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1 Introduction

This proposal is concerned with the development of certificates for various constraint satisfaction problems. In partic-
ular, we focus on negative certificates or “no”-certificates. The constraints that we are interested in arise primarily in
program verification problems.
1.1 Senior Personnel
The senior personnel are:

1. K. Subramani, PI.

2. Piotr Wojciechowski, Assistant Professor.

3. Sangram K. Jena, Postdoctoral Associate.

1.2 Collaborators
We collaborated with the following researchers in the past year:
1. Matthew Williamson, Marietta College.
2. Matthew Anderson, AFRL (Rome, NY).
3. Alvaro Velasquez, University of Colorado Boulder.
4. R. Chandrasekaran, University of Texas at Dallas.
5. Utku Umur Acikalin, TOBB University of Economics and Technology.

6. Bugra Caskurlu, TOBB University of Economics and Technology.

2 Preliminaries

In this section, we define the concepts used in this report. In this report, we examine both systems of constraints and
clausal formulas, which are described in more detail in the later sections. However, the definitions in this section use
the term linear constraints to refer to both constraints and boolean clauses.

First, we need to define the process by which new constraints are derived from a set of existing constraints. This is
known as an inference rule.

Definition 2.1 An inference rule takes as input a set of one or more constraints and outputs a derived constraint.

The application of an inference rule is called an inference step, and a sequence of inference steps that results in a
contradiction is called a refutation.

Definition 2.2 A refutation of a constraint system S, is a sequence of inferences such that:

1. The inputs to each inference are constraints in S or constraints derived from previous inferences.

2. The constraint derived by the last inference is a contradiction. The form of this contradiction depends on S.

We now formally define the types of refutations used in this report.
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Definition 2.3 A read-once refutation is a refutation in which each constraint can be used by at most one inference.
This applies to constraints present in the original system and those derived as a result of previous inferences.

More formally, a refutation is read-once, if for all inferences, we delete the input constraints from, and add the
derived constraint to, the current system. There is a more restrictive form of read-once refutation known as literal-once

refutation.

Definition 2.4 A literal-once refutation is a refutation in which each constraint can be used at most once and no two
input constraints can share a literal (x; or —x;).

Definition 2.5 A tree-like refutation is a refutation in which each derived constraint can be used at most once. If a
derived constraint needs to be reused, then it needs to be rederived from the constraints in the original system.

Note that in tree-like refutations, the constraints in the original system can be used multiple times, and thus any
derived clause can be derived multiple times. Tree-like refutation is a complete refutation procedure [ ].

Definition 2.6 A dag-like refutation is a refutation in which each constraint can be reused without needing to be

rederived.

3 Cutting planes in Horn constraint systems

In this section, we describe our recent results for refutations of Horn constraint systems.

3.1 Preliminaries

First, we define what a Horn constraint system is.
Definition 3.1 A constraint of the form +x; — ije o, L > by, where Hy, C X, is called a Horn constraint.
Definition 3.2 A conjunction of Horn constraints A - x > b is called a Horn Constraint System (HCS).

Example (1): The following are Horn constraints:
1. 1‘1—1‘2—56323.
2. —x9 — x4 — x5 > O.

We also study constraint systems generated from clausal formulas. We assume that the reader is familiar with
elementary propositional logic.

Definition 3.3 A literal is a variable x or its complement —.
When referring to literals, x is termed a positive and —x is termed a negative literal.
Definition 3.4 A CNF clause is a disjunction of literals.

Example (2): The following are CNF clauses:
1. (l‘l V To vV ﬂl‘3)

2. (_‘Il Vx3V —|.I4)
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The empty clause, which is always false, is denoted as LI. Using this definition of a clause, we can now define what a
CNF formula is.

Definition 3.5 A CNF formula is a conjunction of CNF clauses.
Definition 3.6 A Horn clause is a CNF clause which contains at most one positive literal.

Example (3): The following are Horn clauses:
1. (.’L‘1 \Y ) V —\xg)
2. (_‘331 \Y -3 V —\JJ4)

From any CNF formula, we can construct a corresponding constraint system. In order to avoid case distinctions
we assume that no tautological clause occurs in the formulas. These constructions are well known and have been used
throughout the literature.

Definition 3.7 Let ® = ¢1, ..., ¢, be a CNF formula.

1. Foreach clause ¢; = (x1V.. Ve, V=Y V.. V=yy), we create the constraint (x1+. . . 4+Zp—y1 ... —Yyt) > 1—t.
The constraint is denoted as S(¢;). S(®) := {S(¢1), ..., S(pm)} is called the standard representation of P.

2. The extended representation additionally adds the constraints x > 0 and—x > —1 to S(®) for each variable .
This representation is denoted as E(®).

Example (4): Let @ be the following Horn formula:

1. (.’L‘l V —xo V ﬁSL’g)

2. (ﬁ!El V ﬁ.’lﬁg)

S(®) is the following HCS:

T, —To —x3 > —1 -zl —2x22> -1
E(®) is the following HCS:
T —To —x3 > —1 —xl—22> -1
120 —mm>2-1 2220 —x22>2-1 2320 —x32>-1

For a Horn formula, we refer to the resultant constraint systems (S(®) and E(®)) as Horn Clausal Constraint Systems
(HCICSs).

3.2 Inference Rules

We use the following two inference rules:

1. The ADD rule, which derives a new constraint by summing two constraints:

D1 @i i > b S al-x > by
Z?:1(ai +ag) -z > by +bo

DISTRIBUTION A: Distribution approved for public release.



2. The DIV rule, which derives a new constraint by dividing a constraint by a constant:

S ai-m > by
i G > (%1

The DIV Rule is also known as the cutting plane rule.

It is important to note that Horn constraint systems have the following property: If b is integral, then A - x > b has
a solution if and only if it has an integral solution. Accordingly, the ADD rule by itself is sufficient for completeness;
however, using the DIV rule permits the construction of exponentially more succinct proofs.

Example (5):
1. Consider the following system of Horn constraints:

1‘1—3722—2, 3322—1, and —l‘1—$225.

2. Note that any refutation of this system that uses only the ADD rule must use the constraint zo > —1 twice.
3. However, if we are allowed to use the DIV rule, then this system has the following read-once refutation:

(@) Addxy —x92 > —2and —x1 — x93 > 5toget CNF2 - x5 > 3.
(b) Divide —2 - z2 > 3 by 2to get —xo > 2.
(¢) Addxy > —1land —x5 > 2toget 0 > 1.

4. Thus, this system of constraints does not have a read-once ADD refutation, but it does have a read-once
ADD+DIV refutation.

3.3 Problems

In this section, we define the problems associated with Horn constraints examined in this report.
For systems of Horn constraints, we consider the following problems:

1. ROR(ADD): Does a system of Horn constraints have a read-once refutation using only the ADD rule?

2. ROR(ADD, DIV): Does a system of Horn constraints have a read-once refutation using the ADD and DIV rules?
Example (6): Let H be the HCS defined by System (1).

l1:x1—$221 l22—1’1—1’220 13215220 (l)

Note that /; is the only constraint in H with a positive defining constant. Thus, /; must be in any refutation R of
H. To cancel the literal 1 from [;, R must also use the constraint /5. Note that both [; and [y use the literal —x.
However, the only constraint in H with the literal x5 is 3. Thus, any refutation of H must use the constraint /3 at least
twice. This means that H does not have a read-once refutation.

We also examine constraint systems generated from clausal formulas. As with genera systems of constraints, we
can consider refutations using only the ADD rule or both the ADD and DIV rules. This results in the following
problems:

1. CP(ADD): Does an HCICS have a refutation using only the ADD rule?
2. CP(ADD, DIV): Does an HCICS have a refutation using the ADD and DIV rules?
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3. CP-RO(ADD): Does an HCICS have a read-once refutation using only the ADD rule?
4. CP-RO(ADD, DIV): Does an HCICS have a read-once refutation using the ADD and DIV rules?

It is important to note that both ROR(ADD) and CP-RO(ADD) refer to restricted cutting planes under the read-once
proof system; however, the latter applies only to Horn clausal systems.

3.4 Motivation

HCSs are used in both program verification [ , ] and as part of Satisfiability Modulo Theories (SMT)
solvers. The field of program verification uses Horn constraints both in their own right and because of their use in SMT
solvers [ , ]. Due to their use in SMT solvers, Horn constraint systems are also used for bounded model
checking, infinite state systems, and test-case generation [ ]. Additionally, [ s ] provide an
in-depth description of the use of Horn constraint systems in the field of program verification. HCSs also find extensive
use in the fields of econometrics [ ] and declarative programming [ , ].

3.5 Results

1. A proof that the ROR(ADD) problem for a system of Horn constraints with defining constants in the set {0, 1}
is NP-complete.

2. A proof that the problem of finding the shortest ROR(ADD) refutation for a system of Horn constraints with
defining constants in the set {0, 1} is NPO PB-complete.

3. A proof that the ROR(ADD, DIV) problem for a system of Horn constraints with defining constants in the set
{0,1} is NP-complete.

4. A proof that the problem of finding the shortest ROR(ADD, DIV) refutation for a system of Horn constraints
with defining constants in the set {0, 1} is NPO PB-complete.

5. A proof that from the perspective of CP(ADD), the constraints 0 < x; < 1 are redundant when the Horn clausal
system is reduced to an integer/linear program.

6. A proof that CP-RO(ADD) is NP-complete for HCICS.
7. A proof that CP-RO(ADD, DIV) is NP-complete for HCICS.

8. A parameterized exponential time algorithm for the ROR(ADD) problem for systems of Horn constraints.

3.6 Publications

1. K. Subramani, Piotr Wojciechowski and R. Chandrasekaran. Analyzing Read-Once Cutting Plane Proofs in
Horn Systems. Journal of Automated Reasoning (JAR), 66(2): 239-274, 2022.

4 Refutations in UTVPI Constraints

In this section, we describe our recent results for refutations of UTVPI constraint systems.
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4.1 Preliminaries
First, we define what a UTVPI constraint system is.

Definition 4.1 A constraint of the form a; - x; + a;j - ©; < b;j is called a Unit Two Variable per Inequality (UTVPI)
constraint, if a;,a; € {0,1, —1}.

A conjunction of UTVPI constraints is called a UTVPI constraint system (UCS).

4.2 Inference Rules

Refutations of systems of UTVPI constraints utilize two inference rules, viz. the transitive rule and the tightening
rule.

1. Transitive rule -

ai~:ci+aj~xj§bij —aj'xj+ak~wk§bjk

a; i +ag - xp < bij + by

Observe that the transitive rule preserves linear (all) solutions. Note that this rule is a restricted version of the
ADD rule.

2. Tightening rule -

ai-xi—i—aj-xjgbij ai-:ri—aijgb,'ij
2
bij+b
a; - T < L—”g ”J
Observe that the tightening rule preserves all integer solutions [ ]. Note that this rule consists of an

application of the ADD rule followed by an application of the DIV rule.

Linear refutations of UCSs utilize only the transitive inference rule, while integer refutations utilize both the
transitive and tightening inference rules.

4.3 Problems

‘We now define what it means for a refutation to be read-once.

Definition 4.2 A refutation is said to be read-once, if each constraint is used at most once in the derivation of a
contradiction.

This restriction applies to both constraints in the original system as well as those derived from previous inferences.
However, a derived constraint can be reused if it can be rederived using a different set of input constraints. Note that
not every UCS has a read-once refutation.

Example (7): Consider the UCS defined by System (3).

ll : xr1 + T2 S —2 lg L —X1+ x4 S 1
ls3: —x1—x4 < 1 g0 —x2+2x3 < 0 3)
l5 I —X9 — I3 S

Observe that [; is the only constraint in System (3) with a negative defining constant. Thus, /; must be included in
any refutation of System (3).
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Any refutation of System (3) must derive a constraint of the form 0 < b where b < 0. Thus, all variables in [; must
be eliminated by using other constraints. To eliminate x; from [y, we must include either /5 or /3 in the refutation.
However, if only one of these constraints is included, then the variable x4 is not eliminated. Thus, both [5 and I3 must
be in the refutation.

Similarly, to eliminate x5 from /;, we must include both l4 and I5. If both constraints are not used, then the variable
x3 is not eliminated.

Thus, any refutation of System (3) must include all five constraints in the system. However, the sum of these five
constraints is the constraint [ : —z; — 2 < 0. This is obviously not a contradiction. The only way to derive a
contradiction is to include the constraint /; a second time. Thus, System (3) does not have a read-once refutation.

However, every infeasible UCS has a refutation in which each constraint is used at most twice [ ].
We study a variant of ROR known as the CROR problem.

Definition 4.3 The Constraint-required ROR (CROR) problem in UCSs: Given a UCS U and a set of constraints
S C U, does U have a read-once refutation that uses all of the constraints in S?

We briefly discuss the Minimum Weight Perfect Matching (MWPM) problem on undirected graphs. Let G = (V, E, c¢)
be an undirected graph, with vertex set V, edge set E and edge cost function c. A matching is any collection of vertex-
disjoint edges. A perfect matching is a matching in which each vertex v € V is matched. Without loss of generality,
we assume that |V| is even, since G cannot have a perfect matching, otherwise.

Definition 4.4 The MWPMp, problem: Given a weighted, undirected graph G, and integer L, does G have a perfect
matching with weight at most L?

4.4 Motivation

UTVPI constraints arise in a number of application domains including but not limited to program verification (array
bounds checking and abstract interpretation) [ ], operations research (packing and covering) [ ] and logic
programming [ 1.

4.5 Results

1. The CROR problem for UCSs is NC equivalent to the MWPMp problem.

4.6 Publications

1. K. Subramani and Piotr Wojciechowski. On the Parallel Complexity of Constrained Read-Once Refutations in
UTVPI Constraint Systems. Proceedings of the 17" Annual Conference on Theory and Applications of Models
of Computation (TAMC), pp. 293-304, (Eds.) Ding-Zhu Du, Donglei Du, Chenchen Wu, and Dachuan Xu.
Springer-Verlag, Lecture Notes in Computer Science, vol. 13571, Tianjin (China), September 2022.

5 Choice Networks

5.1 Problem Statement

We examine the complexity of a variant of reachability known as optional choice reachability. This variant examines
reachability in choice networks.

Definition 5.1 (Choice Network) A Choice Network G = (V, E, S| s, t, ) consists of the following:
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. Vertex set'V.
.Arcset ECV x V.
Choice set S C E x E.
. Startvertex s € V.

. Target vertext € V.

QLA W~

. Arc cost vector ¢ € Z)E,

Throughout this section, we use n to denote the cardinality of the vertex set V' and we use m to denote the
cardinality of the arc set E.

In a choice network, the choice set .S is used to determine whether a path p is valid.

Definition 5.2 (Valid Path) A path p in a choice network G is valid, if for each pair S; € S, p contains at most one
arc in S;.

We can now define the reachability problem in choice networks.

Definition 5.3 (OCR p) The Optional Choice Reachability (OCRp ) problem: given a choice network G, does G have
a valid path from s to t?

Figure 1: Choice network G. Each arc is labeled according to its pair

Example (8): Consider the choice network G in Figure 1.

Consider a path p in G. Any path that leaves s must go through vy or vy. If p goes through vy, then it includes the
arcs (s,v1) and (v1,v3). Thus, p cannot include arc (vs, v4) or (vs, t). Consequently, there is no valid path from s to
t going through v;.

If p goes through vo, then it includes the arcs (s, v3) and (ve, vs). Thus, p cannot include arc (vs, vs) or (v, t).
Consequently, there is no valid path from s to ¢ going through vs.

This means that there is no valid path in G from s to ¢.

In addition to the OCR p problem, we also study the complexity of finding shortest paths in choice networks. We
do this for both weighted and unweighted networks.

Definition 5.4 (OCRo,:) The Optional Choice Shortest Path (OCRo,,¢) problem: given a choice network G, what is
the valid path in G from s to t with the fewest arcs?

Definition 5.5 (WOCR,,¢) The Weighted Optional Choice Shortest Path
(WOCRopt) problem: given a choice network G, what is the valid path in G from s to t with the lowest total cost?

10
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5.2 Motivation

The s —t reachability problem and hence the single-source shortest paths problem is one of the most well-studied prob-
lems in operations research and theoretical computer science [ , , ]. Several algorithms have
been proposed for various variants of the problem, including the case where the arcs are non-negatively weighted, the
arcs are real-weighted, and so on. The s — ¢ reachability problem also plays a fundamental role in the modeling of
complexity theoretic issues as evidenced by [ ]. Likewise, constrained shortest path problems or more generally
resource-constrained shortest path problems have been investigated for quite some time owing to their wide applicabil-
ity [ ]. One of the earliest works in constrained shortest paths is described in [ ]. Since then, there have been
multiple variants of constrained shortest paths that have been studied in the literature [ , ]. Needless to say,
most resource constrained shortest path problems are NP-hard [ ]. Variants of this problem are amenable to the
approximation guarantees [ ] and exact approaches [ ]. Probabilistic versions of the constrained shortest
path problem are discussed in [ ]. Additionally, this problem has been studied for paths with forbidden pairs
of vertices [ , , s ]. However, in this section, we examine the problem for forbidden pairs of
arcs. While these two problems are closely related, transforming one problem into another will involve increasing the
size of the graph.

A restricted version of this problem, known as the reachability problem in graphs with forbidden transitions was
studied in [ ]. In this restriction, each pair of arcs must consist of two arcs such that the tail of one arc is the
head of the other. This restricted version is NP-complete [ ]. In[ ], this result was extended and the
reachability problem in graphs with forbidden transitions was shown to be NP-complete even for grid graphs. A
variant of this problem, in which the arcs in a path must alternate direction, was shown to be NP-complete [ ].
We study a more general problem. However, we are able to establish results for even more restricted forms of graphs.

5.3 Results

1. Establishing that the OCR p problem is NP-complete.

2. Designing an O*(1.42/1) parameterized algorithm for the OCR p and OCR,,; problems.

98]

. A O(2™) time exact exponential algorithm for the OCR , problem.
4. Showing that the OCR o, problem is NPO PB-complete.

5. A proof that there cannot be a 0(1.18|S ‘) algorithm for the OCR p problem unless the Strong Exponential Time
Hypothesis (SETH) fails.

5.4 Publications
1. Piotr Wojciechowski, K. Subramani, and Alvaro Velasquez. Analyzing the Reachability Problem in Choice
Networks. Proceedings of the 19" International Conference on the Integration of Constraint Programming,

Artificial Intelligence, and Operations Research (CPAIOR), pp. 408-423, (Ed.) Pierre Schaus, Springer-Verlag,
Lecture Notes in Computer Science, vol. 13292, Los Angeles (USA), June 2022.

6 Priority Based Bin Packing

6.1 Problem Statement

As defined in [ ], an instance of Priority-based Bin Packing with Subset Constraints (PBBP-SC) consists of
the following:

1. A set of bins B where each bin b; € B has capacity c;.

11
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2. A set of unit-size items O where each item o; € O has priority p;.

3. For each item o; € O, a set B; C B such that item o; can be packed into any bin in the set B;, but not into any
bin in the set B \ B;.

There are several problems associated with PBBP-SC. These are the feasibility problem (FP), the priority maxi-
mization problem (PMP), and the bin-minimization problem (BMP). These problems are defined as follows:

Definition 6.1 (FP) The Feasibility Problem (FP): Given a PBBP-SC instance P, can we pack the items in set O
into the bins in set B such that, every item o; € O is packed into a bin in set B;, and every bin b; contains no more
than c; items?

Definition 6.2 (PMP) The Priority Maximization Problem (PMP): Given a PBBP-SC instance P, what is the max-
imum total priority of items in set O that can be packed into the bins in set B, such that every item o; € O can only be
packed into bins in set B;, and every bin b; contains no more than c; items?

Definition 6.3 (BMP) The Bin Minimization Problem (BMP): Given a PBBP-SC instance P, what is the smallest
cardinality subset B* C B such that every item o; € O is packed into a bin in set B; N B*, and every bin b; contains
no more than c; items?

6.2 Motivation

Typically, when companies merge, their data must be unified in some fashion. Data migration is a process that achieves

precisely this end [ , , ]. Data migration involves transferring data between storage types
and computer systems [ , ]. The migration process is labor-intensive and hence companies prefer to
automate the process [ ] and free up human resources. Database migration is a variant of the data migration

problem in which the data have to be migrated in form-preserving fashion. For instance, if the data is stored in
relational databases, then the databases themselves have to be migrated. A variant of the database migration problem
is the Security Aware Database Migration problem (henceforth SADM). This problem was introduced in [ ]. In
this problem, we are given a collection of databases (D;) of various sizes that need to be assigned to migration shifts
(S;). The shifts have varying sizes themselves. Furthermore, each database is constrained by the shifts to which it can
be assigned. This feature models the fact that the expertise for addressing the issues associated with a database can be
found only in certain shifts. For instance, it could be the case that database D; can be migrated only in shifts S4 and
S7. We need to assign the databases to the shifts so that these shift assignment constraints for each item are met. At
the same time, we wish to minimize the number of shifts used in the assignment, since shifts correspond to man-hours
used and are therefore expensive.

6.3 Results

1. BMP is W[2]-complete when parameterized by the minimum number of bins used in any packing.

2. BMP is paraNP-complete when parameterized by the maximum number of items that can be packed into a bin
(InaijeB |{07|b] € Bz}‘)

3. An empirical analysis of several cuts for an integer programming formulation of BMP.

6.4 Publications

1. K. Subramani, Piotr Wojciechowski, and Alvaro Velasquez. New Results in Priority-Based Bin Packing. Pro-
ceedings of the T International Symposium on the Algorithmic Aspects of Cloud Computing (ALGOCLOUD),
pp. 58-72, (Eds.) Luca Foschini and Spyros C. Kontogiannis, Springer-Verlag, Lecture Notes in Computer
Science, vol. 13799, Potsdam (Germany), September 2022.
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7 Refutations of 2CNF formulas

7.1 Problem Statement

Definition 7.1 A 2CNF clause is a CNF clause with at most 2 literals.

Example (9): The clause (z1 V —x5) is a 2CNF clause. However, (21 V x5 V —x3) is not a 2CNF clause, since it
has 3 literals.

Definition 7.2 A 2CNF formula is a Boolean formula in conjunctive normal form (CNF), in which each clause is a
2CNF clause.

Resolution is a well-known technique for establishing infeasibility in CNF formulas. In a resolution refutation,
each new clause is derived by a resolution step.

Definition 7.3 A resolution step derives a resolvent clause from two parent clauses. A resolution step which resolves
(o V B) from parent clauses (o V ) and (—x V () is denoted as

(aVaz)A(mzVB) s (V).

Example (10): Consider the 2CNF clauses (1 V x2) and (—z2 V x3). A resolution step involving these two
clauses is:

(1'1 V fL‘Q) A (_\1'2 V (Eg) l%ES (1’1 \/.’bg).

A sequence of resolution steps that proves the infeasibility of a CNF formula ® (by deriving the empty clause L)
is known as a resolution refutation. Such a refutation is denoted as ¢ ITES .

We are interested in refutations in which each clause is used at most once. Such a refutation is called a read-once
resolution refutation.

Definition 7.4 A read-once resolution refutation is a refutation in which each clause can be used in at most one
inference step.

Note that every clause can be used at most once. This applies to clauses present in the original clausal system as
well as those derived as a result of previous resolution steps. However, if a clause can be re-derived from a different
set of input clauses, then the clause can be reused.

Example (11): We now apply read-once resolution refutation to generate a refutation of the 2CNF formula
specified by Formula (4).

(33‘1 \Y .232) (_‘J)1 V .133) (_‘371 vV .134)
(ﬁmg \Y .’L‘g) (ﬁxg Vv .%'4) (ﬁ.’lﬁg V 56'5) @)
(mx3Vxg) (mxgV-ws) (—wgV—xg)

The application of read-once resolution refutation to Formula (4) is shown in Figure 2.
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Figure 2: Read-Once Resolution Refutation

Note that the clause (—z3 V —z4) is used twice. However, this is still a read-once resolution refutation since each
time the clause (—zg V —x4) was derived, different clauses from the original formula were used.

We now define the three problems examined in this section.

Definition 7.5 The 2CNFROR problem: Given an unsatisfiable 2CNF formula ®, does ® have a read-once resolution
refutation?

The 2CNFROR problem is the fundamental decision problem regarding read-once resolution refutation in 2CNF
formulas.

It is important to note that not every 2CNF formula has a read-once resolution refutation.

Definition 7.6 Given an unsatisfiable 2CNF formula ®, the length of a read-once refutation is the number of input
clauses used in the derivation of a contradiction.

Clearly, if a formula ® has several read-once resolution refutations, then we would like to find a read-once resolu-
tion refutation with the shortest length. This leads us to the next definition.

Definition 7.7 The 2CNFOROR problem: Given an unsatisfiable 2CNF formula ®, find the read-once resolution
refutation using the fewest number of input clauses.

Example (12): Consider the following 2CNF formula ®:

(xl V 332) (331 vV _‘372) ("331 V .CC3)

(ﬁCL‘1 V ﬁmg) (ﬁﬂ?l V ﬁ$4) <ﬁ$3 V 374)
® has the following read-once resolution refutation:

1. (33‘1 \Y 1‘2) A\ (.131 V _\1‘2) lﬁ (1‘1)
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2. (1 Vas) A (—zg V) -1 V Zy).

s (
3. (ﬁ{El V 1'4) A\ (ﬁ$1 \Y ﬁ{L‘4) l%ES (ﬁl‘l).
4. (21) A (1) g U

Note that this refutation uses 5 input clauses. However, this is not the read-once resolution refutation of ¢ that
uses the fewest input clauses. ® also has the following read-once resolution refutation that uses only 4 input clauses:

L (21 Vx2) A (21 V —22) g (21).-

2. (-1 Vas) A(—xy V oas) e (521).

3. (z1) A (ma1) b U

We now define the decision version of the optimization problem.

Definition 7.8 The 2CNFKROR problem: Given a 2CNF formula ® and a positive integer k, does ® have a read-once
resolution refutation that uses at most k input clauses?

7.2 Motivation

2CNF formulas form the basis of several applications in logic [ ] and AI [ ]. Additionally, SAT based
techniques are used to generate test patterns for digital circuits [ ]. In this approach to circuit testing, the test
patterns for each fault are represented as a CNF formula, and specific tests can be generated by solving these formulas
[ , ]. Thus, a short refutation of that CNF formula will efficiently prove that there is no input which
triggers a particular fault.

(Constraint) Logic programming is intimately connected with Horn logic (HornSAT) [ ]. In a Horn clause,
there can be at most one positive literal per clause. It is well-known that the satisfiability problem for Horn clauses
is in P. Indeed, [ ] discusses a linear time algorithm for the same. A class of constraints closely related to Horn
constraints is the class of renamable Horn formulas [ ]. A conjunction of clauses is said to be renamable Horn,
if the variables in the clausal system can be substituted by new variables, such that the resultant system is Horn.
An algorithm for checking if a clausal system is renamable Horn is detailed in [ ]. The consequence of that
algorithm is that every satisfiable system of 2CNF clauses is renamable Horn.

Answer-set programming (ASP) is a logic programming paradigm that was introduced to provide a declarative
interface to problems in combinatorial search [ ]. The connection between ASP and propositional logic is de-
scribed in [ Jand [ ]. This work is useful for the purpose of extracting compact certificates. ASP solvers, such
as the ones described in [ ], do not discuss the issue of certificates for “no”-answers. Recall that Prolog engines
use unification, instantiation and resolution to obtain a solution [ ]. Our hope is to integrate these algorithms with
an actual Answer-set programming solver.

7.3 Results

1. The design and analysis of an FPT algorithm for the 2CNFkROR problem, parameterized by k.

2. The design and analysis of an FPT algorithm for the 2CNFROR and 2CNFOROR problems, parameterized by
the length of the shortest read-once resolution refutation.

3. An exact exponential algorithm for the 2CNFROR problem.
4. Establishing that the 2CNFOROR problem is NPO PB-complete under PTAS reductions [ ].
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7.4 Publications

1. K. Subramani and Piotr Wojciechowski. Parameterized and exact algorithms for finding a read-once resolution
refutation in 2CNF formulas. Annals of Mathematics and Artificial Intelligence (AMAI), 90(1): 3-29, 2022.

8 3-path Vertex Cover

8.1 Problem Statement

Given a simple undirected graph G = (V, E), the open neighborhood (resp. closed neighborhood) of a vertex v; € V
is defined by N(v;) = {v; € V | v;u; € E} (resp. N[v;] = N(v;) U {v;}). The degree of a vertex v in the graph G is
defined as dg(v) = |N(v)|, whereas the maximum degree of a graph is A(G) = mea‘}{dg(v)}. A vertex cover C of

G is a subset of V' such that for each edge uv € E, either v € C or v € C. The (minimum) vertex cover problem asks
to find a vertex cover of minimum size in a given graph. One generalization of the vertex cover problem is the k-path
vertex cover problem. A k-path vertex cover C, of G is a subset of V" such that each path in G having k vertices (path
of order k) contains at least one vertex from C}. In other words, CY, is called a k-path vertex cover (kPVC) of G,
if there does not exist a path of order k in the induced subgraph G’ = (V' \ Cy, E’), where an edge e¢ € E belongs
to F’, if both its end points are in V' \ Cy. The (minimum) k-path vertex cover problem asks to find a vertex subset
of minimum size satisfying the k-path vertex cover property in a given graph G. For k = 3, the k-path vertex cover
problem is called the 3-path vertex cover (3PVC) problem.

In the 3PVC problem, we are given an undirected, unweighted graph G = (V| E) and the goal is to find a min-
imum cardinality set V' C V, such that at least one vertex from every two-edge path is in V’. It is clear that the
3PVC problem is a variant of the well-known vertex cover (VC) problem and a specialization of the k-path vertex
cover problem, discussed in [ ]. The 3PVC problem finds applications in several practical domains, including
wireless networks and data integrity [ , ]. Prior work has established the computational difficulty of this
problem in general graphs. Indeed, the 3PVC problem is known to be NP-hard for planar graphs and bipartite graphs.
This paper studies the 3PVC problem in planar bipartite (pipartite) graphs, i.e., the intersection of the above-mentioned
graph classes.

8.2 Motivation

The generalized version of the 3-path vertex cover (3PVC) problem is the k-path vertex cover (kPVC) problem.
Motivated by two problems, viz., (i) secure communication in wireless sensor networks [ , ] and (ii)
controlling traffic at street crossings [ |, Bresar et al. [ ] introduced the KPVC problem in 2011. For
k > 2, Bresar et al. [ ] proved that determining ;. (G) (minimum cardinality of a kPVC) in a graph G is
NP-hard. They proved that the problem can be solved in linear time in trees. For £ = 2, the problem is known as
the vertex cover (VC) problem in the literature. The VC problem is known to be NP-hard, in general [ ]. BreSar
etal. [ ] proved the existence of an r-approximation algorithm for the VC problem from an r-approximation
algorithm of the kPVC problem. Note that a k-approximation algorithm for the kPVC problem is trivial [ 1.
The authors also presented several estimations and exact values to provide the upper bound for ¢ (G). They proved
¥3(G) < (2-n+ m)/6 for any graph G with n vertices and m edges. For outerplanar graphs of order n, they proved
P3(G) < 5. In [ ], Tu and Yang proved that the 3PVC problem is NP-hard in cubic planar graphs with girth
3. They also proposed a linear time 1.57-approximation algorithm for the 3PVC problem in cubic graphs. Whether
a polynomial-time c-approximation algorithm exist for the kPVC problem for £ > 2 [ , ] is an open
problem.

8.3 Results

1. A proof that the 3PVC problem is NP-complete in pipartite graphs, even with A(G) < 4.
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2. The design and analysis of a linear time 1.5-approximation algorithm for the 3PVC problem in pipartite graphs,
with A(G) < 4.

3. A proof of APX-completeness for the 3PVC problem in bipartite graphs.

8.4 Publications
1. Sangram K. Jena and K. Subramani. Analyzing the 3-path Vertex Cover Problem in Planar Bipartite Graphs.
Proceedings of the 171" Annual Conference on Theory and Applications of Models of Computation (TAMC), pp.
103-115, (Eds.) Ding-Zhu Du, Donglei Du, Chenchen Wu, and Dachuan Xu. Springer-Verlag, Lecture Notes in
Computer Science, vol. 13571, Tianjin (China), September 2022.
9 Nominations and awards
In Spring 2022, the PI was nominated for the following award:
1. Award: CEMR Outstanding Researcher of the Year Award.

Year: 2023.
Nominator: Prof. Anurag Srivastava, West Virginia University.
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10 Outcomes

Table 1 summarizes the outcomes of this award over the past year.

Metric Number

Journal papers (published or accepted) 2
Conference papers

MS students supported

PhD students supported
Postdocs supported

_— = =N R

Research award nominations

Table 1: Summary of outcomes.

11 Cumulative Outcomes

Table 2 summarizes the overall outcomes of this award.

Metric Number
Journal papers (published or accepted) 16

Conference papers 18
Workshop papers
MS students supported

2

2

PhD students supported 1
Postdocs supported 3

5

Research award nominations

Table 2: Summary of outcomes.

12 Papers

12.1 Journal Papers

1. K. Subramani and Piotr Wojciechowski. Integer feasibility and refutation in UTVPI constraints using bit-scaling.
Algorithmica,85(2): 610-637, 2023.

2. Alvaro Velasquez, K. Subramani and Piotr Wojciechowski. Reachability Problems in Interval-Constrained and
Cardinality-Constrained Graphs. Discrete Mathematics, Algorithms and Applications (DMAA), 15(4): 2250110,
2023.

3. Piotr Wojciechowski, K. Subramani, and Alvaro Velasquez. Reachability in choice networks. Discrete Opti-
mization 48(Part 1): 100761, 2023.
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10.

11.

12.

13.

14.

15.

16.

Alvaro Velasquez, Ismail Alkhouri, K. Subramani, Piotr Wojciechowski, and George K. Atia. Optimal Deter-
ministic Controller Synthesis from Steady-State Distributions. Journal of Automated Reasoning (JAR), 67(1):
7,2023.

K. Subramani and Piotr Wojciechowski. Parameterized and exact algorithms for finding a read-once resolution
refutation in 2CNF formulas. Annals of Mathematics and Artificial Intelligence (AMAI), 90(1): 3-29, 2022.

Piotr Wojciechowski and K. Subramani. On the lengths of tree-like and Dag-like cutting plane refutations of
Horn constraint systems. Annals of Mathematics and Artificial intelligence (AMAI), 90(10): 979-998, 2022.

P. Wojciechowski, M. Williamson, and K. Subramani. On the Analysis of Optimization Problems in Arc-
Dependent Networks. Discrete Optimization, 45: 100729, 2022.

K. Subramani, Piotr Wojciechowski and R. Chandrasekaran. Analyzing Read-Once Cutting Plane Proofs in
Horn Systems. Journal of Automated Reasoning (JAR), 66(2): 239-274, 2022.

K. Subramani, Piotr Wojciechowski and Ying Sheng. Read-once refutations in Horn constraint systems: An
algorithmic approach. Journal of Logic and Computation (JLC), 32(4): 667-696, 2022.

Alvaro Velasquez, K. Subramani and Piotr Wojciechowski. On the Complexity of and Solutions to the Minimum
Stopping and Trapping Set Problems. Theoretical Computer Science (TCS), 915, pp. 26-44, Elsevier Science
Publishers, 2022.

Piotr Wojciechowski, K. Subramani and Matthew Williamson. Algorithms for Optimal Length Tree-like refu-
tations of linear feasibility in UTVPI constraints. Discrete Applied Mathematics (DAM), 305, pp. 272-294,
Elsevier Science Publishers, 2021.

K. Subramani, Piotr Wojciechowski. On the parametrized complexity of read-once refutations in UTVPI+
constraint systems. Theoretical Computer Science (TCS), 883: 1-18, 2021.

Piotr J. Wojciechowski and K. Subramani.
Copy complexity of horn formulas with respect to read-once unit resolution.
Theoretical Computer Science, 890: 70-86, 2021.

K. Subramani and Piotr Wojciechowski. On integer closure in a system of unit two variable per inequality
constraints. Annals of Mathematics and Artificial Intelligence (AMAI), 88(10): 1101-1118, 2020.

Hans Kleine Biining, Piotr J. Wojciechowski and K. Subramani.
NAE-resolution: A new resolution refutation technique to prove NAE unsatisfiability.
Mathematical Structures in Computer Science (MSCS), 30(7): 736751, 2020.

Piotr J. Wojciechowski, R. Chandrasekaran and K. Subramani.
Analyzing Fractional Horn constraint systems.
Theoretical Computer Science (TCS), 844: 142153, 2020.

12.2 Conference Papers

1.

K. Subramani, Piotr Wojciechowski, and Alvaro Velasquez. New Results in Priority-Based Bin Packing. Pro-
ceedings of the T International Symposium on the Algorithmic Aspects of Cloud Computing (ALGOCLOUD),
pp. 58-72, (Eds.) Luca Foschini and Spyros C. Kontogiannis, Springer-Verlag, Lecture Notes in Computer
Science, vol. 13799, Potsdam (Germany), September 2022.

Piotr Wojciechowski, K. Subramani, Alvaro Velasquez and Matthew Williamson. On the approximability of
path and cycle problems in arc-dependent networks. Proceedings of the 8" International Conference on Al-
gorithms and Discrete Applied Mathematics (CALDAM), pp. —, (Eds.) Niranjan Balachandran and R. Inkulu,
Springer-Verlag, Lecture Notes in Computer Science, vol. —, Puducherry (India), February 2022.
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10.

11.

12.

13.

Piotr Wojciechowski, K. Subramani, and Alvaro Velasquez. Analyzing the Reachability Problem in Choice
Networks. Proceedings of the 19" International Conference on the Integration of Constraint Programming,
Artificial Intelligence, and Operations Research (CPAIOR), pp. 408-423, (Ed.) Pierre Schaus, Springer-Verlag,
Lecture Notes in Computer Science, vol. 13292, Los Angeles (USA), June 2022.

K. Subramani and Piotr Wojciechowski. Exact and parameterized algorithms for read-once refutations in Horn
constraint systems. Proceedings of the 7" International Symposium on the Logical Foundations of Computer
Science (LFCS), pp. 327-345, (Eds.) Sergei Artemov and Anil Nerode, Springer-Verlag, Lecture Notes in
Computer Science, vol. 13137, Deerfield Beach, January 2022.

Sangram K. Jena and K. Subramani. Analyzing the 3-path Vertex Cover Problem in Planar Bipartite Graphs.
Proceedings of the 17" Annual Conference on Theory and Applications of Models of Computation (TAMC), pp.
103-115, (Eds.) Ding-Zhu Du, Donglei Du, Chenchen Wu, and Dachuan Xu. Springer-Verlag, Lecture Notes in
Computer Science, vol. 13571, Tianjin (China), September 2022.

K. Subramani and Piotr Wojciechowski. On the Parallel Complexity of Constrained Read-Once Refutations in
UTVPI Constraint Systems. Proceedings of the 17" Annual Conference on Theory and Applications of Models
of Computation (TAMC), pp. 293-304, (Eds.) Ding-Zhu Du, Donglei Du, Chenchen Wu, and Dachuan Xu.
Springer-Verlag, Lecture Notes in Computer Science, vol. 13571, Tianjin (China), September 2022.

Utku Umur Acikalin, Bugra Caskurlu, Piotr Wojciechowski and K. Subramani. New Results on Test-Cost Min-
imization in Database Migration. Proceedings of the 6" International Symposium on the Algorithmic Aspects
of Cloud Computing (ALGOCLOUD), pp. 38-55, (Eds.) Gianlorenzo D’ Angelo and Othon Michail, Springer-
Verlag, Lecture Notes in Computer Science, vol. 13084, Lisbon (Portugal), September 2021.

Piotr J. Wojciechowski, K. Subramani, Alvaro Velasquez, and Bugra Caskurlu.

Algorithmic Analysis of Priority-Based Bin Packing.

Proceedings of the 7" International Conference on Algorithms and Discrete Applied Mathematics (CALDAM),
Rupnagar, India, February 11-13, 2021. pgs. 359-372.

K. Subramani, Piotr Wojciechowski and Alvaro Velasquez. On the Copy Complexity of Width 3 Horn Constraint
Systems. Proceedings of the 13" International Symposium on Frontiers of Combining Systems (FroCoS), pp.
63-78, (Eds.) Boris Konev and Giles Reger, Springer-Verlag, Lecture Notes in Computer Science, vol. 12941,
Birmingham (United Kingdom), September 2021.

K. Subramani and Piotr Wojciechowski.

Analyzing unit read-once refutations in difference constraint systems.

Proceedings of the 17" European Conference on Logics in Artificial Intelligence (JELIA), Klagenfurt, Austria,
May 2021.

K. Subramani and Piotr Wojciechowski.

Unit Tree-like refutations in Horn constraint systems.

Proceedings of the 14*"—15!" International Conference on Language and Automata Theory and Applications
(LATA), Milan, Italy, March 2021. pgs. 226-237.

Piotr J. Wojciechowski, K. Subramani.

On Unit Read-Once Resolutions and Copy Complexity.

Proceedings of the 14" International Conference on Combinatorial Optimization and Applications (COCOA),
Dallas, TX, USA, December 11-13, 2020. pgs. 226-237.

P. Wojciechowski, Matthew Williamson and K. Subramani.

On Finding Shortest Paths in Path-Dependent Networks.

Proceedings of the 6! International Symposium on Combinatorial Optimzation (ISCO), pp. 249-260,

(Eds.) Mourad Baiou, Bernard Gendron, et.al., Springer-Verlag, Lecture Notes in Computer Science, vol. 12176,
Montreal (Canada), May 2020.
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14.

15.

16.

17.

18.

P. Wojciechowski, Matthew Williamson and K. Subramani.

On Finding Shortest Paths in Path-Dependent Networks.

International Symposium on Artificial Intelligence and Mathematics (ISAIM), Fort Lauderdale (USA), January
2020.

K. Subramani, Bugra Caskurlu, and Utku Umur Acikalin.

Security-Aware Database Migration Planning.

Proceedings of the 5" International Symposium on the Algorithmic Aspects of Cloud Computing (ALGO-
CLOUD), pp. 103—121, (Eds.) Ivona Brandic, Thiago A. L. Genez, Ilia Pietri, and Rizos Sakellariou, Springer-
Verlag, Lecture Notes in Computer Science, vol. 12041, Munich (Germany), September 2019.

Hans Kleine Biining, Piotr J. Wojciechowski and K. Subramani.

On the application of restricted cutting plane systems to Horn constraint systems.

Proceedings of the 12" International Symposium on Frontiers of Combining Systems (FroCoS), pp. 149-164,
(Eds.) Andreas Herzig and Andrei Popescu, Springer-Verlag, Lecture Notes in Computer Science, vol. 11715,
London (United Kingdom), September 2019.

K. Subramani and Piotr Wojciechowski.

A Graphical Analysis of Integer Infeasibility in UTVPI Constraints.

Proceedings of the 18" International Conference of the Italian Association for Artificial Intelligence (AI*IA),
pp. 223-234, (Eds.) Mario Alviano, Gianluigi Greco, and Francesco Scarcello, Springer-Verlag, Lecture Notes
in Computer Science, vol. 11946, Rende (Italy), November 2019.

H. Kleine Biining, P. Wojciechowski, and K. Subramani.

New results for cutting plane proofs for Horn constraint systems.

Proceedings of the 39" IARCS Annual Conference on Foundations of Software Technology and Theoretical
Computer Science (FSTTCS), pp. 43 : 1-43 : 14, (Eds.) Arkadev Chattopadhyay and Paul Gastin, Schloss
Dagstuhl - Leibniz-Zentrum fuer Informatik, LIPICS, Mumbai (India), December 2019.

12.3 Workshops

1.

Vahan Mkrtchyan, Garik Petrosyan, K. Subramani and Piotr Wojciechowski.

Parameterized algorithms for partial vertex covers in bipartite graphs.

Proceedings of the 315t International Workshop on Combinatorial Algorithms (IWOCA), pp. 395-408,

(Eds.) Leszek Gasieniec, Ralf Klasing and Tomas Radzik. Springer-Verlag, Lecture Notes in Computer Science,
vol. 12126, Bordeaux (France), June 2020.

. Hans Kleine Biining, Piotr Wojciechowski and K. Subramani.

Read-Once Resolutions in Horn Formulas.

Proceedings of the 13" International Frontiers of Algorithmics Workshop (FAW), pp. 100-110, (Eds.) Yi-
jia Chen, Xiaotie Deng, and Mei Lu. Spring-Verlag, Lecture Notes in Computer Science, vol. 11458, Sanya
(China), April-May 2019.
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