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Executive Summary

We report here on the work performed during the third year (October 2022 - September
2023) of the contract FA 8655-20-1-7043 on Multiscale materials science: a mathemat-
ical approach to defects.

The presence of numerous length-scales in material science problems represents
a daunting challenge for numerical simulation. Quantifying the effects of defects,
and more generally any uncertainty arising from the data, the discretization and the
mechanical model has become an increasingly important aspect of multiscale analysis.
Such studies open the way to assessing the effective global and local behaviors of
materials.

The bottom line of this long-term project, supported by several EOARD funding
periods in a row (and conducted in relation to a similar and connected research effort
supported by ONR), is to develop new mathematical and numerical tools to address
the current challenging problems of interest in materials science. It is our belief that a
satisfactory theoretical understanding of ideal perfect materials has now been achieved
along with the design of reasonably efficient numerical approaches for the simulation
of those. It is however a pending challenge to understand, model, simulate and control
real materials in all their inevitable imperfections. For instance, issues such as the
modeling of defects are not so well understood. For this specific funding period, we
have studied, both from a theoretical and a numerical perspectives, equations other
than the diffusion equation. The latter equation has been the common denominator
and the main object under consideration for all our previous funding periods. It has
been a test-bed for new ideas regarding modeling of defects and uncertainties in the
idealized materials, in order to bridge the gap between ideal materials and actual
materials. It was now time to begin the adaptation of the mathematical studies and
the numerical approaches developed on the case of the diffusion equation to the many
other equations that are relevant in the engineering sciences. This is what we are going
to describe in the current report, thereby opening perspectives which are entirely new
in comparison to the past funding periods, which extended from 2009 to 2020. In that
spirit, and as explained below, Section 2 is dedicated to fully hyperbolic equations,
while Section 5 is dedicated to multiscale reaction-diffusion problems, which hence
include a reaction term in addition to the diffusive term.

The works reported on here have been performed by Claude Le Bris (PI), Frédéric
Legoll (Co-PI), and

e for the work described in Section 2, by Amandine Boucart, a postdoctoral student
who joined the team in April 2023 and is funded by ONR.
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e for the work described in Section 3, by Rutger Biezemans, a PhD student in the
team who defended his thesis in September 2023 (see [B-PhD]) and was funded
by a fellowship of the Paris Region.

e for the work described in Section 4, by Simon Ruget, who started his PhD in
the team in October 2022 (see [R-PhD]), and the fellowship of whom is funded
by Inria.

e for the work described in Section 5, by Alberic Lefort, who started his PhD in
the team in November 2022 (see [L-PhD]). His PhD fellowship is partly funded
by this EOARD contract.

The works reported on in Sections 3 and 4, although not supported by EOARD, are
part of the global research effort of the team and are closely related to the research
performed in the context of the present contract.

Sections 2, 4 and 5 collect at their end some perspectives. We hope to proceed with
them (subject to EOARD approval of course) in the context of a renewed funding, as
proposed in our 2023 white paper [EOARD-WP].

This report is articulated as follows. First, during the funding period, two text-
books on Homogenization Theory have been written, and we explain the motivation
for this in Section 1. This action testifies to our wish to reach the largest possible
audience and introduce them to the challenging field of multiscale science.

Second, during the past funding period, we began to consider a whole new set of
(multiscale) equations, modeling physical phenomena different from pure diffusion. In
that direction, we first investigated advection-diffusion equations in the regime when
advection dominates diffusion (see our previous report [EOARD-2021]). In spite of
its formal proximity with the diffusion equation, the advection-diffusion equation is
already remote theoretically since, in sharp contrast to the diffusion equation, it is
not self-adjoint. Taking one step further, we focused on the numerical approach for
some fully nonlinear PDE, namely Hamilton-Jacobi equations (see e.g. [ALB23]). In-
trigued by this first set of exploratory works on non-diffusive regimes, we have recently
started to consider fully hyperbolic equations. We report on these preliminary works
in Section 2.

In Section 3 of this report, we explain how Multiscale Finite Element methods
(MSFEM) can be implemented in a non-intrusive manner. We recall that Multiscale
Finite Element Methods are finite element type approaches dedicated to multiscale
problems. They first compute local, oscillatory, problem-dependent basis functions
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which generate a specific discretization space, and next perform a Galerkin approxi-
mation of the problem on that space. We describe in Section 3 how these approaches
can be implemented in a non-intrusive way, in order to facilitate their dissemination
within industrial codes or non academic environments.

In Section 4 of this report, we describe some works related to the construction of
coarse approximations for problems with highly oscillatory coefficients. This is an idea
that we have already studied in the case of a diffusion equation with highly oscillatory
diffusion coefficients A®(x) (see [14, 15]). Our aim was to define and construct the best
non-oscillating coefficient A (think e.g. of a constant coefficient) that was consistent
with the behavior of a heterogeneous material modeled by a given highly oscillatory
coefficient A®(x). Here, we revisit this question in the setting of Schrodinger equations
with rapidly oscillating potentials, using our earlier developments to guide the current
work.

The approach we have introduced in [14, 15] can be considered as an alternative
pathway to standard homogenization techniques when the latter are difficult to use
in practice, in particular when information is missing on the oscillatory potential. It
can also be understood as an inverse problem approach: we design a procedure which,
using some observations (here the solutions to the highly oscillatory equation for sev-
eral right-hand sides), identifies the best effective constant potential such that the
coarse model using that effective potential is as close as possible to the highly os-
cillatory Schrodinger model. We have already discussed this problem in our previous
report [EOARD-2022], where we have collected some theoretical results and some illus-
trating numerical results in the one-dimensional setting. In this report (see Section 4),
we present a complete numerical investigation of the approach in a multi-dimensional
setting.

We eventually consider a multiscale time-dependent reaction-diffusion problem (see
Section 5), a setting that we have already discussed in our 2022 report [EOARD-2022],
where we identified the homogenized limit of the problem. Here, we address the
problem from a numerical perspective. The difficulty stems from the fact that, besides
the fact that the coefficients of the equation (and therefore the solution) oscillate at
a small spacial scale, the problem is also stiff in time. In order to not address all
difficulties at the same time, we consider here the eigenvalue variant of the problem,
which allows us to leave aside the stiffness in time difficulty. There are two motivations
for considering this eigenvalue problem: (i) it can be considered as a first step towards
the corresponding time-dependent version of the problem, and (ii) it appears in several
applied fields (including neutronics) and is thus interesting in its own right. We note
that this problem is different from the equations we have studied in the previous
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funding periods by the fact that it is an eigenvalue problem and that it includes a
reaction term (in addition to the diffusive term).

We recall first the homogenized limit of the eigenvalue problem before turning to
the construction of MsFEM-type multiscale approaches in the one-dimensional setting.
We also present some preliminary results in a multi-dimensional setting.

We acknowledge that the support of EOARD has allowed, in a broad sense, to rein-
force the general activity of our group on multiscale methods. We have been able to at-
tract excellent postdoctoral students (for the current reporting period, Amandine Bou-
cart) and PhD students (for the current reporting period, Rutger Biezemans [B-PhD],
Rémi Goudey [G-PhD], Alberic Lefort [L-PhD] and Simon Ruget [R-PhD]) in our
group, one of them (Alberic Lefort) being funded by this EOARD contract and an-
other one (Amandine Boucart) being funded by ONR. Two PhD students, Rutger
Biezemans and Rémi Goudey, have defended their thesis within the current reporting
period.

The support of EOARD has also allowed us to develop new or strengthen existing
collaborations. First, we have had many discussions with our long term collaborator
Alexei Lozinski (University of Besangon), in particular in relation with the PhD of
Rutger Biezemans, the supervisors of whom were Claude Le Bris and Alexei Lozinski.
Second, during the past years, we have had many exchanges with the group of Daniel
Peterseim (University of Augburg). This has led in particular to the organization of
two joint workshops on multiscale problems, one in June 2020! and one in September
20212. Our specific research activity on MsFEM type approaches has been increas-
ingly intensive in the past years and this continued research effort funded by EOARD
has enhanced our visibility at the international level. We are now following up on this
upon developping a whole network of domestic and international interactions. Pre-
liminary contacts have been established with several researchers, including Guillaume
Enchéry (IFPEn, the French institute for reservoir simulation), Pascal Omnes (CEA,
the French nuclear agency), Barbara Verfiirth (Bonn university) and Karen Veroy-
Grepl (Eindhoven University), on what could be possible tracks for joint research
efforts.

lsee https://www.uni-augsburg.de/de/fakultaet /mntf/math/prof/numa/gamm-fa/french-

german-multiscale-workshop/
Zsee https://sites.google.com /view /multiscale2021
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1 Publication of two books

During the funding period, Claude Le Bris has co-authored (with Xavier Blanc, Uni-
versité Paris-Cité) two textbooks on Homogenization Theory, one in French [BLB23a]
and one in English [BLB23b]. The two books mostly present the same material. The
French version however dwells a bit more into the theoretical aspects while the English
version is slightly more into computational issues.

As exposed in the foreword of the books, the common motivation for the two
textbooks was the following.

Homogenization theory was born fifty years ago and has generated many offsprings.
It has emerged at the interface between an abstract viewpoint and practical considera-
tions in the specific context of periodic media. It was then increasingly considered for
other media: locally periodic media, random media, etc. It was originally considered
for linear equations. It now applies to semilinear equations, quasilinear equations such
as the p-Laplacian, and even fully nonlinear equations, such as the Hamilton-Jacobi
equations. It initially provided a mean to change scale in the bulk of a domain. It
then became a manner to study boundary layers and derive wall laws. After address-
ing only equations, such as the diffusion equation, it was next applied to systems of
equations, such as the Stokes system. Over the years, it has also addressed spectral
problems and not only problems for a given right-hand side, time-dependent problems
after steady-state problems, problems posed over perforated domains or domains that
have fractal boundaries rather than problems posed on nice and regular domains.

That said, such a mature mathematical theory runs a twofold risk. The first risk
is that the theoretical developments become too technical. Most of the simple ques-
tions have essentially been solved. Those that remain unsolved are challenging. They
require an exceptional creativity and an elaborate technical toolbox. Several recent
contributions in the area are extremely technical and their mathematical substance
may escape the outsider. If the sophistication may be an incentive for some readers,
it might also act as a repellent for some other readers. The second risk is that the
theoretical developments, although originally motivated by applications, progressively
get somewhat disconnected from reality.

We therefore believed it was time to summarize the essence of the theory and
make it accessible to outsiders. Major reference treatises exist. Other monographs
also complement the above treatises by focusing on some given aspects or some given
approaches. Some research books aim at presenting new developments, some didactic
and pedagogic presentations initiate the readers to elaborate techniques. We thought
that another book of introduction to the topic could help. It could usefully complement
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the already existing literature, providing a different perspective or a different take on
the various issues. The student, or the outsider to the field, may then cherry pick
which pedagogic presentation fits best with their own perception or allows for the
most efficient learning curve.

It was also ample time to reconcile homogenization theory with its original prac-
tical objectives. As we mentioned above, the development of homogenization theory
stemmed from practical questions, for instance the wish to better understand various
questions arising in material sciences such as phase transitions, mixing properties, etc.
The success of the theory has been substantial, both in terms of phenomenological
understanding and in terms of theoretical equipment. Homogenization theory has
also been useful quantitatively. In its modern variant known as multiscale methods, it
serves as a theoretical guideline. It provides the necessary theoretical understanding of
numerous computational approaches that address various situations. In many actual
circumstances, practitioners need a quick and quantitative answer to the questions
they have. What if the actual material does not satisfy the idealized assumptions of
the theory? One must proceed no matter what. How? What macroscopic properties
to expect? The mathematical apparatus provided by classical homogenization theory
may then be very frustrating. A practitioner in an industrial context may typically be
able to only allocate at most a couple of hours of computational time for the simula-
tion. An approximate quantitative reply is nevertheless expected. At least the order
of magnitude of the reply must be correct, or the trend to be anticipated if a change is
being operated in the conditions of the experiments or the parameters of the industrial
device. It is then unclear how to change the focus, from a theory that primarily aims
at accuracy to a methodology that provides coarse but swift replies.

We also aimed at revisiting a series of past contributions (over two decades, and
essentially all partly supported by our continued funding at EOARD and ONR) per-
formed under the leadership of and in collaboration with Pierre-Louis Lions, that have
led us to develop a portfolio of modeling strategies on nonperiodic problems and ap-
proaches. We thus revisited in the books a portion of homogenization theory through
the prism of a large variety of nonperiodic problems, all arising from practical consid-
erations.

The French version of the book has been published in March 2023, and the English
version in April. At the time of writing of this report, they have been downloaded
about 700 and 1,200 times, respectively.

10
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2 Multiscale hyperbolic problems

[Work expanded in [BLBL24]].

In line with the idea, outlined in the Executive Summary, to study heterogeneous
equations that are less and less elliptic and more and more hyperbolic in nature,
we have recently started to investigate multiscale conservation laws. This work is

performed in the context of the postdoctoral fellowship of Amandine Boucart, funded
by ONR.

The prototypical (multiscale) hyperbolic equation that we have considered is
Ou,
ot

for ¢ small, where u,. is a scalar-valued function and the so-called fluz F'is a vector-

valued function, supposedly depending upon the small scale . The equation is supplied
with an initial condition, and possibly boundary conditions.

—sAus—l—divF(g,ue) =0 (1)

Since the flux varies at the scale ¢, it is well known that obtaining an accurate
approximation of u. requires a small discretization step, if using standard approaches.
The number of degrees of freedom is then very large. This leads to a usually prohibitive
computational complexity. As is usual for multiscale problems, a first strategy is to
theoretically identify the limit u* of u. when € — 0, and build a numerical approach
to approximate u*. This is the realm of homogenization theory. We describe in
Section 2.1 the homogenized limit of (1), and next present in Section 2.2 our numerical
investigations on this problem. Perspectives are collected in Section 2.3. We note that,
to the best of our knowledge, the work we describe below is the first to introduce a
numerical approach, based on periodic homogenization theory, in the specific context
of conservation laws.

2.1 Homogenized limit

The homogenized limit of (1) has been identified in [6] in the periodic setting. We
thus assume that, for any p € R, the function y — F(y, p) is periodic. We restrict our
presentation to the case when the function v — F(y,v) is linear, i.e.

F(y,v) = vb(y)
for some vector-valued, periodic function y — b(y), although [6] actually considers

both linear and nonlinear cases. In the linear setting, the oscillatory problem (1) is

ou.
ot

— & Au. + div [u b (g)} ~0. 2)

11
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As is usual in homogenization, we introduce a corrector problem, which reads here as
follows: find the zero-mean periodic function w solution to

—Ayw(y) + divy [(1 +w(y)) b(y)] = 0. (3)

We next introduce the homogenized flux defined, for any p € R, by
F () =p [ (14w b dy

where @ is of course the periodic cell. We can write F* in the form F*(p) = pb* for
some homogenized advection vector b* given by

b /Q (1 + w(y)) b(y) dy. (1)

For any function u° : R? — R (which plays the role of an initial condition), consider
the oscillatory problem (2) posed in R? and complemented with the initial condition

T

wt = 0,7) = u°(z) [1+w(g>]. (5)

In the terminology of such problems, this initial condition is said to be well-prepared,
in the sense that it is oscillatory in space and that its fine-scale oscillations are exactly
given by the corrector function.

Consider now the homogenized problem

ou*
ot

complemented with the initial condition u*(t = 0, z) = u%(z).

As stated in [6], the homogenization result is that the difference u.(t, z) —u.1(t, z)
goes to zero when € — 0, in an appropriate strong norm, where the reconstructed
approximation u, ; is defined by

ue 1 (t, x) = u*(t, x) [1 +w (EH . (7)

3

+ div [u* b*] =0, (6)

2.2 Numerical investigations

We have numerically investigated the linear oscillatory problem (2) in the two-dimensional

context, with the choice
~( 1+sin(2my)
b(yla y?) - ( 2 _ COS(27T y2) )

12
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which is indeed Q-periodic, with @ = (0, 1)2.

Our aim here, while considering a simple linear and periodic problem, is to numer-
ically investigate the accuracy of the approximation (7) provided by homogenization
theory. We see this work as a proof of concept that homogenization results can be put
in practice in a useful manner. We will then be in position to address more complicated
situations, as described in the perspectives collected in Section 2.3.

2.2.1 Corrector problem

We first need to solve the corrector problem (3). This problem is elliptic and can be
solved using a standard Finite Element technique (in practice, we use a P1 discretiza-
tion of the periodic cell @) with a mesh of size hg = 1/50). We can next compute b*

given by (4), and we have found
e (0988
T\ 198 )¢

We emphasize that our choice of b leads to a homogenized advection vector b* which is
neither along the horizontal, not the vertical direction. The homogenized problem (6)
is thus genuinely two-dimensional.

2.2.2 Oscillatory problem

We are now in position to introduce a reference numerical approach to discretize the
oscillatory problem (2) with the well-prepared initial condition (5). To that aim, we
first need to restrict the problem (2) on a bounded domain €2, and we choose to work
on 2 = (0,1)% We then complement (2) with periodic boundary conditions on 9%, to
remain as close as possible to the theoretical setting investigated in [6]. To define the
initial condition (5), we choose

u® (1, 19) = cos(2m 1) sin(27 x9). (8)

This function is shown on Figure 3 below. We show on Figure 1 the initial condition
us(t = 0) defined by (5) for two values of ¢ (we have been careful to choose values
of € such that the initial condition u.(t = 0) satisfies periodic boundary conditions
on 012, in accordance with our choice to complement the oscillatory problem (2) on
Q2 by periodic boundary conditions). As expected, we observe that, when & becomes
smaller, the period of the oscillations present in u.(t = 0) becomes smaller.

13
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Figure 1 — Representation of the initial condition u.(t = 0) defined by (5), for different
values of € (left: ¢ = 0.05; right: € = 0.01).

Since the problem (2) is parabolic, it can be discretized by a finite element method.
Since the advection field is oscillatory, it is natural to consider a mesh size h much
smaller than the oscillation period e, namely h < . In practice, we choose h = 0.003
when € = 0.05 (resp. h = 0.002 when ¢ = 0.01), which ensures that h/e ~ 1/20 for
the first case and h/e = 1/5 for the last case.

We adopt the following discretization strategy for (2). We consider an implicit
Euler time-scheme,

n+1 n

uAt — e Ayt 4 div [u”“ b (g)} = Z—t, 9)

where u™ is the approximation of u.(t,,) at time ¢, = nAt. In practice, we work
1 h *

with the time step At = — , where b* = ( bi ) is the homogenized
2 /2 [0 + (55)° b

advection field and h is the mesh size (note that At depends on ¢ since h depends on
e). The variational formulation of (9) is to look for u"** € H] () such that, for any
ve H (Q),

per

1 T 1
o n+1 n+1 . o n+1 . _ n
A7 Qu v+£/QVu Vv /Qu b(5> Vo A7 /Qu v, (10)

where we have performed an integration by parts in the last term of the left-hand side
and used that x +— b(x/¢) is periodic on 2 (the boundary term thus vanishes in the
integration by parts), a consequence of the specific values of £ that we have considered.
The variational formulation (10) is next discretized by a Galerkin approximation on
piecewise affine functions on the mesh 7.

14
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We show on Figure 2 the reference solution wu. at the time 7" = 0.2, for the same
two values of € as on Figure 1. As expected, we observe that, when ¢ becomes smaller,
the period of the oscillations of u. (T, ) become smaller.

i o0
oss i )
o8 as
o
o
e

Figure 2 — Representation of the reference solution u. at time 7' = 0.2, for different
values of e (left: € = 0.05; right: ¢ = 0.01).

2.2.3 Homogenized problem

We eventually turn to the discretization of the homogenized problem (6). In general,
the homogenized problem is a conservation law, and we thus adopt a finite volume
approach to discretize it. In line with our choice for the oscillatory problem (2), we
here complement (6) with periodic boundary conditions.

To discretize (6), we use the Lax-Wendroff scheme. In the two-dimensional case,
there are several ways to write such a scheme. The one we adopt here has been

proposed in [7] and reads, for the general problem v + div F(v) = 0 with F(v) =

ot
< F(v) ) =0 ( 21 ), as the conservative scheme
2

G(v)
n+1 n n _ fn n —G"
Vij — Uiy n Fi+1/2,j Fi71/2,j " Gi,j+1/2 Gz’,jq/z —0
At Ax Ay
with

n Fuiy;) + F(vl) by (b +by) At n n
Flapng = 5 oAy Wi TP — i),

" Guij_1) + G(v)  ba(by +by) At n n
Gi,j—1/2 = = 9 s — 27y (Uz’,j —PV_4;— qvi,j—1)7
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by da— by
e
Since the homogenized problem is a constant coefficient problem, it is possible to
use a larger cell size Ax than when discretizing the oscillatory problem. Here, for the
sake of comparing the reference solution with the homogenized solution without adding
any coarse discretization error, we use essentially the same discretization parameters
for both problems. The oscillatory problem is discretized in space using a finite element
method based on a mesh 7, made of isosceles right triangles (we mesh € by squares
and next cut them in half), and we thus solve the homogenized problem by a finite
volume method based on square elements, each of which being the union of two mesh
triangles of T,. We thus take Ax = Ay = h. In order to satisfy the CFL condition,

1 h
22 /(002 + (b3)?

We show on Figure 3 the initial condition of the homogenized problem (namely
u® given by (8)) and the homogenized solution u* at the time 7' = 0.2. We observe
that the scheme is very accurate. The function has simply been transported in the
direction of b*. We see that the time T' = 0.2 is sufficiently large to observe (at the
scale of Figure 3) a transport of the initial condition (the functions at t =0 and ¢t =T
do not lie on top of each other).

where the parameters p and ¢ are given by p =

we use the time step At =

:
:

100400

Figure 3 — Representation of the homogenized solution w*: initial condition (left) and
solution at time 7" = 0.2 (right). Two sets of discretization parameters can be used
(for the two different values of € we have considered for the reference solution); at the
scale of the figure, the two approximations are indistinguishable.
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2.2.4 Errors

We show on Figure 4 the reconstructed approximation u. ; (defined by (7)) at the time
T = 0.2, for the two values of € that we have considered.

Figure 4 — Representation of the reconstructed approximation u.; at time 7' = 0.2,
for different values of ¢ (left: ¢ = 0.05; right: € = 0.01).

We are eventually in position to compute the difference between the reference
solution u, and its reconstructed approximation u. ;. We consider two ways to measure
this difference:

e Our first measure of error is the difference between u.(7,z) and u. (T, z), at
T = 0.2, in the relative L?(2) norm, that is

|ue(T, ) — uea (T, )] 20
e (T, )| 22 ()

We plot on Figure 5 the difference |u (T, z) —u.1(T, x)| at the time 7" = 0.2, for
the two values of ¢ that we have considered.

(11)

e Second, we can consider an average (in space and time) error by monitoring the
quantity
e — Us,1||L2([0,T]xQ)

12
[[wel 2 j0.71x ) 2

where the final time of the interval [0,7] is T' = 0.2 (in practice, the L?(0,T)
norm has been computed using one time step out of every 10 time steps).
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The theoretical work [6] proves a convergence of u. — u.; to zero only in terms of
the quantity (12), without providing any rate of convergence with respect to €. The
numerical results are shown in Table 1. For both criterias, we observe that the differ-
ence between u. and u. ; becomes smaller when e decreases, and that this convergence
seems to be linear with respect to ¢ (dividing € by 5 leads to the error being divided
by 5). We also note that, to reach a relative error (12) of 10%, we need to take ¢ as
small as ¢ = 0.01 (which corresponds to having 100 periods in each direction of the
computational domain).

e | Relative error (11) | Relative error (12)
0.05 1.21 0.504
0.01 0.181 0.100

Table 1 — Comparison between u. and wu.; according to various criteria.

Table 1 thus shows that u. ; is an accurate approximation of u., provided ¢ is small
enough. We now discuss computational costs. As pointed out above, we have chosen
to use the same discretization parameters for the oscillatory and the homogenized
problems, in order to not introduce any coarse discretization error. In practice, these
discretization parameters can be chosen independently for both problems:

e for the oscillatory problem, we must take a mesh size h much smaller than ¢, in
order to capture the oscillations of the advection field; on the other hand, the
time step can be chosen independently of ¢.

e for the homogenized problem, the time step and the cell size can of course be
chosen independently of €, and should satisfy the CFL condition.

The computational cost of the direct method (discretizing u.) is thus much larger
than the computational cost of the homogenized method (discretizing u* and next
evaluating u. ;) because of the much smaller mesh size h that it requires (on the other
hand, the two problems can be discretized using the same time step). This discrepancy
in terms of computational cost becomes larger when € becomes smaller.

Given the above arguments, our temporary conclusion (which is of course yet to
be confirmed, by considering for instance smaller values of ¢) is that the homogenized
method yields an approximation of the exact solution of the same accuracy as the
direct method for a much smaller computational cost.

18
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Figure 5 — Difference |u.(T,z) — u.1(T,x)| at time 7" = 0.2, for different values of ¢
(left: € = 0.05; right: e = 0.01).

2.3 Perspectives

We have just started to investigate multiscale hyperbolic problems. Until now, we have
put in action the results of homogenization theory on a simple, linear case. There are
several steps ahead of us, the first one being to

(i) extend our current numerical approach to the nonlinear setting, a setting which
is actually relevant from the application viewpoint and which is theoretically
covered in [6].

A long term agenda is to build a genuine multiscale approach for hyperbolic problems.
We indeed underline that homogenization theory typically requires some geometric
assumptions on the oscillatory functions of the equation under study. In the case of (1),
it for instance requires the function y — F(y,v) to be periodic. Such assumptions
may be somewhat idealized with respect to practice (this is the case for the periodic
assumption), or lead to very expensive computations (this is typically the case of a
random stationary assumption). To address this issue in the context of elliptic and
parabolic equations, several multiscale numerical methods have been proposed in the
literature, based on finite element methods. We have significantly contributed to one of
them, the Multiscale Finite Element Method (MsFEM). On this topic, our long-term
objective is to

(ii) design a genuine multiscale approach that directly attacks the hyperbolic oscil-
latory equation, using homogenization theory as an intuitive guideline. Since
Finite Volume techniques are often the method of choice for single-scale hyper-
bolic equations, and in particular conservation laws, it is natural to ask the
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question of developing a multiscale finite volume method, that in spirit mimicks
MsFEM, and plays for hyperbolic equations the role that MsFEM plays for dif-
fusive equations. To the best of our knowledge, there exists only a few attempts
in the literature to construct dedicated techniques for computing the solution to
multiscale hyperbolic equations. We refer in particular to [11] and [9, Section
2.5.1], which both use variants of MsFEM. However, no such technique seems to
be a genuine finite volume approach. The question we raise is actually already
interesting and challenging in the linear setting.

This ambitious research program will not be completed within the current postdoctoral
fellowship of Amandine Boucart. As suggested in our 2023 white paper [EOARD-WP],
we hope to proceed with it in the context of a renewed funding.

3 Non-intrusive implementation of Multiscale Fi-
nite Element Methods

[Work expanded in [BLBLL23a, BLBLL23b, B-PhD]].

In this section, we explain how Multiscale Finite Element methods (MsFEM),
which, we recall, are finite element type approaches dedicated to multiscale problems,
can be implemented in a non-intrusive manner. We expect such non-intrusive im-
plementations to eventually facilitate the dissemination of MSFEM methods within
industrial codes or non academic environments. This is a topic that we have already
very briefly mentioned in our 2021 report [EOARD-2021, Section 2.2.3], in a different
context, and that we describe here in more details. This work has been completed
within the PhD of Rutger Biezemans (see [B-PhD]), funded by a fellowship of the
Paris Region. As already mentioned in the Executive Summary, this work, although
not supported by EOARD, is part of the global research effort of the team and is
closely related to the research performed in the context of the present contract.

Let us consider the highly oscillatory diffusion problem
—div(A°Vu') = f in Q, u® =0 on 01, (13)

in a bounded domain Q0 C R?, where the diffusion coefficient A¢ is assumed to oscillate
on a small length scale of typical size ¢ (the extension of our approach to other equa-
tions is discussed in Section 3.3 below). We seek a numerical approximation of (13) by
applying a Galerkin approach. It is well-known that standard finite element methods
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yield an approximation of poor accuracy, unless a prohibitively expensive fine mesh
is employed. Dedicated multiscale approaches have thus been introduced, which pro-
vide a reasonably accurate approximation of (13) for a limited computational cost.
In the sequel, we focus on one such method, the Multiscale Finite Element Method
(MSFEM), that we have already considered in several of our previous reports, see
e.g. [EOARD-2021] (we refer to [9, 13] for a comprehensive exposition). We recall that
the MSFEM method is a finite element type method, which consists of two steps:

e an “offline” phase, where highly oscillatory, problem-dependent basis functions
are numerically computed as solutions to local problems;

e an “online” phase, where a Galerkin approximation of (13), performed in the
finite-dimensional space generated by the basis functions computed in the offline
phase, is solved.

Several MsFEM variants exist, depending on the specific definition of the basis
functions. But they are all definitely intrusive. They indeed require to change the
finite element basis set and adjust it to the problem at hand. Our aim here is to
explain how these approaches can be adapted so that they become as little intrusive
as possible, thereby allowing to use only a legacy, single-scale software (based on
standard finite elements) to recover an accurate approximation of (13).

In Section 3.1, we consider the example of the diffusion problem (13). We then
introduce the simplest MSFEM approach (namely the so-called linear MSFEM) in a
Galerkin setting, and present its non-intrusive variant. Some illustrative numerical
results are provided in Section 3.2, to numerically quantify the additional error intro-
duced by the non-intrusive implementation of the method. It is well-known that the
linear MsFEM variant considered in Section 3.1 is outperformed by several MsFEM
variants. For pedagogical purposes, we have deliberately chosen to present our ideas
on this simple variant and to collect in Section 3.3 some concluding remarks on the
many possible extensions of our methodology to design non-intrusive implementations
of existing approaches.

3.1 Non-intrusive implementation of MsFEM: a simple case

We seek a numerical approximation of (13) by applying an MsFEM type Galerkin
approach. To this end, we introduce a coarse mesh Ty of Q (made of triangles if
d = 2, tetrahedra if d = 3) and denote by Vj the usual conformal P; approximation
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space on Ty. We respectively denote by

a(u,v) = /QVU~A5VU and Fv) = /va (14)

the bilinear and linear forms associated to the variational formulation of (13).

For any interior vertex z; of the mesh Ty, let gb]?l € Vy be the associated piecewise
affine basis function, and let ¢ € H}(Q) be the associated multiscale basis function,
which, we recall, is defined by

VK € Ty,  —div(AVe)) =0 in K and ¢ =¢;' on 0K. (15)

1

The MsFEM approach consists in computing the approximation u3 € Vj; defined by
the problem
Yoy € Vi, a(ufy,vy) = F(vg), (16)

where the multiscale approximation space is defined as

Vi = Span{¢;, 1 <i < N,}.

Implementing this method in an industrial code is challenging. No analytic ex-
pressions for the basis functions ¢ are available (and thus a fine mesh should be
used to approximate them), the computation of the stiffness matrix contributions

V¢ - AV ¢; should be performed by quadrature rules on the fine mesh because the

integrands are highly oscillatory, one should have at hand the correspondence between
element and vertex indices in the coarse mesh, the assembly of the global stiffness
matrix should be manually performed, etc. To alleviate these obstacles, we are go-
ing to introduce a way of implementing MsFEM that capitalizes on an existing code
for solving (13) by a P; approximation on 7y in the case of slowly-varying diffusion
coefficients.

Our starting point for reducing intrusiveness is the following key observation. On
any K € Ty, by linearity of the definition (15) of ¢¢ in terms of ¢;*, and because the
finite element space Vj consists of functions that are piecewise affine (that is to say,
ngﬁfl is constant in each K'), we have the expansion

d

(@) = 07 () + Y (9K X5 (@), (17)

a=1
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for any basis function ¢$ of Vf;, where x3* € Hj(K) is the solution to the local problem
—div (A°Vx%) = div (A%¢,) in K, X7 =0 on 0K, (18)

where e, denotes the a-th canonical unit vector of R%. We next extend x3* by 0
outside K, thereby obtaining a function 3" € Hj(2). We deduce from (17) that

d
g=0 + DY (a0 |k X7 on (19)

We now consider the linear system associated to (16) and insert therein the expan-
N

sion (19) for the multiscale basis functions. The solution to (16) reads uf = Z U; ¢3,
i=1
where U® = (U5, ..., vav)T is the solution to

A U* = IF, (20)

with
V1<i,j< N, A, =a(¢5,65), IF=F(¢).

Using that qugpl is piecewise constant, we write

d
VeE =3 > (0ad)k (ea +VXF).

KETH a=1

£

%4, We obtain

Inserting this relation in the definition of the matrix elements A
A= /QV¢§ AV 5

-3 S @l ( [ (o nid) -4 (ea+v><if>) (067

KeTy =1

d
= 3T IKI D @05k Asalie (0207l (21)

KeTu a,f=1

where the piecewise constant matrix-valued field A € Py(Tg, R¥?) is defined by

A ]- 5 o g,x g,
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for each K € Ty and 1 < a, 8 < d, where | K| denotes the area or volume of the mesh
element K.
Motivated by (21), we introduce the coarse-scale problem

—div(AVu) = f inQ, u=0 on 09, (23)

and its P; Galerkin discretization: find ug € Vg such that

Yoy € VH, CLA(UH, ’UH) = F(’UH), (24)

where the linear form F is defined by (14) and the bilinear form a* is defined by

Vu,v € HY(Q), a?(u,v) = Z aft(u,v) with @i (u,v) :/ Vo - AVu.
K

KeTy

Problem (24) equivalently writes
AP P = P (25)

with B
V1 <i,j <N,, AL =a” (¢, 90), F& = F (5.

J
We then deduce from (21) that

(26)

A5, = /Q Vo, AVet = AT
where we recall that the piecewise constant matrix A given by (22), and therefore the
stiffness matrix A"t depends on the fine-scale oscillations of A°.

The above calculations yield that the stiffness matrix A® in the MsFEM prob-
lem (20) is identical to the stiffness matrix A*1 in the P; problem (25). We however
note that the right-hand vector IF¢ in (20) is in general different from the right-hand
side vector IF*' in (25), since we integrate f against highly oscillatory basis functions
in the former problem and against P; basis functions in the latter. The solutions U*
and U™ to (20) and (25), respectively, are thus a priori different.

The above observations suggest to use the identity (26) of the stiffness matrices
to replace the MSFEM discrete problem (20) by the discrete problem (25) stemming
from the P; Galerkin approximation of the single scale problem (23), which itself may
be easily implemented in legacy codes. The superiority of that implementation over
the classical MsFEM implementation is that the global problem of the online phase
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(including its right-hand side) can be completely constructed and solved using a pre-
existing Py PDE solver. The only requirements in the legacy code are the ability
to provide piecewise constant diffusion coefficients to the solver (and the existence
of a procedure which provides the value of the solution at any point in 2, in order
to eventually reconstruct the oscillatory solution u3;). Note also that the fine-scale
problem (18) is only indexed by the coarse mesh element K, in contrast to the fine-
scale problem (15), which is indexed both by the coarse mesh element K and the
vertex index i. In the latter case, one has to know, for each element K, the global
number of the element vertices, a piece of information which may be difficult to access
to in a legacy code. In the former case, this correspondence is not needed to compute
A, which is entirely defined element-wise.

To summarize, the above procedure to go from the MsFEM problem (16) to its
non-intrusive implementation is based on the following steps:

1. we use the linearity of the problem and the fact that gradients of IP; basis func-
tions are constant in each mesh element to establish the identity (17);

2. we can then recast the MsFEM stiffness matrix A¢ as the stiffness matrix APt of
the Py discretization of an appropriate problem;

3. we approximate the right-hand side IF* of the MsFEM problem by a right-hand
side IF** which can be computed in a manner consistent with a P; discretization;

4. we postprocess the P; solution to obtain an approximation of the reference so-
lution.

We expect the computational cost of the non-intrusive implementation to be smaller,
since IF¥1 is cheaper to compute than IF¢ (we do not need to use a quadrature rule on
the fine mesh). On the other hand, the non-intrusive implementation may introduce
additional numerical errors, that we now investigate.

3.2 Numerical results

We now present some illustrating numerical examples (we refer for other examples
to [BLBLL23a, BLBLL23b]). We take Q = (0,1)?, f(z) = sin(z;) sin(x,) and

€ 2 .2 o (71 + 73
A*(z) = 14 (14 100 cos* (w1 /g) sin®(mas/€)) cos . :
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We deliberately consider here a non-periodic case. Recall indeed that the purpose of
MsFEM approaches is to address general multiscale settings. In contrast to quan-
titative homogenization theory, their implementation does not rely on any geomet-
ric assumption on the microstructure, such as periodicity. For e = 7/150 ~ 0.02,
we consider the reference solution u,s (computed in practice on a fine mesh of size
h = 1/1024), and, for various values of H (ranging from 1/4 to 1/256), the solution

uif; to the Galerkin approximation (16) and the solution u3™ to the non-intrusive

and the difference

HY(Q)
e,G &,ni

implementation. In Table 2, we show the error Huif; — Upef

‘ U gy We observe that the difference u5° —uS™ is extremely small (here
H(Q

by a factor of at least 200) in comparison to the error ui}G —Urr. The intrusive and the

non-intrusive MsFEMs thus share the same accuracy, and this numerical observation

can be backed up by some theoretical arguments presented in [BLBLL23a].

?G ’ i
Table 2 — Errors between u% 7, uz and uy for several values of H.

H ) e,G , ) e, G _ _eni
/€ UZ; — Uger . uy —uy )

11.94 8.69 x 1073 2.32x107°
5.97 711 x 1073 3.22x 107°
2.98 8.81 x 1073 2.59 x 107°
1.49 1.12 x 1072 2.51 x107°
0.75 1.30 x 1072 1.53 x 107°
0.37 1.07 x 1072 9.85 x 1076
0.19 7.55 x 1073 4.00 x 1076

3.3 Concluding remarks on possible extensions

Despite the fact that it significantly improves upon the classical FEM approach, the
MsFEM approach using the basis functions ¢; defined by (15) suffers from a well-
known shortcoming, due to the fact that affine boundary conditions are imposed for
¢;. The method cannot yield an accurate approximation of the reference solution u*
near the edges of the coarse mesh elements, since the exact solution oscillates along
the edges while the numerical approximation does not. To overcome this drawback,
several alternative definitions of the multiscale basis functions have been proposed,
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leading to different MsFEM variants, including the oversampling variant, introduced
in [10] and nowadays considered to be a reference MsFEM variant. We have shown
in [BLBLL23b] how the non-intrusive implementation procedure presented here can
be extended to that case.

To outline the versality of the above procedure leading to a non-intrusive imple-
mentation, we eventually make a few remarks on the advection-diffusion problem

—div(A*Vu®) +b-Vu' = f in Q, u® =0 on 0.

The MSFEM basis functions may be defined by (15) or by a similar equation including
the advection term (see e.g. [16, B-PhD]). Oversampling may also be used. In all
cases, for the same reasons as above, an identity of the type (17) holds, which allows
to express the stiffness matrix of the approach as the stiffness matrix obtained using a
standard P, finite element approximation of a single-scale problem containing diffusion
and advection terms, with appropriate definitions of an effective diffusion matrix A
and an effective advection field b that are both piecewise constant.

4 Coarse approximations for Schrodinger problems
with highly oscillatory potentials

We wish to test on the specific setting of the Schrodinger equation whether and how
we may reconstruct (part of) the oscillatory coefficient entering the equation from
the data, i.e. from the solutions of the equation for several right-hand sides. To this
end, we have to first lay some groundwork, which consists in revisiting an approach
we introduced earlier in [14, 15] in the context of the diffusion equation, in order to
adjust and adapt it to the specificities of the Schrodinger equation. These elements,
already presented in [EOARD-2022], are briefly summarized in Sections 4.1 and 4.2. In
Section 4.3, we present some detailed numerical results concerning the approximation
of the effective (homogenized) coefficients and of the solution to the oscillatory equa-
tion, in a multi-dimensional setting (in contrast to our previous report [EOARD-2022],
where these numerical tests were performed in the one-dimensional setting). We then
collect in Section 4.4 some conclusions and perspectives. The works we describe in this
section have been completed within the PhD of Simon Ruget, who joined the team in
Fall 2022 (see [R-PhD]), and the fellowship of whom is funded by Inria. As already
mentioned in the Executive Summary, this work, although not supported by EOARD,
is part of the global research effort of the team and is closely related to the research
performed in the context of the present contract.
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4.1 Context

We consider the following problem, which is the so-called Schrdodinger equation with
rapidly oscillating potential:

1
—Au, + B Weu, = f in €, ue =0 on 09, (27)

where 2 is a bounded domain in R? and W¢ is a potential function that oscillates at
the small scale . Solving (27) is of course numerically challenging, since its solution
u. oscillates at a small scale.

Before presenting our approach, it is useful to recall the following homogenization
result, in the periodic setting. We assume that W¢(x) = W (xz/e), where W is a fixed
Y-periodic function and Y is the unit cell Y = (0, 1)¢, the mean of which vanishes:

/Y W = 0. (28)

By virtue of (28), we can find a Y-periodic function x, which we call hereafter the
corrector, such that
Axy =W. (29)

W, = /Wx— /!VxP

In order to proceed with the homogenization of (27), we also assume that A\ +W, > 0,
where \; is the smallest eigenvalue of the Laplacian operator in {2 supplied with
homogeneous Dirichlet boundary conditions.

Let us now introduce the homogenized equation

We next define

—Au, + Wou, = f in Q, u, =0 on Of. (30)

It is well-known (see e.g. [4, Theorem 12.1]) that, under the above assumptions, the
oscillatory problem (27) (resp. the homogenized problem (30)) admits a unique solu-
tion u. € H}(2) for any ¢ sufficiently small (resp. a unique solution u, € H}(€2)) and
that, when ¢ goes to 0, u, converges weakly in H() to wu,.

Furthermore, using the corrector y, and as is classical in homogenization, it is
possible to provide an approximation of u. in the strong norm. We indeed have (see
e.g. [4, Theorem 12.3])

lim ||ue — (uy + € X w)|[ 1) = 0, (31)
e—0
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where x° is defined by x°(z) = x(z/¢) for any = €  and where the corrector x is
defined by (29).

We now return to the oscillatory equation (27) and do not make any periodicity
(or any other geometric) assumption on We. The question we investigate is to find the
best non-oscillating potential W (think e.g. of a constant potential) that is consistent,
in a sense to be made precise, with the behavior of the highly oscillatory problem (27).
Put differently, we wish to approximate the solution u. to (27) by the solution @ to a
similar problem with a constant potential W, which reads

~ATu+Wu=f inQ, u=0 on 0. (32)

Note of course the resemblance between (30) and (32).

The motivation for this approach is to find a pathway alternative to standard
homogenization techniques when the latter are difficult to use in practice. Indeed,
homogenization theory (e.g. as recalled above in the periodic setting) requires a com-
plete knowledge of the oscillatory potential W¢ (e.g. to compute the corrector). In
many practical cases, this coefficient is only partially known, or one only has access to
the solution of (27) for some right-hand sides f.

When ¢ is asymptotically small, W should then be a fair approximation (for all
practical purposes) of the homogenized potential W,. We introduce below an optimiza-
tion formulation (see (33)—(35)) and show that this is indeed the case: when ¢ — 0,
the best constant potential converges to W,. The approach can thus be employed
to approximate W,. In addition, when ¢ is not small, our strategy still provides an
effective model, where the coefficients are the best possible in the optimization space
in which we work.

4.2 A quadratic optimization formulation

We now recall our optimization procedure, as already introduced in our previous re-

port [EOARD-2022]. For any constant potential W € R, consider the problem with

constant coefficients (32). For any fixed ¢, we wish to define a constant W, € R such

that the solution %, to (32) with W = W, best approximates the solution u. to (27).
Inspired by [15], we could define W, as a minimizer of

inf sup J-(W, f), (33)
WER fer2(@), |fll 2=
with o
Je W, f) = llue(f) = u(f)l720 (34)
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where we have emphasized the dependency upon the right-hand side f of the solutions
to (27) and (32). In practice, solving the problem (33)—(34) is difficult, because it is
nonconver. Following [14], we prefer to actually define the constant W, as a minimizer
of (33), where the cost function is now defined by

2

35
2@’ (35)

LW, 1) =||(=2)7 (= Aw) + Wuc() - f)

where the operator (—A)™! is defined by
w=(-A)"'g when —Aw=g inQ and w=0 on 9.

Note that the cost function (35) is related to (34) through the application, inside the
L? norm, of the operator v — (—A)’1< — Av + WU).

Let us now briefly recall the practical procedure to solve (33)—(35). We emphasize
that (35) is quadratic with respect to f and W, in contrast to (34). The problem (33)-
(35) thus has the advantage of being convez. This is of paramount importance for the
efficiency of the numerical approach.

The supremum over f € L?*(2) in (33) is approximated by a supremum over a
finite-dimensional space. More precisely, problem (33) is approximated by

inf sup J.(W, f), (36)

WER feVp, |Ifll,2(0)=1

where Vp is the finite dimensional space generated by the first P eigenfunctions of the
Laplacian operator on €2, that is

Vp:Span{};, 1§p§P}, (37)

where —Ajﬂ’];7 =\ f; on () with f;, = (0 on 0f).

The minimization problem over W that is involved in (36), namely

inf J(W, f), (38)

WeR

can be easily solved. For any fixed f € L*(Q), we indeed observe, using the linearity
of the operators, that the quantity J.(W, f) is a polynomial function of degree 2 with
respect to W. The solution of the inf problem (38) is hence analytically known.

The maximization problem over f that is involved in (36), namely

Ip = sup J(W, f), (39)
feVp, ||f||L2(Q):1
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is also easy to solve, once Vp has been chosen as (37). For a fixed W, it indeed amounts
to computing the largest eigenvalue of a symmetric positive definite matrix A(W), of
size P x P, and the associated eigenvector. The maximum [Ip in (39) is equal to the
largest eigenvalue.

To solve the inf sup problem (36) in practice, we alternate between the maximiza-

tion problem (39) and the minimization problem (38).

4.3 Numerical results: effective potential and approximation
of the solution

Theoretical results concerning our approach (33)—(35) have been presented in our
previous report [EOARD-2022]. Likewise, some illustrating numerical results in the
one-dimensional setting have been provided there. As pointed out in the Executive
Summary, we now present a complete numerical investigation of the approach in a
multi-dimensional setting.

In this section, we investigate the accuracy (with respect to the homogenized poten-
tial) of the best constant potential ngt provided by our approach. We also describe

how to use ngt to approximate the solution u. to the oscillatory equation. In short,
the numerical experiments reported below show that our approach, in the setting con-
sidered here, provides an accurate approximation of W, and of u., as soon as ¢ is
sufficiently small (here ¢ < 0.1 = [2|/10), and that it only requires a few iterations to
solve (33)—(35). In a multi-query context (where one considers (27) for many right-
hand sides), it is thus much less expensive than a direct approach discretizing (27).

We now detail our setting. We work with = (0,1)? and the potential
W (z,y) = 7°V/8 (sin(27z) + sin(27y)) .

The prefactor in this potential has been specifically chosen such that the homogenized
potential W, is comparable to the first eigenvalue \; = 272 of the Laplacian operator
on 2. We actually have —W, = |[W,| = A\;/2. In the homogenized equation (30), the
two terms of the left-hand side thus have roughly the same magnitude, and the test
case thus does not correspond to a small perturbation of the Laplacian operator, a
case which is too simple.

In practice, here, the oscillatory equation (27) and the effective equation (32) are
solved using a finite element method, both on the same fine mesh (in order to not
introduce any coarse discretization error). The size of the mesh elements is sufficiently
small to ensure that u. (and a fortiori @) are accurately computed. For any ¢, we start
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the optimisation procedure from the initial guess W = 0 (which corresponds to the
average of V).

4.3.1 Computation of the effective potential

We first observe that our alternate direction algorithm to solve (36) converges in
a few iterations, as shown on Figure 6a. When ¢ is sufficiently small, the relative
error between the homogenized potential W, and the optimal effective potential ngt
provided by our approach is small (see Figure 6b). Of course, when ¢ is not small,
ngt has no reason to be close to W,.

More precisely, as soon as the space Vp contains the first eigenelement of the
Laplacian operator, i.e. as soon as Vp is given by (37) for some P, the results are
extremely good and actually independent of P. For any value ¢ < 0.1, the relative
error between ngt and W, is smaller than 1%. In addition, the convergence of

szt to W, seems to occur at a quadratic rate with respect to €, in the sense that

‘WS‘” —w,

If Vp does not include the first eigenelement of the Laplacian operator (this cor-

0.8 82.

responds to the green curve on Figure 6b, where Vp = Span {]?;,, 2<p< 10}), we

observe that the optimum value szt still converges to W, when ¢ — 0, again at a
quadratic rate, but with a larger prefactor. Nevertheless, the error remains small: for
any value € < 0.1, the relative error is already as small as 5%.

All these results confirm our claim that our approach indeed allows to obtain a
very accurate approximation of W,.

4.3.2 Approximation of the solution in L? norm

We now investigate the accuracy of our approximation, in terms of recovering the
solution to the problem. We are thus going to compare, for various right-hand sides f,
the solution u.(f) to the oscillatory equation (27) and the solution @(f) to the effective

equation (32) using the optimal effective potential ngt. For this comparison, we set
P =1 in the choice of the learning space Vp defined by (37). Stated otherwise, the

optimal effective potential ngt is computed using Vp = Span {fl} We have seen on

Figure 6b that this choice leads to a converging approximation of W, when ¢ — 0.
The accuracy of u(f) is here quantified by the criterion

[u(f) = ue(f)llz2)

reve Nue(Hllz)

(40)
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(b) Relative error between W?pt and W,, for vari-
ous choices of Vp (the results for p € {1}, p € [L, 3]
and p € [1,10] lie on top of each other).

(a) Value of W’; along the iterations k (for three
different values of ).

Figure 6 — Performance of our approach in terms of effective potential.

where V is the space of dimension @) defined by (37). On Figure 7a, we consider
the case @@ = P (here Q = 1), which means that we plot the quantity that we have
minimized in order to define szt. On Figure 7b, we next consider the choice Q) > P
(here @ = 10), which means that we test the quality of our approximation w(f) for
right-hand sides f that we did not consider when searching for the optimal effective
potential. We again observe accurate results as soon as ¢ < 0.1, with the relative
error (40) (computed for @ = 10) being smaller than 7%. When ¢ is too large, there
is no reason for the approximation (32) (using a constant effective potential) to be
accurate.

4.3.3 Approximation of the solution in H' norm

Besides W, (which is well approximated by ngt) or u. (which is well approximated by
u in the L? norm, a function which is easy to compute once szt has been identified),
another quantity of interest is Vu.. In the same spirit, we recall (see (31)) that
homogenization not only provides an approximation (in the L? norm) of u., but also
of Vu.. To compare in a fair manner homogenization and our approach, we thus need
to find a way, once an optimal szt has been determined, to recover an approximation
of Vu, (or equivalently of Vx). For the diffusion equation, we have introduced several
strategies to do so in [14, 15], and we adapt them here to the current setting.

In view of (31), we know that the function w.; defined by u.1(x) = u.(z)(1 +
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(a) The case Q = P = 1. (b) The case @ = 10, P = 1.

Figure 7 — Relative error (40) between u. and .

ex(x/e)) is a good H' approximation of the function u.. We hence have
Vu.(z) =~ Vu, () + us(z) Vx (g) :

Inspired by this relation, we define the vector-valued function C., which aims at ap-

proximating Vx(-/¢), as the minimizer of

Vue(f) = va (W, f) —a (W, ) ©

2

(41)

L2(Q)

inf sup
0
CEPl feL2(), Ifll2()=1

In the above relation, szt is the optimal effective potential, identified in the first

stage of the approach. We have seen that szt ~ W,, and we therefore consider

E(ngt, f) as an accurate approximation of u,(f).
In a similar manner as for the identification of the best effective potential, we

approximate the supremum over f € L*(Q) in (41) by a supremum over the finite-

dimensional space Vp defined by (37).
In (41), the vector-valued function C' is searched among the piecewise constant

functions (on a fine mesh 7, of size h < ¢). Since the values of C' are thus independent
from one element to the next, the problem can be recast as a collection of problems

on each element k of the fine mesh:

Vu.(f) - va (W, f) = a (W, f) ¢,

2 (42)

)

L2 (k)

inf sup
CreR4 eV, Hf||L2(Q):1
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each of these problems being inexpensive to solve since the functional to minimize is
quadratic with respect to C,. For technical reasons related to the discretization of
u, we do not perform this computation for the elements too close to the boundary
0€), but only for the elements contained in a domain €2, isolated from the boundary
of Q. Denoting C°%¢ the minimizer of (42), we eventually define C. on €y, by

Cox)= > CPL(x).

567—]—“ RCQint

We now investigate the accuracy of our approximation, and consider two criteria
to quantify the error. In both cases, we set P = 1 in the choice of the learning space
Vp defined by (37). Stated otherwise, the optimal effective potential ngt and the

optimal C. are computed using Vp = Span {fl} We can first monitor how well C.

approximates Vx(-/¢) by computing the relative error

IC: = VX(-/e)ll22 @)
IVXC/E) |2

(43)

Results are shown on Figure 8b and indeed demonstrate that C. is an accurate ap-
proximation of Vy(-/¢).

We can also compare, for various right-hand sides f, the gradient of the solution to
the oscillatory equation (27) with its approximation provided by our approach, namely

frutn -ve (V) s (i) o),
reva V()] @) o (44)

where V{, is the space of dimension ) defined by (37). Results are shown on Figure 8a
with the choice @ > P (here @) = 10), which means that we test the quality of our
approximation for right-hand sides that we did not consider when searching for the
optimal effective model. We again observe accurate results as soon as ¢ < 0.1, with
the relative error (44) (computed for Q = 10) being smaller than 7%.

4.4 Conclusions and perspectives

We collect here conclusions and directions of future research on this topic.

As pointed out above, the numerical tests of Section 4.3 demonstrate the efficiency
of our approach to compute effective coefficients for the problem on the large scales
and to provide an approximation (in various norms) of the oscillatory solution.
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learning space Vp (with P = 1).

Figure 8 — Performance of our approach to recover the solution in H' norm (in the
two figures, both ngt and C. have been computed using Vp with P = 1).

The main direction of research that we now wish to investigate is that of the
robustness of our approach with respect to the available data. Note indeed that we
have worked until now under the assumption that we have at our disposal the complete
knowledge of u. for some right-hand sides. In practice, the data may be blurred or

incomplete, because of
e noise introduced in the experimental measurement of ..

e the fact that the experimental apparatus cannot measure u. at the fine scales,
but only at the large scales. We can e.g. think of a situation where we only have
access to averages of u. on the domain occupied by the experimental sensor,
which is small compared to {2 but much larger than €. We thus have to under-
stand how to adapt the formulations (33)—(34) or (33)—(35) to the case where
the only available data is of the form ue, where By (x) is a domain of size

By (x)
H satistying ¢ < H < diam (). Obviously, the high frequency oscillations of u,

are lost, and the only quantity we may hope to identify is the effective coefficient
of the system (in the present case, the effective potential W,).

e in mechanical experiments, the available data may not be the average of the
displacement u., but the average of the deformation tensor e(u.) = (Vu. +
(Vu)T)/2. Actually, it may even be the case that the average of only some
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components of e(u.) (those aligned with the experimental sensor) is available.
e ctc.

We can also think of situations where we do not have access to (a coarse approximation
of) the field u., but only to averages of u. (or of related quantities) on the boundary
of 2. Think e.g., in a mechanical context, of having access to the average displace-
ment / average force acting on the boundary of the specimen. This typically leads
to the knowledge of the energy contained in the system, which reads, in the current

Schrodinger context, as E.(f) = / |Vu|? + / Weu?, where u. is the solution to

the oscillatory problem (27) for the right-hand 81de f. Introducing the effective energy

EW,f) = / |Va|® + / W @?, where % is the solution to the effective problem (32)
Q Q

for the right-hand side f and the effective potential W, a possible formulation is to
define the best effective potential as the minimizer of

inf sup [EW. f) = E(f)]- (45)
WER feL2(Q), Ifll20=1

It is an interesting question to understand whether this formulation is well-posed,
whether it leads, in a periodic setting, to some szt which converges, when € — 0, to
the homogenized potential W,, and how it can solved efficiently.

We make the following additional remark. In many cases, we have an a priori
empirical knowledge of the effective coefficients. In the Schrodinger setting, this means
that the problem is not to search for the best I in the whole set R, but rather to search
for the best W in the vicinity of some W, previously identified. This typically allows to
linearize the equations around Wy. This would make the original procedure (33)—(34)
convex with respect to W, without the need to transform it into the procedure (33)-
(35). This is also particularly advantageous in the context of (45), which, as such, is
a nonconvex problem and for which it is unclear how to introduce a “convexification
reformulation” in the spirit of (35). Under the assumption that we only look for the
best W in the vicinity of some Wy, the formulation (45) becomes convex as well, and
is thus expected to become much easier to solve.

In all the above contexts, which are very relevant from a practical viewpoint, an
interesting question to investigate is how to adapt our approach, in order for instance
to be able to recover a reasonably accurate approximation of the effective coefficients
at the large scales.
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5 Multiscale reaction-diffusion problems

We describe here ongoing works concerned with multiscale reaction-diffusion problems.
These works have been performed within the PhD of Alberic Lefort, who joined the
team in Fall 2022 (see [L-PhD]), and whose PhD fellowship is partly funded by this
EOARD contract.

We consider the following multiscale time-dependent reaction-diffusion problem:

ou. 1
JR— _|_ J—
ot g2
where € is a bounded domain of R? and 7" > 0 is a given final time. The unknown
function wu, is a scalar-valued function defined on (0,7) x Q. We complement (46) by
homogeneous Dirichlet boundary conditions and an initial condition. This problem
appears in several applied fields (as explained below), and it is different from the
equations we have studied in the previous funding periods by the fact that it is time-
dependent and that it includes a reaction term (in addition to the diffusive term).
We are interested in the case when the (scalar-valued) reaction coefficient o, and/or
the (matrix-valued) diffusion coefficient D, are multiscale, i.e. oscillate (in space) at
a small scale €. Our aim is to build an efficient numerical strategy to approximate the
solution to (46). Two difficulties are present:

o-(x)u. — div (Do (2)Vu:) =0 in (0,7) x Q, (46)

e First, the coefficients of the equation (and therefore the solution w.) oscillate at a
small spacial scale. Standard discretization approaches (such as finite elements)
would need to use a mesh of a small size to obtain an accurate solution, which
may be computationally prohibitive. This motivates the use of dedicated nu-
merical approaches (such as the Multiscale Finite Element Method) to capture
these spacial oscillations.

e Second, the problem in time is stiff: a standard marching scheme such as the
backward Euler scheme would need a small time-step to provide an accurate
solution.

In our previous report [EOARD-2022], we have considered this problem from a the-
oretical perspective, and we have established its homogenized limit, in the periodic
setting. We here consider it from a numerical perspective. In order to not address
the two difficulties mentioned above at the same time, we are going to consider the
following multiscale reaction-diffusion eigenvalue problem:

1 [
= o-(x) u. — div (De(x)Vu,) = gua in €, u: =0 on S (47)
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We thus look for the first eigenvalue of the operator, and its associated eigenfunction
(that we assume to be normalized in the sense that ||u.|| ;2 = 1). Note that, even
in that setting, the problem is different from the equations we have studied in the
previous funding periods by the fact that it is a eigenvalue problem and that it includes
a reaction term (in addition to the diffusive term). The motivation for considering (47)
is threefold:

e This problem can be considered as a first step towards the corresponding time-
dependent version (46) of the problem. It is indeed well-known that, to (the-
oretically and numerically) study linear time-dependent problems of the form
O + Lu = 0, it is useful to first study the eigenmodes of the operator L, i.e.
identify (u;, A;) such that Lu; = A u;. The solution to the time-dependent prob-
lem may indeed by written (at least formally) as u(t, z) = Z a;j exp(—=A;t) uj(x)

J
for some coefficients «; depending on the initial condition.

e Problem (47) only includes the first difficulty mentioned above, namely oscilla-
tions at a small spacial scale. We can focus on these, and leave for future works
the design of methods to address the fact that the problem (46) is in addition
stiff in time.

e Problem (47) appears in several applied fields (and is thus interesting in its
own right), including neutronic, which motivates the particular scaling in 1/&?
of the reaction term. In that case, u. represents the neutron density in the
system. Generalizations of (47) include vectorial variants of the equation, where
each component of u. represents the density of neutrons having a certain kinetic
energy (the number of possible kinetic energies being finite). We refer e.g. to [2],
and also [3, 5, 8, 12, 17].

Our aim here is to build an efficient numerical strategy, in the vein of MsFEM ap-
proaches, to approximate the solution to (47). In order to get a better understanding
of the problem, we first recall in Section 5.1 its homogenized limit, in the periodic set-
ting. This preliminary step is useful to design numerical approaches, since it provides
a description of the main features of the exact solution, a knowledge that guides the
choice of discretization methods in order to capture these features. It is indeed well-
known that MSFEM methods (briefly presented in Section 3.1) are intimately linked
with homogenization. In Section 5.2, we next introduce, in the one-dimensional set-
ting, several variants of multiscale finite element methods and present the numerical
results that we have obtained. The multi-dimensional setting is next considered in
Section 5.3. We collect in Section 5.4 some perspectives.
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5.1 Homogenized limit

In this section, we consider (47) in the periodic setting, and recall its homogenized
limit, as established in [2]. Denoting Y = (0,1)? the periodic cell, the oscillatory
equation we study reads as (47) with o.(x) = o(x/¢) and D.(z) = D(x/¢), where o
and D are Y-periodic functions. We assume that the matrix D is symmetric and that
there exists 5 > a > 0 such that, for any ¢ € R,

vy eY, algf <D< and a<o(y) <P

Consider the smallest eigenvalue p; (and the associated eigenvector 1, assumed to be
normalized by |[¢||z2(yy = 1) of the eigenproblem

o —div (DVY) = puy v, 1 is Y-periodic.

Using the Krein-Rutman theorem, one can show that the smallest eigenvalue p; is
simple and that it is possible to choose the eigenvector such that ¥ (y) > 0 (see

e.g. [1]).
Consider now, for any 1 <1 < d, the corrector problem

—div (D¢*(e; + V) =0, w; is Y-periodic, (48)

and the homogenized matrix D* defined by
D], = / eI DY (e; + V). (49)
Y

Consider next the smallest eigenvalue vy (and the associated eigenvector v, again
satisfying ||v|[z2(q) = 1) of the eigenproblem

—div(D*Vv) =1v in Q, v=0 on JN. (50)

It is shown in [2] that

e 0%
b(a/e) ( . 52“” oz, )>
The proof of this result actually goes by observing that the function v. defined by

ve(z) = ue(z)

problem: find the smallest eigenvalue v; and the associated eigenfunction v. such that

= 0. (51)
H(Q)

e—0

is the solution to the following (generalized) multiscale eigenvalue

—div (D- 2 Vv.) = vf 2 v, in €, v. =0 on 09, (52)
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where 9. = 9(-/e). This eigenvalue problem involves only a diffusion operator (in
contrast to (47) which includes a large reaction term). Its homogenized limit can be
identified using standard homogenization tools (such as, formally, a two-scale ansatz).
This leads to the introduction of the corrector problems (48), of the homogenized
matrix D* defined by (49), and of the homogenized eigenvalue problem (50). Note
that the function v?, present in the right-hand side of the oscillatory problem (52),
only affects the right-hand side of the homogenized problem (50) through its average,
which is equal to 1 in view of the fact that 1) is periodic and ||¢[|2(yy = 1.

The smallest eigenvalues v and 14 being simple, we have that ] converges to
vy and v, converges (strongly in L?(€2), weakly in H'(2)) to v when & goes to 0.

d
Furthermore, denoting by +v the limit of v., the difference v, — (v +e Z w;(+/e) (‘)ﬂ])
i=1

goes to 0 strongly in H'(Q) when ¢ — 0, which is exactly the claim (51).

5.2 MsFEM approaches: the one-dimensional case

We now restrict ourselves to the one-dimensional setting, set 2 = (0, 1), and introduce
a uniform coarse mesh (with elements of size H) of (2, the interior nodes of which are
denoted z;, 1 < j < N,. We return to the general notation D, and o..

5.2.1 A preliminary, non-operational MsFEM approach

To start with, we temporarily assume that we have at our disposal the function v, and
denote . the function defined by ¢.(x) = ¢(x/e) (of course, in practice, we do not
have this function 1. at hand and we will have to actually determine an approximation
of it, a task we will achieve in Section 5.2.2 below). For each node i of the mesh, we
introduce the function x;, solution on each mesh element to the problem

—div (D92 Vx5) =0

with the boundary conditions x$(z;) = d;;. Our intuition is that v. solution to (52)
should be well-approximated in the space Span {x5, 1 <1i < N,}. In view of the rela-
tion u. = 1. v., we next consider the multiscale approximation space

Vi = Span{¢. x5, 1 <i < N,},

and define the MsFEM solution using a Galerkin approximation of (47) on the space
Vit we look for the first eigenvalue )\{{ “ and its associated eigenfunction us; € Vi
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such that
€ 1 € € A?"E €
Vv e Vg, — [ oeuyv+ | Vu-DVuy = —— [ ujv. (53)
€ Ja Q € Q

We have investigated the performance of this preliminary MsFEM approach in a
periodic case, in order to start with a simple situation. We thus set

o.(x) = o(x/e) and D.(z) = D(z/e) (54)

with
o(z) =20 (2 + sin(27z)) and  D(x) =6+ 5sin(27z), (55)

with € = 0.002. We monitor the accuracy, defined as the relative error

[Vug; — VUEHL2(Q)
Errre ative — ) 56
o [VaeTo (56)

as a function of the coarse mesh size H. Results are shown on Figure 9. For the sake
of comparison, we also plot on that figure the results obtained using a standard P1
approach on the coarse mesh.

We observe that the preliminary method provides very accurate results. For all
the values of H we have considered, the relative error (56) is smaller than 3%. As
expected, the P1 approach accuracy is poor (with errors of the order of 100%). Our
aim in the next section is to introduce an accurate approximation of 1., a function
that we do not know in practice (and which is not defined in a non-periodic context),
in order to practically mimick this preliminary method.

5.2.2 A practical MsFEM approach

We introduce the following approximation ¢. of .. For each element K; = [jH, (j +
1)H] of the coarse mesh, we consider an oversampling extension S; = [(j — 1)H, (j +
2)H]. On each element S;, we solve an eigenvalue problem: we look for the first
eigenvalue pff and its associated eigenfunction (IDJH“€ € Hj(S;) solution to

He
1 13 : 13 /J/177‘ € €
6—205(1‘) @f’ —div (De(x)V@f’ ) = 5—23 @f in S;, @f =0 on 09;.
We next introduce the function ¢. defined on 2 by

VI<j<N,, Veek;  ¢.(x)=0"(a)
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log(1/H)

Figure 9 — Accuracy (quantified by (56)) of the preliminary MsFEM approach (in log-
log plot) as a function of H, for € = 0.002 (1D case). The vertical green line is drawn
for the value H = . The regime of interest for MSFEM is H > ¢, hence the part of
the plot on the left-hand side of that green line.

Note that the function ¢. is (in general) not continuous at the node vertices.

We next proceed similarly as in the approach described in Section 5.2.1, replacing
everywhere 1. by ¢.. For each node 7 of the mesh, we thus introduce the function x;,
solution on each mesh element of

—div (D-¢2Vx5) =0

with the boundary conditions x5(x;) = d;;. We next consider the multiscale approxi-
mation space

Vir = Span {¢. x;, 1 <i < N, }, (57)
and define the MsFEM solution u5; using the Galerkin approximation (53) of (47) on
the space V5 defined by (57).

We investigate the performance of that practical MsFEM approach for the same
test case as above (see (54)—(55), where we again fix ¢ = 0.002). The relative error
(defined by (56)) of both the preliminary and the practical MsFEM approaches are
shown on Figure 10 as a function of the coarse mesh size H.

We observe that the practical method that we have just introduced is not as ac-
curate as the preliminary method of Section 5.2.1, but that it already provides en-
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Figure 10 — Accuracy (quantified by (56)) of the MSFEM approaches (in log-log plot)
as a function of H, for ¢ = 0.002 (1D case). As in Figure 9, the vertical green line is
drawn for the value H = ¢.

couraging results (with errors between 3 and 10%) when H is sufficiently larger than
€.

5.3 MSsFEM approaches: the two-dimensional case

We now consider a two-dimensional setting and set Q = (0,1)2. We consider a struc-
tured mesh of {2 made of squares of size H x H that we next cut in half in order to
obtain a triangular mesh 7x. In order to mimick the oversampling procedure consid-
ered in Section 5.2.2, we embed each triangular element K of Ty into a oversampling
square S; of size 2H x 2H, on which we solve an eigenvalue problem: we look for the
first eigenvalue ,uf  and its associated eigenfunction @f’g € H'(S;) solution to

He
1 He . He lul,} He -
= o-(z) ;" —div (Da(x)V(I)j > = . in S (58)

with periodic boundary conditions on the boundary of S;. We next introduce the
function ¢. defined on Q2 = U, K; by

Vo e K, d-(x) = @fa(x)
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Note that, as in the one-dimensional case, the function ¢, is (in general) not continuous
across the edges of the mesh. We next proceed similarly as in the approach described
in Section 5.2.2. For each node ¢ of the mesh, we thus introduce the function y;,
solution on each mesh element of

—div (D-¢2Vx5) =0 (59)

with the boundary conditions x5 = x?, where x? is the P; basis function associated to
the vertex ¢ of Ty. We next consider the multiscale approximation space V}; defined
by (57) and define the MsFEM solution u5; using the Galerkin approximation (53) on
the space V}5 defined by (57).

0.5
"y %"4’5,)( - \VE"ZMK)
max(lge,x = Veli=u)

—s— d(2H/e,N)

0.4

= uf = uf e

—— 30]AZT = A%

o
w

o
N

Erreurs relatives

0.1

0.0

15 2.0 2.5 3.0 3.5 4.0 4.5 5.0
2H/e

Figure 11 — Red and purple curves: accuracy of the practical MsFEM approach for
different values of € (2D case, H = 1/8). The other curves monitor the accuracy of
intermediate quantities, as explained in the text.

Numerical results are shown on Figure 11 in the periodic case, for the coefficients
o. and D, given by (54) with

o(x) =20 <2 + cos (2m(z1 — 22)) sin (27 (x1 — :172))>,
D(z) = 6+ 5 cos (2m(zy + 212)) sin (27 (21 — x2)).

The axis of symmetry of o and D are deliberately not aligned (but rather tilted) with
the vertical and horizontal axis of the mesh. We fix H = 1/8 (and h = 1/1024 for
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the computation of the basis functions and of the reference solution denoted uf** on

Figure 11) and consider several values of e. When moving to the right-hand side of
Figure 11, the value of € decreases, which means that the offline stage becomes more
expensive (the cost of the online stage is the same for all points of the figure, since it
essentially only depends on H).

The green curve of Figure 11 shows the distance between 2H /e and the closest
integer. It is a measure of how well 2H can be considered as a multiple of €. If that
distance vanishes, then each oversampling square S; (the size of which, we recall, is
2H x 2H) exactly contains an integer number of periods, which is a very particular
situation. The generic situation is when S; does not contain an integer number of
periods, which is for instance the case when the distance between 2H /e and the closest
integer reaches its maximum, namely 1/2.

The blue and yellow curves of Figure 11 investigate (in the relative broken H'(£2)
norm and in the relative L> norm, respectively) how well the practical function ¢,
approximates the ideal function .. We see that the error is of the order of 30% in
the broken H'(€) norm, and of the order of 10% in the L* norm.

We eventually monitor the accuracy of the MSFEM solution (denoted u*™ on
Figure 11), by computing the relative broken H' error (shown in red) between the
eigenfunctions, defined by

VS luzem — uBEF |

[ | 1.2

and the relative error (shown in purple) between the eigenvalues. Since the latter
quantity turns out to be much smaller than the other ones, we actually plot (for the

sake of visibility) the ratio
|)\num _ /\REF|
30 (3 (3

[AZEF

rather than |\™m — MEEE|/|NEEE| on Figure 11. We observe that the error on the
eigenfunction is of the order 20 to 30 %, which is a very encouraging first result. The
error on the eigenvalue is much smaller (as is often the case for eigenproblems), and
is of the order of 1% or less. Our temporary conclusion (which is of course yet to be
confirmed) is that the practical MsFEM method we have introduced yields a fairly
accurate approximation (for all practical purposes) of the exact solution.

46

DISTRIBUTION A: Distribution approved for public release.



5.4 Perspectives

The numerical results obtained so far are very encouraging. We wish to pursue this
work in the following directions:

e investigate the robustness of our approach, by considering other test cases, in-
cluding non-periodic ones. The influence of the contrast (in D, and in o.) needs
also to be understood.

e in order to better understand the behavior of the approach, it is interesting to
consider an alternative method, where we again solve (58) on the oversampling
domain S;, but now complemented by homogeneous Dirichlet boundary condi-
tions. Such a test should help us understand whether the results are sensitive to
the precise boundary conditions set on 9.5;.

e investigate how our approach can be extended to approximate the other eigen-
modes of (47), besides the first one studied here. Our motivation is two-fold.
First, multiscale numerical approaches are particularly efficient (in terms of com-
putational cost) in multi-query contexts. Approximating several eigenmodes is
one such context, where we may hope to perform only once the offline stage (that
is, solving for the fundamental eigenmode (58) and the associated functions x5
defined by (59)) and to use the obtained multiscale approximation space V5 to
compute, in the online stage, many eigenmodes. A second motivation is the fact
that the eigenproblem (47) can be considered as a first step toward the time-
dependent problem (46). In that perspective, all the eigenmodes of (47) matter
from a theoretical perspective. From a numerical perspective, it is not required
to compute all eigenmodes, but we definitely need more than simply the very
first eigenmode.

e return to the time-dependent setting and approximate (46). The MSsFEM dis-
cretization space is expected to accurately capture the oscillations in space, and
we are thus left with the stiffness in time difficulty.

We hope to proceed in these directions in the context of a renewed funding.
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