiness and/or perturbations are ubiquitous. Freestream
perturbations can inflict significant excursion in instantaneous forces and moments over wings
and limit the operational domain of crafts. Flapping wings experiencing dynamic stall are
particularly vulnerable to perturbations due to the inherently unsteady flow profile present,
and the interaction with perturbations results in highly transient and complex dynamics. A
long-standing desire to advance the state of airfoil aerodynamics, be it the expansion of the
operational envelope or attainment of greater control authority, has ushered in a breadth of
work examining dynamic flow separation and the response of such phenomenon to excitation
and perturbation (Mueller, 2013).

Various studies have examined the effect of freestream perturbations on airfoils and wings
in deep stall by considering archetypal airflow conditions such as von Kármán wakes (Gopalkr-
ishnan et al., 1994) or grid turbulence (Combes and Dudley, 2009), or gust inflow (Mazhar-
manesh et al., 2021; Poudel et al., 2021). Poudel et al. (2021) numerically studied the effect of
vertical gusts on stationary and oscillating rigid NACA0012 airfoil at low Reynolds numbers.
They found that increasing the reduced frequency of the oscillating airfoil dominates the gust
and results in predictable lift and drag behavior. While previous studies have been mainly
focused on the overall performance of airfoils/wing subjected to freestream perturbations, our
knowledge of the receptivity of the unsteady flow occurring over dynamically stalling wings
to freestream-induced perturbations remains limited. Furthermore, due to the inherently un-
steady motion of airfoils/wings during dynamic stall and the vastly varying perturbations
encountered, the flowfield is complex and the development of robust control strategies using
conventional analytical methods is difficult.

Dynamic Mode Decomposition (DMD) has attracted growing interest in the research com-
munity due to recent advancements in generating large experimental and numerical data sets.
DMD is a purely data-driven and equation-free technique for reduced-order modelling of dy-
namical systems and fluid flows (Schmid, 2010, 2021). DMD finds a best fit linear reduced-
order model representing any given spatiotemporal data. In DMD, each mode evolves with
a fixed frequency, and therefore DMD modes represent physically meaningful structures that
are ranked based on their dynamics (Habibi et al., 2020). The inherent property of DMD
to isolate transient modes has increased its appeal to study fluid flow phenomena with some
impressive results, highlighting its predictive capacity. DMD has also been used in many air-
foil studies. For example, Mariappan et al. (2014) applied DMD to investigate the unsteady
flowfield around a pitching airfoil under attached flow and dynamic stall conditions at high
Reynolds numbers (960, 000 ≤ Re ≤ 2000, 000). They found that a lower-dimensional rep-
resentation constructed using the DMD modes is sufficient to capture 85% of the flow field.
Mohan and Gaitonde (2017) conducted a DMD analysis of stall control for a rigid NACA0015
airfoil at a Reynold number Re = 100, 000 and a 15◦ angle of attack. They found that St = 2
for the dominant mode representing stall. They controlled the frequency at St = 2 using
a nanosecond-pulsed dielectric barrier discharge near the leading edge, and found that the
control tends to excite and destabilize predominantly higher frequencies, but it specifically
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stabilizes the low-frequency large scale structures associated with the stall. Naderi et al.
(2019) showed a combination of the DMD and machine learning algorithms for the modal de-
composition of the dynamic stall of a pitching airfoil. Kou and Zhang (2019) proposed DMD
with exogenous input approach that takes into account the external input terms to model the
pressure field of a flapping NACA0012 airfoil at a high angles of attack 25◦ and a Reynolds
number Re = 40, 000. Menon and Mittal (2020) applied DMD to flow over sinusoidally pitch-
ing, and found that the modes at the oscillation frequency and the first harmonic contain the
separating shear layer, and its roll-up into LEV-like structures. There are also many other
data-driven approaches for the dynamic stall of airfoils. For example, Wang et al. (2021) suc-
cessfully predicted unsteady aerodynamics of the dynamic stall based on a data fusion neural
network by fusing experimental data and numerical simulations.

Such findings motivate this study to use modal analysis techniques such as DMD to study
complex flow separation mechanisms and to facilitate the development of improved aerody-
namic models and strategies for disturbance control and mitigation. In addition, identifying
modality transformations and operational regimes will foster a fundamental understanding of
the coupling of disturbances impinging on dynamic lifting surfaces.

2.2 Methodology

Here an in-house code based on the immersed boundary-lattice Boltzmann method (IB-LBM)
(Huang et al., 2020, 2021,c,a,b; Huang, 2021) is used for the flow simulations on dynamically
oscillating wings. An in-house MATLAB code of DMD is used to analyze the wake and the
unsteady separation of boundary layers at the leading edge. This method takes snapshots of
the flow field and computes the modes that govern the dynamics. This framework is used to
analyze the key dynamic modes.

2.2.1 Flow simulation

The unsteady incompressible flow is governed by the continuity and Navier-Stokes equations

∇ · u = 0,
∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u+ f , (23)

where u is the fluid velocity, ρ is the constant density, f is the body force and p and ν are
pressure and kinematic viscosity, respectively.

For simplicity, only the two-dimensional (2-D) numerical method is presented here; the ex-
tension to three-dimensions is straightforward. The D2Q9 lattice Boltzmann method (LBM)
with multi-relaxation-time (MRT) model is adopted for the fluid dynamics. The lattice ar-
rangement for D2Q9 model is shown in figure 7. The two-way fluid-structure interactions are
coupled by an iterative feedback IBM. The details of the method are given in the following
subsections. In the LBM, the computational domain is discretised with a fixed Eulerian grid
(lattice grid). The fluid is modelled as a set of fictive particles undergoing streaming and col-
lision over a lattice grid. The macroscopic dynamics of the fluid is the result of the statistical
behaviour of the particles, which is described by the distribution function gi (x, t) according
to (Lallemand and Luo, 2000; Luo et al., 2011)

gi (x+ ei∆t, t+∆t)− gi (x, t) = Ωi (x, t) + ∆tGi, (24)
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Figure 7: Lattice arrangement for D2Q9 model. “D2” stands for “2 dimensions”, while “Q9”
stands for “9 particle speeds”.

where gi(x, t) is the distribution function for particles with velocity ei at position x and time
t, ∆t is the time increment, Ωi(x, t) is the collision operator, and Gi is the forcing term
accounting for the body force f . The D2Q9 model is used on a square lattice, of which the
discrete velocity components can be represented as

e0 = (0, 0),

ei = (cos[π(i− 1)/2], sin[π(i− 1)/2])c∆, i = 1− 4,

ei =
√
2(cos[π(i− 9/2)/2], sin[π(i− 9/2)/2])c∆, i = 5− 8, (25)

where c∆ = ∆x/∆t with ∆x the lattice spacing. Compared to the single relaxation time
(SRT) collision model, the multiple relaxation time (MRT) model has been proven to be more
numerically stable (Lallemand and Luo, 2000). Therefore, the MRT collision model is adopted
here and is given by (Lallemand and Luo, 2000),

Ωi = −(M−1SM)ij[gi(x, t)− geqi (x, t)], (26)

where M is a 9×9 transform matrix, and S = diag(τ0, τ1, . . . , τ8)
−1 is a non-negative diagonal

9× 9 relaxation matrix. The determination of S in the two-dimensional (2-D) model can be
found in Luo et al. (2011). The equilibrium distribution function geqi is defined as

geqi = ρωi

[
1 +

ei · u
c2s

+
uu : (eiei − c2sI)

2c4s

]
, (27)

where cs = ∆x/(
√
3∆t) is the speed of sound, I is the unit tensor, and the weighting factors

ωi are given by ω0 = 4/9, ω1−4 = 1/9 and ω5−8 = 1/36. The mass density ρ, pressure p, and
velocity u are respectively calculated by

ρ =
∑
i

gi, p = ρc2s, u =

(∑
i

eigi +
1

2
f∆t

)/
ρ. (28)

The force scheme proposed by Guo et al. (2002) is adopted to determine Gi,

Gi = [M−1(I − S/2)M ]ijFi, (29)
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Fi =
(
1− 1

2τ

)
ωi

[ei − u

c2s
+

e · u
c4s

ei

]
· f , (30)

where τ is the non-dimensional relaxation time.
The two-way interactions between the fluid and the structure are coupled by the feedback

law (Kim and Peskin, 2007),

Fib(s, t) = βρ(x, t)(Uib(s, t)−U(s, t)), (31)

where Fib(s, t) is the Lagrangian force density, β is the feedback coefficient and β = 2m/s
in LBM simulations. In dimensionless form β∗ = β/U0 = 40, and β∗ ranges from 20 to 104
(Huang et al., 2021b). Uib(s, t) is the immersed boundary velocity, and U(s, t) represents the
velocity of the solid wall, U(s, t) = 0 for a rigid solid wall.

A Dirac delta function is used to transfer the interactions between the Lagrangian and Eu-
lerian variables. The velocity interpolation and Lagrangian force distribution to the adjacent
Eulerian grid points are calculated according to

Uib(s, t) =

∫
u(x, t)δ(x−X(s, t))dx, (32)

f(x, t) = −
∫

Fib(s, t)δ(x−X(s, t))ds, (33)

where u(x, t) is the fluid velocity, x is the coordinate of the fluid lattice nodes, δ(x−X(s, t))
is Dirac delta function, X is the coordinate of the solid wall, f is the body force added in
the Navier-Stokes equation to mimic a boundary condition, and ds is the arc length of the
immersed boundary.

The 4-point discrete delta function δh(x) developed by Peskin (2002) is used to approximate
the Dirac delta function,

δh(x) =
1

∆x∆y
ϕ(

x

∆x
)ϕ(

y

∆y
), (34)

ϕ(r) =


1

8

(
3− 2|r|+

√
1 + 4|r| − 4r2

)
, 0 ≤ |r| ≤ 1,

1

8

(
5− 2|r| −

√
−7 + 12|r| − 4r2

)
, 1 ≤ |r| ≤ 2,

0, |r| > 2.

(35)

The IB-LBM FSI solver has high fidelity and compared with the conventional arbitrary
Lagrangian-Eulerian (ALE) method, the algorithm is straightforward because a Cartesian
mesh is used, and mesh movement is avoided. Further, the advantages of explicit calculation
and the intrinsic parallel nature of LBM make the IB-LBM FSI solver much more computa-
tionally efficient than the conventional ALE FSI solver.

2.2.2 Dynamic mode decomposition

The DMD used here is a snapshot-based method where the data matrices are organized so that
each column provides the system’s state at a given instant, and each row contains the time
history of a specific state variable. In the IB-LBM simulation framework, the calculated fluid
data of each snapshot is given on a stationary Cartesian grid. The flow field in each snapshot
is represented as state vector xk, which is made up of nx× ny grid points and flow variables
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of interest at every grid point. The index k denotes the snapshot at the kth time step. The
snapshot of the flow field is sampled at a time interval of ∆t. The number of snapshots used
in the DMD is N , and these snapshots are synthesized into a data matrix X:

X = [x1,x2, . . . ,xN ] (36)

An additional snapshot matrix X′ is collected by shifting the data matrix X by one time step:

X′ = [x2,x3, . . . ,xN+1] (37)

The idea of the DMD is to approximate the evolution of observable vectors (e.g. velocity or
vorticity) from the one time step to the next by a high-dimensional linear approximation:

xk+1 = Axk (38)

where A is a large system matrix that governs this evolution. The matrix A should satisfy min∑N−1
k=1 ∥xk+1 −Axk∥2 to best maps the progress of the state from one time step to the next.

The solution to the system is expressed simply in terms of the eigenvalues λk and eigenvectors
ϕk of the system matrix A:

xk =
r∑

j=1

ϕjλ
k
j bj = ΦΛkb, (39)

where r is the truncated order, and b are the coefficients of the initial condition x1 in the
eigenvector basis, so that x1 = Φb. The DMD algorithm is summarized as below.

1. Approximate map:
X′ ≈ AX (40)

2. Take the singular value decomposition (SVD) of X:

X ≈ UΣV∗ (41)

3. Reduced matrix: the matrix A is obtained by using the pseudoinverse of X obtained via
the SVD:

A = X′VΣ−1U∗ (42)

In practice, the matrix A may be intractable to analyze directly when the state di-
mension is large. Instead, DMD implements the eigendecomposition of Ã which is a
rank-reduced representation of the matrix A by applying r× r projection of the A onto
proper orthogonal decomposition (POD) modes:

Ã = U∗AU = U∗X′VΣ−1 (43)

4. Compute the eigendecomposition of Ã:

ÃW = WΛ, (44)

where columns of W are eigenvectors and Λ is a diagonal matrix containing the corre-
sponding eigenvalues λk.
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5. Compute modes: reconstruct the eigendecomposition of A from W and Λ. The eigen-
values of A are given by Λ and the eigenvectors of A (i.e. DMD modes) are given by
columns of Φ:

Φ = X′VΣ−1W. (45)

6. Construct the projected solution for all time in the future with the low-rank approxi-
mations of both the eigenvalues and the eigenvectors. The approximate solution at all
future time is approximated as

x(t) ≈
r∑

k=1

ϕk exp (ωkt) bk = Φ exp(Ωt)b (46)

where ωk = ln (λk) /∆t, bk is the initial amplitude of each mode, Φ is the matrix whose
columns are the DMD eigenvectors ϕk, and Ω = diag(ω) is a diagonal matrix whose
entries are the eigenvalues ωk.

Here the eigenvalues ωk is a complex number whose real and imaginary parts give the growth
rate and frequency, respectively, of mode k. The resulting DMD modes are ranked according
to an efficient and robust criterion that considers both accuracy and modal energy (Kou and
Zhang, 2017), through integrating the time evolution of mode coefficients (absolute value) in
the sampling space.

2.3 Preliminary Results

2.3.1 2-D NACA0015 flapping foil

Here the simulation of a 2-D rigid NACA0015 foil in a uniform flow is conducted to validate
the IB-LBM solver. The foil is pivoted at a point located on the chord line at 1/3c from the
leading edge, where c is the chord length. The pitching and plunging motions of the foil are
described as

θ(t) = θ0 cos(2πft), (47)

h(t) = h0 cos(2πft+ ϕ), (48)

where θ0 = 76.3o is the pitching amplitude, h is the vertical displacement, h0 = c is the heaving
amplitude, and ϕ = 90o is the phase angle between the two motions. The non-dimensional
flapping frequency fc/U0 = 0.14. The Reynolds number Re = U0c/ν = 1100, where U0 is the
free-stream velocity. The computational domain is 40c × 30c with the minimum grid size of
0.00625c.

Grid distribution and vorticity contours are shown in figure 8. The grid is dynamically
refined and coarsened according to the movement of the foil. The structures of the leading
and trailing edge vortices are well captured. Figure 9 shows the time histories of the drag and
lift coefficients, which agree well with the computational result of Kinsey and Dumas (2008)
and Tian et al. (2015).

2.3.2 DMD for flow over a stationary cylinder

Here the DMD code is tested for flow over a stationary cylinder at Reynolds number Re =
DU0/ν = 100, where D is the cylinder diameter, and U0 is the free-stream velocity. At Re =
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Figure 8: Z-vorticity contours of a NACA0015 flapping foil at t/T = 8.6.

t/T

C
D

7 7.5 8 8.5 9 9.5 10

0

2

4

6
Present IB­LBM
Tian et al. 2015
Kinsey & Dumas 2008

(a) CD;

t/T

C
L

7 7.5 8 8.5 9 9.5 10
­3

­2

­1

0

1

2

3

4

5

Present IB­LBM
Tian et al. 2015
Kinsey & Dumas 2008

(b) CL.

Figure 9: Comparison of drag and lift coefficients time histories for a NACA0015 flapping foil
at Re = 1100.

100 the cylinder wake is in a periodic vortex shedding flow regime. Figure 10 shows a schematic
depiction of the flow over the cylinder with boundary conditions and dimensions used. The
computational domain is a rectangular box (x ∈ [−15D, 25D] and y ∈ [−10D, 10D]). The
finest domain is of size x ∈ [−1D, 8D] and y ∈ [−2D, 2D], and the grid size for the fluid and
the cylinder is 0.02D and 0.01D, respectively. The cylinder is placed in the domain with its
centre located at the origin (i.e. (x, y) = (0, 0)). A uniform velocity profile U0 and a constant
pressure P0 are imposed at the inlet. No-slip walls are enforced at the wall of the cylinder. A
slip boundary condition is imposed at the top and bottom sides of the computational domain.
The normal and shear stress are set to zero at the outlet.

Figure 11(a) shows the time history of the lift coefficient from the simulation. The DMD
analysis is performed after transients are no longer present and the system has attained pe-
riodic behaviour of fixed amplitude and frequency of the lift coefficient. The snapshots are
output from the simulation over the range t/T ∈ [80, 120] (shaded in figure 11(a)) with sam-
pling interval ∆ts/T = 0.1. T = D/U0 is the reference time. The non-dimensional time step
in the simulation is ∆t/T = 0.004. As shown in figure 11(a), seven periods of vortex shedding
are sampled. Figure 11(b) shows the Ritz values computed from the DMD, where all modes
lie on the unit circle, indicating that the corresponding modes are neither growth nor decay.

Figure 12 shows the vorticity for modes 1 to 6. Mode 1 represents the mean flow with the
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Figure 10: Schematic diagram of flow over a stationary cylinder.
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Figure 11: Flow over a stationary cylinder at Re = 100: (a) lift coefficients; (b) Ritz values
computed from the DMD. T = D/U0 is the reference time.

typical shear layers developing from the top and bottom of the cylinder. Mode 2, 4 and 6
show symmetric patterns around the horizontal centre-line, corresponding to the convection
of the large scale structures downstream of the cylinder. Mode 3 and 5 show anti-symmetric
patterns, corresponding to the shedding of the vortices in the wake of the cylinder. All these
observations are in agreement with the results of Chen et al. (2012).

Table 1: Strouhal number (St) and growth rate (GR) of each mode. In the numerical simu-
lation, the Strouhal number is St = 0.1786.

Modes 1 2 3 4 5 6
St 0 0.1758 0.3516 0.5274 0.879 1.0548
GR 0 0 0 0 0 0

Table 1 shows the Strouhal number St and growth rate GR of each mode. St = 0.1786 in
the numerical simulation. Mode 2 has St = 0.1758, which contains the base frequency of the
flow. For modes 3, 4, 5 and 6, the oscillatory mode frequencies are nearly integral multiples of
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(a) mode 1; (b) mode 2; (c) mode 3;

(d) mode 4; (e) mode 5; (f) mode 6.

Figure 12: Dynamic mode decomposition of flow over a stationary cylinder at Re = 100.
The vorticity ranges from −0.01 (blue) to 0.01 (red). The vorticity is non-dimensionalized by
U0/D.

the base frequency St = 0.1758. The integral multiples suggest that the periodic flow of the
cylinder exhibits harmonic-like behavior.

2.4 Conclusion

Validations of an in-house IB-LBM FSI solver for the computations of the pitching and plung-
ing motions of a 2-D NACA0015 foil in uniform flow is performed. Good agreement of results
between current computations and published data was observed, suggesting the present FSI
solver can accurately compute the flow over flapping wing systems. The modes computed by
present DMD codes agree well with previously published data. The effects of the freestream
perturbations will be reported in future works.
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