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ABSTRACT:

The overall objective of the work performed under this grant was to integrate the dynamical
systems approach to turbulent flows with ideas and tools from machine learning to develop
and apply new approaches for the data-driven modeling and control of complex chaotic flow
phenomena. Building on the observation above that very complex high-dimensional dynamics
often lie on a surface (manifold) of much lower dimension, a central theme of the work is
nonlinear dimension reduction, using machine learning to identify the manifold on which the
data lie as well as the dynamical equations for the time-evolution of the system dynamics.
Related to the issue of dimension reduction is that of modal decomposition of data -- for
example, the classical proper orthogonal decomposition (POD) of flow data generates a set of
basis vectors, and a reduced-dimensional representation of the data can be obtained by
projection onto a subset of these vectors. (This is a linear dimension reduction process, which
always projects data onto a flat surface. Nonlinear approaches like those that we use enable
projection onto a curved manifold, and are thus often much more effective at dimension
reduction than POD.) A number of specific accomplishments have been achieved. We have
developed a new framework, which we call **Data-driven Manifold Dynamics" (DManD), that
enables development of high-fidelity low-dimensional dynamic models for complex chaotic
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processes. This has been applied to a model system, the Kuramoto-Sivashinsky equation, as
well as to transitionally-turbulent plane Couette flow. Having in hand an efficient low-order
model enables rapid implementation in downstream analyses such as controller design, and we
have integrated DManD with reinforcement learning to drive drag reduction in turbulent
Couette flow. Additionally, we have developed a new modal decomposition that we call the
"Data-driven wavelet decomposition" (DDWD). This approach integrates key aspects of POD
and wavelet analysis, but iln contrast to traditional wavelet bases, the basis elements at each
stage are not simply dilations of given wavelets, but rather are determined stage-by-stage from
the data. For data that is not self-similar, neither are the resulting basis elements. Rather, these
represent the differing structures at the different stages. In contrast, for self-similar data, the
basis vectors at different stages are related to one another by a simple rescaling. Indeed, for
data from homogeneous isotropic turbulence we show self-similarity of the learned wavelet
basis elements, which in turn reveals the self-similarity of the data.
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Abstract

The overall objective of the work performed under this grant was to integrate the dynamical sys-
tems approach to turbulent flows with ideas and tools from machine learning to develop and apply new
approaches for the data-driven modeling and control of complex chaotic flow phenomena. Building
on the observation above that very complex high-dimensional dynamics often lie on a surface (mani-
fold) of much lower dimension, a central theme of the work is nonlinear dimension reduction, using
machine learning to identify the manifold on which the data lie as well as the dynamical equations for
the time-evolution of the system dynamics. Related to the issue of dimension reduction is that of modal
decomposition of data — for example, the classical proper orthogonal decomposition (POD) of flow data
generates a set of basis vectors, and a reduced-dimensional representation of the data can be obtained by
projection onto a subset of these vectors. (This is a linear dimension reduction process, which always
projects data onto a flat surface. Nonlinear approaches like those that we use enable projection onto a
curved manifold, and are thus often much more effective at dimension reduction than POD.) A number
of specific accomplishments have been achieved.

We have developed a new framework, which we call “Data-driven Manifold Dynamics” (DManD),
that enables development of high-fidelity low-dimensional dynamic models for complex chaotic pro-
cesses. This has been applied to a model system, the Kuramoto-Sivashinsky equation, as well as to
transitionally-turbulent plane Couette flow. Having in hand an efficient low-order model enables rapid
implementation in downstream analyses such as controller design, and we have integrated DManD with
reinforcement learning to drive drag reduction in turbulent Couette flow.

Additionally, we have developed a new modal decomposition that we call the “Data-driven wavelet
decomposition” (DDWD). This approach integrates key aspects of POD and wavelet analysis, but iln
contrast to traditional wavelet bases, the basis elements at each stage are not simply dilations of given
wavelets, but rather are determined stage-by-stage from the data. For data that is not self-similar, neither
are the resulting basis elements. Rather, these represent the differing structures at the different stages. In
contrast, for self-similar data, the basis vectors at different stages are related to one another by a simple
rescaling. Indeed, for data from homogeneous isotropic turbulence we show self-similarity of the learned
wavelet basis elements, which in turn reveals the self-similarity of the data.

Contents

Objectives

Detailed accomplishments

2.1 Nonlinear data-driven reduced-order modeling of complex chaotic dynamics [69, 70] . . . .
2.1.1 Introduction . . . . . . . ... e
2.1.2  Framework . . . . . . .. .
2.1.3 Results . . . . . e
2.1.4 Conclusion . . . . . ... e e

2.2 Integration of data-driven modeling with reinforcement learning for control of chaotic dy-
namics [122, 123] . . . . . . . e e e
2.2.1 Introduction . . . . . . ...
2.2.2 Data-Driven Reduced Order Modeling withDManD . . . . . ... ... ... ...
2.2.3 Learning a Control Strategy FromData . . . . . ... ... .. ... ........



2.2.4  Example 1: Kuramoto-Sivashinsky Equation . . . . . .. ... ... ... ..... 24

2.2.5 Example 2: Turbulent Couette Flow . . . . .. .. ... ... ... ... ...... 27

2.3 Discovering multiscale and self-similar structure with data-driven wavelets [33] . . . . . . . 30
2.3.1 Introduction . . . . . . .. L. 30

232 Formulation . . . . . . . . .. 31

233 Results . . . . . 34

234 Conclusions . . . . . . ... e e 39

3 Dissemination 41
3.1 Publications . . . . . . . . . e e e 41

3.2 Invited presentations by the PI describing research from this grant . . . . . ... ... ... 42

3.3 Contributed presentations describing research from this grant . . . . . . .. ... ... ... 43

34 Outreach . . . . . . o L 44

4 Impacts 44
4.1 Development of the principal disciplines of the project . . . . . . .. ... .. ... .... 44
4.2 Otherdisciplines . . . . . . . . . . i e e e e 45

4.3 Development of human resources . . . . . . . . . . . .. .. 46
4.4 Teaching and educational eXperiences . . . . . . . . . . oo v v it 46

1 Objectives

Turbulent flow is a complex chaotic process governed by a dynamical system, the Navier-Stokes equa-
tions (NSE). Although this set of equations is formally infinite dimensional (as with any partial differential
equation), the presence of viscosity damps small scales very rapidly, so that we expect the long time dy-
namics, even of a turbulent flow, to lie on a finite-dimensional surface (manifold) in state space [53, 24].
A central concept in the dynamics of finite-dimensional dissipative dynamical systems is that of a chaotic
attractor. Roughly speaking, an attractor is a trajectory in state space toward which all nearby initial condi-
tions approach asymptotically as time # — oo, and a chaotic attractor is one on which trajectories that are
initially nearby will separate from one another exponentially rapidly. From the dynamical point of view,
turbulence is a chaotic attractor of the NSE. In the past couple decades, there has been rapid growth in our
understanding of the nonlinear dynamics of turbulent flows especially near transition, in part through the
study of exact coherent states (ECS). These are nonturbulent coherent patterns that underlie and organize, at
least to some extent, the turbulent dynamics. During the course of the grant, the PI wrote an invited review
in Annual Reviews of Fluid Mechanics on this topic [43].

Parallel to advances in understanding the nonlinear dynamics of turbulence have come dramatic ad-
vances, on several fronts, in the field of machine learning. Availability of large amounts of data from the
internet, simulations, and experiemnts, combined with improved algorithms and increased computational
power have led to great success in the application of machine learning to many areas, including the sci-
ences and engineering. Furthermore, powerful computing environments such as tensorflow, developed
by Google, have become widely available, lowering the technical barrier to entry into this field.

The overall objective of the work performed under this grant was to integrate the dynamical systems ap-
proach to turbulent flows with ideas and tools from machine learning to develop and apply new approaches
for the data-driven modeling and control of complex chaotic flow phenomena. Although the data that we
have used so far has mainly come from simulation, we are currently beginning to work with experimen-
tal data from collaborators at Georgia Tech, Argonne National Laboratory and Princeton. Building on the
observation above that very complex high-dimensional dynamics often lie on a manifold of much lower di-
mension, a central theme of the work is nonlinear dimension reduction, using machine learning to identify



the manifold on which the data lie as well as the dynamical equations for the time-evolution of the system
dynamics. Related to the issue of dimension reduction is that of modal decomposition of data — for example,
the classical proper orthogonal decomposition (POD) of flow data generates a set of basis vectors, and a
reduced-dimensional representation of the data can be obtained by projection onto a subset of these vectors.
(This is a linear dimension reduction process, which always projects data onto a flat surface. Nonlinear
approaches like those that we use enable projection onto a curved manifold, and are thus often much more
effective at dimension reduction than POD.) Specific accomplishments, detailed below, include:

* Nonlinear data-driven reduced-order modeling of complex chaotic dynamics

* Integration of data-driven modeling with reinforcement learning for control of chaotic and turbulent
dynamics

* Discovering multiscale and self-similar structure in turbulence with data-driven wavelets.

2 Detailed accomplishments

2.1 Nonlinear data-driven reduced-order modeling of complex chaotic dynamics [69, 70]
2.1.1 Introduction

A common question in many applications is: given a time series of measurements on a system how can a
predictive model be generated to estimate future states of the system? For problems like weather forecasting,
just knowing the future state of the system is useful. In other problems, like minimizing turbulent drag on an
aircraft, models are desirable for creating control policies. These models can sometimes be generated from
first principles, but insufficient information on the system often limits the ability to write them explicitly.
Even when a model can be written out explicitly, it may be very high-dimensional and computationally
expensive to simulate. Thus it is often desirable to generate a low-dimensional model from data.

We consider data sets {u(t1), u(t2), ..., u(ty)}, where u(t;) € RY comes from measuring the state of a
system at a given time #;. The full state at a given time can be represented by direct measurements (e.g.
position and velocity of a pendulum) or by a representation that is diffeomorphic to the state. One such
representation is time delay measurements of the system, as shown by Takens [105]. In the case of the
pendulum, for example, this could correspond to writing the state as u(¢) = [6(t), 0(t—1), 0(t—27), (t—37)],
where 0 is the angle of the pendulum and 7 is the delay time. If u lies on a d-manifold then a time delay
representation in R>#*! is diffeomorphic to u [105].

For many systems of interest the state space is high-dimensional and the dynamics are chaotic. Despite
this complex behavior, when these systems are dissipative the long-time dynamics often lie on a smooth
invariant finite-dimensional inertial manifold M C R? of a much lower dimension (d,) than that of the
state space [107]. Two such systems are the Kuramoto-Sivashinsky equation (KSE) [35, 108, 57, 121]
and the complex Ginzburg-Landau equation [25]. Similarly, for the Navier-Stokes in two and three spatial
dimensions, it has been shown that there is an approximate inertial manifold [34, 106]. It is approximate in
the sense that there are small variations in many dimensions that can be assumed to be zero and still provide
an accurate approximation of the state.

With a mapping to the manifold coordinate system the state can be represented (at least locally) in the
manifold coordinates 4(f) € R That is, mappings y and j exist such that # = y(u) and u = (k). In the
machine learning literature, y and ) correspond to the the encoder and decoder, respectively, of a so-called
undercomplete autoencoder structure [69], as we further discuss below. It should be noted that there is no
guarantee that M can be globally represented with a cartesian representation in d ¢ dimensions. Indeed in
general this cannot be done, and an “atlas” of overlapping local representations, or “charts”, must be used



[63]. The application considered here will not require this more general formalism, but for related work using
charts, see [32]. Our aim here is to use data from a spatiotemporally chaotic system to learn the mappings
x(u) and y(h) back and forth between R and a coordinate system on M and then to learn the evolution
equation for the dynamics in this coordinate system. This will be a minimal-dimensional representation for
the dynamics of the system in question. We first introduce some background for the dimension reduction
problem and then for the time evolution problem.

Dimension reduction methods Dimension reduction is a challenging and widely-studied problem, and
many approaches have been considered. Frequently a linear dimension reduction technique is used (i.e. M
is taken to exist in a linear subspace of RY). This choice can be rationalized by invocation of Whitney’s
theorem [116]: any smooth d y(-manifold can be embedded into R2?M . Sauer et al. later refined this result
by showing this embedding can be performed by almost every smooth map from a d-manifold to R” for
n > 2dp [100], where d}, is the box-counting dimension of the attractor that lies in the manifold M. The box-
counting dimension is one of a family of fractal dimensions that can be computed for a given attractor [48],
and must be less than or equal to the manifold dimension. Thus, for almost every smooth map, including
linear ones, & € R??M+!1 contains the same information as u (i.e. a map exists for reconstructing u from £).

Cunningham and Ghahramani [19] give an overview of linear dimension techniques from a machine
learning perspective. Many of these collapse to one of the most common methods — principal component
analysis (PCA). (In fluid dynamics, PCA is often referred to as Proper Orthogonal Decomposition (POD).) In
PCA the linear transformation that minimizes the reconstruction error or maximizes the variance in the data
is found. This transformation comes from projecting data onto the leading left singular vectors U € R¥*9
of the centered snapshot matrix X = [u(f) — (u),...,u(ty) — (u)] (here (.) denotes ensemble average).
This is equivalent to finding the eigenvectors of the covariance matrix XX”. Similarly, the eigenvectors of
XTX can be found and related to the eigenvectors of XX” through the singular value decomposition. This
approach is sometimes known as classical scaling [111]. The projection onto these modes is # = UUu,
where superscript tilde denotes the approximation of the state «. In this projection, 7 = UTu is the low-
dimensional representation. Although this projection is the optimal linear transformation for minimizing the
reconstruction error, # may still require as many as 2d ¢ + 1 dimensions to contain the same information as
u.

Finding a minimal representation in general requires a nonlinear transformation. Many different tech-
niques exist for nonlinear dimension reduction, often with the goal of preserving some property of the original
dataset in the lower dimension. Some popular methods include kernel PCA, diffusion maps, local linear em-
bedding (LLE), isometric feature mapping (Isomap), and t-distributed stochastic neighbor embedding (tSNE)
[111]. In kernel PCA the matrix X7.X is replaced with a kernel matrix K(u;, u;). This can be viewed as an
application of the “kernel trick” on the the covariance matrix between data that has been mapped into an
higher-dimensional (often infinite-dimensional) “feature space” [111]. The low-dimensional representation
is then computed using the eigenvectors such that 7 = [Zf vi1K(uj,u), ..., Zf vi.a,K(u;i, u)), where v;  is
the ith element of the kth eigenvector of K(u;, u;).

Similarly, diffusion maps, LLE, and Isomap can be viewed as extensions of kernel PCA with spe-
cial kernels [111]. In diffusion maps a Gaussian kernel is applied to the data giving the matrix 4; =
exp(—||lu; — u;||/2¢), where ¢ is a tuning parameter that represents the local connectivity [31]. Then the
dimension reduction is performed by computing the eigenvalue decomposition of this matrix (normalized
so columns add to one) giving h; = [vi2,...,Vig4,+1]. The first eigenvector is the trivial all-ones vec-
tor [31]. In LLE, a linear combination of the k nearest neighbors to a data point are used to minimize
> llui =2 Wil |2, where W, ; = 0 if u; is not a neighbor of u;. Then the low-dimensional representation
h is calculated to minimize || — 3_; Wi h| |2 using the W calculated in the first step [97]. The solution
that minimizes this cost function can be found by computing the eigenvectors of (I — W)T(I — W), and let-



ting h; = [vi1, ..., viq,|. For Isomap, the kernel matrix comes from computing the double centered geodesic
distances [109, 17] K(u;,u;) = —1/2HD(u;, u;)*H. Here D(u;,u;) is the geodesic distance which is com-
puted in two steps. First, a graph of the k nearest neighbors between points is constructed, weighted by their
Euclidean distances, then the distance between points is computed to be the shortest pathway between any
points along the graph. After computing D, the matrix is centered with # = 1/NI — 1 - 17 (1 = [1,...,1]D),
and the eigenvalue decomposition of K gives h; = [vVA1vi1, ..., \//Tdh Vi4,]- Isomap was used to reduce the
dimension of many dynamical systems in [6].

The last algorithm we mention here is tSNE [49]. Unlike the previous methods, which use the eigen-
value decompositions to solve the optimization problem, tSNE uses gradient descent. In tSNE, the objective
is to match the distribution of the data in the high-dimensional space to the data in the low-dimensional
space. This is done by finding /4 that minimizes the Kullback-Leibler (KL) divergence 3, > pilog pii/ gy,
where p and ¢ are the distributions of the high- and low-dimensional data respectively. In tSNE these
distributions are approximated by p = exp(—||lu; — uj||2/202)/2k#exp(—|]uk — wl*/26°) and ¢ =
(1 + || — B |H)7Y) DL+ (e — hy||?)~". There is no guarantee in finding a global minimum or in
finding the same solution every time. tSNE is frequently used for visualizing high-dimensional data in two
or three dimensions, because it often separates complex data sets out into visually distinct clusters.

A few major drawbacks of these nonlinear dimension reduction techniques are they do not provide the
function ¥, which reconstructs u from #4, they do not provide a method for adding out-of-sample data, and
they do not scale well for large amounts of data. Except for tSNE, the Nystrom extension can be used to
resolve the out-of-sample problem for these methods [4]. However, using the Nystrom extension results in
different functions for y depending on whether the data is in-sample or out-of-sample.

Because of these limitations, instead of using one of the above techniques, we tackle the dimension
reduction problem directly, by approximating the mappings to the manifold coordinates y and back y as
NNs. lLe., we use an undercomplete autoencoder [50, 55]. We describe autoencoders in more detail in
Section 2.1.2.

Time evolution methods We now turn to developing, from data, dynamical models for the evolution of a
state u(¢). We consider systems that display deterministic, Markovian dynamics, so if u(¢) is the full state
(either directly or diffeomorphically through embedding of a sufficient number of time delays), then the
dynamics can either be represented by a discrete time map

u(t + 1) = F(u(?)), (1)
or an ordinary differential equation (ODE)
du
i ) 2
5 =W 2)

The learning goal is an accurate representation of F or f, or their lower-dimensional analogues in the case
that we apply dimension reduction.

We consider first the discrete-time problem. This is easier because that is the format in which we usually
have data. For simple systems that decay to a fixed point or display quasiperiodic dynamics with discrete
frequencies, linear discrete-time methods, like dynamic mode decomposition (DMD) [61], can predict dy-
namics. This type of idea can be extended to nonlinear systems when there is a change of basis which makes
the dynamics linear. In Lusch et al. [73] it was shown that an autoencoder can learn this change of basis.
However, this approach has not been used to predict the long-time behavior of chaotic systems, which is our
interest here. More generally, for every dynamical system, there is a linear, but infinite-dimensional Koop-
man operator that describes the evolution of an arbitrary observable [11]. Our goal is to reduce dimension,
so we do not take this approach.

Predicting chaotic dynamics in state space requires a nonlinear model. One successful class of ap-



proaches for doing this includes reservoir networks [88] and recurrent neural networks (RNN) [114, 113].
These methods use discrete time maps, are non-Markovian, and typically increase the dimension of the
state space. Reservoir networks work by evolving forward a high-dimensional reservoir state r(¢) € R%,
and finding a mapping from » to u. This reservoir state is evolved forward in time by some function
r(t + 7) = G(r(t), Winu(t)), where G and Wj, are chosen a priori. Then, the task is finding the optimal
parameters p in it(t + ) = Wou(r(t+7); p) that minimize (||u(s + ) — @(¢ + 7)||*). This is non-Markovian
because the prediction of the state u(z+ 7) depends on the previous u(¢) and (¢). In Pathak et al. [88] a reser-
voir network was used to predict the chaotic dynamics of the KSE. For data with a state space dimension
d = 64, they choose a reservoir dimension d, = 5000. That is, here the dimension of the representation has
not been reduced, but rather expanded, by two orders of magnitude. An interesting way to address this issue
is to realize the reservoir architecture in hardware rather than software [12].

Similar to reservoir networks, RNNs have a hidden state 4, € R that is evolved forward in time. The
hidden state is evolved forward by 4,(¢ + 7) = o, (u(¢), h(¢); W}), and the future state is estimated from the
hidden state u(¢ + ) = o,(h,(t + 7); W,). The functions ¢, and o, take different forms depending upon the
type of RNN — two examples are the long short-term memory (LSTM) [51] and the gated recurrent unit [16].
Regardless of architecture, the functions o, and o, are constructed from NN with parameters W), and W,.
These parameters come from minimizing the same loss as in reservoir computing {|[u(t + 7) — a(r + 7)||*).
Vlachas et al. [113] provide a comparison between reservoir networks and RNN for chaotic dynamics of the
KSE. Both provide predictive capabilities for multiple Lyapunov times, but, as noted, are high-dimensional
and non-Markovian. Additionally, these methods typically require evenly spaced data for training, and start-
up often requires multiple known states, instead of a single initial condition.

In contrast to these high-dimensional non-Markovian approaches to learning a discrete time mapping
we have shown in prior work [69] that a dense NN can approximate F(u). This approach is advantageous
because, like the underlying system, it is Markovian — predictions of the next state only depends on the
current state. Unlike the previous methods, this approach also drastically reduced the dimension of the state
by representing it in terms of the manifold coordinates. For example, for chaotic dynamics of the KSE with
a domain size of L = 22, we showed that the state u € R% could be represented by # € R®. We found this
coordinate system using an undercomplete autoencoder that corrected on PCA, as described in more detail
in Section 2.1.3. Representing the state in this minimal fashion allows for faster prediction, and may provide
insight by limiting the system to only the essential degrees of freedom. Iten et al. [56] illustrated the latter
point by recovering physical variables from data in some low-dimensional example settings.

Rather than approximating F(u) in Eq. 1, the discrete-time representation, one can, in principle, approx-
imate f{u) in Eq. 2, the continuous-time representation. This is more challenging, because one does not
generally have access to data for du/dt. When the time derivative du/dt is known (or estimated from closely
spaced data) for all of the states, Gonzalez Garcia et al. [40] showed that a dense NN can provide an accurate
functional form of f for the KSE in a regime that exhibits a periodic orbit. In their work they input the state
and its derivatives into the NN. A similar data-driven method that requires du/dt is “Sparse Identification
of Nonlinear Dynamics” (SINDy) [8]. In this approach, a dictionary of candidate nonlinear functions are
selected to represent f{u), and sparse regression is used to identify the dominant terms based on data for both
u and du/dt. This idea has been extended for use with autoencoders for dimension reduction, while still
requiring time-derivative data, in some cases with invariant manifolds of dimension three or smaller [14].
In a distinct approach, Raissi et al. [92] showed that du/dt can be approximated from closely-spaced data
with a multistep time-integration scheme such as the second-order Adams-Bashforth formula, and a NN can
be trained to match this approximation.

Now we turn to the more general situation, where one desires a data-driven ODE representation, but does
not have data on time derivatives or state data sufficiently closely spaced to accurately approximate them.
Now the task of learning f{u) is closely related to the problem of data assimilation [3]. In that problem, the
general functional form of fis given and the task is to learn a relatively small number of parameters, whereas



in the present case we wish to represent f{u) as an essentially arbitrary function. A framework for doing
this, with f given as a neural network, was presented by Chen et al. [15], who dubbed the approach “neural
ODEs”. To determine the neural network parameters of f, the difference between data and predictions is
minimized. To determine the derivatives of / with respect to the parameters, either an adjoint problem can
be solved, or an automatic differentiation method used. With a given f, the state evolution at arbitary points
in time can be computed as the solution to Eq. 2. We further describe, and apply, this approach in Section
2.1.2.

Neural ODEs have been applied to a number of time series problems. Maulik et al. [76] used neural
ODEs and LSTMs for Burgers equation, and showed that both outperform a Galerkin projection approach.
Portwood et al. [91] used the neural ODE approach to find an evolution equation for dissipation in decaying
isotropic turbulence, showing that it outperformed a heuristic model. Neural ODEs have also been applied
to flow around a cylinder in the time-periodic regime, where velocity field simulation data were projected
onto 8 PCA modes, and the time evolution of these modes was determined [96].

The present work combines nonlinear dimension reduction using autoencoders with the neural ODE
method to model the dynamics of a system displaying spatiotemporal chaos, the Kuramoto-Sivashinsky
equation, over arange of parameter values. In Section 2.1.2, we introduce the framework of our methodology.
Section 2.1.3 briefly describes the results for the dimension reduction problem alone, then Section 2.1.3
uses the reduced-dimensional descriptions to illustrate performance of the neural ODE approximation for
closely spaced data. An important conclusion here is that dimension reduction can improve neural ODE
performance relative to predictions in the ambient space, where artifacts arise. Section 2.1.3 examines the
role of data spacing on neural ODE performance, showing that even for chaotic systems, good performance
on both short-time predictions and long-time statistics can be obtained even from widely spaced data, up
to a fairly well-defined limit. Finally, Section 2.1.3 shows comparisons of neural ODE performance with
various degrees of dimension reduction, finding a “sweet spot” in terms of performance vs. dimension. We
summarize in Section 2.1.4.

2.1.2 Framework

We consider data u € R? that lies on a d r(-dimensional manifold M that is embedded in the ambient
space RY of the data. With the data, we find a coordinate transformation y : R — R%M giving the state in
the manifold coordinates, # € R . We also find the inverse 7 : R — R? to reconstruct « from /. Then
we describe the dynamics on M with the differential equation

dh

5 = &) A3)
If we do not do any dimension reduction then Eq. 3 is the same as Eq. 2. Of course, for an arbitrary data
set, we do not know d, a priori, so in Section 2.1.3 we present results with various choices for dj, where
h € R%. Using the mapping to the manifold coordinates, the evolution in the manifold coordinates, and the
mapping back, we evolve new initial conditions forward in time. So, our task is to approximate y, y, and g.
We also consider the case with no dimension reduction, where we determine f{u), the right hand side (RHS)
of the ODE in the ambient space. In general, there can be no expectation that any of these functions have a
simple (e.g. polynomial) form, so here we approximate them with NNs, as detailed below.

Figure 1 illustrates this framework on data from a solution of the Lorenz equation [72] that we embedded
in four dimensions by mapping the z coordinate of the Lorenz equation to the Archimedean spiral. The
change of coordinates for this embedding is given by [u;, uy, u3, us] = [x,y, az cos oz, oz sin az| where x, y, z
are the standard variables in the Lorenz equation and o« = 0.2. In Fig. 1a we show an example of learning
the manifold coordinates for this system. The three spatial dimensions for the embedded data are u;, u3, and
uy and the color is u,. For a trajectory to be chaotic it must lie on at least a three-dimensional manifold, so
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Figure 1: (a) Learning the three-dimensional manifold coordinates of the four-dimensional Lorenz butterfly
wrapped on the Archimedean spiral (color is the fourth dimension). (b) Learning the vector field in the
manifold coordinates. (c) Transforming new initial conditions (black dots) into the manifold coordinates,
evolving them according to the learned vector field g (black curves), and transforming back into the
original space.

the minimum embedding dimension for a chaotic trajectory that requires all the steps in this framework is
four dimensions. Figure 1b illustrates learning the vector field g in the manifold coordinates. In Fig. 1c we
show how, after learning these functions, new initial conditions can be mapped to the manifold coordinates,
evolved forward in time, and then mapped back to the ambient space. we denote this method as “Data-driven
Manifold Dynamics”, or “DManD”.

To find y and y, we represent them as NNs and find parameters that minimize a reconstruction loss
averaged over a batch of data given by

L= (llu—x(x(u;61); 62)|1*) , )

where 61 and 8, are the weights of y and J, respectively. Here, and elsewhere, we use stochastic gradient
descent methods to determine the parameters. Further details are given in Section 2.1.3. This architecture is
known as an undercomplete autoencoder, where y is an encoder and ¥ is a decoder [55]. Autoencoders are
widely used for dimension reduction; in the fluid mechanics context they have been used for many examples
including flow around an airfoil [84], flow around a flat plate [81], Kolmogorov flow [86], and channel flow
[80, 37].

As noted above, to approximate g in Eq. 3, we use the neural ODE approach of Chen et al. [15]. In the
neural ODE framework we use g to estimate it(ti + 7), an approximation of the reduced state A(t; + 7), at



some time ¢; + 7 by integrating

ti+t
Rt 4+ 1) = h(t) + / o(h(0); 0)d, )

where 03 is the set of weights of the NN. Then g is learned by minimizing the difference between the pre-
diction of the state (A(#; + 7)) and the known state (4(#; + 7)), in the manifold coordinates, at that time.
Specifically, the loss we minimize is

J = (lh(ar +2) = (e + )l ) ©)

Here ||.||; denotes the L;-norm — of course other norms can be used. By taking this approach we can estimate
g from data spaced further apart in time than when g (or more precisely, dh/df) is estimated directly from
finite differences. The difficulty comes in determining the gradient of the loss with respect to the weights of
the NN, 8J/893.

One approach to computation of 0.J/ 065 is to use automatic differentiation to back-propagate through all
of the steps of the time integration scheme used to solve Eq. 5. Another approach involves solving an adjoint
problem backwards in time, which is the primary method used in [15], and indeed is the classical approach
to optimization problems involving differential equation constraints [3]. A drawback of back-propagating
through the solver is that to calculate the gradient, the entire state must be stored at each time step, which
can lead to memory issues [15]. However, we consider a chaotic system which puts an implicit constraint on
how far apart data can feasibly be sampled (roughly one Lyapunov time) and still yield a good estimate of g.
In the present work, we reach this limit before the memory limit of back-propagation becomes an issue. In
our trials, the adjoint method yielded results in good agreement with back-propagation, but required longer
computation times for training, so we chose to use the back-propagation approach.

Note that we have separated the training problems for determining the manifold coordinates (i.e. the
dimension reduction problem) from that for learning the dynamics in those coordinates. In principle, one
could have put those problems together, minimizing a single loss that is a linear combination of Eq. 4 and
Eq. 6. Indeed, Champion et al. [14] did something similar, though it must be noted that their approach
requires data for time derivatives, while ours does not, and also that they knew in advance the dimensions of
the manifolds where their data lives, which we do not. And in any case, the invariant manifold dimensions
in their examples were three or less. There are two reasons why we treated the two problems separately. The
first is conceptual. The question of finding the manifold on which a data set lies is a self-contained problem.
It seems natural to address this problem first, and only afterward address the question of how the dynamics
evolve on that manifold. The second reason is more practical. Even if one knows a priori the dimension of
the manifold, solving simultaneously for the autoencoder and time evolution means simultaneously solving
for three neural networks with a very complicated loss landscape. Indeed, when we attempted to train both
models together the predictive capabilities were extremely poor. Furthermore, in the problems we address,
the manifold dimension is nof known a priori, so trying to learn a vector field (RHS of an ODE) when one
does not even have an idea of how many dimensions that vector field should have may lead to much wasted
computer time. Therefore, we take the view that it makes more sense to first get an estimate of how many
dimensions are required to represent the data, and only then to estimate the vector field that determines the
dynamics.

The data sets we consider in this section! are numerical solutions of the 1D Kuramoto-Sivashinsky equa-
tion (KSE),
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'Extension of this approach to turbulent Couette flow and its control are described in Section 2.2.5.




in a domain of length L with periodic boundary conditions. The domain size determines the types of dy-
namics this system exhibits. For the domain sizes we consider, trajectories exhibit sustained chaos. The
dimension of the manifold that contains the global attractor has been computationally approximated using
several approaches [119, 23, 69]. We generate high-dimensional state representations (u € R¢) via a Galerkin
projection of v onto Fourier modes. Then, we use an exponential time differencing method [58] to integrate
the resulting system of ordinary differential equations forward in time. The code used is available from Cvi-
tanovi¢ et al. [20]. The data vectors u that we use are solutions v of the KSE on d = 64 equally-spaced grid
points in the domain. We performed resolution checks on a grid of d = 128 and found, for the domain sizes
we consider, trajectories from the same initial condition track one another for multiple Lyapunov times.

2.1.3 Results

Section 2.1.3 briefly describes the dimension reduction (manifold representation results). Section 2.1.3
considers neural ODE predictions, with and without dimension reduction, for closely spaced data. Section
2.1.3 shows the effect of data spacing on the results, and Section 2.1.3 illustrates the effect of the degree of
dimension reduction. We summarize in Section 2.1.4.

We consider datasets for three domain sizes, L = 22, 44, and 66, where we estimate the manifold
dimension to be dyq = 8, 18, and 28, as explained in the following section. The relevant timescale for each
of these system is the Lyapunov timescale (inverse of the largest Lyapunov exponent), which we previously
found to be be very close to the integral time for KSE data [69]. For these domain sizes, the Lyapunov
times are 7; = 22.2, 12.3, and 11.6, respectively [23, 26]. We use 10° time units of data for training at each
domain size, and vary how frequently we sample this dataset in time. For training the NNs we use Keras
[18] for the autoencoders and PyTorch [87] for the neural ODEs. The neural ODE code is a modification on
the code used in [15], which includes methods for computing the gradient both with the adjoint method and
back-propagation.

Dimension reduction with autoencoders In each section we use autoencoders to approximate the map
to the manifold coordinates y and back 7. We found in [69] that a useful way to represent the map to the
manifold coordinates (4 = y(u)) is as a difference from a linear projection of the data onto the leading d,
PCA modes:

h=EU"u;0,) + Py, Uu. (8)

Here E is a NN, U is the full PCA matrix, and P, is the projection onto the leading dj, modes. Similarly, we
can learn a difference for the decoder (2 = (%))

u=UDh;0,)+U [z] , 9)
where D is a NN. By taking this approach we simplify the problem such that the NN only needs to correct
upon PCA. We refer to this as a hybrid NN (HNN).

In [69] we also took advantage of the translational invariance of the problem. We used the first Fourier
mode method-of-slices [10] to phase shift the data. In this method the phase is calculated as

¢(t) = atan2{Im[a; (¢)], Re[a; (¢)]},

where a; is the projection of the state onto the first Fourier mode. Then, the state is phase shifted at each
time using the Fourier shift theorem i1, (¢) = a(f)e~*?() . This approach removes the continuous symmetry,
which reduces the dimension of the problem by one. More precisely, it decouples the evolution of the phase
@ from the evolution of the pattern i, — the phase evolution depends on i, but not vice versa. This reduction
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Figure 2: MSE of test data as a function of dimension for domain sizes L = 22, 44, and 66. The expected
manifold dimensions are dyq = 8, 18, and 28 for these domain sizes, respectively.

in dimension improves the performance of the autoencoder, but introduces near-discontinuities in the flow
that arise when a; approaches zero that must be accounted for by warping time with “in-slice” time [10].
These near-discontinuities add additional difficulties in training the time evolution models, so we did not
take this approach here.

In [69] we trained these HNN using an Adam optimizer with a learning rate of 0.001, for multiple dimen-
sions dj,. Figure 2 shows the mean squared reconstruction error (MSE) of a test data set not used in training
at various dimensions for each of the domain sizes. When using this hybrid approach we see a significant
drop in the MSE at dimensions of d;, = 8, 18, and 28 for the domain sizes L = 22, 44, and 66, respectively.
We take these values of dj, to be the “correct” dimension, d ¢, in the Sections 2.1.3 and 2.1.3. It is worth
noting that finding this drop requires careful hyperparameter tuning. For example, we found using rectified
linear units rather than sigmoids resulted in higher MSE for dj, 2 d ¢ while having little effect on dj, < d 4,
making the drop in MSE less evident. Due to difficulties in autoencoder training, and due to the increased
complexity of the system at larger domain sizes it can be difficult to determine the dimension from the drop
in the autoencoder MSE alone. In Section 2.1.3, we further examine the issue of estimating manifold dimen-
sion by considering the performance of neural ODE models as a function of dimension — if the estimate of
dn 1s poor (especially on the low side) then the dynamic model is poor.

The estimated dimension at L = 22 of dyy = 8 is in agreement with estimates by Ding et al. [23],
Vlachas et al. [112], Yang and Radons [118] and Cvitanovic et al [21]. Ding et al. reached this conclusion by
considering a finite number of unstable periodic orbits embedded in the long-time attractor and performing
Floquet analysis on these solutions. Vlachas et al. also used an autoencoder approach of varying dimension
and considering the MSE at different dimensions. In that work, they used different autoencoder architectures
(e.g. convolutional autoencoder), with different activation functions (continuously differentiable exponential
linear unit), and still found the same drop at d, = 8. Yang and Radons [118] showed that the Lyapunov
vectors can be split into two categories by looking for a drop in the Lyapunov exponents. The positive and
weakly negative Lyapunov exponents give Lyapunov vectors called “physical modes” that were shown to
span a linear space that locally approximates the inertial manifold [118]. This drop in Lyapunov exponents
was found to be at dj, = 8 in[21] and at d;, = 9 in [118].

For larger domains, the dimension estimates reported here are consistent with Yang et al. [119]. In that
work they tracked the number of physical modes for larger domain sizes of the KSE. We showed in [69] that
our estimates of d v, agree with the predicted dimensions and linear scaling of dimensions shown in Yang et
al. [119]. Linear scaling is also seen in Sondak and Protopapas [102], though their estimate of the manifold
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Table 1: Architectures of NNs and matrices used in Sections 2.1.3-2.1.3. “Shape” indicates the dimension
of each layer, and “activation” the corresponding activation functions (S is the sigmoid activation) [55].

Function Shape Activation
Encoder L = 22,44, 66 X d:dym linear
Decoder L = 22,44 X dr 25000 d S:linear
Decoder L = 66 X dpng 500 : 500 :d S:S:linear
ODE fg d,dng 200 :200: 200 :d,dyg S:S:S:linear
Discrete Map G dpg 200 : 200 : 200 : dag S:S:S:linear

dimension is higher than ours or any of the other works mentioned here. They approximated dimension by
training autoencoders with a high-dimensional latent space, and then considered the variance of each latent
variable. Then d was taken to be the number of latent variables with a variance above some threshold.

These results guide our selection of dimension in the next two sections. Furthermore, we find that once
dp 2 dn, the same MSE is achieved whether we use the full HNN or simply project on to d ¢ PCA modes
(by setting £(U" 1) = 0in Eq. 8). This observation indicates, for the KSE with periodic boundary conditions,
that the leading PCA amplitudes fully parameterize the state. Note that this parametrization is nonlinear,
because a nonlinear decoder is still needed to reconstruct the full state. So, in the next two sections, y is the
projection onto ds PCA modes and y is a NN that approximates the remaining PCA coefficients from the
leading ones. Table 1 shows the architectures for the autoencoders and for the NNs used for time evolution
in Sections 2.1.3 and 2.1.3.

Effect of Dimension Reduction on Time Evolution Now that we have a map to the manifold coordinates
and back, the next step is approximating the ODE. Here we train three different types of ODEs to evaluate
the impact of mapping the data to the manifold coordinates. We learn the RHS of the ODE in the manifold
coordinates: i = g(h), in physical space: i = f{u), and in the space of the spatial Fourier coefficients:
i = f(it), where &t = F(u) and F is the discrete Fourier transform. For the last two cases there is no
dimension reduction, so y is the identity in the first case and the discrete Fourier transform in the second,
with ¥ being, again, the identity in the first case and the discrete inverse Fourier transform in the second.

We train each of the NN with data spaced 0.25 time units in these trials. This timescale is substantially
shorter than the Lyapunov time, which decouples the issue of dimension from that of time resolution. Each
NN is trained until the loss levels off using an Adam optimizer with a learning rate of 10~ that we drop
to 10~* halfway through training. First the autoencoder is trained, then the neural ODE. To avoid spurious
results, we train 5 autoencoders then 10 ODEs, and select the combination of autoencoder and ODE that
provides the best short-time tracking. Due to random weight initialization and the stochastic nature of the
optimization, we train multiple models and use the one that performs best. This is a common practice in
neural network training, as noted by Bishop in Section 9.6 of [5]. As mentioned earlier, the models are
trained to minimize the loss in Eq. 6. In previous work [69], we added an additional contribution to the
loss for the time evolution problem that penalizes predicted states that fall outside the envelope of the joint
PDF for energy production and dissipation. In the present work we found excellent performance of the best
models without the need for this additional term, because we did not phase-shift the data and thus did not
have to work in “in-slice” time.

In Fig. 3 we compare the short- and long-time trajectories between the data at L = 22 (Fig. 3a) and the
NN models (Fig. 3b-d). For this domain size, the Lyapunov time is 7; = 22.2. The same initial condition,
which is on the attractor, is used for all cases. The first model prediction, shown in Fig. 3b, comes from g
(the low-dimensional ODE, with dj, = 8), the second model prediction, shown in Fig. 3c, comes from f'(the
full physical space ODE), and the third model prediction, shown in Fig. 3d, comes fromf(the full Fourier
space ODE). For each of these figures, the first 50 time units (about 2.5 Lyapunov times) are shown in the
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left column and 450-500 time units (i.e. after the solution has evolved for more than 20 Lyapunov times) are
shown on the right.

All three of the models are able to generate good predictions for times up to about t = 30; this is a rea-
sonable quantitative prediction horizon for a data-driven model of chaotic dynamics. After many Lyapunov
times, a good model should still yield behavior consistent with the data. Indeed, at long times the reduced
model no longer matches the true solution, but continues to exhibit realistic dynamics, as shown in Fig. 3b.
In the next section we discuss the long-time behavior of the reduced model in more detail. In contrast, the
full state model predictions at long times, shown in Figs. 3c and 3d, develop high wavenumber striations
, which eventually pollute the lower wavenumbers, and are thus not faithful to the dynamics. This same
behavior appears when modeling the full state evolution for the larger domain sizes L = 44 and 66. Training
high-dimensional neural ODEs is computationally more expensive, and the predictions from these models
are worse.

To diagnose the origin of the spurious high wavenumber behavior, we plot the magnitude of the Fourier
modes as a function of time in Fig. 4 over a very long time interval — hundreds of Lyapunov times. In both
cases, we observe a very slow linear growth in the high-wavenumber modes. The inset in Fig. 4b shows
the time evolution of the RHS of the ODE for the real part of one of the high-wavenumber modes ﬁo. At
long-times j%o settles to a constant — effectively a bias term. The time-integration of this constant results
in the linear growth seen in Fig. 4. We tested multiple activation functions in the NN architecture, and we
see growth in the high wavenumbers regardless of whether sigmoids, hyperbolic tangents, or rectified linear
units are used.

To further explain the origin of the bias that leads to the linear growth, we first note that in the true system
the high wavenumbers are strongly damped due to hyperdiffusivity in the KSE, so data sampled from the
attractor has negligible content in these wavenumbers. In particular, with the data given, the model has no
information with which to learn that these modes are strongly damped. Furthermore, the prediction horizon
in the training of the neural ODE is short (0.25 here), so small errors in high wavenumbers have a negligible
effect on the loss. Thus the model does not learn that there should be a strong damping term that would
overwhelm any small bias that arises in the RHS due to the stochastic nature of the initialization and training
of neural net representations. Indeed, experiments that explicitly introducing a damping term, modifying
Eq. 3 to read dh/dt = g(h; 63) — ah where a > 0, is sufficient to stabilize models against this slow linear
growth. In [68] we show this is the case when the damping is chosen to match the linear term in the KSE. The
combination of these factors is why the trajectories of the high-dimensional models leave the attractor, while
the trajectories of the reduced-dimensional models, where degrees of freedom that are strongly damped and
thus have negligible amplitude on the attractor are absent, do not.

Effect of Temporal Data Spacing on Time Evolution Prediction Now we consider only reduced-dimension
ODE models, and address the dependence of model quality on the temporal spacing 7 between data points.
For L = 22, 44, and 66, we select the manifold dimensions mentioned in Section 2.1.3 —d 4 = 8, 18, and
28, respectively. We judge the model performance based on, first, short-time tracking for L = 22 and then
long-time statistical agreement for all domain sizes. In these cases autoencoders and ODEs were both trained
with 7 much larger than the value of 0.25 used in Section 2.1.3, while keeping all other training parameters
the same (e.g. architecture, optimizer, dimension). Figure 5 compares a true short-time trajectory (5a) to the
model prediction (with 7 = 10) of this trajectory (5b) starting from the same initial condition. Qualitatively
the space-time plots exhibit similar behavior over around 80 time units. The magnitude of the difference is
shown in S5c. Here we see the difference growing at around 40 time units due primarily to a growing spatial
phase difference between the true and predicted results. Figure 5d shows the norm of this difference and
the minimum value of the norm when shifting # to any position in the domain. The minimum translated
difference, in 5d, remains much smaller than the standard Euclidean distance indicating that, in this case, the
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Figure 3: Examples of trajectory predictions for different models, L = 22,7 = 0.25. Left column shows
predictions up to ~ 2.3 Lyapunov times, and right shows predictions after ~ 23 Lyapunov times. (a) true
trajectory, (b) predicted trajectory when approximating g with dyy = 8. (c) predicted trajectory when ap-
proximating f. (d) predicted trajectory when approximating F (f).
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Figure 7: Temporal autocorrelation for models learned with different data spacing, L = 22,d), = 8.

phase difference causes most of the error.

We now consider ensemble average quantities to better understand the reconstruction quality of the mod-
els as a function of 7. In addition to the ODE models, we also consider discrete-time maps A(t;+7) = G(h(t;)).
Details of the discrete-time map NN architecture is given in Table 1.

Figure 6 shows the root mean squared difference between the exact trajectory and ODE/discrete-time
map models as a function of time, averaged over 1000 initial conditions and normalized by the root mean
squared difference between random training data, which is denoted with D. In this figure, the ODE models
and discrete time maps use data spaced ¢ = 10 — 16. For 7 < 10, there is little improvement in the ODE
models’ performance. ODE predictions at and below r = 15 all track well for short times, with the error
being halfway to random at around ¢ ~ 1.57;, and diverge at long times, with the error leveling off at around
t ~ 37r. Then, performance degrades sharply at 7 = 16 (yellow curve). In all cases, the discrete-time map
performs worse than the ODE with the same data spacing. Furthermore, although we do not show it here,
the performance for discrete-time maps becomes even worse when trying to interpolate between prediction
times. This is a significant drawback not seen when using ODE:s.

A similar trend appears in the temporal autocorrelation. Figure 7 shows the temporal autocorrelation of
u at a given gridpoint averaged over space and 1000 initial conditions. The temporal autocorrelation of the
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Figure 8: (a) joint PDF at L = 22,d;, = 8. (b) and (c) joint PDFs when approximating the ODE and the
discrete-time map, respectively, at t = 10. (d)-(f) joint PDFs when approximating the ODE for 7 = 15, 16,
and 20.

neural ODE matches the exact temporal autocorrelation well for data spaced up to ¢ = 15. Then, there is
an abrupt deviation from the true solution at r = 16. Also, in Fig. 7 we show the temporal autocorrelation
for discrete-time maps. At t = 10 discrete-time maps perform worse than all ODEs below 7 = 15, and
predictions worsen when increasing .

The other half of evaluating a model is determining if trajectories stay on the attractor at long times. For
this purpose, we consider the long-time joint PDF of the first (#,) and second (uy,) spatial derivatives of the
solution. In the KSE, u2 is the energy production and 2, is the dissipation [21], where - is the spatial average.
We select these quantities because of their relevance to the energy balance, and because two-dimensional joint
PDFs are more challenging and important to reconstruct than one-dimensional PDFs. In Fig. 8 the joint PDF
for the data is compared to various models. The colormap is a log scale, with low probability excursions in
black, and no data in white regions. When = 10, the ODE model matches well, with differences primarily
in the low probability excursions, while at 7 = 10 the discrete-time mapping appears more diffuse in the
high probability region and matches poorly. Atz = 15, the joint PDF for the ODE prediction still matches
well, degrading once 7 > 16. This deterioration becomes more evident at r = 20.

We quantify the difference between true and predicted PDFs by computing the KL divergence

P
Dial P| 1P) = / / (s, Uy )1 P(”)ﬁ o) dudtyy (10)

(u)m uxx)

between the true joint PDF, P, and the predicted PDF, P. We take the convention of setting the quantity
under the integral to 0 when P = 0 or P = 0 as was done in [13]. The KL divergence appears in Fig. 9
for various 7, where we normalize by the Lyapunov time z;. For all domain sizes, the joint PDFs for neural
ODE models match the true PDF very well when data is spaced below ~0.7 Lyapunov times. In contrast,
good reconstruction of the joint PDF with the discrete-time model, for L = 22, requires 7/7; < 0.4.
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Table 2: Architectures of NNs used in Section 2.1.3. Labels are the same as in Table 1.

Function Shape Activation
Encoder L = 22 X d : 500 : d S:linear
Encoder L = 44, 66 X d 500 : 500 : dj S:S:linear
Decoder L = 22 X dy :500:d S:linear
Decoder L = 44, 66 X dp : 500 :500:d S:S:linear
ODE g dy :200:200:200:d, S:S:S:linear

18



0.20
a) @® Nonlinear Encoder b) ‘\
. N
0.15 - Linear Encoder 1073 | \\.. _ R
< 0.10 & \
e = '
1075 T \
0.05 1 \
[ J o - -
0.00 —* ¢ 8 . 2 : ‘ el Bhdaink
6 8 10 6 8 10
dh dh,

Figure 10: (a) KL divergence of the best autoencoder and neural ODE pair at multiple dimensions for L =
22. The nonlinear encoder corresponds to an autoencoder with a NN for encoding, and the linear encoder
corresponds to an autoencoder with the projection onto the first dj, Fourier modes for encoding. Both cases
use a NN for decoding. (b) mean squared error of reconstruction for the nonlinear autoencoder at each
dimension.

Effect of Model Dimension on Time Evolution Predictions In the previous sections, the model dimen-
sion was fixed at values assumed to be the correct inertial manifold dimensions based on other studies
[69, 119, 23]. Here we vary the dimension and consider the dynamical model performance, which pro-
vides more information on the necessary number of dimension. For training we again use 10° time units
of data spaced apart 0.25 time units and train 5 autoencoders and 15 neural ODEs. The data is normalized
by subtracting the mean and dividing by the standard deviation before training and projected onto the full
set of PCA modes before going into the autoencoder (U’x). Training was done with an Adam optimizer
with learning rate scheduling from 1073 to 10~* halfway through training. For L = 22 we trained for 5000
epochs and for L = 44, 66 we trained for 500 epochs, due to the computational cost of the larger networks.
In all these trials, the loss plateaued at the end of training, but further training in the L = 44, 66 cases could
lead to mild improvement. The code used for training these autoencoders is available on GitHub [71].

Our first result here is the observation that, for models with a lower dimension than the “correct” one,
reasonable approximations of the joint PDF of u, and u,, can be obtained, but only if a nonlinear encoder is
used for dimension reduction. This point is illustrated in Figure 10a, for the case L = 22, where we see good
reconstruction of the joint PDF when using a nonlinear encoder. Accordingly, the results below all use a
nonlinear encoder; architectures are reported in Table 2. However, even though this statistic is reconstructed
well at low dimensions, Fig. 10b shows the MSE for the autoencoder, with a nonlinear encoder, still drops
significantly at dj, = 8. This MSE is on test data normalized using the training data mean and standard devia-
tion. As with the autoencoders used in Sections 2.1.3 and 2.1.3, we again performed manual hyperparameter
tuning. Changing the activation functions from sigmoids to rectified linear units and removing the learning
rate scheduler both resulted in higher MSE for dj, 2 d 4.

Figure 11 shows the ensemble-averaged short-time tracking error of the models with the best tracking as
the dimension varies. For all domain sizes the recreation gradually improves and then becomes dimension-
independent as dimension increases. This happens because the short-time tracking is directly related to the
loss minimized in training the neural ODEs, and /4 contains the same information as u if dj, is large enough.
As mentioned before, for L = 22, 44, and 66, respectively, the “correct” manifold dimensions are 8, 18, and
28, and Fig. 11 shows the tracking error becoming dimension-independent near these values.

Now we turn to long-time statistical recreation upon varying dimension. Figure 12 shows the KL di-
vergence from the true joint PDF P(uy, u,,) for all the autoencoder and neural ODE pairs trained for each
dimension and domain size. For reference, the dashed lines show Dg; when comparing the true joint PDF,
used to compute Dk, for the models, to a separate joint PDF from the true system, and evolved forward for
the same amount of time as the models but from a different initial condition. This gives a baseline for how
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Figure 11: Short-time error at various dimensions. Domain sizes are L = 22,44, 66 for (a)-(c).
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Figure 12: KL divergence for all trained models at different dimensions. Domain sizes are L = 22,44, 66
for (a)-(c). The dotted lines on each plot correspond to the Dg;, computed by comparing two joint PDFs of
the true system.

two empirical joint PDFs from the true system compare. In all the cases, when the dimension is low, the
models do a poor job of reconstructing the joint PDF. When we are near the expected manifold dimension
ie. dy ~ 8, 18, and 28, for L = 22,44, and 66, respectively, the typical model performance dramatically
improves and the variation in performance between the models decreases, with Dg; ~ 102 for the best-
performing models and only a factor of two or three larger for the worst. Furthermore, Dg;, between true and
best-model predictions is only slightly larger than that between the two time intervals for the true system, with
particularly close agreement for L = 22 and 44. In Fig. 13, we plot the true PDFs and the best model PDFs
at L = 22,44,66 and d;, = 8, 18, 28, illustrating the excellent agreement. However, with further increase of
dimension, the variation in performance again becomes large, although the best models still perform well.
Like the short-time prediction, the joint PDFs of the best models become dimension-independent, but here
we see that errors arise, particularly the slow linear growth in high wavenumbers, when training the neural
ODE with unnecessary dimensions. Finally, recall that the error at high dj, arises from spurious slow linear
growth at high wavenumbers, which, as we saw in Section 2.1.3, arises in the absence of any autoencoder at
all.

In summary, Figure 12 highlights that there is a “sweet spot”, dj, ~ d, where we see robust model
performance. Below this, too few dimensions are retained so model performance is poor, and above it,
spurious slow growth of high wavenumbers pollutes the long-time predictions. So lack of robustness in
model performance is an indication that the dimension has been chosen incorrectly — either too low or too
high. As noted previously, we also find that stabilizing long-time dynamics is possible with the addition of
a damping term.
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Figure 13: (a)-(c) True joint PDFs for L = 22,44, 66. (d)-(f) joint PDFs from the best models (lowest Dg;)
for L =22,44,66 atd;, = 8,18,28.

2.1.4 Conclusion

Neural ODEs and undercomplete autoencoders can be used to create accurate data-driven models for
time evolution of spatiotemporal chaotic dynamical systems, with dimensions near the expected manifold
dimension, which for the present examples is in the approximate range 8§ — 28. Dimension reduction is a
vital step in the process. Both the training process and the prediction of trajectories are more expensive
with more dimensions, and additional dimensions lead to computational difficulties with the introduction of
small spurious bias that leads to slow linear growth of high-wavenumber modes. With dimension reduction,
we find that training with data spaced up to ~ 0.7 Lyapunov times gives accurate short-time tracking and
long-time statistical reconstruction. Finally, we investigate the impact of varying the dimension and find that
model performance improves with dimension, and stops improving once the manifold dimension is reached.
However, because of the spurious excitation of high wavenumbers, keeping too many dimensions hurts
training, resulting in many poor models. While we have used the Kuramoto-Sivashinsky equation as a model
system, this computational approach using data mediated neural ODEs might also be useful in the modeling
of PDE systems like atmospheric phenomena [72], in the modeling of infinite-dimensional discrete-time
maps [83], or in the modeling of other complex spatially distributed systems [59]. In forthcoming work
we will show how this reduced order modeling approach can be integrated into a reinforcement learning
framework for control of spatiotemporally chaotic dynamics.

2.2 Integration of data-driven modeling with reinforcement learning for control of chaotic
dynamics [122, 123]
2.2.1 Introduction

Design of active control strategies for turbulent drag reduction is a challenging task due to the complex
dynamics and the difficulty in devising good control targets. Deep reinforcement learning (RL), an emergent
machine learning method capable of learning complex control strategies for high-dimensional systems from
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Figure 14: Procedure for learning a DManD model from data, combining it with RL to approximate a control
policy, and deploying the approximate policy back to the true system

data, is able to address broad macroscopic control objectives, such as drag minimization, making it promising
for flow control application. However, the iterative RL process requires vast amounts of data to be generated
from interactions with the target system. For high-dimensional and computationally demanding simulations,
such as direct numerical simulations (DNS), this data generation step can be prohibitively expensive.

We mitigate this challenge in a completely data-driven fashion by combining data-driven reduced-order
models (ROM) of the flow system with deep RL using the DManD framework described above. We con-
struct our ROMs by combining an undercomplete autoencoder with a neural ordinary differential equation
(ODE)-both of which are trained directly from data, as detailed above in Section 2.1. The autoencoder com-
presses the high-dimensional state representation into a low-dimensional representation while the neural
ODE predicts the system dynamics as an ODE in this new representation. This ROM is substituted in place
of the true system during RL training to accelerate the learning process. The ROM-based control strategy is
then deployed to the flow system for control validation. We denote the entire framework as “DManD-RL”.

We first apply our method to the Kuramoto-Sivashinsky equation (KSE), a 1D turbulence proxy that
exhibits spatiotemporal chaos, equipped with actuators. We demonstrate that we are capable of learning
a ROM of the actuated dynamics and with a control goal analogous to drag reduction, we show that the
ROM-based RL strategies perform well in the KSE. We highlight that the RL agent discovers and stabilizes
a forced equilibrium solution. Next, we apply our method to a DNS of Couette flow with control in the
form of jets that modify the wall-normal velocity at the wall. We find a ROM that captures key short-time
behavior of the underlying system using drastically fewer dimensions, and we show RL forces the system to
relaminarize far more frequently than the underlying system.

2.2.2 Data-Driven Reduced Order Modeling with DManD

The first step in our procedure is to learn a ROM surrogate of the system we aim to control. We assume
we have access to time series data [s(¢y), s(¢1), ..., s(fy)] of the system and that the dynamics of the system
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lie (or approximately lie) on some low-dimensional manifold M embedded in R? (i.e. s € M C RY);
an assumption that has been affirmed for many dissipative systems [106]. We can find a parameterization
h € R% that is of a much smaller dimension than the ambient space dj, < d (when the dimension is minimal
we write d ¢ in place of dj). We then formulate the time-evolution of 4 with an ODE. Once constructed,
the ROM forecasts trajectories of 4 (which we can map to the ambient space s) and uses these trajectories to
train the RL agent. Figure 14 (a)-(c) outlines the learning procedure for the ROM. As noted in Section 2.1,
we denote this approach as “Data-driven Manifold Dynamics”, or DManD.

To find the ROM we first use an undercomplete autoencoder to learn the parameterization of the manifold
h. An autoencoder consists of an encoding function 2 = x(s;0g) and a decoding function s = ¥(h;6p).
Both of these functions are constructed by neural networks (NN) with weights 0 = [0, Op] that are trained
simultaneously to minimize the reconstruction loss L = 1/M Efw lIs(t;) — x(x(s(t)))||>. We compute the
gradient of this loss with respect to the NN parameters (dL/d6) and use stochastic gradient descent to update
these parameters.

A challenge with this approach is determining the necessary degrees of freedom to fully parameterize
the manifold on which the the data lies. Whitney’s Embedding Theorem proves as long as the encoding
maps to R??M then 4 is homeomorphic to s [115]. However, da4 is unknown a priori, so we must find a
way to determine it. We estimate this dimension by tracking the error of the autoencoder as a function of
dimension, where we have empirically observed a dramatic improvement in performance once d; agrees
with d [69, 70].

After finding a reduced-dimensional representation 4, we next find a dynamical system for 4. We chose
to learn an ODE for the dynamics of /4 such that h= g(h,a; Oopg), where g is a NN and a is the action taken
by the controller. The action must be input here because the RL agent iteratively interacts with the system
to determine the best control policy. Using this ODE we predict new states by integrating forward in time

~ ti+t
o) = hle) + [ glhe).ai Bope)dr. (1)

We train g by minimizing the difference between the prediction (A (t; + 7)) and the known state (h(t; + 7)),
in the manifold coordinates, giving the loss J = SV ||A(t; + 7) — h(t; + 7)||? [15].

2.2.3 Learning a Control Strategy From Data

We use deep RL to learn control strategies from data. The general deep RL framework is a cyclic inter-
active learning process. During each cycle, the RL agent, the embodiment of the control policy represented
by neural-network a, = 7(s;; Og;), outputs a control action, a,, given a state observation of the system, s;,.
The impact of this action on the system is then quantified by a scalar reward, r;, which is defined by the
control objective. During training, the agent attempts to learn the mapping between s, and a, that maximizes
the cumulative long time reward and updates accordingly each cycle. In our ROM-based RL framework,
we train the agent in the reduced space of the ROM, such that we instead learn a, = m(h; Og,). During
agent deployment to the original system for control validation, we simply precede the agent with the en-
coder i, = y(s;;0F) to map state observations, sy, to 4, as this is coordinate system the agent was trained
with. Fig. 14 (d)-(e) outlines the RL training and deployment procedure. We comment that our framework
can applied with any general deep RL method.

23



~—— — \
-2

m 1073
n
=

107 — —

10-5 AE —

PCA

d/z

Figure 15: Mean squared error of autoencoders and PCA on test data of the KSE for various dimensions.

2.2.4 Example 1: Kuramoto-Sivashinsky Equation

We consider the periodic KSE with external forcing, given by

ov ov  0*v v
o~ o ae aw Y (12

where f'is the control term defined as in [9] and corresponds to 4 evenly spaced Gaussian jets,

_ ai(t) (x —X)?
flx, t) = IZ; mexp <—20§> ) (13)

We evolve trajectories for a domain size of L = 22, which exhibits spatiotemporal chaos with a Lyapunov
time of ~22 time units. Spatial discretization is performed with Fourier collocation on a mesh of 64 evenly
spaced points and in our formulation the state vector u consists of the solution values at the collocation
points. The system is time evolved with a third-order semi-implicit Runge-Kutta scheme [9]. From this
simulation we train autoencoders with size 500 sigmoid activated hidden layers (for encoder, decoder) and
neural ODEs on 40,000 snapshots of data (s, = u(¢)) separated 0.25 time units apart experiencing random jet
actuations. Figure 15 shows the performance of autoencoders as we vary the dimension d,. For this system,
the error is sufficiently low at dj, = 12, so we use this autoencoder for the mappings y and y. Furthermore,
we emphasize that we achieve orders of magnitude improvement in reconstruction performance compared
to PCA while using the same number of dimensions. In this representation of the manifold coordinates, we
train a neural ODE using the same dataset. In Figure 16 we show the short-time predictions of this model
with random actuations match the true system well for around 1-1.5 Lyapunov times. We also comment
that in the absence of actuation, i.e. a¢; = 0, the ROM performs similarly well, indicating that the ROM is
able to capture the underlying natural dynamics absent of control inputs despite having been trained with no
control-free data.

We now use this ROM as a surrogate model for training the RL agent. In this demonstration we utilize the
Deep Deterministic Policy Gradient (DDPG) RL method [67]. As an analogue to energy-saving in the flow
control problem, we seek to minimize the dissipation and total power input of the KSE. This optimization is
realized by maximizing the reward r = —D + Py, where D = <(%)2) and Py = <(%)2> + (uf), respectively.
Here (-) is the spatial average.

The control agent was trained with 1000 episodes of 100 time units long (i.e. 400 transitions per episode),
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Figure 16: (a) random actuation sequences «;(¢) (b) ground truth KSE trajectory starting from a random
initial conditions following actuation sequences in (a), (¢) the decoded DManD trajectory following actuation
sequence (a) and the same initial condition in (b).

with each episode beginning from a random on-attractor initial condition of the natural, i.e. unforced, KSE.
Jet actuations implemented by the control agent, a;, were maintained constantly from s; to s, ., where 7 =
0.25. In this work the DDPG actor and critic networks utilized ReL U activated hidden layers of size 128 and
64, respectively, followed by tanh and linear activations to the outputs of size 4 and 1, respectively.

To assess the performance of our ROM-based policy, the learned control agent was applied to the DManD
model, with an example controlled trajectory shown in Fig. 17a. We note that after a brief control transient,
the control agent navigates the model dynamics to an equilibrium (steady) state and stabilizes it. The quan-
tities targeted for minimization, D and Py, estimated from the predicted trajectory u(¢), are shown in Figure
17¢c, revealing that this equilibrium exhibits dissipation much lower than the natural unactuated dynamics.
To assess how well this ROM-based control policy transfers to the original KSE (i.e. the true system), the
same policy is applied to the true KSE with the same initial condition, as shown in Fig. 17b. We note that the
controlled trajectory in the KSE yields not only quantitatively similar transient behavior but also the same
low-dissipation equilibrium state as was targeted in the DManD model. The transient behaviors between the
two are structurally very similar, although the DManD model displays slightly less strongly damped oscil-
lations as it drives the trajectory to the steady state. The values of D and Prcomputed from the true system,
shown in Fig. 17d, are nearly identical to that of the DManD model in Fig. 17c.

To demonstrate the robustness of the ROM-based policy, shown in Fig. 17¢ are the dissipation trajectories
of'the true KSE beginning from 15 randomly sampled test initial conditions that the ROM-based control agent
has not seen before. We highlight that the control agent is able to consistently navigate the system to the
same low-dissipation state within ~ 150 time units, with one initial condition requiring ~ 200 time units to
converge. Finally we note that although the RL training horizons were only 100 time units long, the control
agent is able to generalize to achieve and maintain control well beyond the the horizon it was trained in.

Here we emphasize that the ROM-based policy drives the dynamics to an equilibrium state in both the
DManD model and the true KSE, indicating that not only does the DManD model capture this state, but
it captures the dynamics leading to it accurately enough such that the RL agent could discover it during
training and exploit it in a manner that still translates to the original system. We further emphasize that
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Figure 17: ROM-based RL agent applied to the same initial condition in the a) true KSE and b) data-driven
reduced-order model (decoded, d;, = 12). The corresponding invariant quantities of dissipation and total
input power for the ¢) true KSE and d) learned reduced-order model. The dashed black line represents the
system average of the natural KSE dynamics. e) Controlled dissipation trajectories of the true KSE beginning
from 15 randomly sampled test initial conditions.

both the DManD model and agent were never explicitly informed of this low-dissipation state’s existence.
Finally, we highlight that the discovered low-dissipation state is an unstable state that is stabilized by the
control agent. If control is removed, the system returns to the natural chaotic dynamics. The ROM-based
RL agent is comparable to that of an RL agent trained directly with original system via direct interactions in
both performance and targeting strategy [122].

These observations indicate that the RL policy trained on the model transfers very well to the true system.
We attribute this performance to the fact that both the DManD model and RL agent operate in Markovian
fashion, i.e. even if the model has slight inaccuracies, so long as the modeled dynamics are reasonably
accurate this does not matter once the agent makes its new state observation. Returning to the dynamical
significance of the low-dissipation equilibrium state discovered and stabilized by the RL agent, a continuation

0.0 25 5.0 75 10.0 12.5 15.0 17.5 20.0

Figure 18: Forcing continuation from the forced equilibrium state (under forcing f = ajy;) discovered by
DManD-RL policy (orange, dashed) to the unactuated KSE system (purple). The known equilibrium E1 of
the KSE system is also provided (dots).
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Figure 19: Visualization of the localized wall-normal velocity of the slot-style jets located at y = —1.

in mean forcing magnitude was performed. To do so, we Newton-solved for equilibrium solutions to the
KSE starting with the discovered equilibrium state while gradually decreasing the magnitude of the mean
actuation profile to zero, as was done in [122]. Solutions identified by this continuation in forcing magnitude
are shown in Fig. 18, which reveals that equilibrium state captured by the DManD model and discovered
by the RL agent is connected to a known existing solution of the KSE known as £1 [21]; we obtained a
similar result with an RL agent trained on interactions with the full system [122]. A similar observation was
made for RL control of 2D bluff body flow [65]. We speculate that in systems with complex nonlinear
dynamics, the discovery and stabilization of desirable underlying equilibrium solutions (or other recurrent
saddle-point solutions such as unstable periodic orbits) of the system may be a fairly general feature of RL
flow control approaches. The nonlinear and exploratory nature of RL algorithms facilitates the discovery of
such solutions, and since the dynamics are slow near these solutions, little control action should be required
to keep trajectories near them.

2.2.5 Example 2: Turbulent Couette Flow

The second system we consider is Plane Couette flow in a channel with two periodic boundary conditions
defined by the nondimensionalized incompressible Navier-Stokes Equations:

OJu w2
— -Vu=-VP+Re 'V
o +u u + Re u (14)

V-u=0,

where u = [u, v, w] is the vector of streamwise, wall-normal, and spanwise velocities, and P is the pressure.
The boundary conditions at the wall are u(+1) = +1, dv/dy(£l) = 0, w(£l) = 0, v(1) = 0, and
v(—1) = a;(¢)f(x,z). This final boundary condition is the actuation, located only at the bottom wall, which
is in the form of two spatially localized slot-style jets that inject or suck fluid in the wall-normal direction
with zero net-flux. These slot-jets are oriented along the streamwise direction with Gaussian profiles f{x, z)
in the spanwise direction with Vipax = max(|f(x,z)|) = 1/20 and a;(¢) € [—1, 1]. In Fig. 19 we show the
wall-normal velocity in the case of ap = 1 and ¢ = —1.

Our code was written in Python to speed up communication with the RL code and follows the same
algorithms used by [38]. In particular, we convert the field to Fourier space in x and z and Chebyshev
space in y with a resolution of 32x35x32 Fourier-Chebyshev-Fourier modes. Then we use the multistep
Adams-Bashforth/Backward-Differentiation 3 method described in [90] for time evolution using a timestep
of At = 0.02. This results in a set of implicit Helmholtz equations that we solve at each timestep, and through
an influence matrix we compute the pressure required to satisfy dv/dy(£1) = 0. This procedure does not
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Figure 20: The L2 norm of the velocity field, u, of a trajectory produced by Channel Flow 2.0 by Gibson
and our python-based Couette DNS code starting from the same initial condition.
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Figure 21: Trajectory of the projection of the Couette flow field onto the first POD mode, and the prediction
by the neural ODE.

result in an incompressible velocity field, so we apply a Tau correction to exactly enforce this constraint. The
influence matrix and Tau correction methods are described in [60]. Unlike the Gibson et al. code, our code
allows us to modify the boundary conditions at the wall by solving for intermediate values in the influence
matrix and tau correction methods at each timestep, as opposed to once at the beginning. As illustrated in
figure 20, we validated our code by showing that solutions of both codes track nearly exactly for 1000 time
units.

We consider Couette flow at a Re = 400 and domain size of [L, L, L.] = [7x/4,2,6mx/5], which are the
parameters considered by [38]. For this system we generated 80,000 snapshots of data (s, = u(¢)) separated
by 1 time unit. We performed proper orthogonal decomposition (POD) for dimension reduction. In future
work an autoencoder will be used. After reducing the dimension with POD, we train neural ODEs with this
lower-order representation. Figure 21 shows the trajectory of the 1st POD coefficient for the true system
and the ROM where /4 is constructed from the first 10 POD modes. This preliminary result indicates we can
achieve qualitatively similar trajectories with very few degrees of freedom using neural ODE:s.

With the success of training RL agents with ROMs of the KSE, and having promising preliminary results
with low-dimensional ROMs for Couette flow, our next objective is to train a RL agents on Couette flow
ROMs utilizing the Soft Actor-Critic (SAC) RL algorithm [45]. However, before this, we first learn a control
policy directly from the DNS (i.e. direct interactions) to determine a benchmark control performance and
timescale required for training. We train our RL agent for several hundred episodes, with each episode lasting
for 300 time units and beginning from a turbulent initial condition that does not naturally laminarize in 300
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Figure 22: Trajectories beginning from 25 unseen initial conditions evolving under no control (blues) and
random slot actuations (reds). The mean drag achieved across the 25 trajectories is shown in black for no
control (solid) and random actuation (dashed)
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Figure 23: Trajectories beginning from 25 unseen initial conditions evolving under no control (blues) and
the RL control agent (reds). The mean drag achieved across the 25 trajectories is shown in black for no
control (solid) and the RL agent (dashed).

time units. Actions input by the control agent persist for 5 time units, i.e. the agent makes 60 actions per
training episode. The reward the agent attempts to maximize is the negative of the drag (normalized such
that laminar is 0), which is given by r = — [ fOLZ Ou/0y(—1)+ 0u/dy(1) — 2dxdz. Shown in Fig. 22 is the
reward vs. time of trajectories generated by our DNS evolving from 25 new unseen initial conditions under
no control and with random slot actuations, i.e. the slot actuations were randomly sampled from a uniform
distribution of the allowable control range every 5 time units. We observe that in the presence of random
slot actuations, the mean drag across the 25 trajectories over a horizon of 900 time units is worse than in
the presence of no control. Furthermore, some instances where the system would naturally laminarize are
disrupted by the random slot-jets. Shown in Fig. 23 is again the total drag vs. time of Couette flow generated
by our DNS evolving from the same 25 new unseen initial conditions under no control and in the presence
of our trained RL agent. We observe that with the learned RL control policy, the mean drag across the 25
trajectories over a horizon of 900 time units is drastically lowered compared to no control. We highlight that
the RL agent learns to direct the chaotic turbulent dynamics to the laminar state within this window of 900
time units, which can be seen by the 19 of 25 trajectories laminarizing due to the control agent. This is a
stark improvement compared to the 5 of 25 naturally laminarizing trajectories in the presence of no-control
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and 4 of 25 in the presence of random slot actuations.

The current accomplishment is the first, to the extent of our knowledge, application of deep RL to learn
an active control strategy from a direct numerical simulation of turbulent Couette flow. To train such an agent
required 3+ weeks of simulation time on 4 processors. We highlight that our preliminary DManD model is
capable of simulating 500 time units of Couette flow in less than the time it takes to simulate 1 time unit by
DNS. In forthcoming work we aim to demonstrate the application of training the RL agent via DManD-RL
in place of the computationally intensive DNS for efficient determination of control strategies.

2.3 Discovering multiscale and self-similar structure with data-driven wavelets [33]
2.3.1 Introduction

Many important processes are multiscale in nature, meaning that they exhibit structure at multiple scales
of time and/or space. In nature, a prominent example is the dynamics of oceans and associated interactions
with the atmosphere, which govern the planet’s weather and climate systems [62]; much effort is expended
in capturing and understanding effects at multiple scales of time and space [64]. In engineering, a prominent
example is networks, specifically social media networks. Networks have multiscale structure by virtue of
hierarchies of communities of nodes in the networks [1]. Understanding the structure of hierarchical com-
munities in social media networks is crucial to understanding the spread of disinformation (and censorship
of information) in these networks [7]. Broadly speaking, identifying and understanding the features present
in multiscale processes is crucial to understanding and controlling these processes. Although the applica-
tion we focus on here will be turbulent fluid flows, the ensuing discussion applies to any multiscale process
for which the notions of energy (variance in the statistical context) and localization (a form of sparsity) are
relevant.

Turbulence is a canonical multiscale process consisting of localized concentrations of vortex motion
that are coherent in space and time and coexist at a wide range of scales. Theoretical arguments indicate
that at intermediate scales and far from walls, the structure of a turbulent flow should be self-similar [75,
99]. This notion is qualitatively illustrated in Figure 24, which illustrates a snapshot from a simulation of
homogeneous isotropic turbulence (HIT) at several scales 2[89, 66, 120]. As with other multiscale processes,
a great challenge in fluid dynamics is to rationally identify and analyze coherent structures from a complex
turbulent flow field. While it is often mathematically convenient to analyze signals in the Fourier domain,
trigonometric functions are not localized in space, and what one observes at an instant in time in a turbulent
flow rarely if ever looks sinusoidal. Alternately, conventional wavelet bases, which are localized and self-
similar, can be used for analysis [28]. In both the Fourier and wavelet approaches, the bases for representing
the flow are imposed a priori rather than emerging from data.

One of the primary methods of extracting structure from data is principal components analysis (PCA),
which in fluid dynamics is typically denoted Proper Orthogonal Decomposition (POD) [52]. (See [104] for
other popular modal decomposition methods.) Given an ensemble (often a time series) of data, PCA yields
a data-driven orthogonal basis whose elements are optimally ordered by energy content. When applied to
velocity field data for a fluid flow, the resulting basis elements may be thought of as the building blocks of
that flow, and its application has yielded many structural and dynamical insights [52, 47]. One limitation of
PCA is that the basis elements tend not to be localized in space; indeed, for directions in which a field is
statistically homogeneous, the PCA basis elements are Fourier modes [52]. In this case, not only do the PCA
modes have no localization in space, they also reveal no information about the flow beyond what Fourier
decomposition would provide.

A well known formalism that produces bases with spatially localized elements is that of wavelets. The
name is quite descriptive: wavelets are localized waves. In particular, wavelet decompositions provide an
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Figure 24: Snapshot of homogeneous isotropic turbulence from the Johns Hopkins Turbulence Database
[89, 66, 120], showing the kinetic energy per unit mass, with darker colour corresponding to greater energy.

orthogonal basis whose elements are localized in both space and scale. Traditionally, the basis elements are
translations and dilations of a single vector called the mother wavelet [103, 22, 79, 74, 36]. The Supplemen-
tary Information provides a concise summary of results relevant to the present work. Traditional wavelet
methods (where the mother wavelet is prescribed a priori) have already found use in turbulence precisely
because of the space-scale unfolding they produce [2, 27, 28, 29, 30, 82, 98, 117, 78], giving hope that
data-driven methods based on wavelets may lead to new insights into turbulence.

A myriad of data-driven methods of structure identification and extraction based on wavelets have been
developed (e.g., [39, 42, 44,77, 85,95, 94,93, 101, 110, 124]). Although these methods may yield localized
structures, they are limited in that the construction of the resulting basis elements is prescribed in either
scale or frequency, and many impose self-similarity on the basis, as is done with traditional wavelets. (The
“empirical wavelet transform” of [39] does not have this feature, but relies on the existence of local maxima
in the power spectrum of a signal, making it ill-suited to phenomena like turbulence without such local
maxima.)

In the present work we develop a method that integrates the data- and energy-driven nature of PCA with
the space and scale localization properties of wavelets. As our derivation and illustrative examples will
reveal, we impose very little structure in our method, so any structure in the basis may be attributed to the
underlying structure of the dataset under consideration. We call the resulting basis a “data-driven wavelet
decomposition” (DDWD), and use it to gain insights into the structure of turbulence, though we emphasize
that the method is general in its application.

2.3.2 Formulation

Before presenting the DDWD, it will be useful to introduce key features of PCA and conventional wavelet
decompositions. Suppose we have a dataset {z,-}?il € RY, each z; being a sample data vector (e.g., one com-
ponent of a velocity field uniformly sampled along a line through the flow). We can arrange the dataset into
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a matrix Z € RV*M whose columns are the data vectors z;, normalized so that tr ZZ7 = 1 (the normalization

does not change the results of PCA, but is done here because it parallels our formulation of DDWD later).
PCA seeks an ordered orthonormal basis {g; } ', such that the energy of the dataset projected onto the first
K < N basis elements is maximized. One way to state this problem, which parallels our later description of
data-driven wavelets, is as follows. We determine the first basis element ¢, so that the projection of the data
onto this element is maximized. This problem can be written

max 0’7779 (15)
[Z
st. olp=1. (16)

The solution to this problem is the eigenvector of ZZ” with the largest eigenvalue. The second basis element
@, is found by projecting out the component of the data in the ¢, direction and repeating, yielding that ¢, is
the eigenvector of ZZT with the second largest eigenvalue. Basis elements ¢, solve

mas o7 (z- S ee2) a7
s.t. oTp =1, gogoj:0,]:1,...,l—1. (18)

This formulation is recursive, producing a hierarchy of subspaces ordered by how much of the dataset’s
energy (Frobenius norm) they contain: RY = span{p,} @ ... @ span{py}. The basis elements ¢, are
the eigenvectors of ZZ”. For statistically homogeneous data in a periodic domain, ZZ” (more precisely, its
expected value) is circulant, in which case the ¢, are simply discrete Fourier modes.

Traditional wavelet decompositions also produce a hierarchy of orthogonal subspaces, but there are im-
portant differences from PCA. First, the basis elements are not determined from data, but are selected a priori;
there are many standard options [74]. Second, by construction, the decomposition produces a hierarchy of
orthogonal subspaces ordered by scale, as shown in Figure 25(a). We consider periodic vectors on RV, with
N even [36]. This space is split into subspaces V_; and W_j, each of dimension N/2, and each spanned by
the even translates of vectors ¢_, (the father wavelet) and w_, (the mother wavelet), respectively. Once
¢_4 1s known, y_; can be found, and vice versa. The father and mother wavelets, and their even translates,
are mutually orthonormal by construction. Subspace V_; is called an approximation subspace because it
contains all the low frequencies, and W_; is called a detail subspace because it contains all the high fre-
quencies. Given a signal, its projection onto V_; produces a low-pass filtered version of the signal, and its
projection onto W_; produces the detail needed to reconstruct the full signal. We then recursively split the
approximation subspaces. For N = 27 (which we assume throughout), we get a hierarchy of subspaces of
progressively coarser scales: RN = W_; & ... & W_, & V_,. For traditional wavelets, the sets of wavelets
{9;} and {y,} are determined from the father and mother wavelets, respectively, by a rescaling operation
that is essentially a simple dilation by a factor of two (see the Supplementary Information of the published
paper [33] for more details). This process leads to a hierarchical basis structure of the form shown in Figure
25(a).

The DDWD combines the hierarchical structure of wavelets that is shown in Figure 25(a) with the ener-
getic optimization of PCA. Namely, each time we split a subspace, we design the subsequent subspaces so
that the approximation subspace contains as much of the dataset’s energy as possible.

The first step of the process is to find the wavelet generator u, for which the projection of the data onto
this vector and its even translates is maximized. We define V'_ as the subspace spanned by these vectors, thus
beginning the data-driven construction of a hierarchy with the structure of Figure 25(a). This maximization
is subject to (1) the constraint that « and its even translates are mutually orthonormal, and (2) a penalty on
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Figure 25: (a) Subspaces from wavelets on RY. At stage /, approximation subspace V_; is split into de-
tail subspace W_;_| and approximation subspace V_;_;, each half the dimension of V_;. Subspace V_; is
spanned by the N/2/ translates by 2/ of ¢_,, and W_; is spanned by the N/2! translates by 2/ of w_,. The full
space is decomposed into progressively coarser subspaces, RY = W_;@...® W_,®V_p, or, going the other
way, into the addition of progressively finer details. These subspaces are highlighted. In the present work,
an ensemble of data is used to define a specific decomposition of this form. (b) Discrete Meyer wavelet for
N=409 and/ = 6.

the width of u, as measured by its circular variance Var(u). This problem is stated as

max  u’Au — *Var(u), A= m Zgﬁ)fl R-2kzZTR* (19)

u

s.t. u'R*u = 649, k=0,...,N/2 — 1. (20)

Here 4 measures the penalty on the variance, whose effect on the results we illustrate below, and R is the
circular shift operator: e.g., if u = [a, b, c,d|”, then Ru = [d, a, b, c]". The solution u and its even translates
generate the vectors ¢_; and y_,; the former span V_; and the latter W_;. We then project the data onto
V_y, replace N by N/2 in the definition of 4 and the orthonormality constraints, decrease 4 by a factor of
2, and repeat, yielding ¢_, and y_,, and thus the subspaces V'_, and W_,. We proceed recursively, find-
ing the subspaces V_; and W_; such that V_; contains the maximal amount of energy of the dataset. In the
end, we find an energetic hierarchy of subspaces, optimized stage by stage, whose elements are orthogonal
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and localized. In contrast to previous data-driven methods incorporating wavelets, which impose restrictive
structure, the only structure we impose is orthogonality, localization, and the hierarchy of Figure 25(a). In
the Supplementary Information of the published paper [33], we also draw parallels between the DDWD and
convolutional neural networks, and show how the DDWD naturally incorporates pooling and skip connec-
tions, two tricks that improve the performance of neural network architectures [41]. Together with its inverse
transform, the DDWD is akin to a convolutional autoencoder, but with the additional features of orthogo-
nality of all elements, stage-wise energetic optimality, and the ability to unambiguously extract structure,
which make the results interpretable.

We make a point to note that for the DDWD, the stage / of the hierarchy should not be conflated with the
concept of scale. For traditional wavelets, stage and scale are interchangeable since whenever a subspace
is split, the lower half of frequencies is always pushed to the approximation subspace and the upper half
of frequencies is always pushed to the detail subspace. For the DDWD, however, the distribution of fre-
quencies amongst the subspaces is dictated by energetic considerations, which depends on the dataset under
consideration. An example below will elucidate this point.

2.3.3 Results

We will demonstrate the DDWD on three datasets with increasingly complex structure to show that the
method extracts structure inherent to the data.

Gaussian random data The first dataset we consider consists of Gaussian white noise, which has no
structure. By construction, the basis produced by the DDWD is orthonormal, so the change-of-basis trans-
formation is orthogonal. Any orthogonal transformation of Gaussian white noise produces Gaussian white
noise. Therefore, in the absence of a variance penalty, applied to Gaussian white noise, the coordinates of the
data in the DDWD basis (the wavelet coefficients) will be Gaussian white noise, so all wavelet coefficients
will be uncorrelated and have variance equal to that of the input Gaussian white noise. That is, as long as
we do not impose a variance penalty, this result implies that for Gaussian white noise there is no optimal
set of wavelets, in the sense we have defined. In other words, the DDWD reflects that the dataset has no
structure. If we do impose a variance penalty, then the optimal wavelets become discrete delta functions
(i.e., the Euclidean basis vectors). The reason for this is simple: all wavelets capture the energy of white
noise equally well, but the delta function will be the most localized among them.

The result that all wavelets capture the energy of Gaussian white noise equally well highlights an inter-
esting fact about the DDWD. In Figure 26, we show three sets of wavelets that are computed from a dataset
of Gaussian white noise. Figure 26(a) has no variance penalty, Figure 26(b) has a small variance penalty,
Figure 26(c) has a large variance penalty, and all wavelets are coloured according to the colour coding used
in Figure 25(a). Despite the fact that we have used the structure of Figure 25(a), there is no apparent hierar-
chy of scales among the left set of wavelets. This highlights what we noted earlier, that the concept of scale
is not built into the DDWD; rather, it must be learned from the data. When we add a small variance penalty,
wavelets corresponding to finer detail subspaces are more localized, but all wavelets are jagged; this will
contrast with our later examples where wavelets corresponding to later stages are smoother, reflecting the
inherent structure of the later examples. Note that although the central set of wavelets was computed with
non-zero variance penalty, they are not delta functions as we had asserted earlier; this is due to the dataset
containing finite samples, and this effect weakens as the number of samples increases or as the variance
penalty is increased (as for the right set of wavelets). In Figure 26(c), all of the vectors are discrete delta
functions: while this might seem redundant, only certain translates of the discrete delta function are included
in each stage; the resulting basis consists of delta functions localized at each mesh point.
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Figure 26: White noise wavelets on R?. Colouring as in Figure 25(a). No variance penalty (a), small
variance penalty (b), and large variance penalty (c).

Kuramoto-Sivashinsky chaos The second dataset we consider comes from the Kuramoto-Sivashinsky
equation,
Up 4 Ul + Uyy + Vil = 0 (21)

for 0 < x < 2, with periodic boundary conditions and v = (z/11)?, which yields chaotic dynamics. We
compute a numerical solution using a pseudo-spectral method with 64 Fourier modes, and assemble a dataset
consisting of 90 001 snapshots taken from a single trajectory. The latter part of the trajectory and the power
spectrum in Figure 27 clearly show that the structure is dominated by a single length scale with wavenumber
k around 2-3.

We compute the DDWD with a range of variance penalties, showing the result for 2> = 0.1 in Figure 28
(others are shown in the Supplementary Information). We only show one set of wavelets because, no matter
the variance penalty, the coarsest subspaces are the same: V_g is spanned by a sine wave with wavenumber
k = 2 (the most energetic wavenumber), W_¢ is spanned by a sine wave with wavenumber £ = 3 (the
second most energetic wavenumber), and W_s is spanned by a vector (and its translate) containing only
wavenumbers £ = 3 and 4 (k = 4 is the next most energetic wavenumber). The DDWD is thus robust in
pushing the dominant (most energetic) length scales of the system to the lowest stages. Moreover, the energy
contained in each subspace is also robust to the variance penalty. The first difference between wavelets
computed with different variance penalties appears in the subspace W_4, spanned by the four translates of
w_4. As the variance penalty is increased, the wavenumber £ = 8 is exchanged for £ = 0. Energetically,
this makes little difference since £ = 8 is highly damped by the hyperviscous term and contains very little
energy, and £ = 0 contains identically zero energy (for the boundary conditions we use, the spatial mean is
constant and can be set to zero). The compositions of the finer detail subspaces do not change qualitatively
with variance penalty, with finer detail subspaces containing higher wavenumbers. As the variance penalty
is increased, localization in the Fourier domain is exchanged for localization in the spatial domain.
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Figure 27: Trajectory (a) and attendant power spectrum (b) of the Kuramoto-Sivashinsky equation.

(a) 4 (b) 1
(]
3 [ 0.8+ ¢72
N g Y3
\_T/ 1\ T 06! — 4
4 of— [\ e = — s
I — T T an [ Y/
\? S 041 \ — ¢ |
Be T
= 02} "\
—~—"7 M X —
0 20 40 60 0 10 20 30
J k

Figure 28: Kuramoto-Sivashinsky wavelets (a), offset from each other by 0.5, and their power spectra (b).
Colouring as in Figure 25(a). The variance penalty is 2> = 0.1.
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Homogeneous isotropic turbulence The final and primary dataset we consider is of forced homogeneous
isotropic turbulence, taken from the Johns Hopkins Turbulence Database * [89, 66, 120]. We use a single
snapshot from a direct numerical simulation on a 4096° periodic grid with a Taylor-scale Reynolds number of
610.57, shown in Figure 24; more details are available in the database’s documentation. Our dataset consists
of the velocity component aligned with 16384 randomly sampled lines (the “longitudinal velocity™) that are
parallel to the axes. Each sample is a vector of length N = 4096. The power spectrum is broad and has the
expected —5/3 power law in the inertial subrange, which roughly contains wavenumbers & € [2, 60].

Figure 29 shows the DDWD with various variance penalties. While at 1> = 10~!, the wavelets are
well-localized only for / < 5, for 42 =10° and 10", localization is observed for / < 8 and 9, respectively.
Moreover, despite the order of magnitude difference in 4> between the latter two cases, the wavelets for
4 <[ < 8 are nearly indistinguishable. Furthermore, with increasing /, the wavelets have increasing scale:
the DDWD reveals a hierarchy of scales present in the dataset, a known feature of turbulence. Recall that
this feature is not built into the DDWD; rather, the method has extracted the concept of scale hierarchy from
the turbulence dataset. In this case, it is appropriate to conflate stage and scale.

It is also worth noting that with increasing variance penalty, the composition of each scale in the Fourier
domain becomes smoother and more robust, varying less across different trials. Overall, the composition of
the wavelets in the Fourier domain is robust to the variance penalty.

To illustrate the reconstruction of data vectors using the DDWD basis, Figure 30(a) shows one vector
from the turbulence dataset and its projections onto the subspaces ¥_; computed with 1> = 10'. Lighter
colours show more detailed reconstructions and the thin black line shows the original data vector. At the
coarsest level of approximation, we essentially reconstruct the spatial mean, and then add progressively
finer scale features as we add smaller scale wavelet components. Figures 30(b) and (c), respectively, show
the reconstruction errors of the progressively finer projections, and the energy of the entire dataset contained
in each stage, for 4> = 0,107, 10°, and 10'. The differences in these quantities as 4 changes are visibly
indistinguishable, indicating robustness of the DDWD with respect to variance penalty.

Most interestingly, we check the wavelets that arise from the HIT data for self-similarity across stages.
We present here results for the most localized wavelets, corresponding to A2 = 10!, and have found that the
same conclusions hold for 22 = 10°. Figures 31(a)—~(e) show wavelets y_ ; for 4 <[ < &; note the change
in horizontal scale from plot to plot. Aside from their horizontal scale, these wavelets are evidently very
similar looking. The figure also shows on each plot the rescaled version of the wavelet at the previous level,
Sy _ .1, where S essentially dilates a vector by a factor of two and rescales it so that it has unit norm. For ease
of comparison, we have shifted the wavelets and in some cases reflected them about their axes. In all cases
shown, y_, and Sy_,, | are nearly indistinguishable, indicating strong self-similarity across stages [ = 4 to
[ = 8. This observation can be quantified: Figure 31(f) shows the inner product y” S _ 11, whose absolute
value is bounded by 0 and 1, for all stages. It is very close to unity for / > 3. This strong self-similarity also
holds for the lower variance penalty 22 = 10°, indicating that it is a robust feature derived from the data.
Stages 4-8 contain the approximate wavenumbers k € [10,200], which coincides with the inertial subrange
where self-similarity is expected. (The larger scales are no longer localized, so we draw no significance
from the high measure of similarity in those cases.) Interestingly, the wavelets in the self-similar range are
quite similar to the discrete Meyer wavelet [74], shown in Figure 25(b), as well as to the Battle-Lemarié
wavelet used by Meneveau in his analysis of turbulent flows [78]. Performing Meneveau’s analysis with our
data-driven wavelets would likely yield similar results, at least in the self-similar range.

It bears repeating that the self-similarity of the wavelets produced by the DDWD is not a result of the
method, rather it is a reflection of the system. In the case of the Kuramoto-Sivashinsky system, where we
know there is no similarity across scales, there is generally no relation between the data-driven wavelets
across scales. For HIT, where self-similarity is hypothesized in a certain range of scales, the data-driven
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Figure 29: HIT wavelets, vertically offset from each other by 0.25. Colouring as in Figure 25(a). The
variance penalties are A2 = 10! (a), 2% = 10° (b), and 4> = 10" (c).
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Figure 30: Projection (denoted P) of one vector (denoted z) in the turbulence dataset onto the subspaces V_;
computed with 4> = 10" (a), with colouring as in Figure 25(a). The thin dashed line shows the origin, and the
thin solid line shows the original vector. Also shown are the reconstruction error of each projection (a), and
the energy of the dataset contained in each stage for all variance penalties considered (b) (4> = 0,10~", 10,
and 10'; only the result for A* = 10! (red) can be seen).

wavelets show self-similarity. Hellstrom et al. [47] made a somewhat related observation in turbulent pipe
flow. They performed PCA on a set of experimentally obtained velocity fields from a cross-section of the
pipe, and found that they could rescale the modes so that they overlapped. This observation is consistent
with the attached eddy hypothesis about the structure of wall-turbulence [75, 54]. Their modes were global
in space, as usually results from PCA; this is particularly true for the azimuthal direction, for which PCA
yields Fourier modes due to periodicity. For the HIT data, which is periodic in all three directions, PCA
would yield Fourier modes in all three directions, revealing no information about the system that could not
be obtained from Fourier decomposition.

2.3.4 Conclusions

We have introduced a method that integrates key aspects of PCA and wavelet analysis to yield a data-
driven wavelet decomposition. This method takes an ensemble of data vectors corresponding to field values
at a lattice of points in space (or time) and generates a hierarchical orthogonal basis. In contrast to traditional
wavelet bases, the basis elements at each stage are not simply dilations of given mother or father wavelets, but
rather are determined stage-by-stage from the data. For data that is not self-similar, neither are the resulting
basis elements. Rather, these represent the differing structures at the different stages. In contrast, for self-
similar data, the basis vectors at different stages are related to one another by a simple rescaling. Indeed, for
data from homogeneous isotropic turbulence—a high-dimensional, nonlinear, multiscale process—we show
self-similarity of the wavelet basis elements, which in turn reveals the self-similarity of the data, providing
direct evidence for a century-old phenomenological picture of turbulence.

Future work on the DDWD will need to extend the methodology to multiple dimensions, different bound-
ary conditions, and unstructured domains. As a start, tensor products can be used to address the first issue,
boundary wavelets can be used to address the second issue [74], and wavelets on graphs can be used to
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address the last issue [46]. For incompressible fluid flows, velocity fields are vector-valued and divergence-
free; Farge et al. [30] provides a few options to handle this case that may be generalizable to the data-driven
case. Attention must also be given to the development of efficient optimization algorithms for computing
the basis. Finally, based on the ability of the present method to extract self-similar basis elements from
self-similar turbulent flow data, we view it as a potentially important new starting point for identification
and characterization of localized hierarchical turbulent structures in a wide variety of fluid flows, as well as
other complex multiscale systems. We are particularly interested in applying the DDWD to wall-bounded
flows and making connections with the attached eddy model of turbulence.
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March 2, 2020. Virtual session due to COVID-19.

Flatiron Institute workshop, “Universality: Turbulence Across Vast Scales”, New York, Dec. 2-6,
2019.

William R. Schowalter Lecturer, American Institute of Chemical Engineers Annual Meeting, Nov. 2019.
AIChE Annual Meeting, Invited session in honor of Yannis Kevrekidis, Nov. 2019.

Computing in Engineering Symposium, Univ. of Wisconsin-Madison, Sept. 10, 2019.

Workshop on Mathematical Fluids, Materials, and Biology, Univ. of Michigan, June 13-15, 2019.

AIChE Annual Meeting, Invited session on “Novel Complex Flows”, Oct. 2018.
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22.

23.

3.3

10.

11.

12.

Department of Chemical Engineering and Materials Science Seminar, Univ. of Minnesota, Oct. 23,
2018.

IUTAM Symposium on Stochastic dynamical systems approaches to fluid flow transitions, Cornell
University, Sept. 12-14, 2018.

Contributed presentations describing research from this grant

. A.J. Linot and M. D. Graham. “Modeling Chaotic Spatiotemporal Dynamics with a Minimal Repre-

sentation Using Neural ODEs.” AIChE Annual Meeting, Boston, MA, USA, November 7-11, 2021.

. A.J. Linot and M. D. Graham. “Learning minimal representations for chaotic dynamics of partial

differential equations.” Proceedings of the 73rd Annual Meeting of the American Physical Society,
Division of Fluid Dynamics, Virtual, November 22-24, 2020.

. Zeng, K., Linot, A. J., Graham, M. D., “Deep Reinforcement Learning Using Data-Driven Reduced-

Order Models Discovers and Stabilizes Low Dissipation Equilibria”, 74th Annual Meeting of the
American Physical Society, Division of Fluid Dynamics, Nov. 21-23, 2021.

. Zeng, K. and Graham, M. D., “ Symmetry Reduction for Deep Reinforcement Learning Active Flow

Control”, American Institute of Chemical Engineers Annual Meeting, Nov. 7-11, 2021.

. Pérez De Jesus, C. and Graham, M. D. “Data-driven dynamics of Kolmogorov flow on the inertial man-

ifold”, 74th Annual Meeting of the American Physical Society, Division of Fluid Dynamics, Nov. 21—
23, 2021.

. Floryan, D. and Graham, M. D. “Charts and atlases for nonlinear data-driven dynamics on a manifold”,

74th Annual Meeting of the American Physical Society, Division of Fluid Dynamics, Nov. 21-23,
2021.

. Floryan, D., Guo, A., and Graham, M. D. “A hierarchy of spatially localized, self-similar structures

in turbulent pipe flow”, 74th Annual Meeting of the American Physical Society, Division of Fluid
Dynamics, Nov. 21-23, 2021.

. Floryan, D., Guo, A., and Graham, M. D. “Discovering localized, multidimensional, and multiscale

structure with data-driven wavelets”, 25th International Congress of Theoretical and Applied Mechan-
ics, Aug. 22-27, 2021.

Linot A. J. and Graham, M. D. “Learning minimal representations for chaotic dynamics of partial
differential equations”, 73nd Annual Meeting of the American Physical Society, Division of Fluid
Dynamics, Online, Nov. 22-24, 2020.

Linot, A. J. and Graham, M. D., “Deep Learning for Recreating Chaotic Dynamics of Partial Differ-
ential Equations with a Minimal Representation”, AIChE Annual Meeting, Nov. 2020.

Floryan, D. and Graham, M. D. “Discovering multiscale structure using data-driven wavelets”, UW-
Madison Computing in Engineering Forum, Sept. 2020.

Floryan, D. and Graham,M. D. “Revealing self-similar structure with a data-driven wavelet decompo-
sition”, 73nd Annual Meeting of the American Physical Society, Division of Fluid Dynamics, Online,
Nov. 22-24, 2020.
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13. Zeng,K. and Graham, M. D. “Symmetry Reduction for Deep Reinforcement Learning Active Flow
Control”, 73nd Annual Meeting of the American Physical Society, Division of Fluid Dynamics, On-
line, Nov. 22-24, 2020.

14. A.J. Linot and M. D. Graham. ”Nonlinear dimensionality reduction and prediction of chaotic spa-
tiotemporal dynamics in translation-symmetric systems via deep learning.” Proceedings of the 72nd
Annual Meeting of the American Physical Society, Division of Fluid Dynamics, Seattle, WA, USA,
November 23-26, 2019.

15. A.J. Linot and M. D. Graham. ”Spatially Invariant K-Means Clustering for Analyzing the Turbulent
Attractor of Minimal Channel Flow.” AIChE Annual Meeting, Orlando, FL., USA, November 10-15,
2019.

16. A.J. Linot and M. D. Graham. ”Deep learning to discover and predict dynamics on an inertial mani-
fold.” Georgia Tech Nonlinear Science Seminar & Webinar, January 28, 2020.

3.4 Outreach

The PI and his research group are active in UW-Madison campus outreach. The PI in conjunction with the
Institute for Chemical Education at UW has developed a new an undergraduate special topics course, CBE
562, “Chemical Engineers in the Community”. This is a service-learning course that connects Chemical
Engineering students with their local community through the development and implementation of hands-on
inquiry based engineering lessons for middle school level after-school science programs. Students will learn
how to communicate complex science and engineering topics to learners at all levels, learn about how to work
with a middle school students from diverse backgrounds, and gain a basic understanding of how students
learn. Although the PI spearheaded this, a number of other faculty members and their research groups are
already participating or have committed to do so. The idea is that the department can generate both a broad
repertoire of activities and a high level of student and faculty involvement.

Because of COVID, the last time this program ran was F18. (It’s on the books again for F22.) Students
developed demos and projects on the Bernoulli effect, liquid-liquid phase transitions, non-Newtonian flows,
surface tension, buoyancy, viscosity and mixing. They participated in Engineer’s Day, a campus public
outreach event, and also participated in the Wisconsin Science Festival on the UW-Madison campus. Figure
32 shows K-12 students learning about surface tension and viscosity with UW undergraduates.

In addition, the PI’s research group participates in the UW College of Engineering’s semiannual Engi-
neering Expo. This is a semiannual event that brings K-12 kids to the campus for demostrations and activities
involving engineering. The group members put together demos and activities on the topic of fluid dynamics.

4 Impacts

4.1 Development of the principal disciplines of the project

* The work performed here was the first to show that a data-driven reduced-order modeling framework
could yield quantitative short-time predictions and long-time statistics for a dynamical system whose
ambient state space might have dimension of 10° and whose long-term dynamics lie on a manifold
of dimension 10 — 100, and perhaps higher. Prior demonstrations involved very simple systems with
ambient space dimensions of ~ 10 — 100 and manifold dimension of three (e.g. the Lorenz model).

* We have demonstrated that with this highly efficient framework, a nonlinear reinforcement learning
control algorithm for turbulent plane Couette flow can now be trained using the reduced order model
in a matter of hours, when using the full DNS would take months.

44



Figure 32: K-12 students and UW-Madison undergraduates from the PI’s course “Chemical Engineers in
the Community” studying interfacial tension (front) and viscosity (rear) at the Wisconsin Science Festival,
Oct. 2018.

4.2

* In very recent work motivated by the approach pioneered in this grant, we have developed a new

algorithm that enables very precise determination of the dimension of the manifold where a high-
dimensional data set lie, and efficient representation of that manifold. Previously, no reliable method
had been available, so all current approaches to reduced order modeling for high-dimensional systems
require guesswork and iteration to find a good dimension for the representation. This new approach
will thus supersede all current nonlinear dimension reduction approaches. Furthermore, now that we
have a method to determine the exact dimension of the manifold where the dynamics lie, we can sys-
tematically develop and understand approximate representations with fewer dimensions, which may
tie in with, for example, improved subbrid models for complex turbulent flows. In a real turbulent flow,
even the reduced-order model with exactly the right number of dimensions may too high-dimensional
for incorporation into a controller design algorithm, but the new methods open ways to systematically
eliminating degrees of freedom rather than doing so in an ad hoc fashion.

The data-driven wavelet decomposition provides a new kind of modal decomposition that reveals
multiscale structure in flows in ways that more traditional decompositions, which are not explicitly
hierarchical do not.

With the above tools in hand, we are poised to apply them to a range of experimental data sets. We are
currently working with Mike Schatz and Roman Grigoriev at Georgia Tech, Romit Maulik at Argonne
and Markus Hultmark at Princeton on various flow data sets.

Other disciplines

While our work has all been done in the context of fluid dynamics, the approaches that we have developed

are applicable and will be of interest for any problem involving data involving many degrees of freedom and
scales.
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4.3 Development of human resources

This grant has supported much of the graduate education of one student, Alec Linot, and has contributed
to the education of several others, due the highly collaborative nature of the PI’s group. Alec and the other
students will enter the engineering research workforce with a powerful combination of educational experi-
ences in fluid dynamics, scientific computing, machine learning and applied mathematics that will be very
beneficial to the country’s intellectual infrastructure.

4.4 Teaching and educational experiences

The principal impact of this grant on teaching and educational experience has arisen as the PI has become
increasingly knowledgeable about the field of machine learning. The PI teaches the first-semester mathe-
matical modeling course for graduates students in his department, which primarily focuses on linear algebra,
ordinary differential equations, and probability. Because many of the foundations of machine learning lie in
linear algebra, the PI has begun using examples and problems motivated by machine learning in the linear
algebra portion of the course.
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