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1 Abstract

The purpose of this proposal is to introduce the new concept of information-geometric path planning
(IGPP), where we seek the shortest path in the configuration space, not in terms of the conventional
Euclidean distance functions, but in terms of more general distance functions that can quantify
the path complexity in an information-theoretic sense. The proposed development is motivated
by realistic motion planning tasks in probabilistic environments (e.g., autonomous navigation of
UAVs) in which simple and long paths are sometimes preferred to short and complex paths in view
of safety and reliability. Inspired by Sim’s notion of rational inattention, the IGPP framework
incorporates a distance function that is proportional to the information gain required to follow the
given path. We equip the IGPP with highly efficient algorithms for path search, path smoothing
and path following, all leveraged by the recent advancements on information gain maximization
algorithms in the networked control systems theory literature.

This project contains three thrusts. Thrust 1 develops mathematical bases for IGPP, includ-
ing its characterization using the Finsler manifold theory. Thrust 2 focuses on algorithmic de-
velopments, including the modifications of the standard path planning algorithms such as RRT
and A-star. Thrust 3 assesses how IGPP can advance the frontiers of the current path-planning
technologies. In particular, we consider (i) path planning under sensing resource constraints, (ii)
decentralized path planning, and (iii) path planning mimicking human experts. The expected out-
comes of this project include a new theoretical framework, algorithms, and insights that add a new
dimension to the existing autonomous motion planning technologies. The added dimension will
help overcome the existing challenges in unmanned/manned Air Force platforms and enhance their
autonomous capabilities.

2 Research Objectives

The purpose of this research is to introduce the new con-

cept of information-geometric path planning (IGPP), Path B
where we seek the shortest path in the configuration &%) -1 ‘J\
space, not in terms of the conventional Euclidean dis- ! /”' \\\
tance functionals, but in terms of more general distance ,,/’ @9 Q q \\
functionals that can quantify the path complexity in an ./’Origm |

information-theoretic sense. The new framework has
a built-in capability to penalize both path length and
path complexities and thus serves as an ideal tool to bal-
ance these two design objectives. The proposed devel-
opment is motivated by path planning tasks in stochas-
tic environments (e.g., autonomous navigation of UAVs, \
Figure 1) in which simple and long paths (Path B) are  gpeacies YT

sometimes preferred to short and complex paths (Path Target / Target covariance

A) in view of safety.

To characterize the “simplicity” concept in math- Figure 1: Short and complex path A vs.
ematical terms, we equip the underlying configuration long and simple path B. Confidence el-
space with a novel information-geometric distance func- lipses are shown along each path.
tion. In particular, the distance from the origin to the
destination is the weighted sum of the Euclidean dis-
tance between these two points and the information gain required to make this transition. Here,
the information gain is the amount of sensor data (measured in bits) that the decision-maker has
to collect to follow the path. In this standard, a path is considered “simple” if navigation through
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it does not require many sensing actions. A path that is traceable by an open-loop control pol-
icy is thus the simplest. This idea of simplicity is related to Sim’s notion of rational inattention
for bounded rationality [1]. In general, the introduced distance function is non-Euclidean and
asymmetric.

The shortest path problem we formulate is motivated by the increasing need for simultaneous
perception and action planning in modern information-rich autonomy. Owing to the wide availabil-
ity of low-cost and high-performance sensing devices, obtaining a large amount of sensor data has
become easier in many applications. Nevertheless, operating a sensor at its full capacity may not
be the best strategy for resource-constrained robots, especially if it drains the robot’s scarce power
or computational resources with little benefit. As sensor modalities increase, how to achieve a given
task with minimum perceptual resources (e.g., with reduced sensing frequencies or sensor gains)
becomes an increasingly relevant question. For instance, planetary rovers need to estimate wheel
slippage using visual odometry (VO) when traversing harsh and unknown terrains [2]. However,
using VO reduces the navigation speed as the rover needs to stop frequently to capture images [3]
and drive slowly due to its limited computational capability [4]. The Mars Science Laboratory rover
reaches a maximum speed of 140 m/h in blind-drive mode (no VO update) and 45 m/h in hazard
avoidance mode (VO update every 10 m) [5]. Another example is the vision-based navigation of
micro aerial vehicles (MAV), where the visual data are sent to a ground station (e.g., see [6] ) or
are processed by computationally constrained onboard processors (e.g., see [7] ). In the navigation
of MAVs, the available resources (computation speed, memory, power, and communication band-
width) are limited and require specific consideration. These examples showcase the importance of
perception effort management in autonomous navigation.

3 Results

The research outcomes of our three-year-long investigations are summarized in research papers (see
the “Publication” section below). From a methodological perspective, it is convenient to categorize
our results into two classes. In the first category, our research focus is centered around the concept
of Gaussian belief space planning. While this approach is applicable to continuous-time continuous-
space path planning scenarios, it critically relies on the Gaussianity of uncertainty and the robot
dynamics must be assumed linear. In the second category, we formulate the minimum sensing
planning concept in finite state systems. While Gaussianity/linearity assumptions are not necessary
for such a formulation, it is inherently restricted to finite state systems. While it was inevitable
for us to take mathematically different methodologies in each category, they are both derived from
the same governing principle (motivated by the discussion above), and they will complement each
other’s shortcomings. Below, we summarize the results of our effort in each category.

3.1 Gaussian belief space planning for minimum sensing navigation.

In the series of research publications [C6], [C7], [C11], [C12], and [J2], we adopted the Gaussian
belief space formalism to develop theory and algorithms for minimum sensing navigation. Problem
formulation, overview of the developed planning algorithms, and numerical validations are briefly
summarized below.

3.1.1 Problem formulation
Let x(t) be the random vector representing the robot’s actual position at time tx. In an open-loop
control scenario, it is assumed to satisfy

T(tpy1) = o(te) + (tra1 — te)vk +ng (1)

where vy, is the velocity input and ng ~ N(0, [|zx+1 — 2¢]|W) is a Gaussian disturbance whose
covariance matrix is proportional to the commanded travel distance.

DISTRIBUTION A: Distribution approved for public release.
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In Gaussian belief space planning, a reference trajectory is given as a sequence of belief waypoints
b = (xx, Pi),k = 0,1,..., K, where x;, € R? and P, € SEIH are planned mean and covariance of
the random vector x(t;). In the sequel, we call B := R? x Si , the Gaussian belief space or
simply the belief space. We first introduce an appropriate “distance” function from a belief point
by, = (xg, Pr) to another by = (zg41, Pr+1). The distance function is the cost of steering the
Gaussian probability density characterized by by to the one characterized by bx11. We assume that
the distance function is a weighted sum of the travel cost Dyyavel (bk, bx+1) and the information cost
Dinfo(br b1 1)-

e Travel cost: We assume that the travel cost is simply the commanded travel distance:

Dtravel(bkabk+1) = ”karl - wk”

e Information cost: Assuming that no sensor measurement is utilized while the deterministic
control input vy, is applied to (1), the covariance at time step k + 1 is computed as

Peyy = Py + [|lzgs — 2| W (2)

We refer to Pk+1 as the prior covariance at time step k+ 1. Suppose that the prior covariance
is updated to the posterior Pyi1(= Pgy1) by a sensor measurement yi,1 at time step k + 1.
The minimum information gain required for this transition is given by the entropy reduction:

Dinto (ks br1) = hM@r41lyo, -+ k) — M(@rs1|yo, - s Y1)

1 ~ 1
=3 logdet P11 — 3 log det Pr1.

Here, h(:|-) denotes conditional differential entropy. Intuitively, Dinto(bg, bgp11) represents the
minimum bits of information required to reduce the uncertainty from Pxi1 to Pyi1.
Introducing a weight factor a > 0, the total cost is defined as

D(bka bk+1) = Dtravel(bk, bk+1) + aDinfo(bka bk+1)- (3)

The total cost function (3) satisfies the following properties:

1. D(bl,bg) >0 Vbl,bg S B;

2. D(b,b) =0 Vb € B; and

3. D(by,b2) < D(b1,b3) + D(bs,b2) Ybi,ba,bs € B.

The function (3) is not symmetric in that D(by, ba) # D(ba, b1) in general. Consequently, the notion
of the path length we introduce is direction-dependent. Also, D(b1,bs) = 0 does not necessarily
imply b; = by. Because of these properties, the function (3) is formally not a distance metric. In
the literature, such a function is called a quasi-pseudometric or Lawvere metric.

Despite (3) not being a metric, it turns out that the function (3) still allows us to formulate a
shortest path problem of our interest. First, for a given continuous path 7 (t) = (x(t), P(t)) in the
Gaussian belief space and a partition P = (0 = t; < ty < --- < txg = T'), the path length with
respect to P is defined by ¢(v,P) = Zszl D(y(tx),y(tk+1)). Taking a supremum, the length of
a path v is defined by ¢(y) = supp c(v,P). We consider that a belief path v(t) = (z(t), P(t)) is
collision-free if

(x(t) — xObS)TP_l(t)(:r:(t) — Tobs) > Y2 Vit e [0,T],VZobs € Xobs

where x? is a user-defined confidence parameter. With this setup, the shortest belief path problem
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Figure 2: Outputs of IG-RRT* with a = 0,0.3,0.7 under the existence of multiple obstacles.
Confidence ellipses representing Pr = 90% certainty regions.
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Figure 3: The reference paths generated with o = 0.1,0.3 and 0.7 are followed by an event-based
LQG controller using the high-precision sensor with Z = 10~*I5. Three sample trajectories (shown
in red, blue, and yellow) are plotted in each case.

is formulated as

min  c¢(y
v

)
s.t. ’)’(0) = b(), ")/(T) c Btarget
(2(t) = Zobs)  P7H(t) (2(t) — Tops) = X2 VYt € [0, T, Vops € Xops-

Now, one can attempt to solve the shortest path problem (4) using various numerical solvers. In
what follows, we summarize our approach based on the RRT* and PRM*-based algorithms.

3.1.2 IG-RRT* and IG-PRM* Algorithms

In [J2], we developed several versions of RRT*-based numerical algorithms dedicated to the Gaus-
sian belief space planning problem (4). We refer to our algorithms as the IG-RRT* algorithm.
Details of the algorithm, its variations, and tricks to improve its sampling efficiency can be found
in the reference [J2]. In [P1], we developed a PRM*-based belief state planning algorithm, referred
to as IG-PRM*.

Figure 2 shows the path plans obtained by IG-RRT* with o = 0,0.3,0.7 under the existence of
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multiple obstacles. It demonstrates that the proposed cost function can induce both a short and
complex path (like path A in Figure 1) and a simple and long path (like path B in Figure 1) by
properly adjusting the tuning parameter o > 0.

3.1.3 Effectiveness of IGPP

We also performed extensive numerical studies to
demonstrate the practical benefits of the IGPP concept.
In Figure 3, we considered the situation in which the
traveling agent (noisy double integrator) tries to follow
the planned path in Figure 2 using an event-based sens-
ing strategy. Roughly, sensing actions are triggered only
when the confidence ellipses computed in real-time by
Kalman filtering “escape” the planned path tube com-
puted offline — see [J2] for the details about the trig-
gering rule for the sensing actions. Figure 4 shows the
number of required measurements for the robot to travel
from the start position to the goal region. It shows that
the required frequency of measurements tends to de- Figure 4: The number of required mea-
crease as we increase . This result indicates that the gyrements for a double integrator robot
proposed IGPP is an effective framework for minimum yging event-based LQG controller.
sensing navigation.
In [J2], we also conducted similar numerical experi-
ments using a high-fidelity quadrotor simulator (Figure 5). In the off-line phase, two belief space
paths were generated using the IG-RRT* algorithm using two different values of .. In the online
(real-time) implementation phase, each path is followed by the event-based sensing strategy. The
number of sensing actions (vision-based localization) required to follow the planned path from the
starting point to the goal region is monitored for each case. We performed many simulation trials
for each case. We found a similar trend to Figure 4 — the nominal path generated by a larger value
Quad. Traj.

of a tends to be easier to follow with fewer sensing actions.
. -
b
y <
o
0 0
0O 2 4 6 8 10 0o 2 4 6 8 10

(a) Horizontal position of CM (X- (b) Horizontal position of CM (X- (¢) Snapshots of the quadro-
Y plane) of the quadrotor follow- Y plane) of the quadrotor follow- tor simulation conducted in the
ing the path generated by a = ing the path generated by a« = Gazebo simulator. The small
0.2. 2.0. green box shows the goal region.

o]

D

N

Nummber of Measurements
o N

0.10.20.30.40.50.60.70.80.9 1
«

10 10

Ref. Traj.

Ref. Traj.
Quad. Traj.

Figure 5: Smoothed reference trajectories (blue), sampled paths (red) of the quadrotor, and snap-
shots of the simulation in Gazebo.
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3.1.4 Asymptotic optimality

A sampling-based path planning algorithm is said to be asymptotically optimal if the length of the
best path discovered by the algorithm converges to the length of the optimal path with probability
one as the sample size tends to infinity. It is well understood that some sampling-based path
planning algorithms, including RRT* and PRM*, attain asymptotic optimality with respect to the
Euclidean metric. However, it is not trivial that RRT* and PRM* remain asymptotically optimal
even if it is evaluated under the Lawvere metric . Generally speaking, despite the extensive use of
sampling-based algorithms and their rigorous analysis in the deterministic setting, there has been
little formal analysis of their asymptotic optimality in Gaussian belief space.

We aimed to address this lack of research by examining the asymptotic behavior of the proposed
IG-RRT* and IG-PRM* algorithms. Even though we discovered that the asymptotic behavior of
the IG-RRT* algorithm was cumbersome to analyze, in [P1], we were able to provide a formal proof
of the asymptotic optimality of the IG-PRM* algorithm. While we conjecture that the IG-RRT*
algorithm also attains asymptotic optimality, a formal proof must be postponed as future work.

3.2 Belief space planning over a finite state space.

In [J1], we generalized the belief space planning concept for minimum sensing navigation discussed
above to a non-Gaussian regime.

3.2.1 Problem formulation

We consider a variation of the standard Markov decision process (MDP) referred to as a perception
MDP, which consists of a finite set of states S and actions A as well as a countably infinite set of
observations Z. Furthermore, the perception MDP additionally consists of an environmental cost
function C : S x A — R mapping state-action pairs to an associated cost and a transition function
T:SxAxS — [0,1] mapping state-action pairs to a probability distribution over successor states.

In contrast to the standard partially observable MDP (POMDP), in a perception MDP, the
decision-maker is able to synthesize its own perception strategy, represented in terms of a belief-
dependent observation function, in addition to its strategy for action selection. We refer to this
joint synthesis procedure as the simultaneous perception-action design (SPADE) framework. A
visualization of the SPADE framework is shown in Figure 6. To capture the cost associated with
a given perception strategy, we impose an information-theoretic perception cost that penalizes
information flow from the environment to the decision-maker. In this work, we specifically focus on
using the directed information to model this perception cost, which we subsequently decompose in
terms of the sum of the stage-wise mutual information gains. In conjunction with the environmental

minp 4 Y1 E[Cs, a,] + BI(s1.7 — 21.7)

St+1 Tst+1|ahsf, at
by
J ” by = predict(l;t,l, a; 1)
t ~
Pzt|st7bt bt = update(bt> Zt)
Perception unit Aat|i)t

Action unit

Figure 6: Visualization of the simultaneous perception-action design (SPADE) framework.
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Prediction Prediction

Update o %0 c Update LIRS D
Posterior belief set B Prior belief set B Posterior belief set B Prior belief set B
(a) Unconstrained value iteration over belief space. (b) Value iteration over IFBS.

Figure 7: Left: Unconstrained value iteration over belief space. Without imposing any constraints
on admissible perception policies, the value iteration does not keep a finite set of belief states
invariant. Consequently, one must evaluate the value function on the continuum of the belief
states. Right: A finite set of belief states can be made invariant by imposing linear constraints on
admissible perception policies. The value iteration can be performed only on a finite set of belief
states.

cost function, we can then express the objective of the decision-maker as follows:
o
. -1
g‘lgltz_(;vt (BI(s;2e|21.0-1) + E[Cly.a,]), (5)

where v € (0,1] is a discount factor, § € R>q is a relative cost weighting factor, I(s¢; z¢|z1:4—1) is
the mutual information, and C, 4, is the environmental cost of taking action a € A while in state
s € S at time step t.

3.2.2 Solution via the invariant finite belief sets (IFBS)

Due to the perception costs, the decision-maker does not generally know its true state at a given
time step. As in the continuous state-space version of the problem, the decision-maker instead
maintains a belief state, an |S|-dimensional vector consisting of the probabilities that the decision-
maker resides in each state s € S at time t. We show that, in principle, the SPADE problem
(i.e., minimizing (5)) can be solved via a value iteration procedure over the continuous set of belief
states. However, this value iteration is intractable. To overcome this difficulty, we propose a novel
method of invariant, finite belief sets (IFBS), in which the decision-maker operates exclusively on
a representative sample of belief states (Figure 7). We provide conditions under which this sample
of belief states remains invariant, and present a computationally-efficient algorithm for solving
the SPADE problem over this representative sample of belief states. Furthermore, we provide
theoretical results proving that, as the resolution of the sampling increases, the resulting solution
approaches that of the SPADE problem over the continuous belief space.

3.2.3 Application to dynamic sensor selection

One particularly noteworthy application of the proposed SPADE framework is in the problem of
strategic sensor selection. In this problem, due to sensing constraints such as limited communication
bandwidth or processing capability, only a subset of a set of sensors can be used for observation
at a given time step. The objective is then to dynamically choose this subset of sensors such that
the cumulative sensing error is minimized. Although this problem can naturally be expressed in
terms of a POMDP, its solution quickly becomes intractable. In our work, we alternatively use the
perception strategy obtained through solving the SPADE problem (which makes no assumption on
the structure of the set of sensors) as a reference observation function. The decision-maker then
chooses the subset of sensors whose combined observation function most closely matches that of
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Table 1: Comparison of the PBVI-based approach and our algorithm’s offline solution times, online
solution times, cumulative MAP estimation error, and average number of chosen sensors.

Method Offline [s] | Online [s] | Error | |S?|
PBVI, k=1 2495 | 81x10"*]23.6191 | 1.00
PBVI, k=2 | 8.6 x10° | 6.0 x10~% | 15.84 | 2.00
PBVIL, k=3 | 1.5x10* | 7.1 x 10~% | 11.4284 | 3.00
PBVI, k =4 TO — — —

8=0.3 39.75 0.98 5.51 7.96
8=04 42.73 0.95 5.96 7.19
B8=0.5 46.44 1.05 10.62 | 4.91
B =06 50.43 1.15 16.33 | 3.18
B=0.7 50.37 1.14 21.57 | 2.12
B8=0.8 54.13 1.13 25.23 | 1.35

this reference value at the given time step. Figure 8 shows the resulting sensor selection strategies
for an 8-state environment with a total of 8 sensors, wherein one sensor is centered on each of
the states. Intuitively, as the relative cost of information increases, the number of selected sensors
at each time step decreases. Furthermore, as shown in Table 1, although requiring slightly more
online computation time, our proposed sensor selection strategy is able to scale to sensor selection
problems with greater allowed cardinalities at only a modest performance loss. Note that “PBVI”
refers to the point-based value iteration algorithm, a common algorithm for solving for an optimal
strategy in a POMDP.

4 Task achievements

The overall achievement levels of the proposed tasks are summarized below. Most of the tasks were
executed as planned. Tasks 3-2 and 3-3 were left largely unexplored, which must be postponed as
future work.
Thrust 1: Mathematical foundation: We provide IGPP with a rigorous mathematical foundation
based on information geometry and Finsler manifold theory.

e Task 1-1: Finsler manifolds and geodesics. (100% complete)

e Task 1-2: Non-holonomic constraints. (100% complete)

e Task 1-3: Partially observable configurations. (80% complete)
Thrust 2: Algorithmic foundation: We develop a software package for IGPP, containing the
shortest path search, path-smoothing and path-following (feedback control) algorithms.

e Task 2-1: Path smoothing by SDP/ADMM algorithm. (100% complete)

e Task 2-2: Path smoothing by reverse water-filling algorithm. (80% complete)

e Task 2-3: Rationally inattentive path following. (80% complete)

e Task 2-4: Path following by Feynman-Kac sampling. (100% complete)
Thrust 3: Path planning frontiers: We use the IGPP framework to tackle well-recognized open
challenges in path planning research.

e Task 3-1: Simultaneous perception and motion planning. (100% complete)

e Task 3-2: Distributed path planning by multiple agents. (30% complete)

e Task 3-3: Human-aware path planning. (10% complete)
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Figure 8: Comparison of the sensor selection at each time step for various values of 8. Clockwise
from top left are the plots for 8 =0.3, 5 =0.4, 5 =0.5, 3 =0.6, 8 = 0.7, and § = 0.8, respectively.

5 Future work

Besides the main results described above, our three-year-long research effort supported by this YIP
project has also identified several new research directions. The research directions summarized
below are both natural extensions of this YIP project and are worthwhile for further investigations
in the future.

5.1 Path integral control

In motion planning under stochastic uncertainties or disturbances, correct evaluation of the proba-
bility of collision with obstacles is crucial. Often in practice, we are more concerned with end-to-end
safety (the probability that the robot can travel from the initial configuration to the target con-
figuration without collision) rather than instantaneous safety (the probability that the robot is in
a safe state at a specific point in time). Unfortunately, the former is more difficult to compute,
especially in continuous-time settings. In [C3, C5, C9, C10], we conducted an in-depth study on
chance-constrained motion planning problems. As part of the proposed Task 2-4, we applied the
concept of path integral control to chance-constrained motion planning problems [C3, C9, P6].
Path integral control (PIC) [8], a control algorithm inspired by the path integral formulation of
quantum mechanics, has been gaining popularity in autonomy research [9]. It provides a Monte-
Carlo-based algorithm to numerically compute the optimal control actions in real time. Model
predictive path integral (MPPI) [10], a GPU-friendly receding horizon version of PIC, has been
widely adopted in various nonlinear and stochastic control scenarios. Despite its growing pop-
ularity, the PIC theory is still immature in several aspects. First, the PIC theory for handling
chance constraints (e.g., evaluation of rare event probabilities) is immature. Second, its sample
complexity is not well understood, and it often requires prohibitive computational costs for real-
time applications. There is significant room for improvement in its sample efficiency by adopting
“smart” Monte Carlo algorithms, such as multi-level Monte Carlo. Third, currently, PIC theory
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is largely restricted to control systems with fully observable state spaces. These limitations must
be addressed in the future for the PIC framework to be applicable to motion planning problems
satisfactorily.

5.2 Real-time path planning using trained neural network models

The IG-RRT* and IG-PRM* algorithms developed in this YIP U-net Prediction  RRT* solution
effort provide us with the desired path planning capability de- @y
scribed in the “Research Objective” section above. However, s
the computational cost for executing these algorithms are of- 1o
ten too high for real-time implementations in many applica-
tion contexts. Therefore, we have explored an idea to use deep
learning models that allow for real-time path planning.

First, we prepared a training data set comprising a large
number of pairs ([iy, Ioyt) of an input image I;, and an output
image Iyt The input image I;, shows a 2D configuration space
(e.g., obstacle locations) describing the path planning problem
of interest. The output image I, describes a solution to the
problem encoded by I, obtained by IG-RRT* or IG-PRM*
algorithms. Second, we trained a U-net model until it is able
to predict an output image from a given input image. Finally,
a trained U-net model is tested on unseen input images to see
if it can predict the corresponding path plan. Figure 9 shows
some of the output images predicted by the trained U-net and
the ground truth solution obtained by IG-RRT* algorithm.
They often exhibit a good match. Even though the solution
predicted by a trained U-net is currently not fully reliable, we
expect that the solution accuracy will improve as we increase 100 130
the training data size.

While the preparation of a training data set and the train-
ing of a U-net are time-consuming processes, a forward execu-
tion of the trained U-net is instantaneous. Hence, this solu-
tion approach is valuable in applications where real-time path
planning is necessary. Future research will be concerned with
how to improve the reliability of such a deep-learning-based
approaches, how to ensure robustness against a large variety of input data, and how to generalize
the approach to high-dimensional problems.

0 gy

Figure 9: Comparison of the solu-
tion predicted by a trained U-net
and the solution produced by IG-
RRT*.
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