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(3.67) with direct numerical simulations, (b) relative error of the calibrated indicator
function with the direct simulation results. . . . . . . . . . . . . . . . . . . . . . . 52

3.9 (a) ∆Ey −D plot for materials with different elastic moduli, and (b) plot of ∆Ey
normalized by the elastic moduli. . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.10 (a) ∆Ey −D plot for materials with different piezoelectric coupling constants, and
(b) plot of ∆Ey normalized by the piezoelectric coupling constant. . . . . . . . . . 53

3.11 (a) A two-dimensional schematic with dimensions of a stretchable serpentine piezo-
electric conductor; (b) 3D model and the finite element mesh of the thin structure. . 54

3.12 (a) Green-Lagrange strain in the x-direction of the stretchable serpentine conductor,
and (b) damage developed in the conductor with deformation. . . . . . . . . . . . 55

3.13 (a) ∆Ey −D plot from the ME-PE code simulation and damage indicator function
in equation (3.68), (b) relative error of the two results for the stretchable serpentine
conductor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5

DISTRIBUTION A: Distribution approved for public release.



List of Tables

2.1 PPR model parameters and values. For details about the parameters refer [42] . . . 23
2.2 Material parameters for PZT-5H [45] . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3 Material parameters for PZT-5 [45] . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.4 Material parameters used for the active piezoelectric fibers (PZT-5A1) [20] . . . . 29

3.1 Comparison of results for the square-cut pattern RVE model by ABAQUS (small
deformation) and the ME-PE code (finite deformation). . . . . . . . . . . . . . . . 47

6

DISTRIBUTION A: Distribution approved for public release.



Abstract

Multifunctional systems are gaining importance in Air Force applications like small UAVs, confor-
mal load-bearing antenna, health monitoring damage sensors, stretchable electronics etc. They are
constituted of heterogeneous materials, e.g. piezoelectric materials, organized in hybrid architec-
tures at different scales of hierarchy. Rigorous multi-scale, multi-physics analyses can help with
material design for enhancing the multi-functionality. However, there is a lack of models and codes
with comprehensive predictive capabilities. The proposed research has developed an integrated,
multi-scale modeling system coupling electrical fields with finite deformation and material damage
evolution. It has incorporated spatial multi-scaling for realizing the effect of microstructure and
material degradation on multi-physics response functions. The overall objective of this research is to
develop a multiscale virtual damage sensor for piezoelectric composite materials through correlation
functions between electrical, deformation and damage fields. Two major tasks towards this goal are:
(i) Hierarchical multi-scaling with parametric upscaling to build effective, structure-scale material
response functions from multi-physics simulations at lower scales; and (ii) Virtual damage sensing
using a top-down connection with piezoelectric materials through correlation functions between
surface electric field and subsurface damage.

Major accomplishments that have achieved in this research thus far are:

• Image based microstructure reconstruction and characterization using 2-point correlation
functions and Principal Component Analysis(PCA)

• Unified finite deformation phase field model for modeling crack propagation in piezocompos-
ites microstructures

• Wavelet enriched adaptive hierarchical framework to alleviate the computational costs associ-
ated with phase field problems

• Calibration and representation of the macroscopic damage parameters in terms of microstruc-
tural morphology

• Correlating surface electrical signals to subsurface damage fields

An important advancement in this research is the establishment of a coupled electromechanical
finite deformation phase field model for crack propagation and interfacial decohesion in multiphase
piezoelectric composites with interfaces. The crack phase field model is augmented with cohesive
traction-separation laws at the material interfaces, derived from a cohesive potential function. A
Gibbs free energy density function is proposed, allowing for the incorporation of the anisotropic
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elastic stiffness of the piezoelectric material. Numerical simulations exhibiting different failure
mechanisms are carried out to demonstrate the efficacy of the model. Effects of external electric
field on crack evolution and the competition between penetration and deflection of a crack impinging
on an interface are investigated. Limited verification tests are conducted with theoretical results.
Finally, the model is used to simulate fracture in nonuniform piezocomposite microstructures.
The effect of crack propagation on the evolution of the electric field with different crack face
conditions are analyzed. Differences in the electromechanical responses of piezocomposites due to
different fiber distributions are also observed. This model is subsequently parametrically upscaled
to build effective, structure-scale material response functions from multi-physics simulations at
lower scales. Virtual damage sensing using a top-down connection with piezoelectric materials
through correlation functions between surface electric field and subsurface damage.
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Chapter 2

Introduction

Aerospace structures, built with composite materials, are susceptible to life-limiting catastrophes
with the evolution of damage and failure under extreme loading conditions such as impact or fatigue.
Microstructural damage initiates in the form of fiber-matrix interfacial debonding, fiber breakage,
and matrix cracking grows across scales to manifest as mesoscopic damage in the form of inter-ply
delamination leading to macroscopically unstable crack propagation and causing structural failure.
For optimal reliability and survivability, preventing structural and functional failure, it is necessary
for composite structures to be designed and fabricated with the capability of autonomous detection
of progressing subsurface damage and consequently mitigating its progression. This objective, while
daunting, can be addressed through systematic utilization of material multi functionality, coupling
mechanical and electrical fields. Multifunctional structure-material systems are increasingly being
used in the aerospace industry in a variety of applications like components of small unmanned
airborne vehicles (UAVs), aircraft active skins, morphing wing structures, devices for vibration
and noise suppression, sensors for diagnosing material degradation and responding to external
stimuli, strain-mediated antenna systems, among others. These systems are typically constituted of
a hybrid of piezo-electric, ferroelectric, ferromagnetic, or magneto-dielectric materials arranged
in different scales of material hierarchy. Multifunctional composites not only provide lightweight,
load-bearing structures, but also perform additional functions like structural health monitoring,
thermal and/or electrical conductivity/storage, impact resistance, acoustic damping, self-healing,
and morphing or shape-changing. Engineering these systems is becoming easier with the advent of
modern manufacturing processes like 3D printing and additive manufacturing, along with novel
material concepts.

The overall objective of this research is to develop a multiscale virtual damage sensor for piezoelec-
tric composite materials through correlation functions between electrical, deformation and damage
fields. An important step towards this objective is the establishment of a coupled electromechanical
finite deformation phase field model for crack propagation and interfacial decohesion in multiphase
piezoelectric composites with interfaces. The crack phase field model is augmented with cohesive
traction-separation laws at the material interfaces, derived from a cohesive potential function. A
Gibbs free energy density function is proposed, allowing for the incorporation of the anisotropic
elastic stiffness of the piezoelectric material. Numerical simulations exhibiting different failure
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mechanisms are carried out to demonstrate the efficacy of the model. Effects of external electric
field on crack evolution and the competition between penetration and deflection of a crack impinging
on an interface are investigated. Limited verification tests are conducted with theoretical results.
Finally, the model is used to simulate fracture in nonuniform piezocomposite microstructures.
The effect of crack propagation on the evolution of the electric field with different crack face
conditions are analyzed. Differences in the electromechanical responses of piezocomposites due to
different fiber distributions are also observed. This model is subsequently parametrically upscaled
to build effective, structure-scale material response functions from multi-physics simulations at
lower scales. Virtual damage sensing using a top-down connection with piezoelectric materials
through correlation functions between surface electric field and subsurface damage.

Piezoelectric composites or piezocomposites are a special class of multiphase multifunctional
materials that are widely used for engineering applications, which require strong electromechanical
coupling capabilities such as sensing and actuation. They are generally developed by embedding
active piezoelectric inclusions (fibers or particles) in a matrix of passive epoxy polymer. Piezo-
composites provide better electromechanical coupling along with load bearing functionalities in
comparison to monolithic piezoelectric ceramics. However, owing to their heterogeneous mi-
crostructures, these composites are often vulnerable to different types of failure such as interfacial
debonding, and primary and secondary phase cracking [46, 48]. The design and reliable manufacture
of the piezocomposites requires a proper understanding of different failure processes that influences
their overall multifunctional capabilities. As such, there is a need for physics-based computational
models that can be used for robust simulations of these processes to provide guidance on better
design approaches.

Interfacial cracking in multiphase piezocomposites have been studied since the early nineties [56].
Theoretical analysis of the decohesion between piezoelectric inclusions and matrix, and cracks
in piezoelectric bi-materials with different electrical crack face boundary conditions have been
reported in literature. Issues concerning the competition between crack deflection at the interface
and penetration into the interface between piezoelectric materials have been investigated for different
electromechanical loading conditions [14, 16, 43–45, 64]. Many researchers have also proposed
different computational models and techniques such as cohesive zone model (CZM) [23], extended
finite element method (XFEM) [52], boundary element method [6] and isogeometric methods [7] for
simulating interfacial cracks in piezoelectric materials. In the recent years, phase-field models for
fracture problems have gained major attention due to its thermodynamically-consistent formulation
that can track complex crack paths without any a-priori knowledge of the cracks [34, 50]. These
models have been successfully used for simulating electromechanical fracture in piezoelectric and
ferroelectric ceramics [2, 35, 55, 65, 66] as well as piezoelectric composites [13].

This paper builds on the cohesive zone enhanced phase-field framework developed for electrome-
chanical fracture in piezocomposites undergoing finite deformation [13]. A stored elastic energy
density function for anisotropic multiphase piezoelectric materials with interfaces is adopted such
that it can be readily split into a tensile and compressive parts. The effect of the direction of external
electric field on the development of crack path in piezoelectric material with interface is studied
using the proposed phase field model. The competition between penetration and deflection of a
crack impinging on an interface of a piezoelectric bi-material is investigated. Different failure
mechanisms in piezocomposite microstructures, such as interfacial debonding, crack kinking and
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Figure 2.1: Reference (undeformed), intermediate and current configurations of a multi-phase
domain subjected to electromechanical loading. The intermediate configuration is obtained through
an inverse mapping of the current configuration by Fe−1

.

propagation into the matrix, are also simulated. Comparison studies are undertaken for analyzing
the differences in the evolution of electric fields with different electrical crack face conditions, as
well as the influence of the distribution of inclusions on the electromechanical response.

2.1 Cohesive zone phase-field formulation for electromechanical
fracture

A cohesive zone enhanced phase-field framework that has been developed for simulating crack
evolution and interfacial decohesion in piezocomposites [13] is summarized in this section. The
finite deformation kinematics of interfacial decohesion, regularization of sharp cracks and inter-
faces, and the governing equations for the coupled problem are briefly discussed in the following
subsections.

2.1.1 Finite deformation kinematics of debonding across interfaces
Consider a multi-phase domain Ω with an external boundary Γ0, containing n second-phase inclu-
sions denoted by Ωi, i = 1, . . . ,n. The domain is subjected to electromechanical loading resulting
in finite deformation as shown in Figure 2.1. ΓI

i , i = 1, . . . ,n denotes the internal interface of each
inclusion and Ω̄ = Ω−∪n

i=1Ωi denotes the primary matrix. The corresponding undeformed (refer-
ence) configuration of the multi-phase domain, external boundary, inclusions, internal interfaces
and primary matrix are denoted by Ω0, Γ0, Ω0i, ΓI

0i and Ω̄0 respectively. NI
i denotes the outward

normal to the interface ΓI
0i pointing towards Ω̄0.

Deformation of the multifunctional composite leads to debonding between the inclusion and the
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primary matrix phases at the interface, resulting in a discontinuity in the displacement and electric
potential fields across the interface. Accordingly, the total displacement and electric potential fields
can be written as [13, 60]:

u(X) = uc(X)︸ ︷︷ ︸
continuous

+
n

∑
i=1

[[u]]iHΓI
0i
(X)︸ ︷︷ ︸

discontinuous

(2.1a)

φ(X) = φ
c(X)︸ ︷︷ ︸

continuous

+
n

∑
i=1

[[φ ]]iHΓI
0i
(X)︸ ︷︷ ︸

discontinuous

(2.1b)

where [[u]]i and [[φ ]]i denote the jump in the displacement and electric potential fields respectively
across the ith interface and H

ΓI
0i
(X) represents the Heaviside function. The total deformation

gradient can be multiplicatively decomposed into elastic and decohesion components as:

F = FeFd = (I+∇∇∇Xuc)

(
I+

n

∑
i=1

Ji ⊗NI
i δΓI

0i

)
(2.2)

where ∇∇∇X is the gradient operator expressed in the reference configuration, Ji is the pull-back
vector of the jump in the displacement field [[u]]i to the intermediate configuration given by Ji =

Fe−1
[[u]]i, δ

ΓI
0i

denotes the Dirac-delta function at the interface ΓI
0i and ⊗ indicates the tensor product

operator.

2.1.2 Phase-field regularization of sharp cracks, interfaces and field disconti-
nuities at interfaces

In the phase-field formulation, an order parameter s∈ (0,1) is introduced to represent the regularized
crack topology, as shown in Figure 2.2. The discrete sharp crack surface is approximated using the
following functional [34, 38]:

Γlc(s,∇∇∇Xs) =
ˆ

Ω0

γlc dΩ0

=

ˆ
Ω0

1
2lc

(
s2 + l2

c ∇∇∇Xs ·∇∇∇Xs
)

dΩ0

(2.3)

where lc is the length-scale parameter used to regularize the sharp cracks.

Implementing the cohesive zone model for interfacial decohesion requires a-priori knowledge
of the interfacial topology. Consequently, this work adopts a regularized representation of the
pre-damaged interfaces through a functional ΓlI in the undeformed configuration [38, 60]. Similar to
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Figure 2.2: Schematic diagram of a domain containing interacting cracks and interfaces: (a) discrete
representation of sharp cracks and interfaces, and (b) regularized representation of sharp cracks and
interfaces.

the crack phase field order parameter s, an auxiliary interface phase field order parameter η ∈ (0,1)
is introduced, which represents the known interface topology in the reference configuration Ω0. The
interface order parameter η (X) is evaluated by solving the equation:

η − l2
I ∇∇∇X ·∇∇∇Xη = 0 in Ω0 (2.4)

subject to the Dirichlet boundary condition η = 1 on the internal interfaces ΓI
0i ∀i = 1, . . . ,n. Here

lI is the length-scale parameter used to regularize the sharp interface topology. Moreover, the initial
interface topology does not evolve with deformation. Therefore, the phase field order parameter η

is solved only once before the deformation commences. With a known η field, the functional ΓlI
determining the spread of the regularized interfaces can be expressed as:

ΓlI(η ,∇∇∇Xη) =

ˆ
Ω0

γlI dΩ0

=

ˆ
Ω0

1
2lI

(
η

2 + l2
I ∇∇∇Xη ·∇∇∇Xη

)
dΩ0

(2.5)

The jump in the displacement and potential fields in Equation (2.1) at the interfaces are also
approximated using the first order Taylor expansion and given as[13]:

[[u]]≈ h∇∇∇XuNI
i (2.6a)

[[φ ]]≈ h∇∇∇XφNI
i (2.6b)

where h is a small scalar field jump regularization parameter. The normal NI
i to the interface ΓI

0i is
evaluated from the interface phase field order parameter η as:

NI
i =

∇∇∇Xη

∥∇∇∇Xη∥
|X∈ΓI

0i
(2.7)
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where ∥ · ∥ corresponds to the L2 norm of a vector.

To incorporate the interfacial decohesion in the phase-field framework, the deformation gradient
tensor Fd in Equation (2.2) is expressed in terms of the regularized interface density function γlI , by
replacing the Dirac-delta function δ

ΓI
0i

with γlI as [60]:

Fd = I+
n

∑
i=1

Ji ⊗NI
i γlI (2.8)

2.1.3 Governing equations for coupled electromechanical and phase-field
problem

The governing equations for the finite deformation coupled electromechanical and phase-field
problem can be derived from the principle of virtual work [13]. In a Lagrangian formulation, the
governing equations are expressed in the reference configuration are given as:

Linear momentum : ∇∇∇X ·P+B = 0 in Ω0 (2.9a)
Gauss’ law : ∇∇∇X ·D = Qe in Ω0 (2.9b)
Phase-field : ∇∇∇X ·ξξξ 0 −π0 +ζ0 = 0 in Ω0 (2.9c)

where P is the first P-K stress, B is the body force, D is the electric field displacement and Qe is the
applied charge density. ξξξ 0 and π0 are the internal microforces and power-conjugate corresponding
to the phase-field order parameter. These quantities are given as:

Mechanical : P = ρ0
∂ψ

∂F
(2.10a)

Electrical : D = ρ0
∂ψ

∂∇∇∇Xφ
(2.10b)

Phase-field : ξξξ 0 = ρ0
∂ψ

∂∇∇∇Xs
and π0 = ρ0

∂ψ

∂ s
(2.10c)

where ρ0ψ is the Gibbs free energy density function detailed in the subsequent sections. The
governing equations in Equation (2.9) is solved in a incremental fashion using the backward
Euler method. A multi-pass staggered solution algorithm is adopted to solve for the coupled
electromechanical phase-field problem [13].

2.2 Gibbs free energy density for degrading piezoelectric mate-
rials with interfaces

The constitutive equations for multiphase piezoelectric materials undergoing finite deformation
electromechanical fracture are defined in terms of a Gibbs free energy density (GFED) function
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under isothermal conditions. The GFED function proposed in this work is assumed to be the sum of
the degraded stored energies and the fracture energy, and is expressed as:

ρ0ψ = ρ0ψ
M −ρ0ψ

P −ρ0ψ
E +ρ0ψ

C (2.11)

where ρ0ψM is the stored elastic energy density, ρ0ψP is the stored piezoelectric energy density,
ρ0ψE is the electric energy densityand ρ0ψC is the crack surface energy density.

In case of piezocomposites wherein piezoelectric inclusions are embedded in an epoxy matrix. The
GFED function for the inclusions which are active in nature is same as in Equation (2.11), whereas
for the epoxy matrix that is passive (dielectric material with no electromechanical coupling) in
nature, the GFED function is given as:

ρ0ψ = ρ0ψ
M −ρ0ψ

E +ρ0ψ
C (2.12)

The energy terms in the GFED function are detailed in the following subsections.

2.2.1 Stored elastic energy density
When a material is degraded, its capacity to store elastic energy is reduced. To incorporate the effect
of crack phase field on the load bearing capacity or strain energy of the material, the stored elastic
energy density is formulated as:

ρ0ψ
M = (1− s)2

ρ0ψ
M
+ +ρ0ψ

M
− (2.13)

where ρ0ψM
+ corresponds to the tensile and ρ0ψM

− corresponds to the compressive part of the strain
energy. The split in Equation (2.13) allows for the tension-compression asymmetry or unilateral
contact condition for fracture problems which assumes that only ρ0ψM

+ i.e. the tensile part of
the strain energy contributes to the degradation of the material. Many approaches have been
proposed in the literature to account for tension-compression asymmetry in the phase-field models.
However, most of these models are applicable to small deformation problems and materials with
isotropic elasticity. These models are not sufficient for the piezoelectric inclusions that are generally
transversely isotropic and undergo finite deformation. Recently, a new strain split has been proposed
[19, 37] that accounts for both the unilateral contact condition as well as material anisotropy. It has
been extended to a finite strain framework for crystal plasticity problems [28]. This formulation is
adopted here for the stored elastic energy density of piezoelectric materials, expressed as:

ρ0ψ
Mpiezo =

(1− s)2

2

〈
Ẽe
+, Ẽ

e
+

〉
+

1
2

〈
Ẽe
−, Ẽ

e
−

〉
(2.14)

where Ẽe = Ẽe
++ Ẽe

− =
√
Ce : Ee is the transformed Green-Lagrange strain tensor with Ce as the

4th order anisotropic elasticity tensor. ⟨�,�⟩= �i j�i j denotes the standard inner product.
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For the passive epoxy matrix, an isotropic Neo-Hookean type material model is assumed. The
stored elastic energy for a degrading Neo-Hookean type material is given as [29, 59]:

ρ0ψ
Mm = (1− s)2

ρ0ψ
Mm
+ +ρ0ψ

Mm
− (2.15)

where,

ρ0ψ
Mm
± =

µ

2

3

∑
i=1

(
λ

2
i± −1−2lnλi±

)
+

κ

2
(lnJ±)

2 (2.16)

and,

λi+ =

{
λi for λi > 1
1 otherwise

; J+ =

{
J for J > 1
1 otherwise

(2.17)

λi− =

{
λi for λi < 1
1 otherwise

; J− =

{
J for J < 1
1 otherwise

(2.18)

where µ is the shear modulus and κ is the bulk modulus of the material. λi are the stretches and J is
the determinant of the deformation gradient. λi± and J± are the positive and negative components
of the stretches and deformation gradient determinant respectively.

2.2.2 Stored piezoelectric energy density
Using arguments analogous to those for the stored elastic energy density, the stored piezoelectric
energy density for a piezoelectric material is also split into a tensile and compressive part, as:

ρ0ψ
P = E ·P : Ee

++E ·P : Ee
− (2.19)

where E is the electric field and P is the 3rd order piezoelectric tensor. Ee
+ and Ee

− corresponds to
the tensile and compressive strain tensors respectively, obtained from the spectral decomposition
of the Green-Lagrange strain tensor Ee. Experimental results in the literature suggest that fracture
processes in piezoelectric materials is driven by the mechanical part of the total electromechanical
driving force. To successfully emulate the experimental observations, it has been shown that
only half of the tensile stored piezoelectric energy density needs to be degraded [35, 55, 66].
Correspondingly, the stored piezoelectric energy in a degrading piezoelectric material is expressed
as:

ρ0ψ
P =

(1− s)2

2
E ·P : Ee

++
1
2
E ·P : Ee

++E ·P : Ee
− (2.20)
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2.2.3 Stored electric energy density
The stored electric energy density for a piezoelectric or dielectric material is given as [13]:

ρ0ψ
E =

J
2
(
F−T E

)
· εεε
(
F−T E

)
(2.21)

where J is the determinant of the total deformation gradient F, εεε is the 2nd order permittivity tensor
and �−T denotes the inverse transpose of the tensor.

As discussed widely in literature [2, 35, 55, 65], there are three types of electrical boundary condi-
tions that may be considered for the representation of crack face effects in piezoelectric materials.
These are the permeable condition, impermeable condition and the energetically-consistent (EC)
condition. While the permeable condition assumes that the electrical fields are not perturbed by
the cracks, the impermeable and EC conditions acknowledge the existence of the cracks. However,
unlike EC condition the impermeable condition neglects the effect of the medium filling the crack
gaps. This might lead to some physical inconsistencies [2, 30]. To incorporate these crack face
conditions, Equation (2.21) is modified as [13]:

ρ0ψ
E =

J
2
(
F−T E

)
· εεεmod (F−T E

)
(2.22)

where,

Permeable : εεε
mod = εεε (2.23a)

Impermeable : εεε
mod = (1− s)2

εεε (2.23b)

EC : εεε
mod = (1− s)2

εεε

+(1−η)2
{

1− (1− s)2
}

εmI
(2.23c)

with εm denoting the permittivity of the medium filling the crack gaps.

2.2.4 Crack surface energy density
In phase-field models for homogeneous piezoelectric materials, the crack surface energy density is
commonly formulated in terms of a Griffith type fracture energy per unit area, Gc and the regularized
crack surface density function γlc in Equation (2.3) as [35, 60]:

ρ0ψ
C =

Gc

2lc

(
s2 + l2

c ∇∇∇Xs ·∇∇∇Xs
)

(2.24)

However, for multiphase piezoelectric composites, decohesion creates new surfaces at the interface
leading to discontinuities in the displacement and electric potential fields. The energy required for
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decohesion at the interface also needs to be accounted for. To incorporate this additional energy, the
crack surface energy density is modified and expressed as [13]:

ρ0ψ
I = (1−η)2Gcγlc +

n

∑
i=1

ρ0ψ
int
i (Ji,γlI , [[φ ]]i) (2.25)

where ρ0ψ int
i (Ji,γlI , [[φ ]]i) is the energy density that accounts for the added mechanical and electrical

energy contributions due to decohesion at the ith internal interface and is given as [13]:

ρ0ψ
int
i = Φ(∆Ni,∆Ti)γlI︸ ︷︷ ︸

mechanical

− 1
2

εm
[[φ ]]2i
∆Ni︸ ︷︷ ︸

electrical

(2.26)

Here, Φ(∆Ni,∆Ti) corresponds to the mechanical counterpart of the interface surface energy. It is
represented by a cohesive zone potential function, which depends on the normal and tangential
components of the displacement jump Ji denoted by ∆Ni and ∆Ti respectively [42]. The second term
in Equation (2.26) corresponds to the electrical counterpart of the interface surface energy. This
energy is the consequence of dielectric medium filling the crack gap creating local capacitor effect
at the debonded interface [6]. However, it should be noted that this electrical energy contribution is
only valid for the EC crack face electrical boundary conditions, that acknowledges the presence of
the dielectric medium filled crack gaps.

2.3 Crack evolution and irreversibility criteria
The crack irreversibility condition is enforced through a history functional H [34, 35], which is
defined as the maximum crack-driving energy ever experienced by an element during the deforma-
tion history. As suggested in literature [13, 35, 55, 66], the cracks are assumed to be driven only by
the mechanical deformation. As such, only the tensile parts of the stored elastic and piezoelectric
energy density is assumed to contribute to the crack-driving energy. The history functional and
crack driving force are expressed as:

H = max
[t,t+∆t]

[Hm,0] with (2.27a)

Hm =
〈

Ẽe
+, Ẽ

e
+

〉
−E ·P : Ee

+ (for piezoelectric material) (2.27b)

Hm =
µ

2

3

∑
i=1

(
λ

2
i+ −1−2lnλi+

)
+

κ

2
(lnJ+)

2 (for epoxy matrix) (2.27c)

2.4 Numerical Examples
To demonstrate the capabilities of the coupled electromechanical and phase-field model, a set of
representative 3D numerical simulations for multiphase piezoelectric composite materials subjected
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Parameter Value Unit

φn 100 N/m
φt 100 N/m

σmax 10 MPa
τmax 10 MPa
λn 0.1 -
λt 0.1 -
α 3 -
β 3 -

Table 2.1: PPR model parameters and values. For details about the parameters refer [42]

to electromechanical loading conditions are performed. In the first example, a piezoelectric material
with a weak interface is simulated to investigate the effect of the direction of external electric field
on crack propagation along the interface. Next, a problem of bi-material system consisting of a pre-
crack impinging on an interface is examined and the predictions from the model is compared against
theoretical predictions. Finally, an example of heterogeneous piezocomposite microstructures with
multiple piezoelectric fibers embedded in an epoxy matrix is simulated. This problem manifests a
complex crack pattern evolution leading to complete failure of the piezocomposites. The influence
of the fiber distribution on the global electromechanical response and effects of different electrical
crack face conditions are also analyzed.

The 3D finite element models for the aforementioned examples uses a mesh of conventional 4-noded
constant strain tetrahedral elements. Based on the parametric studies conducted in literature [38],
lI is taken to be the same as lc. Also, the displacement and potential field jump regularization
parameter h is taken to be half of lc [38]. A mesh sensitivity analysis study is conducted to determine
the mesh size that would sufficiently resolve the regularization length scale parameters lc, lI and
h. The cohesive zone potential function used in this paper is based on the unified potential-based
PPR model [42]. The model parameters of the PPR model and their values are listed in Table 2.1.
These values have been used for characterizing the cohesive zone potential at the interfaces for all
the examples in this work.

2.4.1 Piezoelectric material with weak interface
A piezoelectric material with a weak interface is considered in this example as shown in Figure 2.3.
The dimensions of the specimen is taken as 1mm×1mm×0.02mm. It has an initial pre-crack of
length 0.5mm that is impinging on the interface. The model is mechanically loaded by an equal and
opposite uniform displacement u(t) = 2e−5t respectively on the top and bottom XZ faces. A positive
external electric field is applied along the X direction by applying steady state electric potentials of
+500V and -500V on the left and right Y Z faces respectively. The piezoelectric material is poled in
the X direction and impermeable electrical crack face condition is considered. Material properties
of the piezoelectric material are those of PZT-5H [44, 45], and are listed in Table 2.2. The fracture
energy per unit area for the material is Gc = 150N/m. The length scale parameters for this problem
are chosen as lc = lI = 2h = 0.01mm.
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Figure 2.3: Schematic of specimen with an initial crack impinging on a cohesive interface.

Elastic Constants (GPa)

C11 C12 C13 C33 C44

126 55 53 117 35.5

Piezoelectric Constants
(
C/m2) Dielectric Constants (nF/m)

P31 P33 P15 ε11 ε33

−6.5 23.3 17 15.1 13.0

Table 2.2: Material parameters for PZT-5H [45]

Mesh sensitivity analysis: For the problem described above, the crack is expected to propagate along
or near the interface. Therefore, the mesh is made finer in the domain where the crack is expected
to propagate. Four finite element meshes of effective element sizes of he f f = {2lc = 0.02,mm,
lc = 0.01mm, lc/2 = 0.005mm, lc/4 = 0.0025mm} in the fine region are considered for the model.
The meshes and the corresponding crack path evolution for the four meshes are illustrated in Figure
2.4. Though the simulations have been conducted in 3D, the meshes and crack profiles are shown in
the XY plane for better visualization.

As can be see from Figure 2.4, the meshes with he f f = 2lc and he f f = lc predicts erroneous crack
paths as the crack initiates from the bulk of the material instead of the crack tip. It is also observed
that the cracks are very diffused as the mesh is unable to resolve the high gradient of the phase field
order parameter s. However, for the meshes with he f f = lc/2 and he f f = lc/4, a much sharper crack
is observed with the crack initiating at the crack tip and propagating along the interface. Though
the mesh with he f f = lc/4 gives a sharper crack profile as compared to he f f = lc/2, the number of
elements is significantly higher which is computationally expensive. From this, it can be concluded
that the mesh with effective element size lc/2 is sufficient to resolve the high gradient of s and
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Figure 2.4: Finite element meshes and crack evolution profiles for effective element size (a)
2lc =0.02mm (11648 elements) (b) lc =0.01mm (25365 elements) (c) lc/2 =0.005mm (149843
elements) (d) lc/4 =0.0025mm (926791 elements)
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Figure 2.5: Load-displacement plot for piezoelectric material with weak interface.

predict correct crack path. For the subsequent simulations, the finite element mesh is chosen such
that the effective element size is half the regularization length lc.

Effect of external electric field: To investigate the effect of external electric field on crack evolution,
two simulations are performed by applying positive and negative external electric fields along the
X direction. The reaction force-displacement plots at the bottom XZ face for both the simulations
are compared in Figure 2.5. From the plots it is observed that the drop in the reaction force for
the negative electric field happens at a higher displacement value than the positive electric field.
Therefore, it can be inferred that negative electric field delays the onset of the crack propagation
while positive electric field promotes it. This observation is consistent with the theoretical trends
reported in literature [17, 34].

2.4.2 Crack impinging on a piezoelectric bi-material interface
This example investigates the competition between penetration across the interface and deflection
into the interface for a crack impinging on an interface of a piezoelectric bi-material. This problem
has been analytically investigated using singular integral equations and maximum energy release
rate criterion. According to the theoretical analysis, the criteria for a crack penetrating across the
interface of a piezoelectric bi-material is given by[43–45]:

Gp

Gd
>

G 1
c

G int
c

(2.28)

where G 1
c and G int

c are the fracture toughness of material 1 and the interface respectively. Gp
and Gd are the energy release rates for penetrating across the interface and deflecting into the
interface.

26

DISTRIBUTION A: Distribution approved for public release.



Figure 2.6: Schematic of piezoelectric bi-material specimen with an initial crack impinging on a
cohesive interface separating material 1 and material 2.

Elastic Constants (GPa)

C11 C12 C13 C33 C44

121 75.4 75.2 111 22.8

Piezoelectric Constants
(
C/m2) Dielectric Constants (nF/m)

P31 P33 P15 ε11 ε33

−5.4 15.8 12.3 8.17 7.35

Table 2.3: Material parameters for PZT-5 [45]

The computational domain for the piezoelectric bi-material specimen is the same as shown in
Figure 2.3. It consists of two materials with PZT-5H as material 1 and PZT-5 as material 2 [44, 45].
Figure 2.6 shows a 2D image of the XY plane for better visualization of the interface separating the
materials. The model is mechanically loaded by an equal and opposite uniform displacement of
u(t) = 2e−5t respectively on the top and bottom XZ faces. For this problem, the model is electrically
loaded in the Y direction by applying a positive external electric field with steady state electric
potentials of +500V and -500V on the top and bottom XZ faces respectively. Both materials 1 and
2 are poled in the X direction and impermeable electrical crack face condition is considered. The
material properties of material 1 and 2 are listed in Table 2.2 and 2.3 respectively. The fracture
energy per unit area for material 2 is taken as G 2

c = 500N/m, while G 1
c is varying.

From Equation (2.28), it is expected that for the bi-material specimen shown in Figure 2.6 an
increase in the ratio G 1

c /G
int
c will cause the crack evolution to transition from propagating into

material 1 to propagating along the interface. Four simulations are carried out by varying the fracture
energy per unit area for material 1, such that G 1

c /G
int
c = {0.2,0.6,1.0,1.5}. Since this problem is

concerning the path that a crack follows when it is at the interface of the piezoelectric bi-material,
attention is focused on the domain bounded by dotted lines in Figure 2.6. The crack profiles are
shown in Figure 2.7. As can be seen, for G 1

c /G
int
c = 0.2 and 0.6, the crack penetrates into material

1. For G 1
c /G

int
c = 1.0 the crack initially propagates along the interface and then penetrates into
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Figure 2.7: Crack evolution profile in piezoelectric bi-material specimen for (a) G 1
c /G

int
c = 0.2 (b)

G 1
c /G

int
c = 0.6 (c) G 1

c /G
int
c = 1.0 (d) G 1

c /G
int
c = 1.5. The phase field order parameter s ≥ 0.9 is

visualized.

Figure 2.8: Schematic of piezocompostie microstructures with different fiber distributions

material 1. Finally, for G 1
c /G

int
c = 1.5, the crack propagates entirely along the interface indicating

decohesion at the interface. This example elucidates that the proposed model is able to capture the
trend predicted from theoretical analyses.

2.4.3 Piezocomposite microstructure with randomly distributed fibers
Two nonuniform piezocomposite microstructures consisting of randomly distributed piezoelectric
fibers of radius 0.125mm embedded in a relatively compliant matrix is considered in this example.
The piezocomposite specimens have a domain size of 2mm × 2mm × 0.05mm as shown in Figure
2.8. The fiber distribution is generated using a code developed by the Composites Design and
Manufacturing Hub [4, 5]. The domain is mechanically loaded in uniaxial tension by restraining the
bottom XZ face and applying a prescribed displacement of u(t) = 2e−5t mm on the top XZ face.
Additional boundary conditions are applied to restrict any rigid body motion. An external electric
field is applied in the Y direction via steady state electric potentials of -125V and +125V on the
bottom and top XZ faces respectively. The piezoelectric fibers considered in this example are PZT-
5A1 [20] with material properties listed in Table 2.4 and are poled in the Y direction. The passive
matrix is isotropic and dielectric in nature with material properties: µ = 1GPa,κ = 2.17GPa and
ε = 0.04nF/m. The length scale parameters for this problem are chosen as lc = lI = 2h = 0.02mm.
Since the crack paths are not known a-priori, entire domain is uniformly meshed with effective
element size of 0.01mm.
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Elastic Constants (GPa)

C11 C12 C13 C33 C44

129.3 91.6 87.1 116.8 9.7

Piezoelectric Constants
(
C/m2) Dielectric Constants (nF/m)

P31 P33 P15 ε11 ε33

−2.7 19.2 5.5 17.3 16.4

Table 2.4: Material parameters used for the active piezoelectric fibers (PZT-5A1) [20]

Three simulations are performed considering the three types of electrical crack face conditions,
viz. permeable, impermeable and energetically consistent (EC) conditions. For the EC condition
the dielectric permittivity of the medium filling the crack gaps is taken as εm = 22.56e−3nF/m.
Crack evolution profiles in both the microstructures with EC crack face condition are shown in
Figure 2.9. As observed, failure initiates with simultaneous debonding at different fiber-matrix
interfaces followed by the propagation of the crack into the epoxy matrix. With increasing load, an
intricate array of crack pattern evolves resulting from a series of successive debonding and matrix
cracking. Finally, it is seen that the cracks coalesce into a dominant crack path that leads to complete
degradation of the microstructure. The plots corresponding to the reaction force and electrical
charge accumulated against displacement at the bottom XZ face are illustrated in Figure 2.10 and
2.11 respectively. The plots also manifest the loss in load carrying capacity of the speciemens. This
problem demonstrates that the coupled electromechanical and phase-field model is able to illustrate
the transition of cracks from interfacial decohesion to matrix cracking, as well as the complex
interactions among multiple cracks. Similar crack evolution profiles are observed for the permeable
and impermeable conditions.

Effect of fiber distribution on the electromechanical response of piezocomposites: From the plots in
Figure 2.10 and 2.11, it is observed that the peak force and accumulated electric charge are different.
This difference in the electromechanical response may be attributed to local clustering of fibers that
influence the initiation and propagation of the cracks. The influence of the distribution of the fibers
becomes very important while calibrating parametrically upscaled models [71, 72] that has explicit
microstructural dependencies on the macroscopic response of structural scale analysis.

Evolution of electric field for different electrical crack face conditions: The electric field evolution
in the piezocomposites is illustrated next. Contour plots of the Y component of electric field in
the cracked speciemen of both the microstructures are plotted in Figure 2.12. The XY plane is
shown for better visualization. As can be seen in the plots, for permeable condition the electric
field distribution is not affected by the presence of cracks in the domain. This observation can
be associated with the assumption of permeable condition that the electric fields in the degraded
material is not affected by the evolution of crack. In case of impermeable condition, very high
electric field is concentrated in the crack gaps. This is because as soon as a crack is formed, the
permittivity of the material ε → 0 which leads to a very high electric field across the crack gap.
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Figure 2.9: Crack evolution profile in piezocomposite microstructures at different time steps .
The phase field order parameter s ≥ 0.95 is visualized. η = 1 delineates the interfaces in the
computational domain.
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Figure 2.10: Load-displacement plot for piezocomposite microstructures.
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Figure 2.11: Charge-displacement plot for piezocomposite microstructures.

The EC crack face condition also exhibits a high concentration of electric field within the crack.
However, in comparison to permeable condition a smoother transition of the electric field is observed
around the crack for EC condition. This is owing to the dielectric effect of the medium filling
the crack gap, that allows for a smoother distribution of electric field. This is consistent with the
observations made for fracture in homogeneous piezoelectric material [55].
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Figure 2.12: Electric field in the cracked speciemens of the piezocomposite microstructures for (a)
permeable (b) impermeable (c) energetically consistent electrical crack face conditions.
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Chapter 3

Developing a Virtual Damage Sensor Using
A Coupled Electro-Mechanical FE Model of
a Piezoelectric Material

Piezoelectric materials are in increasing demand in a variety of applications including actua-
tors, sensors, robotics, energy harvesters, structural health monitoring, stretchable electronics etc.
[10, 12, 25, 47, 70, 73]. These materials develop coupled mechanical and electrical fields when
subjected to electrical or mechanical loading due to complex multi-physics interactions. Piezo-
electric materials form intrinsic sensors of mechanical states since they convert mechanical energy
into the electric energy and vice versa. Smart structures of piezoelectric materials undergoing
finite deformation are used in vibration control and energy harvesting, e.g. in [15, 21]. A number
of piezoelectric structural applications consist of advanced composite materials, where the piezo-
electric material is bonded to an elastic substrate or embedded in a laminated composite structure
[10, 12, 25]. Under conditions of finite deformation, these composite structures can undergo damage
and delamination, thus reducing their performance capability. Damage in composite smart structures
initiate at the microstructural scale as interfacial debonding and propagate by crack growth, thus
affecting the piezoelectric material properties. Structural health monitoring (SHM) is needed within
their life-cycle for predicting reliability through detection of damage and potential failure sites.
Commonly used SHM methods incorporate strain gauges, optical fibers, eddy current, acoustic
emission, or lamb wave analysis, often for qualitative prediction of damage. Robust computational
models coupling mechanical and electrical fields in the presence of damage are needed for effective
design of piezoelectric systems.

A number of theoretical and computational models have been proposed for coupling mechanical,
electrical and magnetic fields for substrates undergoing finite deformation, viz. [11, 24, 26, 31, 33,
41, 57, 61–63]. In [70] finite deformation in piezoelectric materials is modeled with constitutive
equations written in the current configuration. A finite deformation variational formulation for
piezoelectric materials has been conducted in [36], where the strain and electric displacements
are derived from deformation and electric vector potential-dependent free energy. Cracks and
interfaces in piezo-electric ceramic materials have been studied in [56] by simultaneously solving a
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macroscopic crack tip problem along with microscopic irreversible processes near the crack tip. The
change in piezoelectric material properties under high electrical and mechanical stresses have been
studied in [9], while damage of piezoelectric ceramics under cyclic loading has been studied in [40].
While the piezoelectric constant d33 has been found to decrease with increasing cycles at a critical
applied stress, the electromechanical coupling coefficient is not significantly affected by cyclic load-
ing. A piezoelectric damage model is introduced in [69] that reveals that the piezoelectric material
property is affected by both mechanical and electric damage. Ghosh and his group has developed
a generalized framework to couple dynamical mechanical and transient electromagnetic fields in
a total Lagrangian formulation in [18, 68]. A wavelet transformation induced multi-time scaling
(WATMUS) algorithm has been developed to account for disparate time-scales in multi-physics
coupling for mechanical-electromagnetic problems in [68] and mechanical-piezoelectric problems
[67].

In this work, a finite element formulation is developed for finite deformation of piezoelectric
materials undergoing mechanical damage. A total Lagrangian formulation is invoked for analyzing
the influence of the evolving mechanical fields undergoing damage on the electrical fields in the
coupled platform. A phenomenological continuum damage mechanics model is used to represent
the material behavior. A staggered coupling is invoked between the mechanical and electric fields
following the framework developed in [18]. The electric fields undergo changes with damage and a
model is established to correlate the electric field evolution with damage.

The chapter begins with a discussion on the governing equations for the coupled electric and
dynamical field under finite deformation conditions in section 3.1. Finite deformation equations
with evolving damage is discussed in section 3.1.1, while piezoelectric equations are established
in section 3.1.2. Section 3.2 develops the weak forms and finite element implementation of the
coupled mechanical-piezoelectric problem. Numerical studies for validating the coupled dynamics
and electric field model and code for the piezoelectric material are conducted in section 3.3. Section
3.4 develops a coupled piezoelectric damage sensor using the coupled piezoelectric model.

3.1 Governing Equations for the Coupled Electric and Dynami-
cal Mechanical Field under Finite Deformation

Modeling coupled electrical and mechanical fields for piezoelectric materials requires concurrent
solution of the governing equations of motion and electric balance laws with nonlinear piezoelec-
tric constitutive relations. In this section the governing and constitutive equations for the finite
deformation dynamical fields and electric fields in the Lagrangian description are discussed.

3.1.1 Finite Deformation Dynamics Equations with Evolving Damage in
Reference Configuration

The mechanical response of the piezoelectric material is modeled using governing equations for
a hyper-elastic material undergoing finite deformation under dynamic loading conditions. In the
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total Lagrangian formulation, the reference configuration at a time t0, Ω0(= Ω(t0)), is expressed
in terms of the material coordinates XI, I = 1,2,3, while the current configuration at time t,
Ω(t), is represented by the spatial coordinates xi, i = 1,2,3. The mapping between the deformed
and undeformed reference configuration is expressed in terms of the deformation gradient and
displacement fields as:

FiJ =
∂xi

∂XJ
= δiJ +

∂ui

∂XJ
, where ui(XJ, t) = xi −δiJXJ (3.1)

The Jacobian of the mapping J = det(FiJ)> 0. The dynamic equilibrium equations in the current
configuration is given as:

∂ tσ i j

∂ tx j
+ t

ρbi =
t
ρ üi (3.2)

where tσ i j is the Cauchy stress, bi is the body force per unit mass and tρ is the density in the
deformed configuration. The corresponding equilibrium equation in the reference configuration Ω0
is derived as:

∂ t
0PiJ

∂XJ
+ 0

ρbi =
0
ρ üi where 0

ρ = J t
ρ, and t

0PiJ = J t
σ i jF−1

J j (3.3)

where t
0PiJ is the first Piola-Kirchhoff stress and 0ρ is the density in the reference configuration.

The corresponding second Piola-Kirchhoff stress and its conjugate, the Green Lagrangian strain are
defined as:

SIJ = J
∂XJ

∂xm

∂XI

∂xn
σmn and EIJ =

1
2
(CIJ −δIJ) (3.4)

where CIJ = FkIFkJ is the right Cauchy-Green deformation tensor.

The finite deformation material response is defined by hyperelastic constitutive relations for a
compressible Neo-Hookean material. Following ideas for the mechanical damage model proposed in
[32, 53], the stored mechanical energy density ΨME(EIJ) of the hyperelastic material is decomposed
into a volumetric (Ψvol) and deviatoric (Ψdev) energy density as:

Ψ
ME = Ψ

vol +Ψ
dev (3.5)

where

Ψ
vol =

1
2
(λ +

2
3

µ)

[
1
2
(
J2 −1

)
− lnJ

]
(3.6a)

Ψ
dev =

1
2

µ(IC −3) (3.6b)

Here λ and µ are Lamé constants. IC is the first invariant of CIJ = FkIFkJ , where F iJ is a volume
preserving deformation gradient defined as

FkI = J−
2
3 FkI such that det(FkI) = 1 (3.7)
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The second Piola-Kirchoff stress SME
IJ may correspondingly be decomposed into volumetric and

deviatoric parts as:

Svol
IJ = 2

Ψvol

CIJ
=

1
2
(λ +

2
3

µ)
(
J2 −1

)
CIJ (3.8a)

Sdev
IJ = 2

Ψdev

CIJ
= µJ−2/3

[
δIJ −

1
3

C−1
IJ IC

]
(3.8b)

Representing damage and its evolution

An isotropic damage model is considered in this work. The mechanical state dependent damage
is represented by a scalar damage parameter D ∈ [0,1), which results in a reduction of the elastic
stiffness and piezoelectric properties of the material. Following [32, 53], the damage is confined
to the deviatoric part of the strain energy. Consequently the mechanical free energy density is
decomposed into volumetric and deviatoric terms as:

Ψ
ME (J,CIJ,D

)
= Ψ

vol (J)+(1−D)Ψ
dev (CIJ

)
(3.9)

The mechanical state-dependent damage evolution law in [53] expresses the damage parameter in
terms of an effective maximum equivalent strain as D(Ξmax), where the equivalent strain is defined
as:

Ξ
max = max

s∈(−∞,t]

√
2Ψdev

0
(
CIJ
)

(3.10)

Here Ψdev
0 is the initial deviatoric strain energy density. A strain-space damage criterion is proposed

for the deformation history as:

ϕ̂ (EIJ,Ξ
max) = Ξ

max −
√

2Ψdev
0
(
CIJ
)
≥ 0 (3.11)

The normal to the damage surface is defined as:

NIJ =
∂ ϕ̂

∂EIJ
=

1
Ξmax

∂Ψdev
0

∂EIJ
(3.12)

Damage increases irreversibly in this criterion, when loaded from a damage state. The evolution law
is represented by a nonlinear function of the history-dependent maximum equivalent strain Ξmax

as:

Ḋ =

{
Ḋ(Ξmax) if ϕ̂ = 0 and NNN : EEE > 0
0 otherwise

(3.13)

In [53], a saturation function has been used for the damage parameter D(Ξmax) as:

D = 1−g(Ξmax) , where the function g(x) = β +(1−β )
1− e−x/α

x/α
(3.14)

Here α ∈ (0,∞) is the saturation rate and β ∈ [0,1] represents the damage limit. When the damage
criterion (3.11) is met, evolution of D is given as:

Ḋ =−g′(Ξmax)

Ξmax
∂Ψdev

0
∂EIJ

ĖIJ with g′(x) =
1−β

α

e−x/α − 1−e−x/α

x/α

x/α
≤ 0 (3.15)

This guarantees the condition Ḋ ≥ 0 for α ∈ (0,∞) and β ∈ [0,1].
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3.1.2 Piezoelectric Equations in Reference Configuration
A Lagrangian description is invoked for piezo-electricity under the conditions of finite deformation.
The Maxwell’s equations for electro-magnetic fields have been derived in the reference configuration
in [18, 24, 62, 63]. For piezoelectric applications, the magnetic field effects, free charge density and
conducting current are neglected, thus reducing the Maxwell’s equations to the following relations:

DI,I = 0 Gauss’ law of electricity (3.16a)

εIJK
∂

∂XJ
EK = 0 Faraday’s law (3.16b)

where DI and EI are the electric displacement and electric fields in the reference configuration
respectively. These variables are related to their respective values in the current configuration
through the Piola transformation as:

DI = JXI, j d j, EI = e jx j,I and Qe = Jqe

The permutation operator εIJK in the reference configuration is expressed in terms of that in the
current configuration εi jk as:

εIJK = J−1
εi jkxi,I x j,J xk,K (3.17)

For solving equations (3.16) a scalar potential ϕ has been proposed as primary variables for the
electric field in [18, 24]. In the reference configuration, it is expressed as:

EI = e jx j,I =−ϕ, j x j,I =−Φ,I (3.18)

where ϕ and Φ are the electric potentials in the current and reference configurations respectively.
The electric displacement field is related to the electric field through the constitutive relation:

DI = εJC−1
IJ EJ +PI (3.19)

where ε is the permittivity, CIJ is the right Cauchy-Green deformation tensor and PI is the po-
larization of the electric field. For piezoelectric materials, PI corresponds to a term induced by
piezo-electricity. Substituting equations (3.18) and (3.19) into equation (3.16a) yields the governing
equation in terms of the scalar potential as:(

εJC−1
IJ Φ,J −PI

)
,I = 0 (3.20)

Piezoelectric material constitutive equations with damage model in reference configura-
tion

A enthalpy density-based Hamilton’s principle has been proposed for solving coupled mechanical
and electrical problems of piezoelectric materials in [33, 39]. Following this concept, an explicit
form for the enthalpy density in the reference configuration is proposed for a piezoelectric material,
undergoing damage as:

H (EIJ,EK,D) = Ψ
ME (J,CIJ,D

)
−P̂KIJ(D)EIJEK − 1

2
εJC−1

IJ EIEJ (3.21)
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where ΨME (J,CIJ,D
)

is the stored energy density for the hyperelastic material undergoing damage
in equation (3.9). The second term is the energy density due to the coupled fields, where P̂KIJ(D)
is a damage dependent piezoelectric coupling tensor and the third term is the energy density due
to electric fields. For simplicity, a linear damage relation is assumed for the piezoelectric tensor,
i.e.

P̂KIJ(D) = (1−D)P̂0
KIJ(D) (3.22)

This reduces the enthalpy density to:

H = Ψ
vol (J)+(1−D)Ψ

dev (CIJ
)
− (1−D)P̂0

KIJEIJEK − 1
2

εJC−1
IJ EIEJ (3.23)

The second law of thermodynamics yields the Clausius-Planck free energy density inequality
indicating that the internal dissipation is non-negative, i.e. Dint ≥ 0. Neglecting thermal effects, this
inequality for the coupled piezoelectric system in the presence of damage may be written as:

Dint = SIJĖIJ −Ḣ − ĖIDI ⩾ 0 (3.24)

Since H is a function of D, J, CIJ and EK , the time derivative of the electric enthalpy is expressed
as:

Ḣ =
∂H

∂J
J̇+

∂H

∂CIJ
ĊIJ +

∂H

∂EK
ĖK +

∂H

∂D
Ḋ (3.25)

where the rates are derived as:

J̇ =
∂J

∂CIJ
ĊIJ =

J
2

C−1
IJ ĊIJ (3.26a)

ĊIJ =
∂CIJ

∂CIJ
ĊIJ =

∂CIJ

∂CKL
=

∂J−2/3

∂CIJ
= J−2/3

(
IIJKL −

1
3

CIJ ⊗C−1
KL

)
ĊIJ (3.26b)

The constitutive equations for the coupled piezoelectric system undergoing damage is derived from
equations (3.24) and (3.25) as:

SIJ =
∂H

∂EIJ
= 2

∂Ψvol

∂CIJ
+2(1−D)

∂Ψdev

∂CIJ
− ∂

∂EIJ

[
(1−D)P̂KIJEIJEK

]
− ∂

∂EIJ

[
1
2

εJC−1
IJ EIEJ

]
(3.27a)

DI =−∂H

∂EI
= εJC−1

JI EJ +(1−D)P̂IJKEJK (3.27b)

Combining equation (3.27b) with equation (3.19), the piezoelectricity induced polarization vector
for the damaging material is deduced to be:

PI = (1−D)P̂IJKEJK (3.28)

Equation (3.27a) may be expanded using equations (3.5) and (3.8) as:

SIJ = Svol
IJ +(1−D)Sdev

IJ︸ ︷︷ ︸
SME

IJ

− (1−D)P̂KIJEK︸ ︷︷ ︸
SPiezo

IJ

−SMaxwell
IJ (3.29)
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Here Svol
IJ and Sdev

IJ have been defined in equations (3.8a) and (3.8b) respectively, and the Maxwell
stress in the reference configuration is given as [36]:

SMaxwell
IJ =

1
2

εJ
[(

EPC−1
PQEQ

)
C−1

IJ −EpEQ

(
C−1

PI C−1
JQ +C−1

PJ C−1
IQ

)]
(3.30)

It can be proved that the Maxwell stress in the reference configuration follows the Piola transforma-
tion from that defined in the current configuration [8, 11, 31]. The internal dissipation inequality of
equation (3.24) is written as:

Dint =
(

Ψ
dev −P̂KIJEIJEK

)
Ḋ ⩾ 0 (3.31)

Thus the damage conjugate force
(

Ψdev −P̂KIJEIJEK

)
should be semi-positive definite to guaran-

tee monotonic increase of the damage parameter.

3.2 Weak Forms and Finite Element Implementation
The mechanical problem for the finite deformation problem with path dependent damage is solved
incrementally using an updated Lagrangian formulation. The electric field problem, on the other
hand is one-way coupled and depends on the value of the instantaneous damage variable. Hence, it
is solved using a total Lagrangian formulation at each step.

3.2.1 Mechanical Field for Deforming Piezoelectric Material with Dam-
age

In the updated Lagrangian formulation, the incremental nonlinear weak form is set up between
the reference deformed configuration at time t and the unknown deformed configuration at time
t +∆t. The principle of virtual work is formulated corresponding to the strong form of equation
(3.3) for the increment t to t +∆t in the reference configuration at time t. Multiplying by the virtual
displacement δui = δUI and integrating over the volume Ωt in the reference configuration, the weak
form is given as:

ˆ
Ωt

∂
t+∆t

tPiJ

∂ tXJ
δuidΩt +

ˆ
Ωt

t
ρbiδuidΩ =

ˆ
Ωt

t
ρ üiδuidΩ (3.32)

where t+∆t
tPiJ(=

t+∆t
tJ t+∆tσ ik

t+∆t
tF

−1
Jk = ∂ t+∆txi

∂ tXK

t+∆t
tSKJ) is the first Piola-Kirchhoff stress, tρ is the

density in the updated reference configuration and bi is the body force per unit mass. Applying the
divergence theorem and integrating by parts, the weak form reduces to:

ˆ
Ωt

t+∆t
tPiJ

∂δui

∂ tXJ
dΩ+

ˆ
Ωt

t
ρ üiδuidΩ =

ˆ
Γt

t+∆t
tPiJδui

tNJdΓ+

ˆ
Ωt

t
ρbiδuidΩ (3.33)

With the traction increment given as t+∆t
tT I =

t+∆t
tPiJ

tNJ = T̄ t
I on Γt , the weak form is re-written

as: ˆ
Ωt

t+∆t
tPiJ

∂δui

∂ tXJ
dΩ =

ˆ
Γt

T̄ t
I δuidΓ+

ˆ
Ωt

t
ρbiδuidΩ−

ˆ
Ωt

t
ρ üiδuidΩ (3.34)
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Using the relations between first and second Piola-Kirchoff stresses and definitions of the Green-
Lagrangian strain tensor in equation (3.34) leads to the equation:

ˆ
Ωt

t+∆t
tSMNδ

t+∆t
tEMNdΩ =

ˆ
Γt

T t
IδuidΓ+

ˆ
Ωt

t
ρbiδuidΩ−

ˆ
Ωt

t
ρ üiδuidΩ (3.35)

In the presence of damage, the deviatoric part of second P-K stress Sdev
MN and the piezoelectric

coupling coefficient P̂IMN will be affected by damage. Incorporating the stress decomposition of
equation (3.29) in equation (3.35), the weak form becomes:

ˆ
Ωt

t+∆t
tS

vol
MNδ

t+∆t
tEMNdΩ+

ˆ
Ωt

(1−D) t+∆t
tS

dev
MNδ

t+∆t
tEMNdΩ

=

ˆ
Γt

T̄ 0
I δuidΓ+

ˆ
Ωt

t
ρbiδuidΩ−

ˆ
Ωt

t
ρ üiδuidΩ

+

ˆ
Ωt

(1−D) t+∆t
tS

Piezo
MN δ

t+∆t
tEMNdΩ+

ˆ
Ωt

t+∆t
tS

Maxwell
MN δ

t+∆t
tEMNdΩ

(3.36)

The density and the body force are assumed to remain unchanged in the presence of damage. The
traction boundary conditions with damage is given as:

t+∆t
tT I =

[
t+∆t

tP
vol
iJ +(1−D) t+∆t

tP
dev
IJ

]
tNJ = T̄ t

I on Γt

FE Implementation of the Continuum Damage Model

The finite element implementation of the continuum damage model is incrementally done in
the material constitutive framework, where stresses and all state variables are evaluated at each
integration point for the given strain increment. With all state variables, including the stress t

tSIJ =
tσ i j, damage parameter tD known for the reference configuration at time t = t, the mechanical field
variables are updated for a given displacement increment ∆UI . Essential steps in the implementation
of the damage model are given below.

1. Initialization: Assuming no damage evolution at time t = t +∆t, evaluate the incremental
values for the strain driven process.

t+∆t
0F IJ =

t
0F IJ +

∂∆UI

∂ 0X j
, t+∆t

0CIJ =
t+∆t

0F IK
t+∆t

0FJK,
t+∆t

0J = det
(

t+∆t
0F IJ

)
(3.37)

From equation (3.37), the strain decomposition for volume preserved part is given as:

t+∆t
0F IJ =

t+∆t
0J−

1
3 t+∆t

0F IJ,
t+∆t

0CIJ =
t+∆t

0F IK
t+∆t

0FJK (3.38)

2. Predictor Algorithm for Damage Evolution: Calculate the history variables for the damage
model from section 3.1.1 as:

t+∆t
Ξ

max = max
{

t+∆t
Ξ

trial, t
Ξ

max
}

(3.39)
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where
t+∆t

Ξ
trial =

√
2 t+∆t

Ψdev
0 and t+∆t

Ψ
dev
0 = Ψ

dev
0

(
t+∆t

0CIJ

)
(3.40)

If t+∆t
Ξmax = t

Ξmax, damage does not evolve in the current increment. Proceed to step 3 with
no damage evolution and:

t+∆tD = tD (3.41)

Else, if t+∆t
Ξmax = t+∆t

Ξtrial , damage will evolve in the current increment. The damage
parameter is updated using equation (3.15) as:

t+∆tD = tD− g′
t+∆t

Ξmax

∂Ψdev
0

∂EIJ
∆EIJ (3.42)

Proceed to step 3 with the updated damage parameter.

3. Update Tangent Stiffness Matrix and Piezoelectric Coupling Coefficient: For evolving damage,
the tangent stiffness tensor of the deviatoric stress is calculated with the updated damage
parameter as:

tC
dev
IJKL = g(t+∆t

Ξ
max)

∂Ψdev
0

∂EIJ∂EKL
+

g′
t+∆t

Ξmax

∂Ψdev
0

∂EIJ

∂Ψdev
0

∂EKL
(3.43)

The piezoelectric coupling coefficient is updated as:

P̂IPQ = g(t+∆t
Ξ

max)P̂IPQ (3.44)

If the damage evolution criterion is not met, the tangent modulus of the deviatoric stress is
calculated as:

tC
dev
IJKL = g(t+∆t

Ξ
max)

∂Ψdev
0

∂EIJ∂EKL
(3.45)

and the piezoelectric coefficient is:

P̂IPQ = g(t+∆t
Ξ

max)P̂IPQ (3.46)

This step is bypassed if the damage model is not activated.

3.2.2 Electric Field for Piezoelectric Material with Damage
For each step, the governing and constitutive equations of the transient electric field problem in
equations (3.20) and (3.27b) are solved in the reference configuration Ω0 = Ω(t = 0). The weak
form of the electric field problem is derived using the Hamilton’s principle [18, 24] that involves
minimization of the action functional S over the time range, defined in terms of the time-dependent
Lagrangian density L in the reference domain. The minimization condition is expressed as:

δS = δ

ˆ t2

t1

ˆ
Ω0

L dΩ0dt = 0 (3.47)
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where the Lagrangian density in the reference configuration L , is given as:

L =
εJ
2

C−1
JK EJEK +(1−D)P̂IJKEIJEK (3.48)

Here EI is written in terms of the scalar potential in equation (3.18). Setting the variation of the
action functional S with respect to Φ to zero in equation (3.47) yields:

S,Φ [δΦ] =

ˆ t2

t1

ˆ
Ω0

L ,Φ [δΦ]Ω0dt = 0 (3.49)

Since t1 and t2 are arbitrary, equation (3.49) leads to the condition
´

Ω0
L ,Φ [δΦ]dV0 = 0. Substitut-

ing equation (3.18) in this condition, the weak form of the electric problem at time t+∆t is obtained
as: ˆ

Γ0

NI

[
ε

t+∆tJ t+∆tC−1
IJ

t+∆t(− t+∆t
Φ,J )− (1− t+∆tD)P̂IPQ

t+∆t
tEPQ

]
δΦdΓ

−
ˆ

Ω0

[
εJC−1

IJ EJ − (1−D)P̂IPQEPQ

]
δΦ,I dΩ = 0

(3.50)

For Dirichlet boundary conditions on Γ1, where Φ = Φ0 or Φ = 0 representing grounded boundary,
δΦ = 0 in equation (3.50). Another common boundary condition which affects the boundary term
of equation (3.50) is NIDI = 0, where DI is defined in equation (3.27b). This boundary condition is
applied at a dielectric-dielectric interface, when one of the dielectric constants is large compared
to the other, such as at an air-dielectric interface. The boundary condition of current injection
into the structure at a free boundary is not incorporated, since the conductivity is significantly
small to induce any conducting current or free charge current density. Damage evolution does not
affect the Dirichlet boundary condition when δΦ = 0 or the homogeneous Neumann boundary
condition.

FE Implementation of the Coupled Finite Deformation Dynamics and Electric Field for
Piezoelectric Material

For piezoelectric material relations in the finite deformation setting, the second Piola Kirchhoff
stress admits additional terms that correspond to the piezoelectric effect and Maxwell stress. In
the updated Lagrangian formulation, the stress at t = t +∆t is evaluated from known values in the
reference configuration at time t as:

t+∆t
tSIJ =

t
tSIJ +∆SIJ =

t
σ i j +∆SIJ (3.51)

with known tσ i j. The increment of the second Piola-Kirchoff stress ∆SIJ is additively decomposed
in accordance with equation (3.29) as:

∆SIJ = ∆Svol
IJ +∆Sdev

IJ +∆SPiezo
IJ +∆SMaxwell

IJ (3.52)

Using equations (3.27a) and (3.30), the increment of the second Piola-Kirchoff stress can be
expressed in terms of increments of the strain tensor ∆EIJ and the electric field ∆EK as:

∆SIJ = tCIJKL∆EKL + tP̃SIJ∆ES =
[

tC
vol
IJKL + tC

dev
IJKL + tC

Maxwell
IJKL

]
∆EKL + tP̃SIJ∆ES (3.53)
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where the different tangent stiffness components are given as:

tC
vol
IJKL = 2

∂Svol
IJ

∂CKL
= 4

∂ 2Ψvol

∂CIJ∂CKL
(3.54a)

tC
dev
IJKL = 2

∂Sdev
IJ

∂CKL
= 4

∂ 2Ψdev

∂CIJ∂CKL
(3.54b)

tC
Maxwell
IJKL = 2

∂SMaxwell
IJ

∂CKL
(3.54c)

Additionally the coupling coefficient is expressed as:

tP̃SIJ = H Maxwell
SIJ −P̂SIJ, where H Maxwell

SIJ =
∂SMaxwell

IJ
∂ES

(3.55)

Explicit derivations of CMaxwell
IJKL and H Maxwell

SIJ are presented in 3.A.

The incremental solution process requires linearization of the nonlinear relations in the above weak
forms. Using the forward Euler time integration, the increment of the electric field is evaluated
as:

∆EI =
t+∆tEI − tEI =

(
t
Φ,I − t+∆t

Φ,I

)
≈−∆t t

Φ̇,I (3.56)

The first variation of the Green-Lagrange strain tensor is given as:

δ
t+∆t

tEIJ = δ∆eIJ +δ∆ηIJ (3.57)

where

∆eIJ =
1
2

(
∂∆uI

∂ tXJ
+

∂∆uJ

∂ tX I
+

∂ tuI

∂ tXJ

∂∆uJ

∂ tX I
+

∂ tuJ

∂ tX I

∂∆uI

∂ tXJ

)
and ∆ηIJ =

1
2

∂∆uI

∂ tXJ

∂∆uJ

∂ tX I
(3.58)

are the linear and nonlinear components of the increment of the strain increment. Using the
linearized relations in equation (3.57), the second Piola Kirchhoff stress increment for the coupled
system is calculated as:

∆SIJ ≈ tCIJKL∆eKL − tP̃SIJ∆t t
Φ̇,S (3.59)

The weak form of the mechanical field for the piezoelectric materials is then derived from equation
(3.36) as:

ˆ
Ωt

tCMNPQ∆eMNδ∆eMNdΩt +

ˆ
Ωt

t
σmnδ∆ηMNdΩ−

ˆ
Ωt

tP̃SMN∆ηMNdΩ

=

ˆ
Γt

T̄ 0
I δuidΓ+

ˆ
Ωt

t
ρbiδuidΩ−

ˆ
Ωt

t
ρ üiδuidΩ−

ˆ
Ωt

t
σmnδ∆eMNdΩ+

ˆ
Ωt

tP̃SMN∆eMNdΩ

(3.60)
Once the damage model is triggered, the tangent stiffness matrix corresponding to the deviatoric
second Piola Kirchhoff stress tC

dev
IJKL and the piezoelectric coupling term tP̃SIJ are governed by
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equations (3.43) and (3.44) for evolving damage, and by equations (3.45) and (3.46) for non-
evolving damage.

For the electric field in the total Lagrangian formulation, the weak form in equation (3.50) is
expressed as: ˆ

Γ0

0NI

(
ε

t+∆t
0J t+∆t

0C−1
IJ

t+∆t
0EJ −P̂IPQ

t+∆t
0EPQ

)
δΦdΓ

−
ˆ

Ω0

(
ε

t+∆t
0J t+∆t

0C−1
IJ

t+∆t
0EJ −P̂IPQ

t+∆t
0EPQ

)
δΦ,I dΩ = 0

(3.61)

Equation (3.61) may be written in terms of electric scalar potential as:
ˆ

Γ0

0NI

(
ε

t+∆t
0J t+∆t

0C−1
IJ

t+∆t
Φ,J +P̂IPQ

t+∆t
0EPQ

)
δΦdΓ

−
ˆ

Ω0

(
ε

t+∆t
0J t+∆t

0C−1
IJ

t+∆t
Φ,J +P̂IPQ

t+∆t
0EPQ

)
δΦ,I dΩ = 0

(3.62)

In the staggered solution method, the mechanical field variables at time t +∆t are first evaluated.
Relevant variables are subsequently passed on for solution of the electric field. The piezoelectric
coupling term is changed according to equation (3.44) or equation (3.46) respectively, depending
on whether or not the damage model is activated.

3.3 Numerical Results with the Coupled Dynamics and Electric
Field Model for Piezoelectric Material

Two numerical examples are considered in this section for validating the coupled mechanical
and piezoelectric model and (ME-PE) code. The first is a validation test for the ME-PE model
by comparing with an analytical solution. The second example involves comparison of ME-
PE simulation results with those from simulations by the commercial code [1] for an auxetic
material.

3.3.1 Validation of ME-PE Model for a Bimorph Beam
The ME-PE code for the piezoelectric material is validated by simulating a bimorph beam that has
been analyzed in [36, 58]. The analytical solution for small deformation piezoelectricity has been
derived in [54].

The piezoelectric series bimorph beam is made of the upper and lower piezoelectric elements,
for which the electric field driving the bimorph is generated by the top and bottom electrodes, as
shown in figure 3.1(a). The upper element has anti-parallel polarization while the lower element
has its polarization parallel to the electric field. The beam is clamped at the end S2 and is free at
the other end, allowing bending under an applied electric voltage. A voltage V = 1V is applied
between the top and bottom surfaces and the interface between the upper and lower parts is
grounded. The material is neo-Hookean, with the Lamé constants in equation (3.8) set to λ = 0,
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Figure 3.1: Simulation of a piezoelectric bimorph beam: (a) geometry and boundary conditions of
the beam, and (b) the simulated electric field in z-direction.

µ = 45GPa. The piezoelectric coupling constant is P̂311 = P̂322 = 0.0460C/m2. The permittivity
is ε11 = ε22 = ε33 = 0.1062×10−9F/m. The contour plot of the electric field in z-direction is shown
in figure 3.1 (b). The electric field induced stresses deform the beam. For small deformation,
geometric and material nonlinearity are not significant. The analytical solution of z-direction
deflection as a function of position in the x direction has been derived in [54] as:

uz = 3
P̂31V
Eh2 x2 (3.63)

where E is the Young’s modulus that can be derived from the Lamé constants for small deformation.
The deflection of the beam along the x-direction is plotted in figure 3.2 and compared with the
analytical solution. The agreement is excellent.
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Figure 3.2: Comparing the simulated z-deflection of the bimorph beam along the x-direction with
the analytical solution.

3.3.2 Simulations for an Auxetic Material and Comparing with ABAQUS
Negative Poisson’s ratio for auxetic materials have been experimentally and numerically studied in
[51] using elastic sheets with embedded periodic arrays of elongated cuts. In [51] it has been shown
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that the Kagome-cut and square-cut of certain auxetic structures, shown in figure 3.3(a), can achieve
negative Poisson’s ratio. The minimum Poisson’s ratio has been obtained at an angle θ = 90◦. The
square-cut pattern shown in figure 3.3 is simulated in this study to validate the coupled piezoelectric
model.

The 3D model in figure 3.3(b) has dimensions Lx = Ly = 525mm in the x- and y-directions and a
thickness of t = 100mm. The size of the undeformed representative volume element (RVE) analyzed,
is 10mm × 10mm, as shown in figure 3.3(b). The simulating angle is θ = 90◦ and the length of the
cut is lcut = 40mm. Boundary conditions for mechanical field are ux = 0, uy = 0 at x = 0,y = 0 and
uy is constrained for all other locations of y = 0. A uniform loading of 100MPa is applied at y = Ly.
For the electric field, the structure is grounded at x = 0,y = 0. The material properties are chosen as
λ = 1.907×109Pa, µ = 3.390×109Pa, permittivity ε11 = ε22 = ε33 = 1.06×10−10 F/m and the
piezoelectric coupling coefficients are P̂111 = 0.2034C/m2 and P̂122 =−0.2034C/m2.

Square-Cut Pattern

Kagome-Cut Pattern

(a) (b) (c)

Figure 3.3: (a) Representative volume elements of the square-cut and Kagome-cut patterns analyzed;
(b) the 10×10 mesh, and (c) zoom-in view for the square-cut pattern of the auxetic structure with
cut angle θ = 90◦.

Simulations with the coupled mechanical-electric (ME-PE) code for the piezoelectric material are
compared with those by the commercial code [1], which can simulate only small deformation with
a linear elastic model. The effective Young’s modulus is E = µ(3λ+2µ)

λ+µ
= 8GPa and Poisson’s

ratio ν = λ

2(λ+µ) = 0.18 for the ABAQUS study. All the other material properties remain the
same. Results of simulations by the ABAQUS and ME-PE code are given in table 3.1. The
small discrepancy is due to the difference in small and finite deformation formulations in the two
programs.

The convergence of the staggered coupling scheme for piezo-electricity in the ME-PE model and
code is also studied in this example. Results at a node labeled with the red dot in figure 3.3 at a
location x = 235mm and y = 290mm are studied for different loading conditions. Two different
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ABAQUS ME-PE Code
Variable minimum value maximum value minimum value maximum value
Φ (MV ) -2.8 10.4 -2.8 11.6

ε11 -0.166 0.133 -0.08 0.135
ε22 -0.057 0.191 -0.051 0.196

uymax(mm) 594.5 579.91

Table 3.1: Comparison of results for the square-cut pattern RVE model by ABAQUS (small
deformation) and the ME-PE code (finite deformation).

solution approaches are considered. In the first approach, the loading is incremented in each time
step during which, the staggered solver is applied. Every time step involves solving the mechanical
problem first followed by the electric problem. The solutions are obtained with 10, 20 and 40
time steps. In the second scheme, a larger load is applied in each step. For each load increment,
the coupled ME-PE solution process is further discretized into 5 sub-steps for which an iterative
solver is activated till convergence. Figure 3.4 shows the convergence of the mechanical traction,
electric potential Φ and Green-Lagrange strain in the y-direction E22 by the two approaches as a
function of the steps. For the first approach, the smaller increments for larger number of steps yield
more accurate results. For the second approach the iteration with large load steps require larger
number of iterations to converge. The electric potential Φ and Green-Lagrange strain E22 yield the
same convergent results with both the approaches. The results show that the staggered method can
achieve accurate result as long as the time step is well-controlled.

3.4 Developing a Piezoelectric Damage Sensor using the Cou-
pled Piezoelectric Model

A virtual piezoelectric damage sensor is proposed in this section, in which the electric field may
be used as an indicator of damage in the substrate. Damage due to mechanical loading degrades
both the stiffness and piezoelectric coupling coefficients, which alters the electric field for a given
mechanical load. The difference in the electric field ∆EI between damaged and undamaged material
states can be correlated to the deviatoric strain energy density Ψdev from which the damage state
can be estimated. It is of interest to develop a function correlating the electric field difference to the
damage, its rate etc., e.g. ∆EI = f (D, Ḋ, · · ·), as a virtual sensor.

3.4.1 Calibrating an Electric Field-based Damage Indicator Function
For the correlation function, it is important to postulate two conjectures through numerical stud-
ies.

• The electric field in the damaged structure is different than that in the undamaged structure
for the same mechanical and electric loading and boundary conditions.

• The deviatoric strain energy density Ψdev can be correlated to the damage parameter D.

Numerical studies with the finite deformation, piezoelectric model and (ME-PE) code is used to
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Figure 3.4: Different loading schemes and solution approaches for convergence study: Convergence
of (a) the mechanical traction, (b) the electric potential Φ; and (c) the Green-Lagrange strain E22,
for different loading schemes.
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establish the correlation function. As shown in figure 3.5, a thin rectangular plate with a notch in
the middle is simulated to explore the connection between electric and damage fields. Dimensions
of the specimen in figure 3.5(a) are H = 0.01m, L = 0.05m, l = 0.019m, r = 0.003m, R = 0.007m
and θ = 0.6435 radians. The thickness of the model is t = 0.002m. The 3D finite element mesh of
the model is shown in figure 3.5(b). The notched geometry leads to a nonuniform stress field and a
spatial distribution of damage in the x− y plane.

θ = 0

R

r

H

L

l

(a)
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Z
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t

S1

(b)

Figure 3.5: (a) Two dimensional schematic of the thin plate with a notch, and (b) 3D model and
mesh of the plate.

Sensitivity analysis of the damage parameter D is conducted using simulations with the ME-PE
code. Mechanical properties of the structure are: λ = 0, µ = 35GPa and ν = 0. The piezoelectric
constant is P̂222 =−0.001C/m2 and the permittivity is ε = 1.0F/m. The plate is fixed at one end
i.e. uuu = 0 on the surface of S2. The other end S1 is subjected to a y-directional uniaxial strain load
uy = 0.0005t that is applied incrementally with time. For the piezoelectric problem, the boundary
condition is set as: Φ = 0 at y = 0.025m.

Since the plate is thin, variation of solutions along z-direction is not significant and the analysis
is focused on the middle layer z = 0.001. Simulations are conducted with the damage parameter
set to D = 0.0, 0.05, 0.1, 0.15 and 0.2 respectively and Ḋ = 0. The undamaged model with
D = 0.0 is serves as the reference for the electric field. Key variables such as the electric field,
Green-Lagrange strain, deviatoric strain energy are recorded at the nodal points in the rectangular
region 0.0048m ≤ x ≤ 0.0052m, 0.022m ≤ y ≤ 0.028m and z = 0.001m. The difference of the
electric field between the undamaged and four damaged specimens, as well as the deviatoric strain
energy at each integration point, are evaluated at each incremental time step. The difference in
the electric field is plotted as a function of the strain energy density for different damage values in
figure 3.6.

Damage indicator function in terms of damage variables

The difference of the electric field is seen to have a linear trend with respect to the strain energy
for each damage state. The simulation data is used to calibrate relationship between the variables
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Figure 3.6: Difference in the electric field between the undamaged and damaged models as a
function of the strain energy density for different damage parameters.
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Figure 3.7: (a) Relation between the damage parameter D and deviatoric energy Ψdev for the
uniaxially loaded specimen and (b) comparing the ∆Ey−d plot from the calibrated form in equation
(3.66) with direct numerical simulations.
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as:
∆Ey = f (D)Ψdev such that f (D) = 3.408×10−12D2 +12.39×10−12D (3.64)

Here f (D) corresponds to the slope of the plots in figure 3.6. To explore the relationship between
Ψdev and the damage parameter D, simulations are conducted with damage evolution and also
without damage. Damage parameters in equation (3.14) are chosen to be: α = 600 and β = 0.5.
Numerical analysis with and without damage model is simulated. The deviatoric strain energy Ψdev

at each integration point and the damage parameter are well correlated as shown in figure 3.7(a).
The relation between these variables is expressed by a polynomial based indicator function as:

Ψ
dev = g(D) = 7.146×107D4 +3.587×106D2 −1.873×104D (3.65)

In the absence of dependence on the rate of damage Ḋ, the difference in the elastic field is obtained
by combining equations (3.64) and (3.65) as:

∆Ey =
(
3.408×10−12D2 +12.39×10−12D

)
×
(

7.146×107D4 +3.587×106D2 −1.873×104D
)

(3.66)
A comparison of the ∆Ey −D plot from the calibrated form in equation (3.66) with direct numerical
simulations in figure 3.7(b) shows that the dependence on the damage state alone is not able to
provide a good indicator function. It is postulated that the rate of damage is also an important
parameter in this indicator function relation. Including the variable Ḋ in a modified calibrated
expression leads to the indicator function as:

∆Ey =−2.883×10−6D+ 2.399×10−6DḊ+ 7.285×10−5D2 + 1.087×10−9Ḋ2

−3.749×10−5D2Ḋ− 7.285×10−7DḊ2 − 5.714×10−4D3 − 6.565×10−11Ḋ4

+7.572×10−8DḊ3 + 4.946×10−6D2Ḋ2 + 1.576×10−4D3Ḋ+ 2.2×10−3D4

(3.67)

The corresponding plot of the ∆Ey −D from equation (3.67) in figure 3.8(a) matches the results
from direction numerical simulations very well. The error plot in figure 3.8(b) shows that the error
is bounded to within 3%. Thus it may be concluded that both D and Ḋ are needed as independent
variables in the expression for the damage indicator function.

Dependence of damage indicator function on material properties

It is important to investigate the effect of material properties on the damage indicator function
in equation (3.67). Two properties, viz. the elastic stiffness E = µ(3λ+2µ)

λ+µ
and the piezoelectric

coupling coefficient P̂SIJ are studied. For the mechanical property E, three values are chosen for
ME-PE simulations as:

• Modulus I: E = 70MPa

• Modulus II: E = 35MPa

• Modulus III: E = 7MPa

The corresponding electric field difference ∆Ey is plotted as a function of the damage parameter D
at nodes in the region 0.0048 ≤ x ≤ 0.0052, 0.022 ≤ y ≤ 0.028 and z = 0.001, for the three moduli.
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Figure 3.8: (a) Comparing the ∆Ey −d plot from the calibrated form ∆Ey(D, Ḋ) in equation (3.67)
with direct numerical simulations, (b) relative error of the calibrated indicator function with the
direct simulation results.

The results are shown in figure 3.9(a), which shows the dependence on the stiffness. When the ∆Ey
values are normalized by the modulus, the plots in figure 3.9(b) are seen to plots merge indicating
a linear relations between ∆Ey and E. Specifically ∆EyI is multiplied by 1, ∆EyII is multiplied by
EII
EI

= 0.5 and ∆EyIII is multiplied by EIII
EI

= 0.1 in figure 3.9(b). This is a consequence of the fact
that a larger elastic modulus results in smaller damage.
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Figure 3.9: (a) ∆Ey − D plot for materials with different elastic moduli, and (b) plot of ∆Ey
normalized by the elastic moduli.

Next the dependence of the damage indicator function in equation (3.67) on the piezoelectric
coupling constant P̂SIJ is investigated. for the piezoelectric property sensitivity study, three values
are chosen for the coupling constant, viz.:

• Piezo I: P̂222 = 0.001
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• Piezo II: P̂222 = 0.002

• Piezo III: P̂222 = 0.004

For the same elastic moduli, the mechanical and damage response are the same. However, the
value of ∆Ey changes with the coupling coefficient P̂222. A smaller value of P̂22 yields a weaker
coupling between the mechanical and eclectic fields with a smaller ∆Ey.
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Figure 3.10: (a) ∆Ey −D plot for materials with different piezoelectric coupling constants, and (b)
plot of ∆Ey normalized by the piezoelectric coupling constant.

Again the electric field difference ∆Ey is plotted as a function of D for the three piezoelectric
coupling constants in figure 3.10(a), exhibiting material dependence. Upon normalizing ∆Ey by
the coupling constants, i.e. multiplying ∆EyI by 1, ∆EyII by P̂I

P̂II
= 0.5 and ∆EyIII by P̂I

P̂III
= 0.25,

a unified plot is seen in figure 3.10(b). Again, this points to the linear relation between ∆Ey and P̂222.

In conclusion, the material property-based sensitivity study indicates that ∆Ey ∝
1
E and ∝ P̂222.

Combining this with the relation in equation (3.67), the electric field-based damage indicator
function is expressed as:

∆Ey =
Ere f

P̂re f
222

× P̂222

E
∆Ere f

y = 109 P̂222

E
∆Ere f

y (3.68)

where ∆Ere f
y is the reference function in equation (3.67).

3.4.2 Testing the Damage Indicator Function for Stretchable Piezoelectric
Conductors

Stretchable electronic structures are increasingly gaining popularity in a wide variety of sensor
applications. A similar structural concept of a stretchable piezoelectric conductor is explored in this
study with the coupled piezoelectric model. The numerical model of the stretchable piezoelectric
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conductor follows that of a serpentine structure discussed in [27]. A schematic of the serpentine
structure and the three-dimensional mesh is shown in figure 3.11. Pertinent dimensions of the
structure are: w = 0.4m, α = 15◦, R = 2m, l = 2m. Mechanical properties of the compressible
neo-Hookean material are: λ = 0 and µ = 35GPa. The piezoelectric constant is P̂211 =−0.001,
which couples the deformation in x-direction and the electric field in y-direction. The permittivity is
ε = 1.0.

(a)

X

Y

Z

(b)

Figure 3.11: (a) A two-dimensional schematic with dimensions of a stretchable serpentine piezo-
electric conductor; (b) 3D model and the finite element mesh of the thin structure.

An oscillatory displacement of u0 = sin2πt is applied at the ends of the structure as shown in figure
3.11(a), with the time being incremented from t = 0 to t = 0.25s incrementally. The Green-Lagrange
strain E11 of the deformed configuration is shown in figure 3.12(a). The elbow location of the
serpentine structure undergoes the maximum strain in the x-direction. According to the spatial
distribution of damage, shown in figure 3.12(b), the maximum damage is developed at the same
location despite the boundary condition being applied at the ends. When a tension load is applied on
the structure, both tension and compression deformation exist inside the structure. Since the damage
can only initiate and evolve under tension, damage is suppressed when the local deformation is
compressive.

The serpentine structure is analyzed by the ME-PE code, while also employing the damage indicator
function in equation (3.68). Since damage mostly concentrates in the elbow region, the bottom
surface with the coordinates −2.0 ≤ x ≤ −1.6, 0.18 ≤ z ≤ 0.22 are analyzed. Figure 3.13(a)
compares the results of the ME-PE simulation with the damage indicator function. The damage
indicator function agrees with the simulation very well. The error between the two results in figure
3.13(b) is small and bounded.

3.A
The expression of tC

Maxwell
IJKL can be obtained from Eq. (3.27a) and Eq. (3.54c)
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Figure 3.12: (a) Green-Lagrange strain in the x-direction of the stretchable serpentine conductor,
and (b) damage developed in the conductor with deformation.
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Figure 3.13: (a) ∆Ey −D plot from the ME-PE code simulation and damage indicator function in
equation (3.68), (b) relative error of the two results for the stretchable serpentine conductor.
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tC
Maxwell
IJKL = 2

∂SMaxwell
IJ

∂CKL
=−1

2
εEPEQ

[
J
2

CKL

(
C−1

PQC−1
IJ −C−1

PI C−1
JQ −C−1

PJ C−1
IQ

)
+JC−1

IJ
(
C−1 ⊙C−1)

PQKL + JC−1
PQ

(
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IJKL

−JC−1
JQ

(
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(
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JQKL

−JC−1
IQ

(
C−1 ⊙C−1)

PJKL − JC−1
PJ
(
C−1 ⊙C−1)

IQKL

]
(3.69)

where

[(•)⊙ (•)]IJKL =
1
2
[(•)IK (•)JL +(•)IL (•)JK] (3.70)

The expression of H Maxwell
SIJ is derived from Eq. (3.27a) and Eq. (3.55) as

H Maxwell
SIJ =−εJEP

[
C−1

PS C−1
IJ −

(
C−1 ⊙C−1)

PSIJ

]
(3.71)

∂J
∂CIJ

=
J
2

C−1
IJ (3.72)

∂J−2/3

∂CIJ
=−1

3
J−2/3C−1

IJ (3.73)

∂CIJ

∂CKL
=

∂J−2/3

∂CIJ
= J−2/3

(
IIJKL −

1
3

CIJ ⊗C−1
KL

)
(3.74)
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Chapter 4

Conclusions

This report discusses major progress on three major tasks that have been conducted with this grant.
They are summarized below.

4.1 Summary of Chapter 3
This chapter showcases the capabilities of a finite deformation cohesive zone enhanced phase-field
model for simulating electromechanical fracture in heterogeneous piezocomposite microstructures
with nonuniformly distributed inclusions. The stored electric energy density for the piezoelectric
inclusions incorporates anisotropic elasticity of the material, along with the tension-compression
split. The epoxy matrix is modeled as an isotropic Neo-Hookean material. Damage in the piezo-
composite microstructure manifests in the form of interfacial decohesion at the inclusion-matrix
interface with subsequent matrix cracking. Complex crack patterns and interactions among multiple
cracks are very well captured by the phase-field model. Different electrical crack face conditions are
incorporated and their effect on the evolution of electric field are illustrated. The example comparing
the effect of the distribution of the fibers demonstrates the importance of taking into account the
microstructural descriptors in upscaled damage models. Finally, the comparison of the electric field
evolution in damaged and undamaged piezocomposite microstructures put forwards a novel concept
of model-based approach of using piezocomposites as virtual damage sensors. The framework for
this non-destructive in-situ damage sensing idea is being developed in ongoing research.

4.2 Summary of Chapter 4
This chapter develops a finite element model for multi-physics analysis, coupling transient electric
and dynamic mechanical fields for a piezoelectric material. The model framework is able to predict
the evolution of the electric field and its flux in a substrate undergoing finite deformation. Damage
relations are implemented in the deformation model to account for change in mechanical and
piezoelectric material properties with deformation induced damage evolution. To account for finite
deformation and its effects on the electric field, a Lagrangian description is invoked to develop the
finite element formulation. The piezoelectric material relation is implemented in the Lagrangian
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description. Weak forms of the coupled transient piezoelectric and dynamic equations are generated
in the reference configuration. The resulting finite element ME-PE code is parallelized using the
ParMETIS library [22] for domain decomposition and the MPI-based PETSc library [3] for solving.
The coupled mechanical-piezoelectric model with damage is validated and calibrated to serve as a
electric field-based damage sensor.

The coupled mechanical-piezoelectric code is first validated by comparing with analytical results in
the literature and with results from the commercial software ABAQUS for small deformation. An
auxetic material is considered in the latter example with a convergence study for the coupled solver.
Next a virtual damage sensor is proposed with the ME-PE code and simulation tool. A electric field-
based damage indicator function is proposed and calibrated from data obtained through direction
numerical solution using the ME-PE code. The function relates the electric field difference for
undamaged and damaged conditions to the damage parameter D, its rate Ḋ and selected mechanical
and piezoelectric material properties. The virtual damage sensor is used to examine damage
conditions in a stretchable piezoelectric serpentine conductor. It has the potential to be a very
effective tool for non-destructive evaluation of structures under dynamic loading conditions.
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