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EXECUTIVE SUMMARY

While decision trees function as base-learners for many machine learning methods and exhibit several
useful properties, the compromise between prediction accuracy and generalization limits their utility in
non-ensemble applications. We propose a new method to improve the predictive performance of pre-trained
decision tree regressors. Using the tree structure and metadata, we derive a set of decision threshold-based
weights that modify the leaf prediction values. The weighted values are then aggregated into a final
“softened” prediction which more accurately represents the true target distribution. We demonstrate the
approach on a variety of benchmark data sets and observe a mean improvement of 11% over the baseline
decision tree R? values. We further explore the parameters of the approach and characterize their effects.
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1. INTRODUCTION

As lightweight function approximators, decision tree regressors form the basis of many model
approaches. They are easy to train, are human interpretable, and provide reasonably accurate predictions
with low computational overhead. However, decision trees’ piecewise prediction function limits their
ability to fully represent real-world continuous targets. Further, attempts to increase predictive performance
often come at the expense of generalization; increasing tree depth allows for more granular prediction but
increases the risk of approximating the training data and not the underlying data-generating process
(overfitting). Improving generalization by selectively pruning branches necessarily reduces the
expressiveness of the model. Ensembling methods such as random forests [1, 2] and boosted trees (e.g.
gradient boosted trees [3], AdaBoost [4, 5] address these limitations using multiple trees. While effective,
these methods require additional computational resources and may not be ideal in constrained
environments or where prediction explanations are necessary.
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Soft tree method applied to a decision tree fit to a 1-dimensional example data set. The stepwise
function of a decision tree (DT, orange dashed line) approximates data sampled from a noisy sine
process (grey points). The soft tree approach (ST, solid blue line) smooths over the decision
thresholds, improving generalized predictive performance.

Figure 1. Soft tree example

Other approaches contend with limitations in decision tree predictive performance by altering the
prediction mechanism of the tree. The linear regression tree approach [6] constructs a standard tree with
linear regression models at the leaves. This improves over the constant-value prediction of standard trees;
however, it remains noncontinuous in the target space. The Bonsai tree approach [7] constructs a sparse,
shallow tree where all nodes and leaves become non-linear predictors. Predictions result from the sum of
intermediate predictor outcomes along the decision path. Although the decision nodes continue to provide
context, prediction explanations under this approach are ultimately obscured by the aggregation of
non-linear predictors. Further, while this method works well in the embedded domain, it requires data for
training and cannot be applied to a pre-trained decision tree.

A trained decision tree provides a basic information set contained within the nodes and leaves
comprising the tree’s anatomy. At each decision node, the considered input feature and threshold value
identify a division of the feature space. This n-dimensional subdivided space represents the learned
structure of the training data with the corresponding leaf prediction values. Additional information is also
commonly retained in the probability of each branch derived from the number of samples seen at each
node.



We propose a method for improving decision tree regression performance by leveraging the latent
information of the tree structure. Soft trees improve model predictions by smoothing the piecewise
prediction surface. This approach modifies the distance of the input vector from the threshold at each
decision node with a smoothing function to produce a weight. The branch probabilities are balanced
against these distance weights to provide overall branch contributions to the final value. The predicted
output of the soft tree then becomes a recursive weighted combination of all the leaves in a selected subtree.
The smoothing shape, the branch probability balance, and the aggregation depth are all tunable parameters.

Conceptual similarities to soft trees may be found compared to spline regression [8]. The knots bounding
the splines are analogous to the midpoints between thresholds of the softened decision tree. Traditionally,
the number and position of these knots can present a challenge for tuning, although more recent work [9]
has demonstrated methods for automatic selection. In contrast, soft trees rely on the thresholds learned by
the tree from the data and are able to incorporate arbitrary elements within the tree into a final prediction.

Notably, the soft tree method improves a trained decision tree without access to training data’. This
approach capability is desirable where existing decision trees are trained on lost or restricted data,
collecting new training data is impractical (e.g., data generated monthly), or where retraining is otherwise
infeasible.

The soft tree approach is detailed in this paper and organized as follows: Section 2 describes the soft tree
methodology and presents a discussion of the parameters; Section 3 identifies data sets and details
experiment execution; Section 4 explores the results of the experimentation and considers findings; Section
5 discusses conclusions and identifies future work.

"While training data are unnecessary, the approach requires metadata representing the expected value range of the features.



2. METHODOLOGY

Assume a set of data (X, Y") such that the independent variable x; € R™ is a vector x : (21,2, ...,Tp)
of length n > 0 within X and the dependent variable y; € R is an associated scalar in Y. A decision tree
regressor, f, is constructed such that § = f(z; k) minimizes the expected squared error, E [(g — y)Z], for
all (z,y) € (X,Y) where k is the depth of the tree.

The resulting trained tree contains at least a minimal set of metadata sequences, each describing the
tree’s structure or descriptive elements of the training data. The sequences Cy, and Cr, represent each node’s
left and right children, respectively. Each decision node has elements identifying the selected feature, H,
and the decision threshold, 7. Finally, S represents the number of training samples arriving at each node
and V contains the prediction values of the leaves?. The soft tree approach exploits this set of meta-features
to create a new predictor, f, such that E[(f(z) — y)2] < E[(f(2: k) — y)?].

At the core of the method, decision nodes establish a weighting for each child branch. This continues
recursively down each subtree until the leaf nodes are reached. The derived weights control the relative
contribution of the leaf values as they are propagated up the tree during inference. The relationship
between branch weights at the 7' node is given by

l=wyr +wer )]

where w,_v is the weighting applied to the left branch child’s result, and w,_r is applied to the right. The
weights a}e each restricted to the interval [0, 1] € R, in accordance with (13. The branch weights are
composed of three components: a contribution from threshold distance, the branch probability, and a
probability adjustment.

2.1 Threshold distance

Intuitively, input feature values near corresponding decision thresholds suggest an inherent uncertainty
in the tested inequality. For samples very close to the threshold, even small perturbations—for example,
sampling error—could dramatically alter the decision path and eventual predicted value. Accordingly, a
threshold distance, d, is a proxy for this uncertainty and facilitates a correlated weight. Formally, the
threshold distance at the 7*" decision node is the normalized difference of the input value and the feature
threshold as defined by

|ti - xhi|

max min
vt Y

d; = )

where ¢ € T is the threshold value; x, is the input value at decision feature h € H; and v™* and pmin

are the maximum and minimum values of feature A at node 7. The resulting normalized distance, d;, is
constrained to the interval [0, 1].

The minimum and maximum values of the features at each decision node are discovered by interrogating
the tree structure®. For a given node 4 considering feature h, the upper and lower bounds in the feature
dimension are defined as

3)

7

pmax _ min {¢ |t >t; and t € Ty}, if o>t
]t else

2Sequences have an upper size bound related to the maximum number of decision nodes (2% — 1) and leaves (2%) in a full tree.
3 Assumes consistency in the direction of inequalities at all decision nodes (e.g., nodes always test for less-than-or-equal).



and

“

7

min _ max {t |t <t;and t € T}, }, if o <t
)t else

for t;, Ty, € T with t; as the node threshold value and T}, as the subset of all thresholds in 7~ associated
with feature h. Where the bounding values are not defined, for example, when a feature is used in exactly
one decision node (i.e. {t|t # t; and ¢ € T}, } = (), the maximum or minimum values of the feature are
calculated from available data. Without data, the anticipated feature bounds can be provided as a prior:
estimates.
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Smoothing function g maps threshold distance to weight contribution. Parameter o governs the
impact of distance on the resulting weight: large values (blue dotted line) apply weight at larger
distances while smaller values (purple dash-dot line) apply weight at even short distances.

Figure 2. Smoothing function distance to weight mapping

2.2 Smoothing Function

Applying the normalized threshold distance as a raw weight results in a linear interpolation over the
threshold. While this is reminiscent of linear regression trees, it is unlikely to be an optimal representation
of the unseen distribution. Instead, a smoothing function is introduced to allow nonlinear transitions of the
prediction surface across the decision thresholds. The function defines a mapping from distance, d, to a
weight on the interval [0, 1] € R. The smoothing function in this work was selected empirically to allow
for control of the distance-weight relationship through a single parameter. Accordingly, the function is
defined as

d® +1
g(d; ) = 2+ (5)

where g is parameterized by a value a > 0.

As illustrated in Figure 2, the parameter o influences the impact of distance on the final weighting. At a
distance of zero, the function produces a weight of 0.5, reflecting a balanced consideration between
branches as defined in (1). For an « value of one, the resulting weights scale linearly with the distance. As
the value is increased, larger distances are required to receive the full weight value. Conversely, as «
approaches zero, even small distances receive considerable weight. When « is zero, the full weight is
applied regardless of threshold distance, mirroring a standard decision tree.

4



2.3 Branch probability

It is well known that decision trees are prone to overfit training data as tree depth increases [10].
Assuming the training data are representative of the true distribution?, overfit subtrees are identified within
the structure of the tree as branches with comparatively few training samples®.

For a given decision node, assume sy,, Sg € S are the counts of training samples arriving at the left and
right child branches, respectively. The unconditional probability of selecting the left branch is then
pL = sL(sL + sr) ' and the probability of the right branch is pgr = 1 — pr,. When deriving an aggregate
result (Section 2.4), these probabilities modify the branch weight to amplify or attenuate the threshold
distance component.

Intuitively, with this approach, low probability branches correspond to reduced contribution to the final
result thereby mitigating the impact of outliers and deep trees on prediction generalization. To avoid
unnecessary probability weighting, the influence of the probability is adjusted such that it becomes
strongest as p approaches 0 or 1. The probability effect coefficient is defined as 6 = 2|p — % .

1.00 1
— 2/p—1

0.75 4(]3—%)2
=0.50 1
o

0.25 1

0.00 L, . .

0.0 0.5 1.0

probability (p)

The shape of the function (blue solid line) ensures an adjustment coefficient, §(p), of zero when
the branches are balanced. An alternative function (green dashed line) offers a lower adjustment
coefficient in the probability region around the balance point (p = 0.5).

Figure 3. Probability adjustment functions

In this formulation, as the value of p nears 0.5, the coefficient (and resulting adjusted impact of
probability) reaches a minimum, § = 0, due to the equivalency between branches. The relationship
between the adjustment coefficient and the probability is illustrated in Figure 3, along with an alternative,

4(p — %)2 which requires more distance from the equilibrium point to apply an effect.

2.4 Aggregate prediction

While branch probabilities introduce a defense to overfitting, it is not always desirable to incorporate
these values into an aggregate output®. To facilitate probability-free results, a parameter 3 € R, on the
interval [0, 1], is introduced. The /3 parameter controls a branch weight’s relative contributions from the
distance threshold and the probability. For a 5 value of one, aggregate predictions ignore the weight
contribution from distance. When f is zero, the contribution of branch probability is ignored. The final
weight assigned to a branch at a given node is then

“Trees trained with out-of-distribution data may see limited or no improvement from the soft tree approach.
SRelative probability comparison is ineffective in fully-overfit trees (e.g., trees containing exactly one training sample per leaf).
81n particular, it is preferable to eschew probability weights when it is expected or known that the decision tree is not overfit.



w = Bop +[1 - B0 g(d) (6)

where p and g(d) are evaluated from the perspective of the same branch (e.g. x; < t;). The alternate
branch weight at the decision node is derived from the symmetry of (1).

The depth at which the soft tree method is applied to the decision tree has a significant influence on the
consequent aggregate value. While softening a prediction using the entire tree is possible, this may not
result in an optimal prediction. In order to specify the aggregation depth, a parameter A is introduced
residing on the interval [0, k] € N where £ is the tree depth. The A parameter is indexed from the bottom of
the decision path upward (leaf nodes reside at level zero) and specifies the root of the subtree considered.
At A = k, the entire tree contributes to the prediction.

Given an aggregation depth A > 0 and input vector z, the final softened prediction is the result of a
weighted combination of the child branches applied recursively” as given by

fla ) =w- fu(mA=1)+ (1 —w) - frlz; A= 1) @)

where fL and fR are the applications of the soft trees algorithm to the subtree of the left and right child
branches with weight w as defined in (6). At the leaf nodes, the soft tree produces the same value as the
underlying decision tree; fj (x; A = 0) = v; where v; € V is the predicted value of the 4 leaf in the
decision tree.

"Traversing the subtree results in a computational complexity of O(n2>‘) for predicting n samples at aggregation depth .



3. EXPERIMENTATION

In order to explore applications of the soft trees method, we designed and executed a set of comparative
experiments. The experiments target common benchmark data sets using standard decision trees, soft trees,
and random forests. The standard decision trees provide both an expected floor of performance and the
basis for softening. Similarly, random forests yield tree-based ensemble results which represent an
expected upper performance bound for the soft tree method. In addition to exercising the softening
approach, the experiments serve as a baseline evaluating future enhancements.

We selected open-source benchmark data sets to represent a diverse set of regression tasks. These sets
comprise a variety of sample sizes, numbers of features, data types, and application domains to facilitate
analysis of comparative approach characteristics. The details of each data set are summarized in Table 1.
Additional detail about the data and preparation is found in Appendix A.

Table 1. Benchmark data sets summary.

Feature Number of | Number of

Data set types features samples
Accelerometer | Real, Categ. 5 153,000
Air Quality Real 15 9,358
Diabetes Real, Categ. 10 442
Friedman 1 Real 100,000
Friedman 2 Real 100,000
Friedman 3 Real 100,000
Red Wine Real 12 4,898
Tetouan Power Real 9 52,416
Titanic Real, Categ. 10 331

While the value of the experimentation lies in comparing relative performance, reasonably performant
models more accurately reflect real-world application. Parameterization of the algorithms has a
dramatically effects the performance and generalization of the resulting models. To produce
locally-optimal models, we subjected each algorithm to a grid search over a subset of the parameter space
for each data set. The selected parameters identified in this search are detailed in Appendix B.

For the standard decision tree and random forest algorithms, we fit a model to a subset of each data set
using the identified locally-optimal parameters, then subsequently evaluated those models on holdout
subsets. In order to provide a measure of uncertainty, we repeated the process over 10 folds. The sample
composition for the individual folds is held constant for each model’s experiments to maintain parity. We
then “fit” soft trees® to each trained decision tree and evaluate the predictions on the corresponding holdout
sets. To avoid the confounding influence of divergent scales in the dependent variables, we selected the
coefficient of determination (R?) as the predictive performance evaluation criterion.

8Soft trees are not trained on data in the traditional sense, but rather modify predictions of pre-trained trees.
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4. RESULTS

The results of the soft trees comparative experimentation are shown in Table 2. The identified
uncertainties in the mean R? values are derived from the corresponding standard deviations over 10 folds
of cross validation. As expected, the random forest models outperform both decision and soft tree
approaches, occasionally by a wide margin. Soft trees meet or exceed the performance of standard decision
trees for all data sets, and we observe a general increase in mean performance ranging up to +10%,
excluding one extreme outlier. The variances in the soft trees’ R? performance are approximately
equivalent to those of the associated decision trees, excepting the Titanic data set. This data set also
realizes the largest improvement in mean performance at +70%; however, the large variance places this
result within the uncertainty. The unstable performance in this data set is due to the small number of
samples per fold and large variability in the per-sample elements predictive of the target.

Table 2. Predictive performance results from comparative experimentation

Data set Decision tree | Random forest Soft tree Pct. Improvement
Accelerometer | 0.803+ 0.002 | 0.839+ 0.001 | 0.805+ 0.002 0.20%
Air Quality 0.770£ 0.025 | 0.880+ 0.004 | 0.804+ 0.034 4.44%
Diabetes 0.306+ 0.072 | 0.433+ 0.065 | 0.336+ 0.056 9.98%
Friedman 1 0.353+ 0.003 | 0.464+ 0.003 | 0.367+ 0.004 4.00%
Friedman 2 0.458+ 0.004 | 0.471+£ 0.003 | 0.463+ 0.004 1.10%
Friedman 3 0.080=£ 0.002 | 0.088+ 0.002 | 0.080+ 0.010 0.53%
Red Wine 0.269+ 0.040 | 0.427+ 0.028 | 0.284+ 0.032 5.74%
Tetouan Power | 0.380+£ 0.006 | 0.560+£ 0.005 | 0.388+ 0.006 2.18%
Titanic 0.191+ 0.379 | 0.423+£0.057 | 0.326£ 0.137 70.38%

The mean R? performance is provided for each evaluated methodology, for all benchmark data
sets, aggregated over 10 folds of cross-validation. The improvement of mean soft tree R?
performance over decision tree performance is given as a percentage. Soft trees improve over
decision trees for all data sets and maintain similar variance. The uncertainty shown is one
standard deviation of the observed values.

The data sets where the soft tree approach achieves the lowest improvement—Accelerometer and
Friedman 3—also exhibit similar mean R? values between decision trees and random forests. Given the
performance similarity, this indicates the decision tree is near-optimal leaving little room for improvement
by the soft tree method. Likewise, as the complexity of the data-generating process increases, the decision
tree performance decreases, highlighting the limits of single-tree approximation. This constraint in model
expressiveness necessarily impacts the performance improvement capability of the soft trees method, as
illustrated by the R? value progression in the Friedman data sets; as the complexity of the Friedman
functions increase (Appendix A), the soft tree improvement percentage decreases.
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Comparison of R? values for soft trees (ST) and decision trees (DT) as a function of tree depth.
The mean soft tree R? performance (solid blue line) is greater than decision trees (dashed orange
line) at all depths, however the improvement ratio of soft trees over decision trees (lower plot,
green dotted line) continues to grow with depth. The uncertainty is given by the standard error of
the mean.

Figure 4. Soft tree vs. decision tree R? performance

The depth of the decision tree plays a large role in determining the performance of the tree and
subsequent efficacy of the smoothing; under- and over-fit trees will inevitably limit the overall performance
capability of soft trees. Figure 4 plots the impact of depth on soft trees using the Red Wine data set. The
soft tree approach improves over the baseline decision tree at all depths, but performs optimally where the
decision tree performs optimally (recall that soft trees modify decision tree prediction). However, the
percent improvement relative to the standard tree actually continues to increase with the depth, even as
overall performance decreases.
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Soft tree mean R? performance by tree depth for various aggregation depths (\). As tree depth
increases, additional soft tree performance is gained relative to the baseline decision tree (DT,
orange dotted line) by aggregating larger subtrees (i.e. where A — k).

Figure 5. Soft tree mean R? performance for various \

The performance impact of aggregation depth, J, is similarly dependent on the depth of the decision
tree. We demonstrate the effect of A at various tree depths in Figure 5. While all values of A improve the
baseline decision tree performance, the improvement is greater when larger subtrees are considered in the
prediction. Incorporating the entire tree (or most of the tree) in a prediction may seem counterintuitive,
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however recall that node contributions are weighted by threshold distance, so branches far from the
decision path impart minimal influence.
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Soft tree mean R? performance by tree depth for various probability balance parameter values
(B). As tree depth increases, more benefit is realized from the incorporation of probability. When
probability is not considered (blue circles), performance decreases as the underlying decision tree
overfits (k > 7).

Figure 6. Soft tree mean R? performance for various 3

The results also indicate that incorporating probability into the prediction is generally unnecessary. Only
two data sets—Diabetes and Titanic—use the 3 parameter to improve performance. Deeper trees may
experience greater performance benefit from probability application, as shown in Figure 6. In this example,
larger (8 values reduce mean performance until the tree depth reaches a tipping point at kK = 7. As tree
depth increases, larger values of 3 are required to avoid a performance decline coincident with the
increasingly overfit decision tree. Conversely, for depths under the tipping point, the increased integration
of branch probabilities at 3 = 0.2 diminishes the expected R? value as compared to lower values of 3.
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Mean and maximum R? performance for decision (DT) and soft trees (ST) as a function of the
probability balance parameter, 3. Diminishing returns are seen in mean performance (solid blue
diamonds) for § > 0.15 although maximum performance (empty blue diamonds) remains
elevated for larger 3 values. The uncertainty is given by the standard error of the mean.

Figure 7. Soft tree mean and max performance by 3

Well-fit decision trees (i.e., those with depth equal to the tipping point), are also susceptible to the
influence of 3. In such cases, preferring probability to threshold distance results in diminishing returns in
performance as illustrated in Figure 7. Larger  values begin to reduce the maximum performance
improvement and eventually degrade performance as compared to standard decision trees. The mean soft

11



tree performance deteriorates even faster, with R%T < R%T when § > 0.4. Such behavior is not
unexpected; well-fit trees have no outlier leaves, by definition. Accordingly, any smoothing achieved by
incorporating larger 3 probability in these trees results from discarding more useful threshold distance
information, thereby reducing predictive performance.

12



5. CONCLUSIONS

The soft tree method introduced in this work represents a novel approach to improving the performance
of decision tree regressors. Given a pre-trained decision tree, a soft tree leverages meta-features of the
model to smooth prediction values across decision thresholds, without requiring training data. The
weighted predictions are further influenced by parameters controlling the aggregation depth, probability
impact, and smoothing function shape.

We demonstrated the soft tree approach on a varied collection of common benchmark data sets and
observed an average of 11% improvement in the R? value over the underlying decision trees. We show that
the magnitude of the expected improvements offered by the soft trees depend on the complexity of the
modeled process and the accuracy of the decision tree approximation. Additionally, we show how the
aggregation depth improves performance as tree depth increases and how the incorporation of probability
mitigates the effects of overfitting in deep trees.

Future work broadly resides in two categories: extension and interpretability. Work continues in
extending the soft trees methodology to decision tree classification and ensemble methods. These
enhancements, along with missing feature tolerance and per-node parameterization, represent promising
avenues of exploration. Finally, as an inherent feature of decision trees, it is important to recover
interpretability via the soft tree method. While approximate prediction explanations can be extracted from
the decision paths, weighted aggregation often obscures full explicability. Continuing efforts seek to
identify a robust, model-native explainability framework under the soft tree approach.

13
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A. DATA SETS

We retrieved all data sets from their associated sources with the exception of sets Friedman 1, Friedman
2, and Friedman 3 [11]. These data are generated from noisy processes defined in (8), (9), and (10),
respectively. Each Friedman set was created with 100,000 random samples.

Friedman 1 produces data from a polynomial and sine transform with noise € = 5.

y(x) = 10sin(rz122) 4+ 20(x3 — 0.5)% 4+ 1024 + 55 + € - N(0,1) )

Friedman 2 produces data from a multiplicative and reciprocal transform with noise € = 400.

y(x) = [x% + (o3 — )2} : +e-N(0,1) 9)

oy

Friedman 3 produces data from an arctangent, multiplicative, and reciprocal transform with noise € = 1.

—1
y(z) = tan™! [W?’ _g’m) } +e-N(0,1) (10)

Within each data set, we identified a real-valued regression target. The Accelerometer” data set [12]
targets the cooler fan RPM speed percent value. The hourly averaged sensor response for tin oxide is the
target for the Air Quality” data set [13]. The Diabetes” set [14] targets a quantitative measure of disease
progression after one year. The wine quality measure is the target for the Red Wine? data set [15]. The
Tetouan Power” data set [16] targets zone 1 power consumption. The passenger fare is selected as the
target of the Titanic'” data set [17]. The targets of the Friedman sets are specified in their respective
equations. We performed a basic set of preparation steps on each data set; we encoded categorical features
in a set of dummy variables (“one-hot encoding”) and applied a standard scaler to real-valued features.

°Creative Commons Attribution 4.0 International
Public domain
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B. MODEL PARAMETERS

The locally-optimal parameters for each algorithm under test are identified using a 5-fold cross-validated
grid search. The decision tree, random forest, and parameter grid search use implementations from
Scikit-learn [18]. The parameters discovered in the search are outlined in Table 3.

Table 3. Model hyperparameters for each data set

Decision Tree Soft Tree Random Forest

1 “ ® | & g

g 3 < g 3 & 3

& & § & ® § 37

s & 8 s & Z s

> < < > < » g

< < < < < < =

Data set = = = « 6 A= = = =z
Accelerometer | 10 1 5 1 10 | 18 | 0.5 ] 7 | 160
Air Quality 3103 5 1 0 3 6 |05 7 | 130
Diabetes 3 1 3 105(05| 2 (1103 7 70
Friedman 1 5 1 2 1051 0 5 (131041 7 | 170
Friedman 2 5 1 2 4 0 4 08| 4 90
Friedman 3 5 1 2 1051 0 5 71077 90
Red Wine 51061 3 (05| 0 4 05| 5 | 130
Tetouan Power | 10 1 3 4 0 8 125109 | 2 | 170
Titanic 31065105109 3 3 1 5 | 110

Model parameters selected for experimentation for each evaluated algorithm, for all benchmark
data sets.
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