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Separation dynamics:
The view from the wall

Abstract

Flow separation and reattachment have a profound impact on the performance of
flight vehicles, yet are probed using only a small number of discrete wall sensors. As
the flow crosses the onset of separation, the spectra of the incident disturbances change
significantly. As a result, the accuracy of interpreting wall-pressure data is sensitive to
sensor placement, whether the sensor is positioned upstream of the separation or within
the reverse-flow region. This research investigates the challenges of flow estimation within
a separated high-speed flow. The impact of separation on the accuracy of flow estimation
from wall measurements is first quantified in a compression ramp configuration with a
six-degree ramp angle. At free-stream Mach number M = 5.59, this configuration produces
a sufficiently strong compression which leads to separation upstream of the corner and
downstream reattachment on the ramp. An ensemble variational (EnVar) data assimilation
technique is used to perform two flow estimations: the first is conducted with sensor
observations taken upstream of the separation, and the second with sensor observations
taken from within the separated region. This study adopts numerical observations in lieu
of experimental measurements. Whether the sensor data are extracted upstream or within
separation, the non-linear optimization improves the error in the initial estimate of the
boundary layer instability waves. However, to a lesser extent when the flow estimation
utilizes observations from within the separated region. A comparison of the two flow
estimations reveals increased errors in the disturbance spectra, as well as in instantaneous
wall-pressure observations for the estimate derived from observations in the separated
region. Sensor sensitivity to flow disturbances directly impacts to the efficacy of the EnVar
procedure. A lack of sensitivity results in an inaccurate or inconclusive assimilation. The
difference in the accuracy of the two estimations is interpreted/explained in terms of
sensor sensitivity.

1. Introduction

The push to expand the flight regime of vehicles leads to increased mechanical and
thermal loads on the aircraft structure. Efforts to guard against these limiting factors can
be expensive and result in weight penalties. For these reasons, there is a pressing need to
understand the flow physics around the vehicle, which requires access to high-fidelity data
from experiments and simulations. The most relevant data are arguably from flight, but
these are often limited to the signals of a few probes along the wall. These measurements
are also susceptible to noise and are complex to interpret. In addition, often the desired
quantity cannot be measured and must be computed based on measured ones. For these
reasons, high-fidelity simulations are commonly adopted to complement experimental
research. While simulations can provide non-intrusive access to the entire flow state,
they introduce assumptions that can limit their fidelity. For example, simulations are
often performed in truncated domains and must prescribe boundary conditions that may
not match the true flight environment. One objective approach to ensure quantitative
agreement between experiments and simulations is to infuse experimental measurements
into the simulations, through the use of data assimilation algorithms. We will adopt data
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assimilation to predict the state of the boundary layer from wall-pressure measurements,
and assess the impact of the sensor placement. Specifically, we are concerned with the
impact of separation on the accuracy of the state estimation.

Aircraft geometries often exhibit outer mold lines that change abruptly with respect to
the oncoming flow. These sudden changes in geometries can result in appreciable adverse
pressure gradients, including ones due to compression waves in the supersonic regime. If
the pressure gradient is significant, it can separate the flow. This phenomenon is commonly
observed in various cases, such as flow over a compression ramp or cone flare, the reflection
of a shock from a secondary body, or flow around a blunt fin (Clemens & Narayanaswamy
2014). The region characterized by flow separation can significantly influence the spectral
characteristics of boundary-layer disturbances. For example, Butler & Laurence (2021)
conducted an experimental investigation that demonstrated the impact of separation on
Mack’s second mode. The authors found that, at separation, the waves move away from
the wall through the detached shear layer, extending over top of the separated region. This
behavior leads to a damped second mode when observed by wall-pressure measurements
within the separated region. Experiments that probed compression ramps (McClure 1992)
and cone-flare configurations (Butler & Laurence 2021) have also shown the manifestation
of low-frequency oscillations at the compression-wave foot, along the streamwise direction.
The driving mechanism of oscillations in the separated region has significant implications
for the accuracy of flow estimation with data assimilation, particularly when measurements
are taken along the wall. For successful flow reconstruction, it is essential that the sensors
within the separation region maintain sensitivity to the upstream spectra. Without such
sensitivity, accurate and reliable flow estimation becomes unattainable. The objective of
this work is therefore to assess the impact of flow separation on data assimilation when
observations are taken in the separated region. This impact will be quantified by comparing
flow reconstructions of an independent simulation of flow over a compression ramp, using
sensors placed in the separated region and sensors placed upstream of separation. The
errors in the estimated flow will be explained in terms of sensitivity using two different
approaches.

The choice of the data assimilation approach depends on the problem of interest. Our
group has developed a wide suite of data-assimilation algorithms for a wide range of
fluid applications and observations. When there is an abundance of measurements, we
can adopt direct forcing methods (Wang & Zaki 2022) and successfully synchronize a
simulation to an experiment. In practice, however, the measurements are limited. In such
scenario, and for short optimization horizons, adjoint-variational approaches are most
efficient and accurate (Wang et al. 2019b; Wang 2021; Wang & Zaki 2021). This approach
requires a dual, or adjoint, model which is not always available, and incur a significant
storage cost since the time-dependent forward flow field appears in the adjoint equations.
In addition, maintaining accuracy over long observation windows is challenging. For long
observation horizons, ensemble-variational strategies can be effective (Mons et al. 2019,
2021; Buchta & Zaki 2021; Buchta et al. 2022), and have the benefit of being non-intrusive,
i.e.they can be adopted with any forward model, and are applicable to long observation
horizons. Finally, we also note that machine-learning techniques are gaining popularity
(Du et al. 2023; Du & Zaki 2021; Mao et al. 2021; Cai et al. 2021; Di Leoni et al. 2023;
Hao et al. 2023), but they do not strongly enforce the governing equations and hence are
not ideally suited for fundamental studies similar to our current interest. In light of these
consideration, we focus on ensemble-variational data assimilation (EnVar) which strongly
satisfies the Navier-Stokes equations, and which we will be adopt in conjunction with
direct numerical simulations in this effort in order to ensure accuracy of our predictions.

In section 2, we summarize the flow configuration that will be adopted to study the
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Separation dynamics: the view from the wall 3
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Figure 1: Schematic of flow separation on a compression ramp. The boundary/shear-layer
edge . is marked by the dashed line, as well as the separation region with length Lg,,.
The inflow condition is a superposition of a laminar boundary layer and instability waves.

impact of separation on the interpretation of sensors. We then introduce the ensemble-
variational data-assimilation procedure (§3), and report on estimation of the flow from
wall-pressure sensors upstream of and within the separation region (§4). In section 5, we
provide an interpretation of the results by introducing the notion of sensor sensitivity,
and we evaluate this quantity for the two classes of sensors upstream and within the
separation zone. Conclusions are presented in the final section.

2. Flow configuration

For this investigation, we consider supersonic flow over a two-dimensional compression
corner, which is shown schematically in figure 1. As the flow approaches the ramp, the
required change in flow direction establishes a compression wave or a shock, with an
associated pressure gradient. At relatively small ramp angles, the adverse pressure gradient
is not sufficient to initiate flow separation, positioning the compression wave at the corner.
However, as the ramp angle increases, a separation bubble emerges and the compression
wave is displaced upstream from the corner, as shown in the schematic. Flow disturbances
in the upstream flat-plate boundary layer amplify or decay depending on the stability
characteristic of the attached flow. Upon reaching the compression wave, some of the
disturbances waves detach from the boundary layer and advect along the separated shear
layer, while other frequencies amplify within the separation zone (Butler 2021; Butler &
Laurence 2021). We will consider measurements that are recorded by sensors situated on
the horizontal wall. To quantify the influence of separation on the flow estimation, two
assimilation studies are conducted. The first adopts sensors positioned upstream of the
separation, and the second utilizes sensors located within the separated region.

The flow state satisfies the compressible Navier-Stokes equations. Dimensional variables
are marked by superscript (*), and the reference scales adopted for non-dimensionalization
are the the length L* = 1m and boundary-layer edge quantities,

O A B po P
2 P O T k) T k(%
L L /Ce Ce PeCe pe(ce)2 (2 1)
T= . *) 2 * 7 M= sk E= *(%)27 Tij = * Ak *
(’}/ - 1)T (Ce) /Cp,e e Pe (Ce) /Lece/L

where p* is the density, ! is the velocity vector, p* is pressure, E* = p*/(y—1)40.5p* ufu}
is the total energy, T* = p*/(p*R*) is the temperature with gas constant R* and ratio
of specific heats v, and ¢} is the speed of sound. The choice of the edge conditions is
motivated by recent experiments by Butler (2021), and the reference values are reported
in Table 1. In the non-dimensional form, the Navier-Stokes equations are:
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Parameter Units Value

7 K 123

Py Pa 1321

P kg/m? 3.74 x 1072
ce m/s 222

U;: m/s 1242

M. - 5.59

e kg/m s 8.41 x 107°
Re./L* m~! 9.89 x 10°
Pr - 0.72

Table 1: Boundary-layer edge conditions.

lSensor upstream of separation lSensor in the separated region =~ ------ Separation = ------ Reattachment
B0 <u<559 Blasius base flow -~ Inflow disturbance [l W-12x 103 <v<12x1073

X0 =03

Figure 2: Flow configuration of separated high-speed flow over a ramp. The top of the
figure labels all the different features of the flow field. The length of the computational
domain is labeled along the surface of the compression ramp in Cartesian x-coordinates.

% + 8(;;0 =0, (2.2)
a(g?i) N 8%]- (pusny) = — gﬁi N ‘;;J (2.3)
O+ o fus(B + 1) = () + S (2.4
The non-dimensional stress tensor and heat flux are,
= Rte (gg] * g?) * R);e i gZZ’ 7= _Rel:LPr gi’ (25)

where the Reynolds number is Re. = ¢ p;L*/u;, the Prandtl number is Pr = p*Cy; /K™,
and «* is the thermal conductivity. Lastly, the non-dimensional total energy is £ =
p/(v—1)+0.5pu;u;, non-dimensional temperature is T' = P/(pR) where R = (y—1) /v, and
non-dimensional viscosity is p = [(y — 1)T]". The state vector, q = [p, pu, pv, pw, E] ",
can be expressed as a the superposition ¢ = g + ¢’, where g denotes the mean flow and
q’ is the perturbation field.

The computational setup is illustrated in figure 2. The domain sizes are L, = 16 x 1072
in the streamwise, L, = 4.43 x 1072 in the vertical, and L, = 1.44 x 1072 in the
spanwise directions. With a ramp angle of ¢ = 6°, the resulting laminar separation
length is L, = 11.76. where 6. is the inflow boundary layer thickness. This classifies
the separation as strong, as defined by Clemens & Narayanaswamy (2014). The ramp
angle was chosen to ensure an adequate separation length. This configuration allows the
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Figure 3: Inflow spatial growth rates versus normalized frequency for spanwise
wavenumbers [ = {0, 429.1, 858.2}.

placement of two sensor rows upstream of the separation point but sufficiently downstream
of the inflow such that non-linear effects are relevant, and two sensor rows downstream
of the laminar separation point and prior to the start of the ramp. Isothermal, no-slip
boundary conditions are imposed at the bottom wall, with T); = 300K which matches
Butler (2021). The inflow boundary condition is a superposition of the base state and a
disturbance field at the inflow = = xg,

qo(xo,y,z,t) = qB(xoaya Z) + q/(x()ayaZ?t) (26)

where the base state g is the compressible Blasius solution, based on the edge conditions
in table 1. The inflow disturbance q’ is defined a superposition of instability waves

q'(ro,y,2,t) = Re Z Z Crmd fm(Y) exp [ifmz —iwst +ibf m] | (2.7)
mf

which includes a range slow second modes (Mack 1984; Fedorov 2011; Park & Zaki 2019)
with amplitudes cy ,,,, phases 0y ,,, frequencies wy, spanwise wavenumbers [3,,, and mode
shapes éf,m(y) = [ﬁ? iJL, ’Dv w? T]f,m(y)

Linear stability analysis was performed on the Blasius base state, for a range of
non-dimensional frequencies,

_ wilp 6
F <_ TRe, <10 ) = {100,110, ..., 180}, (2.8)
and spanwise wavenumbers specified as 5 = {0, 429.1, 858.2}, where the Blasius length
is Ly = /pial/piUs and the Reynolds number at the inflow is Rer,, = piUS Ly /us =
1287.3. The results of the linear stability analysis are shown in figure 3, which motivated
the choice of the frequencies and wavenumbers of interest. The most unstable mode at
each (F, ) pair was adopted as a member of the superposition of inflow disturbances. The
eigenfunctions were normalized to unit energy, prior to specifying their inflow amplitudes.

The computational grid was comprised of [N, N,, N.| = [1641,201,60] grid points.
Uniform spacing was utilized in both the streamwise and spanwise directions, while
hyperbolic tangent stretching was applied in the wall-normal direction. The stretching in
the wall-normal direction strategically positions points near the inflow boundary-layer
edge, ensuring the accuracy of the high gradients present in the disturbances in this
region. The near-wall grid spacing is given by (Azy,, Ay, Azyp) = (9.76 x 107°,8.94 x
1076,2.44 x 1074).
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Figure 4: Inflow energy spectra of the hidden truth. Modes that are linearly unstable at
the inflow are circumscribed by the red lines.

2.1. The hidden truth:
Reference simulation and observations

Data assimilation requires measurements which can be obtained from experiments
or flight tests. However, such data would involve uncertainties that can not be fully
eliminated, and hence it becomes difficult to distinguish their impact from the influence
of sensor placement outside or within separation. To circumvent this limitation, we
utilize synthetic observations, from an independent simulation. This methodology enables
exact error quantification, thus ensuring a precise evaluation of the accuracy of the flow
estimation. Even when using synthetic measurements from a simulation, the observations
are treated analogously to those obtained from experiments or flight tests. The “truth”
is concealed until the conclusion of the data assimilation. Only after the assimilation
process is concluded are the predicted results compared to the hidden truth.

The reference simulation for the generation of observations satisfied the compressible
Navier-Stokes equations, and are performed in the flow configuration in figure 2. The
inflow condition was comprised of a superposition of twenty-seven modes: nine-planar
and eighteen-oblique instability waves (F = {100,110,..., 180} with AF = 10 and
B = {0, 429.1, 858.2}. The inflow modal energy distribution of the hidden truth is shown
in figure 4 with the unstable modes outlined in red.

During the data assimilation, the primary objective is to discover, or estimate, the
upstream disturbance spectra (figure 4) that reproduces the available observations. These
observations are sourced from the reference simulation using an array of 32 probes, akin
to PCB sensors, arranged in a (N, x N,) = (4 x 8) grid configuration, as illustrated
in figure 2. The sensors are placed at four streamwise positions: {xs1, Ts2, Ts3, Tsa} =
{0.358, 0.374, 0.389, 0.405} and uniformly distributed in the span, starting at z5; = 0
with an interval of Az, = 1.83 x 1073. As noted earlier, two of the four streamwise
positions are upstream of the laminar separation point, and the subsequent two rows
are positioned within separation. This arrangement facilitates a comparative analysis of
flow estimations using observations from either the upstream sensors or those within the
separated region.

The simulations were initialized with a laminar base flow. After two flow-through
times were complete, determined by the non-dimensional edge velocity U, and streamwise
domain length L., observations were collected. The observation window, T, = 2.04 x 1072,
corresponds to a single period of the minimum inflow frequency F = 10, and the
measurement resolution corresponds to a Nyquist frequency of F = 2.275 x 10%. In the
spanwise direction, the longest resolved wavelength has a wavenumber of 5 = 429.1;
the sensor spacing yields the largest spanwise wavenumber § = 1.717 x 103 resolved
by the measurements. Figure 5 displays select instantaneous wall-pressure observations
from sensors located both upstream and downstream of separation. From sensor zs; to
T2, the signal intensifies due to the amplification of the second unstable modes within
the boundary layer. In the separated region, the wall-pressure signal attenuates as the
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Figure 5: Synthetic measurements from the reference simulation, taken from spanwise
sensor locations {zs2, 2s4, 2s6, 2ss} upstream of separation {zs1, 2}, and downstream of
separation, {zs3, Ts4}. Time is normalized by the fundamental frequency wy corresponding
to F' = 10.

disturbance separates from the boundary layer and propagates through the shear layer.
Observations within this region also reveal increased spanwise variation.

3. Ensemble-variational data assimilation (EnVar)

Data assimilation relies on the availability of measurements m, which in the present
case are temporal wall-pressure fluctuations at the sensor locations. The objective of the
assimilation is to predict the optimal value of the unknown parameters ¢, such that the
flow estimation aligns with the measurements. The control parameters ¢ in our case are
the amplitudes of the inflow boundary-layer instability waves, and the flow model is direct
simulations of the compressible Navier-Stokes equations which is expressed compactly in
operator form as ¢ = N (q,). The cost functional for the optimization is,

1 2 1 2
J = ) |m — h”z;} + 9 le— Cingl : (3.1)

The first term in the cost is the difference between the available observations m and their
estimate in the assimilation h = M(q) = M(N(q,)) where M is the measurement kernel
that extracts the wall-pressure observations from the flow state M(q) = [~ [, pd(x —
Zs,t — ty,)dVdt. The second term is a regularization that limits the update to the control
vector from its prior estimate c¢;. The two terms are normalized by their respective
covariance matrices, X, and Y., providing appropriate weighting.

Minimizing the cost function is achieved using a gradient descent method. Various
strategies can be used to compute the gradient of the cost function, V.7. While adjoint
methods provide precise gradients and boast high efficiency, they can face difficulties in
maintaining forward-adjoint duality over the long observation horizons, and they also
demand significant data storage for each iteration (Wang et al. 2019b). We adopt the
EnVar method, wherein the local gradient is extracted from an ensemble of control vectors

¢ centered around the mean vector ¢; (Buchta & Zaki 2021; Buchta et al. 2022). The

1

EnVar approach updates the mean control vector ¢; with a weighted superposition

Ciy1 = C; + Pw, (32)
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where the perturbation matrix is P = [cgl) — ¢l cfg) —c| ... cgNe) — ci] and w are

the weights associated with each ensemble control vector, dictating the direction of the
steepest descent. In the form (3.2), w can be considered the new control vector.

Considering the ensemble members are small perturbations around the mean, the
measurements h can be approximated as,

h~ h; + Hw, (3.3)

where the observation matrix is H = [hgl) — h;| h§2) —hi| ...| hl(-Ne) — hl} . The updated

approximate cost function then becomes,
| 1
=y llm b~ Huld s+ |[Pwl. (3.4

A Newton step can then be performed to optimize J by setting the gradient of the cost
function with respect to the weights,

97
g= azju =H'"2 ' (hi+ Hw—m) + P' ;' Pw, (3.5)
equal to zero, and then solving for the optimal weights,
T T -1 T
w=— (H SIH+ P Zglp) (H S (hy — m)> . (3.6)
M1 glw=0

In the expression (3.6), the first term on the right-hand side represents the inverse of the
Hessian H of the cost function, or its curvature. The second term, glw—o = V.J (w = 0),
is the gradient at the current control vector location. Once computed, the optimal weights
establish the search direction and are employed to update the control vector. To optimize
the step size, the update step equation (3.7) is adapted to incorporate a parameter «,

Cit1 =C; + aPw (37)

We applied Jarratt method (Jarratt 1967; Brent 2013) to determine « at each iteration.
After each iteration, the ensemble members and covariance matrix are updated according
to,

P, =VN-1P;H YU, (3.8)
. 1
sl ﬁPiHPLl. (3.9)

As the iterations progress and the cost decreases, the confidence in the control vector
increases and hence the covariance matrix Y. reduces. Excessive reduction can over-
emphasize the prior term in the cost function. To counteract this effect, Anderson &
Anderson (1999) advocate for the inflation of the covariance matrix. This is implemented
using an inflation coefficient A, which results in the updated perturbation matrix P;; =
VAP; and covariance matrix X't = A/(N, — 1)P; P, . Practically, this adjustment is
invoked when the cost stagnates before meeting the convergence criteria.

3.1. Initial estimate of the control vector

The EnVar method procedure starts from an initial control vector, denoted as ¢y. A
well formulated initial guess can significantly bolster both the accuracy and computational
efficiency of the non-linear optimization. This is particularly true for scenarios with
complex cost functions that may be challenging to navigate (Evensen et al. 2009). To
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Figure 6: Error in the initial estimate €. versus penalty term p. The blue and red lines
represent the initial estimates from observations upstream of separation and within the
separated region, respectively. An (x) marks the optimum—p value on both curves.

guide our initial estimate, we adopt a physics-based approach, specifically using the

linearized Navier-Stokes equations. Assuming linearized dynamics, the cost function
becomes,

1

7=

In this expression, Lv is the linear estimate of the measurements. Specifically, we

perform a linearized Navier-Stokes solution ¢ = £L(c¢), and collect model observations

that we Fourier decompose in order to isolate the various components of the wall

pressure, p(sm,). The measurements are then approximated using the superposition

where L = [...|Re (p(s,m)) [ Im (P(fm)) | ---] is the observation matrix and v =

P
Im = Lo||” + 5 [lol. (3.10)

[y Ufm, Wem, ]T is a vector of the optimal Fourier coefficients. In the language
of EnVar, we adopt an ensemble of (f x m) members each targeting one of the search
directions of the control vector. The error committed by adopting a linear model, relative
to a non-linear simulation, increases as a function of downstream distance as disturbances
amplify. Therefore, we restrict the measurements adopted in (3.10) to the most upstream
sensor location. For this reason, the initial estimates for the sensors upstream and
downstream of separation were evaluated from the sensors at x4, = 0.358 and z¢3 = 0.389,
respectively (without x4y in the former and x44 in the later case). Newton method was
once again employed to optimize equation (3.10), yielding the optimal modal coefficients

v=—(L"L+pl)"Y(L"m,), (3.11)

with the optimal inflow modal amplitudes given by ¢y, = 4 /v%m + w%m.

The cost J; in (3.10) also incorporates regulation term with coefficient, p, which serves
to mitigate over-fitting of the Fourier components, effectively constraining the total inflow
energy. The most optimal value for the penalty term p was chosen to minimize the error
in the inflow modal energy of the initial estimates compared to the hidden truth. This
choice, although not possible in practice, provides the best possible initial estimate for the
reconstruction. Figure 6 shows the error in the initial estimate, €. = ||Ctruth — €||/||Ctrutn ||,
versus the penalty value p, with optimal values denoted by an (x). The figure indicates
that initial estimates from observations in the separated region consistently have higher
errors than those generated from upstream observations. This points to diminished sensor
sensitivity to upstream spectra in the separated region, generating an inaccurate gradient
calculated by linear EnVar.

The accuracy of reproducing the measurement is shown in figure 7, which compares the
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Figure 7: Linear reconstruction (Lw) at sensor locations x,; (upstream of separation) and
xs3 (within separation) for spanwise sensors {zs2, zs4, 2s6, 2ss} in dashed-red with model
observations (m) in black.

linear reconstruction Lv with the observations m at the sensor locations x4, upstream of
separation and x;3 within the separated region. The linear reconstruction at x4, exhibits
minimal error compared to the reference observations. In contrast, the reconstruction at
x¢3 displays increased error, highlighting a lack of sensor sensitivity in this region.

Having formed the initial estimate, an ensemble is generated around this mean-control
vector (see Buchta & Zaki 2021, for details). All elements are then in place to perform
the nonlinear EnVar optimization, which pursues the inflow condition that most precisely
reproduces observations from the reference simulation and, in doing so, estimates the
complete time-dependent flow field.

4. Results
4.1. Flow estimation using sensors upstream of separation

We start by evaluating the accuracy of the flow estimation using sensors positioned
upstream of the separation against the hidden truth. Figure 8 shows the reduction in the
cost during the EnVar iteration, where J is normalized by the norm of the observations
Jr=0.5 HmHé; As noted in §3.1, the initial linear estimate of ¢ was able to reproduce
the wall pressure signal at the sensors using a linear model. However, even with such an
accurate initial estimate, the non-linear optimization further reduced the cost function by
nearly an order of magnitude.

Figure 9 displays the instantaneous, time-dependent wall-pressure observations com-
pared to the observation from the reference simulation for the initial and optimal control
vector. It is noteworthy that the differences between the observations from the initial and
the optimal control vectors are indistinguishable, and nearly identical to the reference
observations.

A comparison between the reference and estimated RMS pressure perturbations is
presented in figure 10a, which also includes the associated error (figure 10b). The RMS
pressure signal is accurately estimated throughout the domain. The error at the inflow is
on the order of 1073 and decreases by an order of magnitude near sensor location 3. The
errors amplify in the separated region, and reach approximately an order of magnitude
greater than that just upstream of separation. The decay and subsequent amplification
of errors hints to a difficulty in estimating the state at the inflow from measurements
either upstream, or downstream of separation alone. In the former case, reducing errors
in estimating the measurements at the sensor may not guarantee accurate prediction
downstream. In the latter case, the error pattern suggests that the downstream sensors,
within separation, may lack sensitivity to the inflow.
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Figure 8: Cost reduction in flow estimation using sensors upstream of separation.
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9: Synthetic observations (black line) and their estimate from the optimal control
(red-dashed line), assimilated using data from sensors x5 and xo.
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Figure 10: (a) RMS pressure perturbation and (b) their errors in the estimate by the
optimal control vector. Flow estimation is performed using sensors upstream of separation.
Black line depicts the truth; red-dashed lines denote the estimated state. Separation is
indicated by a blue-dashed line, and sensor locations are marked with green-dashed lines.
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Figure 11: Modal energy and error in the estimation from sensors positioned upstream
of separation: (a) Initial estimate; (b) Final mean-control vector; (i) inflow spectra; (ii)
error relative to the hidden truth. The most amplified modes according to the N-factor
within the computational domain are circumscribed by the red line.

In figure 11, we report the control vector, which is the inflow energy spectra E. Both
the initial linear guess and the converged estimate are plotted, as well as their errors
relative to the truth,

|E(Fa ﬂ) B Et(F7ﬁ)|
e(F.5) = E,(140,0)

True values are denoted with subscript ¢, and the normalization by mode (140,0) is
adopted because that mode has the largest N-factor for a laminar base state. Modes
near the upper boundary of the neutral curve, such as F' = 160, very quickly become
stable within the domain. In contrast, modes near the lower neutral curve, specifically
{(120,0), (130, 429.1), (140, 858.2) }, are unstable within the domain, amplify appreciably
and are interpretable from the sensor measurements. A visual comparison of the
converged estimate with the initial guess does not immediately show significant differences.
Nonetheless, the errors show the improvement of roughly an order of magnitude, across a
majority of the most amplified modes. The total energy predicted by the final estimation
is E = 1.59 x 10~*, which is within 7.6% from the true value.

The amplitudes of the stable inflow modes appear unchanged by the optimization process.
Within the domain, the wall-pressure signals of these modes decay with downstream
distance. Due to the separation of the inflow plane and the sensor locations, these modes
are not detected.

The most amplified planar and oblique waves at the different spanwise wavenumbers
are reported in figure 12. The results compare the reference state, or hidden truth, to the
assimilated state. There is good agreement for the planar mode and for the oblique wave
with 8 = 429.1. Notable discrepancies, however, arise upstream of the sensor locations
in the oblique mode with 8 = 858.2. The early errors in (140, 858.2), while visible in
the figure, are insignificant with respect to the total inflow energy. In addition, as this
mode amplifies and reaches a relevant amplitude near separation, the initial errors while
still present become insignificant relative to the attained pp*. This result underscores
that the amplification of this mode as it approaches separation is not linear, or else the
errors would have grown in proportion to the signal. This interpretation is consistent with
separation being the key driver of the dynamics in this region.

The results demonstrate that the EnVar assimilation was able to improve the initial
estimate of the upstream disturbance spectra within two iterations. The amplification of

(4.1)
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Figure 12: Comparison of the wall-pressure spectra from the (solid) reference simulation
and (dashed) the assimilated flow, at F' = 140. Separation is indicated by a blue-dashed
line, and sensor locations are marked by green-dashed lines.

originally stable modes, specifically (140, 858.2), within the separated region may motivate
use of downstream sensors, although connecting these observations to the inflow, through
the region of appreciable modal decay, may be challenging.

4.2. Flow estimation using sensors within the separated region

We now consider results from the assimilation of sensor data from within the separated
region, and compare the accuracy of predictions to the true flow. Figure 13 reports the
convergence of the cost function normalized by the norm of the measurements. Because the
initial estimate is farther from the observations than for upstream sensors, the associated
normalized cost is higher and is on the order of 10~2. Through five iterations of the EnVar
algorithm, this cost is reduced by an order of magnitude, but remains larger than the
case of upstream sensors.

Figure 14 shows the improvement in matching the measurements at four of the eight
spanwise sensors located at zs3 and xg4. The large errors in the initial estimate (top) are
appreciably reduced for the optimal control vector (bottom) at the fifth iteration. Despite
the improvement, there are still discernible differences between the model and reference
observations, specifically near the peaks of the signals.

Figure 15 shows the RMS pressure perturbation for all the EnVar iterations. A
progressive improvement is observed, as the curves approach the truth. Despite this
improvement, the results are less accurate than the same figure in the previous section
where the sensors were upstream of separation (figure 10). It is evident from the present
results in figure 15a that the EnVar optimization in this present case is essential for
improving the estimation. Errors nonetheless persist, approximately on the order of 1072,
which is two orders of magnitude higher than those for the estimation using upstream
Sensors.

In figure 16, we report the energy spectra in the initial estimate (a.i) and the final
control vector (b.i), as well as the errors relative to the hidden truth (a.ii, b.ii). The
most amplified modes according to the N-factor within the computational domain are
circumscribed by the red line. The result show an appreciable difference between the
initial and optimal control vectors. Specifically, there is notable error reduction in the
majority of the amplified modes, with the exception of (140,0), (130,0), and (130, 429.1).
Where errors are reduced, this is an indication that the linear estimate was inaccurate
because the dynamics are nonlinear and, in addition, the sensors within the separation
possess the necessary sensitivity to improve the accuracy of the initial estimate through
the non-linear optimization procedure. However, it is important to note that the total
inflow energy for the final estimate is E; = 1.29 x 10~4, which has a 22.6% error compared
to the hidden truth. In addition, the largest errors are roughly two orders of magnitude
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Figure 13: Cost reduction in flow estimation using sensors within the separated region.
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Figure 14: Synthetic observations (black line) and their estimate from the optimal control
vector (red-dashed line), assimilated using data from sensors within separation.
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Figure 15: (a) RMS pressure perturbation and (b) their errors in the estimate by the
optimal control vector. Flow estimation is performed using sensors within separation.
Black line depicts the truth; red-dashed lines denote the estimated state. Separation is
indicated by a blue-dashed line, and sensor locations are marked with green-dashed lines.
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Figure 16: Modal energy and error in the estimation from sensors positioned within
separation: (a) Initial estimate; (b) Final mean-control vector; (i) inflow spectra; (ii) error
relative to the hidden truth. The most amplified modes according to the N-factor within
the computational domain are circumscribed by the red line.
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Figure 17: Comparison of the wall-pressure spectra from the (solid) reference simulation
and (dashed) the assimilated flow, at (a) F' = 140 and (b) F' = 130. Separation is indicated
by a blue-dashed line, and sensor locations are marked by green-dashed lines.

greater than those in figure 11 for upstream sensors. The inability to further improve the
accuracy of the initial estimate suggests reduced sensor sensitivity in the separated region
or a more difficult cost landscape to navigate. We will explore the former possibility in
the next section.

The disparities observed between the true and estimated observations (figure 14) can be
examined in further detail by considering the evolution of the spectra, which is reported
in figure 17. While the measurements are only available at discrete sensor locations, here
we take advantage of the fact that we have access to the hidden truth; we therefore
plot the evolution of the instability waves from the inflow to the end of the horizontal
section, and compare the estimated flow to the hidden truth. Figure 17 focuses on key
frequencies, namely F' = {130, 140}. Each of these modes reveals discernible errors at the
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inflow, which appear relatively small closer to the sensor location within the separated
region. Specifically, mode (140, 858.2) shows similar behavior to earlier results with sensors
upstream of separation: significant relative errors at the inflow when the modal energy is
inappreciable, and relatively small relative errors near the sensor locations. Once again
these results highlight that modal amplification is nonlinear, and that separation plays
an important role.

The magnitude of the errors near separation is less noticeable for F' = 140 than for
F = 130. Modes at the latter frequency serve to highlight the pronounced discrepancies at
the sensor locations. Notable errors are evident at the inflow for both the planar and oblique
modes, and persist downstream. Careful inspection of the errors in the estimated inflow
modal energy (figure 16) shows that the most pronounced errors among the amplified
modes (those delineated in red) are predominantly in (130,0) and (130,429.1). This
amplified error, observable in both the inflow energy and spectral evolution, culminates
in deviations between the reference and model observations, as portrayed in figure 14.

These results thus far demonstrate that flow estimation can be performed using sensors
situated within a separated flow region. Nevertheless, while the non-linear optimization
was able to reduce the error in the initial estimate, discrepancies observed in the inflow
energy, time-dependent pressure, and spectral content across the domain indicate that the
flow estimation is less accurate in comparison to the assimilation of sensor data upstream
of separation. Furthermore, the estimation showed considerable errors associated with
specific modes, particularly (130,0) and (130,429.1). These errors suggest diminished
sensor sensitivity within the separated flow region. It should be stressed, however, that
sensors within separation may still be essential as part of a complete measurement
campaign. For example, such sensors may have sensitivity to certain frequencies that only
amplify upon flow reversal and that are too weak to detect upstream. One such scenario
was noted by Butler & Laurence (2021) for low frequencies that were only recorded in
the separation region.

4.3. Comparison of estimation accuracy

It is beneficial to directly compare the estimation accuracy for sensors upstream of and
within separation. Figure 18 shows the error in the estimated inflow spectra of the most
energetic planar waves, reported as a function of EnVar iteration. At a glance, it is clear
that the estimation of the inflow from the upstream sensors is two orders of magnitude
more accurate than when the sensors are within the separated region. The error reduction
in the latter has an interesting behaviour, where the energetic two-dimensional modes
(140,0) and (130,0) appear immune to the EnVar optimization while the errors in (120, 0)
and (150, 0) reduce.

The same visualization of the errors in the estimation of the oblique modes (5 = 429.1)
is shown in figure 19, with consistent interpretation. Specifically, the errors in the estimate
of the inflow spectra is appreciably reduced when the assimilation is performed using
sensors upstream of separation. However, when the sensor data is obtained from within the
separated region, the errors remain roughly two orders of magnitude greater. In addition,
similar to the behavior of the planar modes (130,0) and (140,0), the error for mode
(130,429.1) persists at elevated levels throughout the non-linear optimization, seemingly
unaffected by the optimization process. The reasoning for the apparent insensitivity of
these modes to the assimilation process will be explored using the idea of sensor sensitivity
in the next section.

Table 2 reports the separation and reattachment locations, along with the total inflow
energy for the true flow and the results from the two data assimilation attempts. Consistent
with the earlier discussion, the estimation using sensors within the attached boundary layer
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Figure 18: Errors in the estimation of the most dominant inflow planar waves versus
EnVar iteration: (a) sensors upstream of separation, (b) sensors within separation.
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Figure 19: Errors in the estimation of the most dominant inflow oblique waves versus
EnVar iteration: (a) sensors upstream of separation, (b) sensors within separation.

Case Tseparation Lreattachment E,;

True flow 0.3841 04374 1.6 x 1074
Estimate from sensors upstream of separation  0.3842 0.4373 1.59 x 1074
Estimate from sensors within separation 0.3837 0.4373 1.29 x 1074

Table 2: Comparison of true and estimated flow quantities: streamwise location of
separation onset, streamwise location of reattachment, and total inflow energy.

most accurately reproduces these parameters, in particular the total energy. When the
sensors are within the reverse-flow region, the estimate of separation onset is shifted slightly
upstream, but reattachment is accurately predicted. The inflow energy is under-predicted
by approximately 22.6%, which is consistent with the upstream shift in separation onset.

5. Sensor sensitivity

Sensor sensitivity is an insightful approach to interpret the data-assimilation per-
formance. Multiple methodologies exist for obtaining the sensitivity, and they vary
significantly in terms of computational cost. For instance, the data from the ensemble
of solutions in the EnVar algorithm can be used for statistical analysis of the sensor
correlation with the inputs. Here we adopt an adjoint approach, which is an effective and
computationally efficient technique to acquire sensor sensitivity (Wang et al. 2022, 2019aq;
Zaki & Wang 2021).

We focus on the difference between a single measurement data m and its model
observation h. The latter is obtained by applying an observation kernel onto the flow
state, represented as h = M(q) = M(N(qy)) = [ [, pd(x — Ty, t — t;m)dVdt. The cost
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function is then,
1
Jo = 5 (m —h)°. (5.1)
Taking the variation of the cost shows the impact of small deviations in the state, and

hence in the model observation, to the overall cost,

oM Ogq oM
— (m — M = (m — —_— : 2
87, = (m h>\<8q, peksay) = (m 1) (et b (52)
=oh =oh

The first term (m — h) is the difference between the measurements and the model
observation, the second term dh is the variation in the model observation, and angle
brackets denote Chu’s energy norm (Chu 1965; Hanifi et al. 1996). The operator L is
the linearized Navier-Stokes equations. Using integration by parts, we can re-express the
variation in the observation as,

oM oM
i
=q,

The adjoint operator ETJ acting on OM /dq is advanced in backward time to obtain the

adjoint field qg. As such, forward-adjoint duality can be expressed as,

oM
oh :<8q;£q5%> = <qg)a5CI0>- (5-4)

The implication of the above equation is profound: The adjoint field qg in equation
(5.4) represents sensitivity in the sensor observation h to any perturbation of the initial
state dq,. Figure 20 presents an example of the adjoint field for the two-dimensional
compression ramp, illustrating sensitivity of the sensor at xs4 within the separation region;
the red-dashed line marks the edge of the boundary layer (4.), while the green-dashed line
marks the separated region. The contours show the adjoint pressure p', or the sensivity of
the sensor to an earlier-in-time and space pressure perturbations. Given that the adjoint
equations operate in reverse time, the adjoint pulse OM/0q emanates from the sensor
location x 44, at the measurement time ¢,,. This pulse then advects upstream, culminating
at the position and temporal point displayed in figure 20. Regions in the figure with
non-zero values signify areas to which the sensor is sensitive.

An examination of the adjoint field reveals distinct zones of concentrated sensitivity:
the separated region, the shear layer directly above this region, the upstream boundary
layer leading up to the point of separation, and the free stream. Increased sensitivity is
evident at the upper boundary of the shear layer, situated directly above the separated
region, and also along the edge of the boundary layer upstream of separation.

The adjoint field is initiated by the measurement kernel at the sensor location x,,
and time t,,, which is a delta function d(x — @,,,t — t,,). The field thus encompasses
the sensitivity of the sensor to all resolved frequencies and wavenumbers. Here we will
focus on the sensitivity to planar waves (§ = 0), which we evaluate using a laminar base
state and computing the adjoint in a two-dimensional domain. We extract the frequency
spectra by Fourier transforming the time-dependent adjoint fields. We then evaluate the
wall-normal integrated energy of the adjoint field at every frequency F', and report these
results in figure 21. The sensor at x¢; has a distinct peak in its sensitivity to the unstable
second-modes waves, at all streamwise locations upstream of the sensor. In contrast, the
sensitivity of the sensor at x4, within the separation region, oscillates as a function
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Figure 20: Adjoint simulation for sensor location x4, showing contours of adjoint pressure
p throughout the domain. The time starts at the measurement time t,, and progresses
to the initial time %,.

of frequency. This sensitivity to the second-mode waves in this case is relatively low
compared to the upstream sensor, and the sensitivity to lower frequencies is relatively
enhanced.

Within the scope of this study, we are primarily concerned with the sensitivity to
the inflow, where we optimize the modal amplitude in order to reproduce the sensor
measurements. Figure 22 shows this sensitivity as a function for non-dimensional frequency
F'. The results at sensor z1, located upstream of the separation, predominantly show
sensitivity to the second mode frequencies. For the downstream sensor x4, the sensitivity
to the second mode frequencies is reduced and hence the relatively less accurate estimation
of the inflow using these sensors. The sensor at x44 also has heightened sensitivity in the
lower frequency range, specifically within F' = [55,80]. It is important to consider this
increased sensitivity when conducting data assimilation in a separated flow, especially
when the objective is to reconstruct experimental observations where low-frequency
oscillations may be recorded within the separation region. These modes were not part of
the inflow condition in the synthetic experiment that generated the present measurements,
and hence this effect was not clear in the assimilation. Including these low frequencies in
the synthetic experiment would highlight the importance of sensors within the separated
region for predicting these low frequencies at the inflow.
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Figure 21: Adjoint sensitivity for sensors at (a) xs; and (b) x4, as a function of frequency
F' and streamwise position . The contours shows the adjoint energy integrated in the
wall-normal direction, ET. The red dashed line marks the point of separation.
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Figure 22: Sensitivity of sensors at (a) x5; and (b) zs4 to the inflow. The adjoint energy
E' at the inflow plane is plotted versus the non-dimensional frequency F. The red-dashed
lines highlighting the frequencies associated with the unstable second modes.

6. Summary

Estimating separated boundary-layer flows from wall-pressure measurements is chal-
lenging due to the qualitative change in the flow state across the separation point, and
the associated change in the sensor sensitivity. In this work, we considered separation on
a compression ramp, and used synthetic measurements collected from an independent
direct numerical simulations. This choice enabled us to precisely place our measurements,
obtain noise-free sensor signals, and assess the accuracy of our predicted flow state using
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data assimilation against the true flow. In order to investigate the influence of separation
on the accuracy of the data assimilation, two estimations were performed: one with
measurements from sensors upstream of separation, and the other with observations from
sensors placed within the separated region. We analyzed our results and explained them
through the lens of sensor sensitivity.

The flow estimation using the sensors upstream of the separated region accurately
reconstructed the flow, with just 7.6% error in total inflow energy. Furthermore, errors in
the inflow spectra for the most unstable modes relative to the truth were minimal. In
contrast, the flow estimation using sensor data from within the separated region displayed
was significantly less accurate. The error in the total inflow energy was approximately
22.6%, and the errors in the inflow spectra for the most unstable modes were also
appreciable. In particular, the assimilation was unable to reduce the errors in modes
(F,3) = (130,0), (140,0), and (130,429.1).

The sensor sensitivity analysis for sensors within the separation region highlighted a
diminished sensitivity to second-mode frequencies. However, there was also heightened
sensitivity to lower-frequency content, which is relevant to prediction of the low-frequency
modes that are often observed in separated flows.
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